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ON SOME ANALOGUE OF THE SHAH EQUATION FOR
ANALYTIC IN THE UNIT DISK FUNCTIONS
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For a function of the form f(z) = F(1/(1 — z)), analytic in the unit disk,
where F' is an entire transcendental function, satisfying the differential equation
(1= 2w + (€11 — ) + (1 — 2)*)w’ + ((1 — 2)> + 1 (1 — 2) +ho)w = 0,
the boundedness of the l-index, starlikeness, convexity, close-to-convexity and
growth are investigated.
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1. Introduction.

An analytic univalent in D = {z: |2| < 1} function

f(2) =) faz" (1)

is said to be convex if f(ID) is a convex domain. It is well known (|1, p.203]) that the
condition Re {14 zf"(2)/f'(2)} > 0 (z € D) is necessary and sufficient for the convexity
of f. By W. Kaplan ([2]) the function f is said to be close-to-convex in D (see also
|1} p. 583]) if there exists a convex in D function ® such that Re (f/(z)/®'(z)) > 0(z € D).
Every close-to-convex in D function f is univalent in D and, therefore, f'(0) # 0. Hence
it follows that the function f is close-to-convex in D if and only if the function

g(z):'z"_zgnzn? gn:fn/f17 (2)
n=2

is close-to-convex in . We remark also, that the function is said to be starlike in D,
if g(D) is starlike domain regarding the origin. The condition Re {1 + z¢'(2)/g(2)} > 0

2020 Mathematics Subject Classification: 34A30, 30C45, 30D20
© M. Sheremeta, Yu. Trukhan, 2025



Myroslav SHEREMETA, Yuriy TRUKHAN
54 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2025. Bumyck 97

(z € D) is necessary and sufficient for the starlikeness of g. It is clear, that every starlike
function is close-to-convex.

Let | be a positive continuous function on [0, 1) such that I(r) > B/(1 — r),
B = const > 1 for all r € [0, 1). An analytic in D function f is said [3] to be of bounded
l-index if there exists IV € Z4 such that for all n € Z, and z € D

(n) (k)
@] e L@ o v L
nll™(|z]) KUk (|z])
The least such integers is called the I-index of f and is denoted by N (I, f; D).
S.M. Shah [4] indicated conditions on real parameters By, 51, Yo, Y1, 72 of the dif-
ferential equation
2w’ + (Bo2” + Br2)w’ + (102> + 112+ 72)w = 0, (3)

under which there exists an entire transcendental solution such that f and all its
derivatives are close-to-convex in D. In [5], three analogues of the Shah equation are
considered, which have analytical solutions in the disk D. Among them there is the
equation

(1 —2)%w" +a(l — 2)w’ +bw = 0. (4)
It has been proven (|5]) that if « < 0, b < 0 and a + b > —3 then equation has an
analytic in D solution f(z) = F(1/(1 — 2)), where the function

F(t)=t+ i Fpt"

n=2

is entire transcendental and close-to-convex in ). This solution is a function of bounded
l-index N(I, f;D) < 1 with I(]z]) = 4/(1 — |z|)?. Remark that there was formulated a
conjecture ([6]) that for an entire function f the function H(z) = f(1/(1—2)"),n € N, is
of bounded l-index in D with I(|z]) = B/(1 —|z])"*!, 8 > 1, if and only if f is of bounded
index. Later it was completely proved in |7].

In this article we will focus on the differential equation

(1= 2)"w” + (&1(1 = 2)° + & (1 = 2)*)w' + (¥2(1 = 2)* +91(1 = 2) +9o)w = 0. (5)

2. [-Index boundedness.
Suppose that an analytic in D function f is a solution of equation . Then
(1=2)"f"(2) + (E1(1 = 2)° +&0(1=2)*) f'(2) + (V2(1 = 2)* + 1 (1 = 2) + o) f(2) = 0. (6)
Put

) = =i A6

Then from (@ we obtain

Pl 1 el &l I
2WIA)S2MZ)<H—ZI u—zv)uuzn

(
L (el ], ol
202(2)) (|1 —P T-2P _Z|4) MO

_|_

+
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(1= [2D% &l + &l 1f/ ()] | (1= [2D)* [32] + [91] + |vho]
R N (R B 1 (E A RN (e o A
1] + 1€0] | [th2] + 1] + |30l |f'(2)]
< (Fga s P e g G | <
6(1§1] + [€ol) + 2| + [91] + [tho] |f'(2)] |f'(2)]
< v max { HEL 171 | < max [ L 01},
(7)
provided
A> |§1\‘£|€0| n |1/)2\+|7f;|+|1/)0|_ (8)
Differentiating @ we obtain
(1=2)'f"(2)+ (&1 — 91— 2)° + &0 = 2)) " (2)+
(2 = 3&)(1 = 2)* + (1 — 280) (1 — 2) + ¢0) f'(2) — 22(1 — 2) + 1) f(2) =0,
whence as above
|f"(2)] 1 &1 — 4] ol 1" (2)]
3 (=)) = 3U(12D) (1 —Jel - |z|>2> 202 ()
1 |2 — 31| | 11 — 28] 0] > | (2)]
MR ((1— ED2 AP et 1)
1 2[12| |91
e (s + e Mo <
L& =4[+ [l 1" (2)] + L |he — 381 + |1 — 28| + [2bo| | f(2)] n
3l(lz]) (1 =122 2u2(|2]) ~ 612(]2]) (1—z* 11(]])
L 2[ha| + |[t1] _
Yery -t
& =4[+ (&l 1f7(2)] " |2 — 3E1] 4 |11 — 2&o] + [vo| | f/(2)] n
= 34 22(2) 642 ED
Y
1§ — 4]+ ol 17 ()] | 2 = 3&| + |1 — 280l + || [f'(2)] | 20¢a| + |9 ]
ST a4 () ¢ 364 ey T 262 MGIS
[S1l+ 180l Yol +[¥1] + (o] | 4 1f") ()]
: ( > 12 T 3) Ama"{quo EA )'}
e J AL }
< s g v VI Y
provided
&1+ 10l | [¥2] + [tha] + [o] | 4
=5 T 12 3 (10)

Now let j > 2. Since
(=2 f"(2)9 = (1= 2)* FOF) (2) = 45(1 = 2)* FUTD(2) + 65 (j — 1)(1 = 2)>F D) (2)—
—4(F = 1) =21 = 2)fV V(=) +5(6 - 1)@ -2 - 3) 92 (2)
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and
(61(1=2)° +&(1—2)°) ' (2)9 = (&a(1 — 2)° + & (1 — 2)*) fUTV (2)—
—j(861(1 = 2)” + 26 (1 — 2)) f9(2) +4(j — 1)(B&1(1 = 2) + &) fU D (2)—
—i( = 1) = 2)& 972 (2)
and
(P2(1 = 2)% +91(1 = 2) +1h0) £(2))7) = (2(1 = 2)% + b1 (1 = 2) + o) f 9 (2)—
—j(22(1 = 2) + 1) fU T (2) + 5 — Db f U2 (2),
from @ we obtain
(1= 2)*fUF2(2) = (45 — &)1 = 2)° = &(1 = 2)°) fUHD (2)+
+((65(5 — 1) = 3j&1 + o) (1 — 2)> — (2560 — 1) (1 — 2) + ¥0) f9) (2)+
Hi (=4 — 1) —2) + 30 — 1) — 202)(1 — 2) + (j — 1)€o — ¥1) fUV(2)+
+iG =G —2)( = 3) = (= 2)& + 1) f972(2) =0,
whence as above we get
SO Aj &l + [l TAARIE

)l
(G +2W2(|z]) = (G +2)U([)(1 = |2])? (5 + l)llﬂ‘“(lz\)+
655 = 1) + 3j1&] + Y2l + 210 + [] + Yol [f ()]
(G +2)G + DDA = |z)* JHI(1=1)
LAG =10 =2) + 3G = DI& | + 20| + (7 = DIl + 4| |fU=D(2)|
(G+2)G+1B(NA —|z)* | (J — DHI=2(|=])
LG =DG =2 =3) + (G = 2|6+ [d2) |FU=2(2)]
G+2)G+1D50G = DD = 2D (G —2)W2(]=]) —
<1646+ 1%l 1f9TV(2)]
- 4A (7 + DNUITE(|2])
+72+2(3|€1| +2|&0]) + |tho| + 1] + w2 [f9)(2)]
12A2 3l (|z])
L A8+ 12(316] + |60]) /10 + 2[tha] + ] |FU=D(2)]
1243 (J = DHI=2(|=])
84+ 6| |+ T[wo| U2 (2)|
84 A4 (G —=2)=2(|]z|) —
- <|51|;|50 el o1l + v +6> L
o { FIVE PO 9@ 19Ye) } -
(7 +DWHL([2])" 40 (l2)7 (G — DW=(2])" (G —2)0=2(l2]) | —

L UIE 9@ @)
< {<j+1>w+1<|z|>’ J(=) G- D)’ <j—2>w'—2<z|>} (1
provided

6. 12
+ D + (12)

A> [SY -2F (€0l [th2] + [¥a] + [tbo
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If we put
+ +
st ; ol + |12 |@1/1;| |tho 16

then , and hold and from , @[) and we obtain the following theorem.

Theorem 1. If an analytic in D function f is a solution of equation with complex
parameters &£1,&, W2, 01,00, then it is of the bounded l-index N(I, f;D) < 1 with

_ 4 _ &l + 1Sl | [¥2l + [¥1] + o]
1(z]) = a— 22 A= 5 + D + 6.

3. Growth and geometric properties.

Let My (r) = max{|f(2)|: |z| = r}. If f is a function of the bounded l-index then [3,
p. 71] In My(r) = O ([, U(t)dt) as r 1 1. Therefore, if an analytic in D function f is a
solution of equation (5)) then In M;(r) = O (1/(1 —r)) as r 1 1. The last relation can be
refined by considering special cases of equation .

As in [5], we will look for a solution of the equation (5)) in the form

10 =r (). (13)

where F' is an entire transcendental function and F’(0) # 0. The class of such functions
we denote by &. If f € & then

/ o 1 1 " /) 1 1 / 1 2
fe)=F (1—2') a_z/ B=F (1—2) G- F (1—z> =23
(14)
Substituting and into (B we get
F”(ll >+2(1Z)F'<11z>+(51(1z)+§o)F’< L >+

—z 11—z
(1 — 2 4 i (1 — 2) + ) F (1;) o,

If we put t = i then from hence we obtain

F(8) + 2F" (1)t + (§1/t + ) F/ () + (v2/t* + 41/t +4ho) F (1) = 0,
e t2F () + (&1 +2)t + Eot?) F/ (1) + (o + 1t +ot?) F(t) = 0 and, thus, F is solution
of the differential equation
w4+ (ot” + (& + 2w + (Pot® + Y1t + 2)w = 0,

which coincides with the Shah equation if Bo = &0, f1 = & +2 and v = ¥, for
7 = 0,1,2. Therefore, using previously proven results on the properties of solutions of
equation , we can obtain the corresponding statements for solutions of equation (/).
For example, in [4] (see also [8, p. 62]) the following statement has been proven.

Lemma 1. Let 51 > 0, 79 =0, —1 < 8y < 0. If either 75 = 0 and =5, < 71 <0, or
B1+72=0 and —p1/2 < y1 < 0 then differential equation has an entire solution

p(z) = Z onz"
n=0
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such that o, @', ", ... are all close-to-convexr in D and In M, (r) ~ |Bo|r as r — +o0.
It’s easy to check that Lemma [I| implies the following result.

Theorem 2. Let & > —2, 19 =0, =1 < & < 0. If either s = 0 and —(§1+2) < 91 <0,
or &1+ 241y =0 and —(£&1/2 4+ 1) < 1 < 0 then differential equation has solution
f of the form that belong to the class S, where the function

F(t) =Y Fyt
k=0

is close-to-convez in D along with all its derivatives and In Mp(9) ~ |€o]o as ¢ — +o0.

Likewise the results obtained in articles [9], [10], [11], [12], |13] and summarized in
[8) pp. 61-83] for equation can be transferred to the case of equation .
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ITPO OAVTH AHAJIOT PIBHAHHA IMTAXA OJIA
AHAJIITNYHNX B OZ/IMHNYHOMY KPVY3I @YHKIIIN

Mupocaas IINEPEMETA, FOpiiit TPYXAH

Jveiscvruti nayionarvHul ynisepcumem im. I. Opanka,
Vnisepcumemcovra 1, m. Jlveis, 79000
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Jst ananitianoi B oguHuaHOMY Kpysi dyskuii Burasny f(z) = F(11), e
F — mita TpaHCcieHaeHTHA DYHKITIS, [0 38J0BOJIBHSIE AudepeHIliaJbHe PiBHSI-
s (1= 2) 0"+ (€1 (1— 2)? +€0(1— 2)2)w + (a (1 — 2)2 191 (1 — 2) +tho)w = 0
JOCJIIPKYIOThC OOMEXKeHICTh [-iHfeKca, 3ipKOBICTb, OMYKJIiCTh, OJU3bKICTD 0
OITyKJIOCTI Ta MOXKJIMBE 3POCTAHHSI.

Kmowosi caosa: nudepeHiianbHe pIBHSHHS, aHAJITUYHA QYHKIs, [-
iHzeKc, 31pKOBiCTh, OMYKJIICTDh, OJIU3BKICTH O OIIYKJIOCTI.
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