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We study the inverse problem on determining a classical solution of the
first boundary-value problem for a time-fractional diffusion equation and time-
dependent continuous coefficients at derivatives of the first order in the equati-
on. We use space-integral overdetermination conditions. We find sufficient
conditions for a time-local unique solvability of the inverse problem.
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Green’s vector-function

1. Introduction

Equations with fractional derivatives and inverse problems to them are appearing
in different branches of science and engineering, and the range of the applicability of
the generated models is increase considerable. The conditions for classical solvability of
the Cauchy and boundary value problems to equations with a time and a time-space
fractional diffusion equations were obtained in [I]-[8] and other papers. The inverse
initial and boundary value problems with different unknown functions or parameters, in
particular, unknown minor or senior coefficients for such equations were investigated in
many papers.

In this paper, for the equation

°Dlu— Au — eruwj —r(t)u= Fy(z,t), ze€Q, te(0,T] (1)

=1
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with the Caputo fractional derivative of order 5 € (0, 1) we study the inverse problem

u(z,t) =0, €90, tel0,T], (2)
u(z,0) = Fy(z), = €Q, (3)
/ u(e, ) () = Dj(t), te [0.T], je{l,... .n) (@)
Q
of determining (u,r1,...,7,) where Fy, F1,r,¢;, ®; are given functions, {2 is a region

in R, n > 2, bounded by a closed surface of class C*.

Very often, when studying inverse problems, the value of the sought solution of
the problem at the final moment of time is additionally set, for example, in [9]-[I3],
some additional boundary data is set, for example, in [I4]. Integral overdetermination
conditions were used, for example, in [I5]-[19], in [16] with the scalar product (u,¢g) in
abstract Hilbert space, in [I8] in spaces of Bessel potentials.

In the case of two unknown functions inverse problems for a time-fractional di-
flusion equation were studied, for example, in [10, [13] under final time data, in [20] 21]
under a time and space-integral overdetermination conditions, in [22] under two space-
integral overdetermination conditions, in [23] under two time-integral overdetermination
conditions. Inverse problem of kind 7 for a time- or time-space fractional diffusion
equations was not studied.

2. Notations, definitions and auxiliary results
Let Q = 2 x (0,T]. We denote by f * g the convolution of f and g, use the function
O(t)tr 1
)=~
@) ey

where I'()) is the Gamma-function, 6(¢) is the Heaviside function.
Note that fx * fu, = fazu-
The Riemann-Liouville derivative v(?)(¢) of order § > 0 is defined by the formula

VO (t) = fs(t) % v().

The Caputo (Caputo-Djrbashian, regularized) fractional derivative of order €
(m — 1,m) is defined by

for A>0 and fa(t) = fi\(t) for A <0

1 ¢ dm
cnp _ _ m—pB—1
DPu(t) = =5 /0 (t—7) —dva(T)dT,
and therefore
m—1
Do) =vD(t) = > fi1-p(t)0Y)(0). (5)
=0

‘We shall use the notations

(v, ) := / v(z)p(z)de, (Lv)(z,t) = va(w,t) — (Av)(z,t), (z,t) €@
Q

and the functional space Cz 5(Q) = {v € C(Q): cDPv, Av e C(Q)}.
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The vector- functlon (u,r1,...,70) € Co ﬁ(Q) [C[0,T)])™ is called a classical solution

of the problem (L)—(4])) if it satlsﬁes the equation (1) in @ and the conditions ( . . .
From (| . D the compatibility conditions follow

()—O xE@Q (Fl,@j):q’j(O), jEl,...,?’l. (6)

The vector-function (Go(z,t),G1(z,t)) is called a Green’s vector-function of the
problem , to the equation

(Lu)(z,t) = F(x,t), (z,t) €Q (7)

if under rather regular F', F the function

t
0= [ar [ Golw-yt-nF@ D+ [ Gie -0y @0€T ()
0 Q Q
is a classical solution of this problem.
Such Green’s vector-function exists ([I, B, [6]): Go(x,t) is the fundamental solution of
the equation , Gi(z,t) = fi_p*Go(x,t), for multi-indeces v, |7y| € {0,1} the following
bounds were found

nt] (loli- 8725
|DIGo(a, t)] < Ot P4t emellelt ™ Py, o (feft %),

nt|y| B 2
IDVGy(x,1)] < Ct P52 eme= D7y (et 7),

n 2
*D{Gola, )] < Ot F e BT 0, (jaft ™),
2

" 8 52
°DJ G (x,t)| < Ct= % ~Be=elelt” )77 g, (gt=5),

where
1, m < 0;
Un(2) =< 1+]|ln|z|], m=0; for|z| <1, ¥, (z)="V,(1) for|z| >1,
|z|~™, m >0,

and ¢ < (2 — ﬁ)( )2 # . Hereinafter ¢, C, Cy, ¢k, di (k € N) are positive constants.
We denote

(Go) (z,1) = / Golz — v, t)p(y)dy,

Q

(Gro) () = / Gi(x — 1y t)p(y)dy,
Q

(Gop)(z,t) = [ dr | Go(z —y,t —T)p(y)dy, (x,t) € Q.
[*]

Lemma 1. Assume that ¢ € C(Q), ¢;(z;), ¢} (x;) are continuous and bounded func-
tions. Then

(Gow) (1), fyﬂ_(ao@(-,w € C@). te (0.T], Gop

G
ay] g0@7 19,
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0 =\ .
CDf(g0@a¢])7 CDE@(QQ@,@]), CDtﬁ(leagD]) EC(Q)’ J S {1,,77,},
J

and it exists positive constant C* such that for allt € (0,7

x, B
)S c e ! ||SO||C(Q)7

0
. < OB _ . .
I(Gog)- Dlleiey < 7 gl | 5 Coe)n)],

190 &)l < O el [|(5609) 0], = 070 Hellran
1°Df DY(Go @, 01)llo@y < C2D Jlgllo@y, 1 € {0,13,
1G1 ¢llo@ < Cllello@: 1DF(Gre, ol < C 2 Digllowy, G €{L,...,n}.
Proof. From the estimates (9) at n > 3 for multy-indeces v, |y| € {0,1}

<

[ Drciote — u. 0001y
Q

|DYGo(xz —y,t)e(y)|dy + |D)Go(z —y,t)e(y)|dy <
{yeQ: |z—y|2>tP}

IA

{yeQ: |z—y|2<th}

< o2 [ e ey

(yeQ: lo—yl<t?}
B2
+ / e—c[‘x—ylt 2]2—/3 |g0<y)dy1,

8
{yeq: [z—y|>t2}

and moving to the spherical coordinate system, we will have

[ DiGote— v thet)ay| <
Q

tﬁ/z o0

n B2
<C %/Tlfh‘err/r"*lt*iﬁ( Fb —c[rtm2) 78 lello@ <

0 8/2

_1_ Byl =
<Gt elle@y vER, 0<t<T,

B—-1-— % > —1 for || € {0,1}. Similarly we get that

°pp / dr / (Gola — 3, 7). ;) o(y)dy
0 Q

<

—pi [ar [ ([ Galw - yuristandn) oty

0 Q Q
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16872

Sl

t

ng _ v nB
<a / T ollo@ < CtF ellom

/t /ai —y,7), 05 (x)) (y)dy
0 Q

Q/ 1 =y, t)p(y)dy

epf / (Grx = y,1), 5 () o (y)dy| =

B (ne
< 2 ollo@),

<Cr ||90||C Q) (l‘,t)e@,

_ CD,B/ (/ Gi(z %(x])dx) e(y)dy| <

18/2

oo

_B8.2
< Cs|t™" / " ¢ AGHD / p2n—le—clrt 2]2_/3(17‘] H@HC(Q) <
0 tB/2

%18 (n— .
SCt2( 2 HQDHC(Q)a je{lv"'>n}'

It follows from [2] the following result.

oo
. 8132
—1-8 / P I / p2n-le—clrm 212 Edr]dT lello@) <
/

Theorem 1. Let Fy is bounded and satisfies Hélder continuity condition in Q, Fy is
bounded and satisfies Hélder continuity condition with respect to space variables for all
t € [0,T). Then there exists the unique classical solution of the problem @, (@, (@) It

is given by (@
We define the weighted norms [9]

lolls = sup e Jlo(-, )y for v € C(Q).
te(0,T]

We have the equivalence of norms [[v|[, and ||v]|¢(g):

e ollo) < vlle < Ivllog)

Lemma 2. If ¢ € C(Q), ¢;(x;), ¢}(x;) (j € {1,...,n}) are continuous and bounded
functions in Q, then there exist positive numbers Cy,Co i (k € {0,1,2,3,4}) such that

the following bounds hold

0
1G0¢lle < Collellos || 5—G0¢| < Coolélls, IG1elle < Co,
8y] o
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1°Df (Gop, )0 < Coall@llos

. 0
D] 87%_(90%%‘)

1°DF (Grp,95)ls < Coa

< Coslellos

‘ o

olle, j€{1...,n},
moreover, Cy, — 0, Cp . — 0 (k € {0,2,3}) if 0 = +o0.

—ot

Proof. By using Lemma [l| we get
1Goplle = sup e

t

/ </ Gol(- —y,t—T)w(y,T)dy> dr
te(0,T]

0 Q
t
/ emot=m) (/ Go(-—y,t— T)e”w(y,f)dy> dr

0 Q

c(@)

<
c(@

= sup
te(0,T]

t

< C* sup /e*”(t*ﬂ (t—T)’BildT sup e*”||go(~77')||c(@):
t€(0,T] 0 T€(0,T]

t
=C" sup / e " P ldr lelle = Collello,
te(0,T)

0
t
0 —o(t—7) 0 —oT
H?Qow = sup e 5. Col —ut = m)e™T ply, m)dy |dr <
Yj te(0,T) ) A Yj (o)
t
* —or 51
<C* sup e 727 d7 ||¢]los
te(0,T]
0
||C'D2€3 (gO(Pa @j)“o’ =
t
=C sup CD%B / e_"(t_T)dT/ (/ Go(x —y,t —1)e 7 (p(y,T)dy)goj(xj)dx <
te(0,T],2€Q
Q 0
t
* —or 128
<C* sup e 72 d7 ||¢|los
te(0,T)
0
c 0
ot S -
H t ayj (gOQD»Sﬁj) "
p 0
=C sup |°D/ e_”(f’_T)dT/ /—Go(x—y,t—T)e_” oy, T)dy | ;(x;)de| <
te(0,T],2€0 / 2 2 dy;

t

<C* sup / e~oT pE(=D-1 g, lellos
te(0,T] 0
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Giele = sup | [ G~ w00 oty 0y <C el
@y c@

1°DY (Gr, )0 =

C —0 * é n—
= sup Dtﬁ/ </ Gi(-—y.t)e t@(y,t)dy>%($j)d$ < T2 g,
te(0,T] 5 5 c(Q)
We see that

¢

r

C, :=C" sup / e T P ldr < C*@ — 0, 0 = o0,
te(0,T] ) a

t

I'g/2
Co:=C" sup / e 7T 2 ldr < O (gé) -0, 0 > 00, Cpy =C",
te(0,7T) ) a

t

0 e
Coo:=C" sup / e 77 TTﬁ_ldT <C* (fﬁ)
te (0,7 0 g2

— 0, 0 = 00,

t

r(gn-1

Co3:=C" sup / e=oT pE-D-1g, < C*M — 0, 0 — o0,
te(0,T] ) ogz(n=1)

Copy = C* T2,

3. Solution of the inverse problem

Lemma 3. Assume that Fy is a bounded and Hélder function in 2, Fy is a bounded and
Hélder function in spatial variables for all t € [0,T], @;(x;), ¢j(z;) are continuous and
bounded functions, r,®; € C[0,T], |®,(t)] > o > 0,t € [0,T], j € {1,...,n}, and the
condition (@ holds.

The vector-function (u,r1,...,1,) € C2.5(Q) X (C[O,T})n is the solution of the
problem 7 if and only if u satisfies the nonlinear integro-differential equation

u(e,t) = ol ) + [ dr [ Gole —y,t — 1) r(r)uty, Ty~ (10)
[

[ X g [ gatete—wt =) [ (uler)onm) + (Rolerr)ou() -
0o k=1 Q

=D (u(z, 1), pu(z) + (ulz,7), 91 ()| uly, T)dy
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in a subspace M(Q) of functions u € C(Q) with continuous D/ (u(z,t), or(z1)), k €
{1,...,n} where

:/dT/ Go(x —y,t—7) Fo(y,T)—l—/ Gi(z —y, ) Fi(y)dy, (z,t) €Q,
0 Q Q

and
1

(t) = gy [0z, 00(20)) + (Folet), ouar) -

=D} (u(z,8), pr(21)) + (u(z ), ()|, k€ L,.m

Proof. From the equation , using the conditions , we get . For each u € C3 5(Q)
we have r1,...,r, € C[0,T].

From properties of the components of the Green’s vector-function, in particular,
Holder condition’s property of them and their derivatives of the first order, by Theorem

we get that u € C3 g(Q) is the solution of the boundary-value problem 7 iff it is
the solution of the equation

(11)

u(z,t) = /dT/ Golx —y,t — 1) [Fo(y, 7))+ r(T)uly, 7)+ )

+Zm u(y,T dy+/ Gi(w -y, )R (y)dy, (2.1) € Q.

Substituting rq,...,7, from in , for the solution of the problem .7 we get
the equation . By assumptions and Theorem (1}, ug € CQ)B(Q).

On the contrary, let u € M (Q) be the solution of the equation . Because (12))
coincides with (| ., if the expressions are substituted into (12) instead of r;(t),
according to Theorem l the function u satlsﬁes the problem (1)—(3). We also show that
u satisfies the conditions if r1,...,r, are defined according to (11)).

Theorem 2. In assumptions of Lemma@ there exists Th > 0 and for all T € (0,T}] the
unique solution (u, rl, cooymn) € Cap(Q) X (C[O,T})n of the problem f, u satisfies
the equation (10), r;(t (j €{1,...,n}) are defined by (11)).

Proof. Let wj(t) = w;(t,u) :=° DB( (z,t),0(2)), j € {1,...,n}.

According to Lemmal3] it is sufﬁment to prove a time-local solvability of the equation

in M(Q). From the equation we find

t

w;(t,u) = w,;(t,up) +¢ Dtﬁ /T(T)dT/ (G’o(x —y, t—171), goj(asj)) u(y, 7)dy—

0 Q

" 0
-y / i / o (Gole = 10t = ).05(23)) s [P (o)) +

k=1

(o=, o)) + (ulz7), () — wilrw)|uly, )dy.
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On M(Q) we consider the operator P = (Pp, P,):

(Pw)(%t):uo(z,t)Jr/dT/ Go(z —y,t —7) r(r)v(y, 7)dy—
0 @

f/ 2 (I)j(:_ / —Go —y,t—1) [T(T)(U(Z,T),gﬁk(zk)) + (Fol(z,7), pr(2r)) —
0 k=

—wi(T,v) + (U(Z,T), @Z(zk))}v(y,r)dy,
and PQ’U = (132711}7 e ,ngnv),
(P2,0)(z,1) = w;(t,uo)+

opp / ar / (Golw = .t =), 5(2) (1) (02,7, 95(25)) dy—

n

c / 0 1
_kZ:l Dfo/ dTS! T%(Go($—y’t—T)’¢j($k)) () {T(T)(v(z,r)7<pk(zk))+

+(Fo(z 7). u(20)) + (002 7). 0 (1)) = wi(r, ) |oly, 7)dy,
(r,t) €Q, ve M(Q), j€{l,...,n}.
For v € M(Q) with Q = Q x (0,Tp)] let

ol = lvllonr = maxjjvlly,  max . Jlw;llo],

yeeey

[Poll = [[Pvllo,m = max[||Prolls, ||P2,gv|| ],
16{1

seeey Tl

MR(Q) ={ve M(Q): [lv] = HU||0M<R}

By assumptions and Theorem |1} ug € Ca 5(Q), o) 9 wup(x,t) € C(Q). Moreover, by

Lemma [2] it exists positive constant dy = do(Tp) such that lluoll = lluollo,ar < do.
By using Lemma [2) I, for each v € Mp(Q) with R > max{1, | Fy||,} we obtain

[P1o]ly = sup e *|(P1v)(-, )]s <
te(0,T]

t

/dT/ e Gy (x — y, t — T)r(T)e v (y, T)dy
0

Q

+

< luolle + sup {
te(0,T]

n

t 1 (t—amye O . .
Zo/q)j(T)dTQ/ e~ (t—27) 8—ijo(acfyyt—T){(e v(z,7), o5 (zi) + r(T)er(zi))+

j=1
be

+

+(eTTTFo(z,7), or(zr)) — e T wi (T, v)}e”%(ym)dy
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n

maX{C’G,O, 00-72 }GTU z
Yo

<d CO' : o EF o
<do-+Cy s (7)ol + (=

k=1

[vlle <

+ max ()] [ole) [ lentanlds + ol [ lei(alds + el
’ Q Q
<dy+diCy R+ domax{Cy,Cpote’® R* < dy+ d3max{C,,Cy,Csr2} e’ R?,
Pagila = sup e (Payo)ot)lo < sup { oyt o) o+
t€(0,T] te(0,T]
t

CDf / dr / e_(t_T)”Go(x —y,t— T)T(T)( e (2, T), p; (zj)) dy+
0 Q

+

¢
- 0

—|—E CD’B/dT/ e~ 2 (__Qo(z —y,t —7),0i(xr) ) X
2 t (8yk of Y ), e5( k))

0 Q
1 —TO
o M) ) +
+(eTTTFo(2,t), pr(2r)) + (677 0(z,7), o (2k)) — wk(t’eiwv)} eiTJv(y’T)dm} =

<dy+ds maX{CU, 00’07 00’27 Cgﬁg} eT‘T RQ, j e {1, C ,n}.
Therefore, for each v € M, g,
| Pv|| < do + ds max{Cy,Cy0,Cqa,Cyste’™ R%

We choose R > max[L, ||Fy||o, 2do). Then dy < £. Using that C, — 0, C,; — 0
(7 €{0,2,3}) if 0 — oo we may choose o such that

~ 1
dgc = d3 maX{C'UO, 00070, 0(7072, 00073} < @

Then we choose Ty € (0,Tp] such that e“°71 < 4 and for all T € (0,7}] obtain

R R
P —+—=R.
|Pull < 5+

Similarly, for each vi,vs € Mg, T € (0,T}] we get
A Tog 1
|Pvy — Pusl| < d3Ce R ||vy —ve| < 3 [lvr — va|.

By the Banach theorem on a fixed point and the equivalence of norms [|v[|¢ (g and
||lv]|o we obtain the unique solvability of the equation (10) in M (Q) for any T € (0,T1].
Let (u1,71.15--+,7n1), (U2,71.2, ..., Tn2) € C2.5(Q) x (C’[O,T})n be two solutions of
the problem 7. Then for u = w1 —ug, 7, =71 —7j2 (j € {1...,n}), we obtain the
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problem

n

(Lu)(z,t) = r(t)u(z, t) + Z[TJ’Q(t)a%u(m’t) + rj(t)aﬁuQ(x,t)], (x,t) € Q,

Lj

j=1 ’
u(z,t) =0, z€0Q, te[0,T], (13)
u(z,0) =0, z€Q,
(u(z,t),¢5(z)) =0, t€[0,T], je{l...,n}.
As above, we get that u satisfies the equation

t

u(z,t) = /dT/ Go(x —y,t — 7)r(m)uly, 7)dy—

0 Q (14)

n

_ Z / dT/ ;;_Go(ac —y,t—7) [rj’g(t)u(y, T) + 75 () ua(y, 7')]cly7 (x,t) € Q.
0 Q

Jj=1

By using the overdetermination conditions, from the equation of the problem , we
find

ri(t) = q,jl(t) (1) (ulz1). 3 () + (u(z:8). 0 (29)) = DE(u(z7),05() |, (15)

j € {1,...,n}. In assumptions, r; € C[0,T], j € {1,...,n}. After substituting in
the last one takes the form

t

u(z,t) = /d’/"/ Go(x —y,t — 7)r(m)uly, 7)dy—

0 Q

t
0
—/dT/ T%Go(x—y,t—ﬂ >
0 Q -

D2 (u(=,7), or () + (u(z,7), o1 () Jualy, ) ey, (2.8) € Q.

We obtain the linear homogeneous integro-differential equation of the second kind
that, by proven above, has the unique solution v = 0 in M(Q). Then implies r;(t) =
0,t€[0,T],j€1,...,n. O

n

By L)+ [0 (w7 ou (o1) =

B
=
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HocmimkyemMo obepHeHy 3a7ady PO BU3HAYEHHsI KJIACUIHOIO PO3B’A3KY
repIol KpaoBol 3a1a4i st piBHAHHS Audy3il 3 1poOOBOO MOXiTHOIO 33 Ya-
COM Ta 3aJIeXKHUX BiJ 9acy HemepepBHUX KOeMIIE€HTIB IpH MOXITHUX TEPIIOro
Hopsi/IKy v piBHsIHHI. BukopucroByemo iHnTerpaJjibHi 3a MPOCTOPOBUMH 3MiHHU-
MM YMOBH I€PEBU3HAYEHHSI. 3HAXOIUMO JIOCTATHI yYMOBHU JIOKAJBHOI 38 4acoM
OIHO3HATHOI PO3B’SI3HOCTI 0OEPHEHOI 3adadi.

Karouosi crosa: mpoboBa moxinHa, obepHeHa 3a/ada, iHTerpajbHa yMOBA,
BeKTOP-dyukItisa ['pina
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