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A Dirichlet series F(s) = e + 2%, fuexp{shc}, 0 < A\ T oo, that
converges absolutely in the half-plane IIy = {s: Res < 0}, is said to be a-
pseudostarlike, a € R, if

Re {(1—a)F'(s)/F(s) + aF"(s)/F'(s)} >0, s € .

It is proved that each a-pseudostarlike function is pseudostarlike, that is
Re{F'(s)/F(s)} > 0 for all s € IIp. Moreover, if & > 1 then a a-pseudostarlike
function is pseudoconvex, that is Re{F"(s)/F’(s)} > 0 for all s € Iy. A similar
result is obtained for series of the form F(s) = e ** + 3°2° fr exp{sAx}.

Key words: Dirichlet series, a-pseudostarlike function.

1. Introduction

For oo € R P.T. Mocanu (|1]) called a function
f) =2+ fa" (1)
n=2

a-starlike if %’@ #0inD = {z:|z|] <1} and

Re {(1 —a) fo;i’j) +a (1 + ZJ{,;?)} >0, zeD.

In [2] it is proved that each a-starlike function is univalent and starlike in D, that is

Re ZJ{ES) > 0 for all z € D. Many mathematicians devoted their works to the study of

the properties of a-starlike functions and their generalizations (we point out here only
articles [3], |4], 5], [6], 7], [8])-
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As in |9] and |10} p. 135] by SDy we denote a class of Dirichlet series

F(S) =M Z fx exp{s)\k}, s=o0+1t, (2)
k=2

absolutely convergent in the half-plane IIy = {s: Res < 0}, where 0 < A\ 1T +oo. Each
function F' € SDy is non-univalent in Iy, but if

> Xlful <M

k=2

then (]9], |10, p. 135]) function ([2)) is conformal in IIy. A conformal in II; function
is said to be pseudostarlike if Re{F’(s)/F(s)} > 0 for all s € IIp, and is said to be
pseudoconvex if Re{F"(s)/F’(s)} > 0 for all s € Iy ([9], |10, p. 137]). By the way, if

> Mkl < n

k=2

then function is pseudostarlike, and if
Z Ml fel < AT
k=2

then function is pseudoconvex.

Combining a-starlikeness with pseudostarliness and pseudoconvexity, we arrive at
the following definition. For some real number « a conformal in Iy function is said
to be a-pseudostarlike if for all s € Il

Re {(1 — a)};((j)) + al;l,l((j))} > 0. (3)

Here we will study the properties of such functions.

2. a-Pseudostarlike Dirichlet series

It is clear that if @ = 0 then a-pseudostarlike function is pseudostarlike, and if « = 1
then a-pseudostarlike function is pseudoconvex. There is a more general statement.

Theorem 1. Each a-pseudostarlike function F is pseudostarlike. Moreover, if a > 1
then F' is pseudoconver.

Proof. If we set ®(s) = P() iy (@) then we obtain

F(s)
Re{q)(s) + ozdhﬂ)(s)} >0

ds

and, thus,
Oln®(s)

Re {cp(s) —iat—

}>O, s =0 +it. (4)
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Remark also that

AetM + 3 fidrexp{shi} A+ Y frdnexp{s(Ar — A1)}
= — =—F=2 A (5)
esM + S frexp{sig} 14+ > frexp{s(A\x — A1)}
=2 p=2

F'(s)
F(s)

as 0 — —oo, that is there exists o¢* > —oo such that Re®(s) > 0 in half-plane
{s: Res < o*}.

We need to show that Re®(s) > 0 for all s € IIy. Assume from the contrary that
this inequality does not hold, that is in view of there exits a point sg = gg + ity in
Iy such that Re®(s) > 0 for 0 < 09 and Re®(sg) = 0. Then arg® (oo + it) has either a
maximum or a minimum for ¢ = ¢y, whence it follows that %‘Z‘)Ht) = 0 for t = tg.
Therefore,

for s = sg, which is impossible in view of . Taking into account the pseudostarli-
keness is proved.

If « > 1 then (1 — a)Re?/((;)) < 0 and implies Reg,/—((;)) > 0, that is F' is

pseudoconvex. The proof of Theorem [I]is complete.

Remark 1. If F' is pseudostarlike and pseudoconvex then F' is a-pseudostarlike for each
a€0,1].

Remark 2. If either 0 < B < aor a < f <0 and F is a-pseudostarlike then F' is
B-pseudostarlike.

Indeed, if 0 < 8 < « and F is a-pseudostarlike then Re®(s) > 0,

dln ®(s)
By bl )
Re{ (s)+ T }>O
and, thus,
Redlnq)(s) o ~ Re®(s) > _Re@(s),
ds « 153
whence
oo+ 54220

If @ < 8 <0 then similarly

dln®(s)  Red(s) < Red(s)

Re < <
ds |ov| 18]

and again

Re {(I)(s) + ,BC”ndi)(s)} > 0.
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3. aX-Pseudostarlike Dirichlet series.

Now let Dirichlet series

F(s)=e*h 4+ Z frexp{sht}, s=o+it, (6)
k=1
absolutely convergent in the half-plane Iy, where h > 0 and A < A\, T +00. Dirichlet series
F'(s)

(G is called (|11]) S-pseudostarlike if ReZ(5y < 0in Iy and is called X-pseudoconvex if

Re?,li((j)) < 0 in Ily. Therefore, as above, we can call the function @ aX-pseudostarlike

if
Re{(la)i((;) +Oé?/<(::))} <0 sell. (7)

Theorem 2. Fach aX-pseudostarlike function is Y-pseudostarlike. Moreover, if a > 1
then this function is Y-pseudoconver.
_ F'(s)

Proof. As above we set ®(s) = Fis)- Then implies
s

Re {fb(s) - iaia lna(f(s)

}<0, s =0 +it. (8)
Also we have

—he s + Ei frdrexp{siy} —h+ 55 feArexp{s(Ax +h)}
_ 1:1 _ kozol ——=h (9)
e~hs kZ frexp{sA;} I+ kZ Jrexp{s(Ax + h)}
=1 =2

as o — 0, that is there exists 0* < 0 such that Re®(s) < 0 if 0* < Res < 0.

We need to show that Re®(s) < 0 for all s € II. Assume from the contrary that
this inequality does not hold, that is in view of @ there exits a point so = gg + ity in
Ty such that Re®(s) < 0 for o9 < 0 < 0 and Re®(sg) = 0. Then, as above, we obtain
W = 0. Therefore,

Re {(ID(S) - iaalna(f(s)} =0

for s = sg, which is impossible in view of . Thus, Re®(s) < 0 for all s € Iy and
function @ is YX-pseudostarlike.

If « > 1 then (1 — a)ReF/((SS)) > 0 and implies ReFF/,/—((Ss)) < 0, that is F is

Y.-pseudoconvex. The proof of Theorem [2|is complete.

Remark 3. As in Remark it is easy to show that if either 0 < 8 < a or a < 8 <0 and
F is aX-pseudostarlike then F' is SX-pseudostarlike.
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A6comorHo 36ixunit y nistonwmai Ilp = {s: Res < 0} pax Hipixue F(s) =
M 4370 frexp{sAk}, 0 < A\ T 00, HasMBaETBCA Q-TIceBIO3ipKOBIM, € R,
SIKIIO

Re {(1—a)F'(s)/F(s) + aF"(s)/F'(s)} >0, s¢€ Il.
JoBemeHo, MO KOXKHA Q-TICEBIO3IPKOBa (DYHKIlisT € ICEeBIO3IPKOBOIO, TOO-
To Re{F'(s)/F(s)} > 0 mua Bcix s € Ilp. Kpim mporo, sikmo a > 1, To
a-TiceB103ipKoBa byHKIIsA € TceBpoonykion, Tobro Re{F"(s)/F'(s)} > 0
st Beix s € Ilg. IlomiGHuit pesysnbprar OTpUMAaHO MJIsi DPsJB BUIJISILY
F(s)=e " + 3772, frexp{sAr}.

Kamowosi crosa: psin Hipixite, a-miceBIo3ipKoOBa (OYHKITisI.
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