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ABSTRACT

Background. Physics-informed neural networks (PINNs) are a family of learning
methods that guide neural networks with the laws of physics, rather than relying only on
data. PINNs demonstrated strong capabilities in solving forward and inverse problems for
partial differential equations. In this study, the application of PINNs to single-pulse wave
propagation in non-uniform media is explored, focusing on reconstructing velocity profiles
from wavefield data. Specifically, we focus on reconstructing velocity profiles from wavefield
data using PINNs and their convolutional extension, Physics-Informed Convolutional Neural
Networks (PICNNs). The work is motivated by applications in seismology, acoustics, and
biomedical imaging, where accurate velocity estimation is crucial.

Materials and Methods. We generate synthetic wave data using the finite element
method (FEM) and use a Gaussian impulse so that the result of the neural models can be
directly compared against the numerical benchmark. PINNs and PICNNs are applied to
solve forward tasks (wavefield prediction) and inverse tasks (velocity reconstruction). Also,
we use training data that contains varying levels of Gaussian noise.

Results and Discussion. For the forward task, both PINNs and PICNNs closely match
the numerical simulations, with PICNNs reaching high accuracy faster. For inverse tasks,
PICNNs demonstrated superior performance in reconstructing spatially varying velocity
profiles, while PINNs struggled with convergence due to local maxima in the optimization
landscape. The inclusion of a smoothness constraint in the loss function eliminated artifacts
in the reconstructed velocities without increasing computational cost. The approach remains
effective on testing cases and is robust to moderate noise levels in the input data.

Conclusion. PICNNs efficiently solve forward and inverse single-pulse propagation in
non-uniform media, matching FEM in forward accuracy and outperforming standard PINNs
in inverse recovery. These results indicate strong potential for practical sensing and imaging.
Future work will explore the extension of these methods to multi-pulse scenarios.

Keywords: Physics-informed neural networks, PICNN, single-pulse, inverse problem,
velocity reconstruction, non-uniform media

INTRODUCTION

Physics-informed neural networks (PINNs) are a class of neural networks that
integrate the laws of physics, described by partial differential equations (PDEs), directly
into the learning process. This revolutionary tool embeds the physics of the system directly
into its loss functions [1]. Unlike traditional neural networks (NNs), which rely primarily on
data, PINNs leverage physical laws, such as wave equations, to improve accuracy and
enable the solution of inverse problems. This unique ability makes PINNs particularly
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appealing for applications in wave propagation, where both the forward and inverse
problems must often be solved simultaneously [2], [3]. These capabilities have made them
especially valuable in complex problems across diverse fields such as seismology [4], fluid
mechanics [5], and biomedical imaging, where accurate modeling of wave propagation and
reconstruction of material properties is essential [6], [7].

Recent advancements in PINNs have extended their applicability to high-dimensional
problems and multi-physics scenarios. In particular, hybrid approaches like Physics-
Informed Convolutional Neural Networks (PICNNs) have gained attention for addressing
some of the limitations of traditional PINNs. PICNNs combine the physics-driven
constraints of PINNs with the computational efficiency and feature extraction of
Convolutional Neural Networks (CNNs) [8], [9]. These advancements are critical in
addressing challenges such as high-frequency wave propagation, sparse data scenarios,
and complex inverse tasks for real noisy data.

To address these challenges, this study explores single-pulse wave propagation in a
1D non-uniform medium and evaluates the ability of both PINNs and their convolutional
extension, PICNNs, to solve forward and inverse tasks, including scenarios affected by
noise. Enhancements in the loss function, such as smoothness constraints for inverse
tasks, are introduced to improve accuracy and mitigate artifacts.

This investigation serves as a foundation for addressing more complex wave
propagation problems, such as those involving multiple overlapping pulses or higher-
dimensional domains. Also, this study contributes to the growing body of research on
physics-informed neural networks, offering insights and methodologies for their application
in addressing challenging wave propagation problems.

MATERIALS AND METHODS

Governing Equations
The propagation of a single wave pulse in a non-uniform 1D medium is governed by
the wave equation:

0%u(x,t) , 0%u(xt) 1
S T Ol e )

where u(x, t) describes the displacement of the wave at position x and time ¢, and c(x) is
the spatially varying wave velocity.
Initial conditions for the problem are defined as:

Ju(x,0) 0

ot ’ @

u(x,0) = g(x),

with g(x) the initial wave profile, that is, a Gaussian pulse.

The boundary conditions (BCs) applied are absorbing boundary conditions (ABCs),
designed to ensure that reflected waves do not appear. Specifically, Mur's ABCs [10] are
used to simulate the wavefield at the edge of the computational domain. For a single
simulation step, Mur’s BC is expressed as

c(0)At — Ax

u(0,t+ At) = u(Ax, t) + ——mm
( ) (A% 6) c(0)At + Ax

(u(ax, t + At) —u(0, t)), (3)

where At is the time step and Ax is the position step. BC for the different side can be found
by replacing zero-location with the length of the domain and flipping the sign of Ax.
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Numerical Simulations

The data for training NNs was generated using the finite element method (FEM) [11].
Such an approach is widely used in the research community [12]. The single pulse
propagation is conducted for simulation to determine the capabilities of different NNs
architectures.

In this scenario, the initial conditions consisted of a Gaussian pulse starting at various
x-locations. This gives ability to perform a comparison with results received by classical
methods. The training set consists of 10 cases of pulse propagation that differ by the initial
location of the pulse. An example of pulse propagation in the space-time domain is shown
in Fig. 1. Note that location is measured in points and time is measured in steps for
convenience.
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Fig. 1. Example of pulse propagation in the space-time domain.

A Gaussian pulse in Fig. 1 is initialized at a random location x, and described by the
equation:

u(x, 0) = Aexp (— ad V_szo)' (4)

with amplitude A = 1, the initial location x, is limited to 0 and 255, and the width w = 10
points. These parameters are selected for simulation convenience. Note that zero time is
shifted by 64 steps for training data to avoid an explicit relation between the initial point and

the input data during the training procedure. This pulse propagates with a velocity c(x)

that was spatially varying (non-uniform medium) as shown in Fig. 2.
Forward tasks were modeled using different PINN architectures, while inverse tasks

were solved to reconstruct c2(x) from wavefield data.
Also, the data was generated with different levels of Gaussian noise N (0, o) that can
be described by the equation:

uy(x, t) = u(x, t) + N(0,0), (5)

where 0 means the noise has zero mean and ¢ is its variance.
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Fig. 2. Squared single pulse velocity measured in simulation mesh units.

Physics-Informed Neural Network Architectures
Different PINN types are considered to solve forward and inverse tasks. Classical
PINN was fully connected NN (FNN) was used with 6 hidden layers as demonstrated in
Fig. 3, and in more detail:
e The input layer has initial conditions x, and space-time domain investigation
coordinates x, t.
e 6 hidden layers that are fully connected layers with 32, 64, 128, 64, and 32
neurons, using the Tanh activation function.
e The output layer has one neuron for representing u(x, t)
FNN in the bottom part of Fig. 3 approximates velocity for different x-locations. This
NN is a fully connected neural network that has 3 hidden layers:
e The input layer has an x-coordinate.
e 3 hidden layers that are fully connected layers with 16, 32, and 16 neurons,
using the Tanh activation function.
e The output layer has one neuron for representing c(x).
The PINN type for data with spatial relations is PICNN [5]. It uses CNN to store and
process information. The current PICNN architecture is the following:
e The input layer has initial conditions x,.
e 8 hidden layers that are convolutional transpose two-dimensional layers,
kernel sizes equal to 2, and the “stride” parameter is 2. The activation function
in each layer is Tanh. The number of channels for each layer is in Fig. 3.
e The output layer produces a 256x256 matrix of u(x, t) values.
CNN, which is in the bottom image of Fig. 4, is used for the velocity estimation task.
Its architecture is similar to PICNN:
e Theinput layer uses a constant as velocity is not a function of any parameters.
e 8 hidden layers that are convolutional transpose one-dimensional layers,
kernel sizes equal to 2, and the stride parameter is 2. The activation function
in each layer is Tanh. The number of channels is smaller compared to PICNN
and shown on Fig. 4.

u(xg, X, t)

X, X, t Input(3) Tanh(32) Tanh(64) Tanh(256) Tanh(256) Tanh(64) Tanh(32) Linear(1) u

c(x)

x Input(2) Tanh(16) Tanh(32) Tanh(16) Linear(1) c

Fig. 3. Architecture of a fully connected neural network for describing pulse propagation and velocity.
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Fig. 4. Architecture of a convolutional neural network for describing pulse propagation and velocity.

e The output layer produces a vector of 256 elements that contain c(x).
In the case of a forward task, the PINN and PICNN loss function used in training
combines data loss and physics loss:

L = Lgata + )\Lphysics: (6)

where Lgqtq is the data error, which reflects the discrepancy between the model's
predictions and the simulated data, and Ly py;cs is the physics error, which quantifies how
well the model adheres to the governing PDEs.

The PINN and PICNN models were developed using PyTorch version 2.5.0 [9].

The training data consists of multiple simulated pulse propagations. This data was
generated from the wave equations (1-4) using FEM.

The networks for the forward task are trained using the Adam optimizer with an initial
learning rate of 0.001. After 5000 iterations, the learning rate was decreased by two times.
The total number of training iterations is 20 000. MSE of the physics loss is scaled by 0.1
relative to MSE of the data loss to provide correct training.

For inverse tasks, the velocity field c(x) is parameterized by FNN or CNN depending
on used PINN type. The objective function for optimization velocity NN is physics loss only.

RESULTS AND DISCUSSION

Single Pulse Propagation and Inverse Task

The forward task for single-pulse wave propagation was solved successfully using both
PINN and PICNN. Both architectures produced visually indistinguishable results with ne-
gligible mean square errors (MSE) relative to the FEM data (Fig. 1). This means these archi-
tectures are capable of approximate the simulated data. The convergence is expected for
both PINNs, but PICNN demonstrates faster convergence speed as expected. This impro-
vement can be attributed to the convolutional layers in PICNNs, which are inherently better
at capturing spatial relationships and local features in the input data on a rectangular mesh.

In the inverse task, PINN and PICNN were evaluated for reconstructing the spatially
varying velocity ¢(x) (Fig. 2) from the observed wavefield data (as in Fig. 1). The results
revealed a significant disparity in performance between the two architectures. PINN
exhibited slow convergence and reconstruction the velocity field c(x) was not reached, as
shown in Fig. 5. The main problem is stopping convergence because of local maxima.
Physical losses of different pulse configurations decrease locally (Fig. 5) which reduces
total error and correspondingly the size of the gradient. Also, this may be caused by sharp
changes of velocity, and the result c(x) is quite smooth, so, decrease in error in one part
c(x) increases the error in the other part. As a result, out-of-the-box PINNs with some
tunings are not able to solve this inverse task, but potentially this can be done after much
better tuning and architecture search.

PICNNSs, on the other hand, demonstrated good performance in this task. The inverse
task convergence time is only four times larger than the forward task time. Also, it was able
to capture local spatial patterns for the velocity estimation task. Despite their superior
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Fig. 5. Example of squared velocity (a) and physics loss (b) for a single pulse inverse task.

performance, initial PICNN reconstructions exhibited minor high-frequency ripples in the
reconstructed velocity field (left graph in Fig. 6). There are multiple techniques in DSP to
remove these ripples, but it may break physics that is embedded in PGE. To avoid this, the
loss function was updated by adding one more term that adds a mathematical constraint
for c(x). A smoothness constraint was introduced into the loss function via an L1-norm of
the velocity gradient

d
Linatn = ;(;C) (7)

Also, it is possible to use the L2-norm of the derivative, but the L1-norm provides
sufficient accuracy. As a result, the loss function used in training changes to:

L = Lgaeqa + ALphysics + YLmatn (8)
where ¥ = 107> is much smaller than A and should cause its effect at the end of the training

process.
This change of loss function gives a significant improvement (right graph in Fig. 6).
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Fig. 6. Found velocity for a single pulse inverse task before (a) and after (b) the loss function change.
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Importantly, the addition of this constraint did not increase training time, making it a
cost-effective enhancement to the methodology.

Robustness to Noise in Wavefield Data for Inverse Task

To evaluate the robustness of PICNN for the inverse task, Gaussian noise is added to
the wavefield data in varying noise-to-signal ratios: 6 /A = 0,0.01,0.02, and 0.05. Fig. 7
illustrates the training loss curves, highlighting the significant challenges posed by higher
noise levels. For /A = 0.05, the training loss increased by several orders of magnitude,
making it difficult for the network to minimize the physics loss term effectively.

Also, it was found that the model cannot solve the inverse task if even a small noise
is added. The root case is in the ratio between data and physical losses. Noise increases
data loss, and this affects physical loss. More precisely, it prevents decreasing physical
loss because NN cannot fully approximate noisy data that significantly changes from one
location to another. This noise behavior is typical for multiple applications, e.g., signals in
wireless devices and ultrasound scanning. To mitigate this issue, it was proposed to use
an increasing physics loss multiplier with each epoch, as described by the following
equation:

_epoch

A== (9)

where S is the scaler of physics loss multiplier, e.g., S = 1000 is sufficient to recover
velocity in case of /A = 0.01. The scaler S can be empirically selected based on two
principles: the physics loss should be smaller than data loss at the beginning of training
(e.g., first 10 epochs); the physics loss should be much larger than data loss caused by
noise at the end of training.

Using a changeable ratio between data and physical loss (9), it is possible to
successfully reconstruct c?(x) across all noise levels. However, the behavior A should be
following. At the beginning of training procedure (epoch value is small), data loss should
be dominant to approximate data as good as possible. The flattening of the loss curve in
the right graph of Fig. 7 shows this limit. This means NN has some gradient to update
weights, but it cannot be realized because of the noise properties. Then physical loss
should be larger to remove noise form data and provide c?(x) reconstruction. As a result,
larger noise requires a smaller scaler S to increase A. In case of 6/A = 0.05, S it should
be decreased to 20.
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Fig. 7. Training loss for case w/o noise (a) and w/ noise (b) for /A = 0.05.
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PICNN capabilities for the inverse task of velocity reconstruction are shown in Fig. 8.
The graph in Fig. 8 shows the mean absolute error (MSE) of reconstruction c?(x) at
different o /A values and different A. It can be seen that the scaler A should be increased if
noise is increased. This can be done in two ways. The first is to decrease the scaler S as

is written above. The second is to increase the number of epochs that gets obvious form
equation (9).
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Fig. 8. Mean error for the reconstructed c?(x) for different noise-to-signal ratios and physics loss multipliers A.

Also, there is a reconstruction error increase if the noise is larger. However, this is not
caused directly by the noise. This is caused by the smaller contribution L4, in equation
(8). The multiplier y of the smoothness constraint L., plays an important role in
mitigating the noise effect too, and it should be increased A to reduce artifacts in the
reconstructed c?(x) profile.

CONCLUSION

This study demonstrates the effectiveness of PINNs and PICNNs for solving single-
pulse wave propagation problems in non-uniform media, because we have good results for
simplified tasks. PICNNs outperform PINNSs in reconstructing velocity profiles, particularly
under noisy conditions. Adding smoothness term to the loss function and using a variable
multiplier of the physics loss significantly improves reconstruction quality without increasing
computational cost. The ability of PICNNs to handle noisy data makes them suitable for
real-world applications.

Future work will extend these methods to handle multi-pulse scenarios and higher-
dimensional problems.
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®ISUYHO-IHOPOPMOBAHI HENPOHHI MEPEXI A1 OBEPHEHOI 3ALAMI
NMOWWMNPEHHA OAHOBUMIPHUX XBWUIb

lzop Konu4®Q, Poman Lyeap™@
JIbsiecbkull HayioHanbHUl yHieepcumem imMeHi IeaHa ®paHka,
8yn. [ipazomaHosa, 50, m. Jibeie, 79005, YkpaiHa

AHOTALIA

Beryn. ®isnuHo-iHpopmoBaHi HeWpoHHi Mepexi (PIHM) — ue cimenctso metoais
HaBYaHHA, AKi CNPSAMOBYIOTb HEMPOHHI MepeXxi 3akoHaMu pi3nkn, a He NoKNaaaTLCA NuLLe
Ha aaHi. PIHM npoaeMoHCTpyBanu BUCOKI MOXITMBOCTI Y PO3B’'si3aHHI NpsiMUX Ta 06epHEHnX
3ajad  Oona  avdepeHuianbHUX PiBHSAHb 3 YACTUHHUMKM noXigHuMK. Y Uik poboTi
JocrnigxyeTtbes 3actocyBaHHs PIHM ans mogentoBaHHA NOLWMPEHHST OANHOYHOIO iMMNyIbCy
Yy HEO4HOPIAHOMY CcepeAoBULLI 3 aKLEHTOM Ha PeKOHCTPYKLi0 NpodiniB WBUAKOCTI 3 AaHNX
XBUIMbOBOro nonsg. 3okpema, yBara NpuAINseTbCs PEKOHCTPYKLUii NpodiniB WBMAKOCTI 3
BukopuctaHHaMm OIHM i ixHboi po3LmpeHoi BepcCii Ha OCHOBI 3rOPTKOBUX HENPOHHUX MEPEX
(PIBHM). Po6oTa MoTMBOBaHa 3acTOCyBaHHSIMM Y CEMCMONOrii, akycTuui Ta GiomeguyHin
Bidyanisauii, 4e TOYHe BU3HAYEHHS LUBMAKOCTI € BKpaN BaXKTUBUM.
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Martepianu Ta metoaun. M reHepyeMO CUHTETUYHI XBUNbOBI AaHi METOAOM CKiIHYEHHUX
enemeHTiB (MCE) i BMKOpPUCTOBYEMO raycoBui iMMnynbc, WO6 pe3ynbTtaT HEWMPOHHUX
mMozenen MmoxHa byno 6e3nocepeHbLO NOPIBHATY 3 YACENMBHUM €TarnoHoM. [ns BUPILLEHHS
npsAMmUX 3agad (MPOrHo3yBaHHA XBWMLOBOrO Mons) Ta obepHeHuX 3agad (PeKOHCTPYKLis
weuakocTi) 3actocoBytoTeca PIHM i @ISHM. Takox My BUKOPUCTOBYEMO HaBYanbHU Habip
AaHuX, WO MOE Pi3Hi PiBHI rayciBCbKOro LWyMmy.

PesynbTtatin. Y npamin 3agadi i ®IHM, i ®PIBHM pobpe y3rooxyloTbCs 3 YMCNOBUMU
cumynsauigmy, npudomy ®PISHM wemawe pocdaraloTb BUCOKOI TOYHOCTI. Y  Bunagky
obepHeHnx 3agady PIBHM nokasanu kpalli pesynbTaTtM y PEeKOHCTPYKLii NpOCTOPOBO
3MiHHMX npodiniB weuakocTi, Togi sk ®IHM ctukanuca 3 npobnemamu 30iKHOCTI Yepe3
nokaneHi MakcuMymy B ONTMMI3auinHOMy naHgwadTi. BknioyeHHs obmexeHHa Ha
NNaBHICTb y PyHKUiO BTpaT AO3BONUMO YCYHYTU apTedakT y BiOHOBMEHUX LUBUOKOCTHAX
6e3 36inbweHHs obumcnioBansHUx BuTpaT. Kpim Toro, npaBurnbHe BaroBe CriBBigHOLIEHHS
dYHKLiN BTPAT AN AaHWX Ta di3nyHmx obmexeHb 3abesneyye CTiNKICTb 4O LyMy.

BucHoBku. ®I3HM edbekTuBHO po3B’A3yl0Tb NpsiMi Ta obepHeHi 3agadi NowMpeHHs
OLVHOYHOrO iMMynbCy B HEOL4HOPIOHOMY cepefoBMLLi, 3abe3neyyoun TOYHICTb Ha PiBHI
MCE gns npsmux 3agad i nepeepluytodm ctaHaapTHi PINNs B o6epHeHOMY BifHOBMEHHI.
Lli pesynbTtaTtn cBig4aTh Npo 3HayHui noteHuian ®PI3HM anst npakTMYHMX BMMIpOBaHb Ta
Bizyanisauii. Y manbyTHiX JOCNIOKEHHSIX NNaHYETBCA PO3LLMPUTY Lii METOAM ANS cueHapiiB
3 GaraTOKOMMOHEHTHUMM IMMYNbCaMMU.

Knro4oei crioga: PisnyHo-iHOOpMOBaHi HenpoHHi Mepexi, PISHM, oguHoYHUI imnynbc,
obepHeHa 3agaya, pEKOHCTPYKLA LWBUAKOCTI, HeOQHOPIAHE cepenoBuLle
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