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In the class of functions F : R → R+ of the form F (x) =
∫ +∞
0

f(u)exuν(du),
where ν is a non-negative measure on R+ with unbounded support supp ν,
a(x) is an arbitrary non-negative ν-measurable function on R+, conditions are
established under which the asymptotic relation lnF (x) ⩽ (1+o(1)) lnµ∗(x, F )
holds for x → +∞ outside some set E of finite h-measure, i.e.,

∫
E
dh(x) < +∞;

here µ∗(x, F ) = sup{a(u)exu : u ∈ supp ν}..

Key words: Laplace-Stieltjes integral, Borel relation, h-measure, excepti-
onal set.

For every non-costant entire functions of the form f(z) =
∑+∞

n=0 anz
n of finite order

ρf < +∞, and µf (r) = max{|an|rn : n ≥ 0} and Mf (r) = max{|f(z)| : |z| = r}, it is
well known that (see [3, 5], [2, Part IV, Ch. 1, § 3, Problem 54]) the (Borel) relation

lnMf (r) ∼ lnµf (r) (1)

holds as r → +∞ (r ∈ [0,+∞) \ E), where ε > 0 is arbitrary given and the set E has
finite logarithmic mesure, i.e. ln−meas E :=

∫
E∩[1,+∞)

d ln r < +∞. Statements about
analogues of this Borel relation have been repeatedly proven for the entire Dirichlet series.
In [1] it is proved that, in order that for every integer Dirichlet series F ∈ D(λ) of the
form

F (z) =

+∞∑
n=0

Fn exp{zλn}, 0 = λ0 < λn < λn+1 ↑ +∞ (1 ⩽ n ↑ +∞),
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the Borel-type
lnM(x, F ) ∼ lnµ(x, F ) (2)

relation holds as x → +∞ outside some set of finite Lebesgue measure, it is necessary
and sufficient that the following condition

+∞∑
n=1

1

nλn
< +∞, (3)

holds; here M(x, F ) = sup{|F (x+iy)| : y ∈ R}, µ(x, F ) = max{|Fn|exλn : n ⩾ 0}. Similar
results was also obtained for integrals of the form

F (x) =

∫
R+

a(t)extν(dt), (4)

where ν is non-negative measure on R+ = [0,+∞) with unbounded support, a(t) is
arbitrary non-negative ν-measurable function on R+, S = supp ν ∩{x ∈ R+ : f(x) > 0}.
By I(ν) denote the class of functions F : R → R+ represented by integrals of the form (4).
For F ∈ I(ν) and x ∈ R let us denote

µ∗(x, F ) = ess sup{f(u)exu : u ∈ S}.
In particular, in paper [9] the following theorem was proved.

Theorem 1 ([9]). If condition∫ +∞

0

t−2 ln ν0(t) dt < +∞ (5)

holds with ν0(t) = ν([0, t]), then for every function F ∈ I(ν) there exists a set E of finite
Lebesgue measure such that the asymptotic relation

lnF (x) = (1 + o(1)) lnµ∗(x) (6)

holds as x→ +∞ (x /∈ E).

Note that the condition (3) on the sequence of the exponents (λk) is satisfied if and
only if the condition (5) is satisfied with ν0(t) = n(t) =

∑
λn⩽t

1 ([7, 9]).

We denote by L the class of positive continuous functions Φ: R+ := [0,+∞) → R+

such that Φ(x) ↗ +∞ (0 ⩽ x → +∞), and by L+ the class of positive continuous
differentiable functions h(x) : [0,+∞) → [0,+∞) such that

∫ +∞
0

dh(x) = +∞ and 1 ⩽
h′(x) ↗ +∞ (0 ⩽ x ↗ +∞). Denote by L1 the class of function ψ ∈ L such that∫ +∞
x0

dt/ψ(t) < +∞, ψ(t) ⩾ t for t ⩾ t0 > 0, and by L2 the class of the functions
ψ ∈ L1 such that the inverse function ψ−1 to function ψ satisfies the condition ψ−1(uv) ⩽
uψ−1(v) (u, v ⩾ 1). Let Φ ∈ L. Let us introduce the following class of Dirichlet series

D(λ,Φ) = {F ∈ D(λ) : lnµ(x, F ) ⩾ xΦ(x) (x ⩾ x0)}.
For a Lebesgue measurable set E ⊂ [0,+∞) we call

mhE ≡
∫
E

dh(x)

its h-measure, at h(x) ≡ x the h-measure of a set E is its Lebesgue measure.
In the article [10] the following theorem was proved.
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Theorem 2 ([10]). Let h ∈ L+, Φ ∈ L. If a function F ∈ D(λ,Φ) and a number b > 0
such that

+∞∑
n=1

h′(φ(λn) + b)

nλn
< +∞, (7)

then asymptotic relation (2) holds as x → +∞ outside some set E of finite h-measure
(mhE < +∞), where the function φ is an inverse function to the function Φ.

In this article we will prove a similar statement for the functions from the class I(ν).
The proof method differs from the classical Wiman-Valiron type method was used in the
article [10].

We say that F ∈ I(ν,Φ) if F ∈ I(ν) and

lnF (x) ⩾ xΦ(x) (x ⩾ x0).

We prove the following theorem.

Theorem 3. Let h ∈ L+, Φ ∈ L, Φ0(x) = xΦ(x). If a function F ∈ I(ν,Φ) and there
exists a function ψ ∈ L2 that the condition

h′(φ0(t)) ln ν0(t) = o
(
ψ−1(t)

)
(t→ +∞) (8)

satistfy with ν0(t) = ν([0, t]), then asymptotic relation (6) holds as x→ +∞ outside some
set E of finite h-measure (mhE < +∞), where the function φ0 is an inverse function to
the function Φ0.

Proof of Theorem 3. We need the following lemma.

Lemma 1 ([9], Lemma 1). Let h ∈ L+, ψ ∈ L1, and g : R+ → R+ is a differentiable
non-negative and non-decreasing function. Then h-measure of the set

E = {x ⩾ 0: g′(x) ⩾ h′(x)ψ(g(x))}

has finite h-measure.

In the following proof, we reason similarly to the proof of the corresponding theorem
in [9] (see also [7]). We assume that F ′(x) denotes the right-hand derivative. Denote
g(x) = lnF (x). Let

Px(dt) =
a(t)ext

F (x)
ν(dt)

be probability measure. Then for the mean of random variable ξ = t we get

Mξ =

∫ +∞

0

ξPx(dt) =

∫ +∞

0

a(t)ext
t

F (x)
ν(dt) = g′(x).

So, by Markoff inequality Px{ξ ⩾ a} ⩽Mξ/a for a = cMξ = cg′(x) we obtain∫
t⩾cg′(x)

a(t)etxν(dt) =

∫
ξ⩾cg′(x)

a(t)etxν(dt) = Px{ξ ⩾ a} ⩽
1

c
.

Let for fixed x > 0

G := Gx =
{
t > 0: t ⩽ 2g′(x)

}
.
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As in article [9] we have

F (x) ≤ 2

∫
G

a(t)extν(dt) (9)

for all x ⩾ x0. Indeed,∫
R+\G

a(t)extdν(t) ⩽
1

2g′(x)

∫
R+\G

a(t)extt · dν(t) ⩽

⩽
1

2g′(x)

∫
R+

a(t)f ′(xt) · tdν(t) = F (x)

2
.

Therefore,

F (x) =

∫
G

a(t)extν(dt) +

∫
R+\G

a(t)extdν(t) ⩽

⩽
∫
G

a(t)extν(dt) +
F (x)

2
,

and the inequality (9) follows. Then, from inequality (9) one has

F (x) ⩽ 2

∫
G1

a(t)f(xt)ν(dt) ⩽ 2µ(x, F ) · ν0(2g′(x)) (x ⩾ x0). (10)

Therefore, by Lemma 1 with 1/2ψ(t) instead ψ(t) for all x /∈ E we have g′(x) ⩽
1/2h′(x)ψ(g(x)) and

F (x) ⩽ 2µ∗(x, F )ν0(h
′(x)ψ(g(x))), (11)

moreover,

mh(x) =

∫
E

dh(x) ⩽
∫
E

g′(x)

ψ(g(x))
dx ⩽

∫ +∞

0

du

ψ(u)
< +∞.

Note, that g(x) ⩾ Φ0(x), h′(x) ⩾ 1 (x ⩾ x0), ψ(t) ⩾ t (t ⩾ t0), thus, h′(x)ψ(g(x)) ⩾ g(x)
and

φ0

(
h′(x)ψ(g(x))

)
⩾ φ0(g(x)) ⩾ φ0(Φ0(x)) = x.

Finally, it remains to use the condition (8) with the function ψ ∈ L2

ln ν0(h
′(x)ψ(g(x))) = o

(
ψ−1

(
h′(x)ψ(g(x))

)
/h′

(
h′(x)ψ(g(x))

))
⩽

⩽ o
(
ψ−1

(
h′(x)ψ(g(x))

)
/h′(x)

)
⩽ o

(
ψ−1

(
ψ(g(x))

))
= o(g(x))

as x→ +∞ (x /∈ E). Therefore,

lnF (x) ⩽ lnµ∗(x, F ) + ln 2 + o(lnF (x))

as x→ +∞ (x /∈ E) and the statement of Theorem 3 follows from this. □

Remark 1. It is easy to verify that condition
∫ +∞
x0

dx/ψ(x) is equivalent to condition∫ +∞
t0

t−2ψ−1(t)dt < +∞. On the other hand, for given non-decreasing function α(t) the
condition

∫ +∞
t0

t−2α(t)dt < +∞ is equivalent to the condition that there exists a function
ψ ∈ L1 such that α(t) = o(ψ−1(t)) (t→ +∞).

The authors do not know whether it is possible to choose the function ψ so that the
condition of belonging to the class L2 is fulfilled.
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В класi функцiй F : R → R+ вигляду F (x) =
∫ +∞
0

f(u)exuν(du), де ν
— невiд’ємна мiра на R+ з необмеженим носiєм supp ν, a(x) — довiльна
невiд’ємна ν-вимiрна функцiя на R+, встановленi умови, за яких асим-
птотичне спiввiдношення lnF (x) ⩽ (1 + o(1)) lnµ∗(x, F ) виконується при
x → +∞ зовнi деякої множини E скiнченної h-мiри, тобто,

∫
E
dh(x) < +∞;

тут µ∗(x, F ) = sup{a(u)exu : u ∈ supp ν}.
Ключовi слова: iнтеграл Лапласа-Стiлт’єса, спiввiдношення Бореля,

h-мiра, виняткова множина.


