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In the class of functions F': R — R of the form F(z) = JOO fw)e®™v(du),
where v is a non-negative measure on R with unbounded support suppv,
a(z) is an arbitrary non-negative v-measurable function on R4, conditions are
established under which the asymptotic relation In F'(z) < (1+o0(1)) In p+(x, F)
holds for x — oo outside some set E of finite h-measure, i.e., fE dh(z) < +oo;

here ps(x, F) = sup{a(u)e®™: u € suppv}..

Key words: Laplace-Stieltjes integral, Borel relation, h-measure, excepti-
onal set.

For every non-costant entire functions of the form f(z) = ::6 an 2™ of finite order

pr < 400, and ps(r) = max{|a,|r™: n > 0} and M;(r) = max{|f(z)|: |z| = r}, it is
well known that (see [3L[5], |2, Part IV, Ch. 1, § 3, Problem 54]) the (Borel) relation

In My (r) ~ Inpg(r) (1)
holds as r — +oo (r € [0,+00) \ E), where € > 0 is arbitrary given and the set F has
finite logarithmic mesure, i.e. In —meas FE := fEﬁ[l +o0) dlnr < +o00. Statements about
analogues of this Borel relation have been repeatedly proven for the entire Dirichlet series.
In [1] it is proved that, in order that for every integer Dirichlet series F' € D(A) of the

form
400

F(z)= ZFn exp{zAn}, 0=2X0 < Ap < Apy1 T +o0 (1 < nt+o00),

n=0
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the Borel-type

In M(z, F) ~Inu(z, F) (2)
relation holds as © — 400 outside some set of finite Lebesgue measure, it is necessary
and sufficient that the following condition

Z—<+oo (3)

holds; here M (z, F) = sup{|F(z+iy)|: y € R}, u(x, F) = max{|F,|e**: n > 0}. Similar
results was also obtained for integrals of the form

Flz) = /R a(t)e™ v (dt), (@)

where v is non-negative measure on R, = [0, +00) with unbounded support, a(t) is
arbitrary non-negative v-measurable function on Ry, S =supprnN{z € Ry: f(x) > 0}.
By Z(v) denote the class of functions F': R — R represented by integrals of the form (4)).
For F' € Z(v) and x € R let us denote

s (z, F) = esssup{ f(u)e™: u € S}.
In particular, in paper [9] the following theorem was proved.

Theorem 1 (|9]). If condition
+oo
/ t 2 Inwy(t) dt < +o0 (5)
0

holds with vo(t) = v([0,t]), then for every function F' € Z(v) there exists a set E of finite
Lebesgue measure such that the asymptotic relation

InF(z) = (14 0(1)) In p.(x) (6)
holds as © — 400 (z ¢ E).

Note that the condition on the sequence of the exponents ()\y) is satisfied if and
only if the condition is satisfied with vy(t) = n(t) = Z 1 (J7L9)).

We denote by L the class of positive continuous functlons ®: Ry :=[0,+00) = Ry
such that ®(z) / 400 (0 < © — +0o0), and by LT the class of positive continuous
differentiable functions h(x): [0,4+00) — [0,400) such that eroo dh(x) = +o0 and 1 <
W(x) /400 (0 < & 7 400). Denote by £, the class of function ¢ € L such that
f;ooo dt/(t) < 4o0, P(t) = t for t > ty > 0, and by Lo the class of the functions
¥ € L1 such that the inverse function ¥ ~! to function 1 satisfies the condition ¢~ (uv) <
uh~1(v) (u,v = 1). Let ® € L. Let us introduce the following class of Dirichlet series

DN®)={FeD\): lnu(z,F) = z®(z) (x > x0)}.

For a Lebesgue measurable set E C [0, 4+00) we call

mpE = / dh(x

its h-measure, at h(x) = x the h-measure of a set E is its Lebesgue measure.
In the article [10] the following theorem was proved.
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Theorem 2 (|10]). Let h € L1, ® € L. If a function F € D(\, ®) and a number b > 0
such that

+o00 4y

< )

nA\p, oo

n=1

then asymptotic relation holds as x — 400 outside some set E of finite h-measure
(mpE < 400), where the function ¢ is an inverse function to the function ®.

In this article we will prove a similar statement for the functions from the class Z(v).
The proof method differs from the classical Wiman-Valiron type method was used in the
article [10].

We say that F € Z(v,®) if F € Z(v) and

In F(x) > 2®(z) (x> o).
We prove the following theorem.

Theorem 3. Let h € LT, ® € L, ®g(x) = 2®(z). If a function F € Z(v,P) and there
exists a function 1 € Lo that the condition

W (o) nw(t) = o(w71(1) (¢ = +00) ®)

satistfy with vg(t) = v([0,t]), then asymptotic relation (€] holds as x — +oco outside some
set E of finite h-measure (my E < +00), where the function g is an inverse function to
the function ®.

Proof of Theorem[3 We need the following lemma.
Lemma 1 (|9], Lemma 1). Let h € L4, ¥ € Ly, and g: Ry — Ry is a differentiable

non-negative and non-decreasing function. Then h-measure of the set
E={x>0:g'(z) > (2)¥(g(x))}
has finite h-measure.
In the following proof, we reason similarly to the proof of the corresponding theorem

in 9] (see also |7]). We assume that F’(x) denotes the right-hand derivative. Denote
g(x) =In F(z). Let

Po(dt) = ag();;tz/(dt)

be probability measure. Then for the mean of random variable £ =t we get

+o0 +oo
Mg — / £P,(dt) = / a(t)e’”tﬁy(dt): 7 ().

So, by Markoff inequality P,{¢ > a} < M¢/a for a = cME& = cg’(x) we obtain

1
/ / Je'Tv(dt) = Po{€ > a} < -
t>cg’(z ) §=cg (T) ¢

Let for fixed x > 0
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As in article |9] we have

Flz) <2 / a(t)e™ v (dt) ()
G
for all x > zq. Indeed,
xt v 1 xt v
f 00 < s [ awettan <
1 F(x)
< s . @O @) wavy = 5.

Therefore,
F(x) = / a(t)e™ v(dt) +/ a(t)e™ dv(t) <
a R\G

vt F(x)
S/Ga(t)e v(dt) + 5

and the inequality @D follows. Then, from inequality @D one has
F(z) < 2/ a(t)f(at)v(dt) < 2u(z, F) - vo(29'(x)) (2 = 20). (10)
G1

Therefore, by Lemma (1| with 1/2¢(¢) instead (t) for all z ¢ E we have ¢'(z) <
1/21"(x)d(g(x)) and

F(x) < 2p (2, F)vo (' (2)1(g(x))), (11)

/(@) A
o= [ < [ ot <t
Nﬁ@mﬁﬂ) o(w), H'(w) > 1 (x> wo), Y(t) >t (¢ > to), thus, W (@)i(g(x)) > g(a)
oo (W @)(9())) = olg(@)) > po(@o(x)) = .
Finally, it remains to use the condition with the function ¢ € Lo
o (' (2)2(g(x))) = o4~ (W (@) (g(@)) ) /1 (W (@) (9(x)) ) ) <
<o(w ! (W(@wlg@)) /W' (@) <o(v7 (¢9(x)))) = olg(a))

as ¢ — 400 (z ¢ E). Therefore,
InF(z) <Inp(z, F)+1n2+ o(ln F(x))
as ¢ — 400 (z ¢ E) and the statement of Theorem (3| follows from this. O

moreover,

Remark 1. It is easy to verify that condition f;;oo dx/v(x) is equivalent to condition
j:;oo t=2¢=1(t)dt < +00. On the other hand, for given non-decreasing function a(t) the
condition |, t—:w t~2a(t)dt < +o0 is equivalent to the condition that there exists a function
¥ € L1 such that a(t) = o(yp~1(t)) (t = +00).

The authors do not know whether it is possible to choose the function v so that the
condition of belonging to the class £, is fulfilled.
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IHTEI'PAJIN TUITY JIAIIJIACA-CTIJIT’ECA:
CHIBBIIHOIIIEHHSA BOPEJIA i h-MIPA BUHATKOBOI
MHOX2KWHMN.
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B xmaci dynkniit F: R — Ry surmany F(z) = 0+°° Ffw)e ™ v(du), ne v
— HeBig'eMHa Mipa Ha R4 3 HeobMe:KeHMM HOcieM supp v, a(x) — JoBiabHA
HeBix'eMHa v-BuMipHa GyHKIis Ha Ry, BcraHOBiIEHI yMOBH, 3a SIKMX acHM-
nroruute cuieigpomerns In F(z) < (1 4 o(1)) In pu« (z, F) BuUKOHYETBCS 1pH
x — 400 30BHI gesikol MEOXKuUHY E cKimdeHHOl h-Mipn, To6ro, [, dh(z) < +00;
TyT fis(z, F) = sup{a(u)e®™: u € supp v}.

Karouwosi caosa: inrerpan Jlamnaca-Crint’eca, cuiBimHomennss Bopess,
h-Mipa, BUHSTKOBA MHOXKHHA.



