ISSN 2078-3744. Bicwux Jlveis. yu-my. Cepis mex.-mam. 2025. Bunycx 97. C. 90-102
Visnyk of the Lviv Univ. Series Mech. Math. 2025. Issue 97. P. 90-102
http://publications.lnu.edu.ua/bulletins /index.php/mmf
doi: http://dx.doi.org/10.30970/vmm.2025.97.090-102

VIIK 517.95

THE DARBOUX PROBLEM FOR A COUNTABLE HYPERBOLIC
1D SYSTEM OF EQUATIONS
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A theorem on the existence and uniqueness of the global generalized solution
to the boundary value problem for a linear countable system of first-order
hyperbolic equations in a curvilinear sector is proved.
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1. Introduction

The development of the theory of countable systems of ordinary differential equati-
ons began with the works [1,|2], in which theorems on the existence and uniqueness of
the solution of the Cauchy problem for the system

dx i
dt

:Fi(ta$171'23---), i€ N. (1)

were proved.
Finite-dimensional systems of ordinary differential equations

dx i
dt

particularly those involving a high dimension of n, were usually considered as truncations
of system . Many works are devoted to such systems (see, for example, the bibliography
in [3]).

The study of countable systems of ordinary differential equations was also carried
out in [4H11].

A more detailed analysis of the development of the theory of countable systems of
ordinary differential equations in the space of bounded numerical sequences, as well as a
review of the relevant literature, is given in the monograph (|6]).

= filt,x1,...,zn), i=1,...,mn, n>=1, (2)
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Theoretical and practical aspects of scientific research required the study of
countable systems of partial differential equations. In [12] a countable system of quasili-
near equations of the form
821‘
(r“)l'k

(oo}
Zak(xl,xg,...;zl,ZQ,...) = fi(xz1,22,...521,22,...), 1EN (3)
k=1

and its finite truncation

n

0z,
g al(xhxg,...,mn,O,O,...;zl,zQ,...,zm,O,O,...)ax =
1=1 l

= fu(x1,22,...,2,,0,0,...521,22,...,2m,0,0,...), v=1,2...,m, (4)
were considered, and it was shown that

lim v, = 2k,
m—00

where, Vg, m € N are the solutions of the truncated system , and zj is a solution of
system .

The problem of truncating countable hyperbolic systems of partial differential
equations with initial and boundary conditions was studied in [12H15]. In [15] the theory
of countable systems of partial differential equations and a truncation method were appli-
ed to the investigation of infinite systems of wave equations by means of the averaging
method. The key point of this technique is the assumption of the possibility of expanding
a certain class of functions into Fourier series with respect to the eigenfunctions of the
corresponding boundary value problem.

In |16] countable systems of stochastic differential equations modeling the motion
of interacting particles in a random medium were studied.

In many cases, searching for solutions of applied problems for partial differential
equations in the form of Fourier series leads to countable systems of integral equations
for determining the Fourier coefficients (|17H19)]).

Various versions of problems for countable partial differential equations were consi-
dered, for example, in [20-23]. To the best of the authors’ knowledge, there are no recent
publications addressing problems for countable hyperbolic systems of equations.

The subject of this paper is the boundary value problem for a countable hyperbolic
system of first-order equations in a domain with an initial line degenerated to a point.
Such problems for hyperbolic equations and systems are used in many applied settings
and are known as Darboux problems ([24}25]).

The proofs in this paper are carried out by the method of characteristics, which
makes it possible to reduce the original problem to a system of countable linear integral
equations. The global solvability of this system is established by the Banach fixed-point
theorem using weighted norms and the techniques developed in [26].

2. Statement of the problem

Let G be a curvilinear sector in the upper half-plane ¢ > 0 of the plane xOt, bounded
by the curves given by the equations

x=a(t) 1 xz=0bk), a0)=0b(0)=0, b(t)>all),
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for all ¢ > 0. The functions a and b € C'(R,), (R4 = [0,00)).
In G, we consider a countable hyperbolic system of linear first-order differential
equations

Gui 8 .
E—l—)\(ﬂct By jzlcmxtuj(a: )+ fi(z,t), ieN. (5)

Let I = {2k —1: k€ N}, a I~ =N\ IT and assume that )\; are ordered at each
point of G as follows:
Ni(a(t),t) —a () >0, i€l,2k—1,
Xi(b(t),t) = b (1) <0, €22k
For system , for all t € Ry, we prescribe the boundary conditions
u;(a(t),t) = Z aij(uj(a(t),t) + hi(t), i€l (6)
jer-
= > Bi®u;(b(t). 6) +ri(t), i€l (7)
jer+

We consider problem 7 in the space C(OC)(@), Whosg elements are countable
sets of continuous, uniformly bounded functions [14] defined on G, with the norm for the
vector u(xz,t) = (uy(z,t),uz(z,t),...) given by

[[ull = sup max {lui(z,?)]}.
i€N, (z,t)eqG

Let ;(7; 2, t) denote the solution of the Cauchy problem

;if_ (fv )a i€N7 glr:t:x- (8)

The solution of problem ({8]) is called the characteristic of system .

Let L;(x,t) be the integral curve defined by &€ = ;(7; x,t) emanating from (z,t) € G,
and let ¢;(x,t) be the ordinate of the intersection point of the i-th characteristic with
x = a(t) or x = b(t) in the direction of decreasing t.

Integrating each equation of system along the corresponding characteristics (see
Fig. |1) we obtain the system of integro-functional equations

w( ) = wilul (@, t) + / (S cus + £)@ilriw o), mldr, i€N, ()
tiat) 971
where
ol (. f) = wi(a(ti(z,t),ti(z,t), if oi(ti(z,t);2,t) = alty(z,t));
) {ui(bui(x,t),ti(x,t)), it it 050, 0) = bt ).
We denote by 9t the space of bounded real numerical sequences ([6]).

Definition 1. A continuous function u: G — 90 that satisfies the system of integro-
functional equations @7 is called a generalized solution of problem 7.
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Fia. 1. Distribution of the characteristics of system in G

For an arbitrary point (z,t) € G, s € N, and according to the distribution of
characteristics from @77 we obtain
usk—1(2,t) = uggp—1(a(tor—1(x, 1)), tar—1(w, 1)) +
t
(11)

+ / (Zc2k—l7juj+f2k7—1)[(()0216—1(7—;1‘71;))7-)](17-7 k= 1527"'587

tgk_l(x,t) J=1
uok (7, 1) = ugp (b(tor (2, 1)), tor (2, 1)) +
t o0
+ (ZCQk,juj + f2k> (por(T;2,t), T)]dT, k=s+1,s+2,....
i=1

tar (z,t)
Considering the first system of and using the boundary conditions on the left

side of GG, we obtain

ugk—1(z,1) = Zaqu,zj(tqu(%t))uzj(a(tqu(fﬂat))?7521@71(%15)) +
=1

t

D canmrguy + fzk—l) [(2r—1(T;2,t), 7)]dT + hog—1(t2k—1 (2, 1)),

tag—1(x,t) =1
k=1,2,...,s. (12)

In turn, the second system of , combined with the boundary conditions on the
right side of G, yields

ugy(2,t) = Z52k,2j—1(t2k(x7t))UQj—l(b(tZk(xat))atZk(xat)) +

+
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(D carates + fr ) (a5 2, 8), 7T + rag(tan (2, 1)),
t2k(w,t) j:1

k=s+1,5s+2,.... (13)

Thus, in the domain G, the original problem is reduced to the system of integro-

functional equations f.

3. Existence and uniqueness of problem solution

Theorem 1. Suppose the input data of problem 7@ satisfy the following conditions
for alli,j € N:

(2) the functions

cij(z,t), Z\CU z,t)], fi(z,t), (z,t) € G,
Qoi—1,25(t), i1 = Z|0121 1,25()], hai—1(t), t € Ry,

B2i2j—1(t), Bai = Z |B2i,2j—1(t)], m2i(t), t € Ry

j=1
are continuous;
(3) the following inequalities hold:

ci(w,t) < c(w,t), azi—1(t) < at), Bault) < B(1),

where ¢c € C(G), a, B € C(Ry);
(4) the zero-order compatibility conditions hold

u2;—1(0,0) Zazz 1,25(0)u2;(0,0) + h2i—1(0), i € N,

u2;(0,0) Zﬁzz 2j—1(0)uz;—1(0,0) + r2;(0), i € N,

where
|A(0)B(0)| <1 and det A(0) #0
with
A=max|a(t), B= {gﬁflﬁ(t)l-

teRy

Then there exists a unique generalized solution of problem 7.

Proof. Let

C = max_|c(z,t)|.
(z,t)eG
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We prove the existence and uniqueness of a solution to the system of integro-
functional equations 1) by the method of successive approximations. First, we
establish existence. The zero-order approximations are defined as

Wl (@,t) = hog_1(tar—1(z, 1)), k=1,2,...,s,
ul (2,1) = rop(tor(z,t), k=s+1,5+2,..... (14)
Then for m = 1,2,... we obtain the successive approximations

ugl?ll(xv t) = hok—1(tak—1(z,t))+

+ Y amr 2 (tara ()l (altor 1 (2, 8), tax 1 (1)) +
j=1

t (o]
+ / < CQk_l,jug'm_l) + f2k—1> [(par—1(T;2,8),7)]dr, k=1,2,...,s, (15)
tzkfl(iv,t) j:1

uSy (2, 8) = rag (o (2, )+

+ > Borzji (e, 0)us S (0t (2, 1), tar (@, ) +
j=1

+ / (Zczk,jugm_l) + fzk) [(p2r(T;2,8), T)ldT, k=s+1,s+2,....
to(zt) 7!

From the theory of ordinary differential equations it is known that the functions

i (T; T, t) are continuous in the variables (x,t) whenever \; € C(G)NLip, (G). Therefore,
if the functions u;(x,t) are continuous in both variables for all i € N and the conditions of
Theorem |[1| are satisfied, then all successive approximations 7 will be continuous
functions, as they are compositions of continuous functions (|27]).

We now show that the sequence of these approximations converges uniformly in G.
The sequence will be uniformly convergent if and only if the functional series

oo

' (2,t) + (u™ (2,t) —u{™ D (2,1)), €N, (16)

(2

is uniformly convergent.
We prove the convergence of series by applying the Weierstrass M-test. For
1 =2k —1, where k =1,2,...,s, the first successive approximation has the form

ué?—l(xvt) = hog—1(tor—1(z,t)) +

+ Zazk—1,2j—1(t2k—1(%t)) “haj_1(taj—1(altok—1(x, 1)), tar—1(z,t))) +

+ Z aop—1,2j(tak—1(x, 1)) - m25(t25 (a(tor—1(x, 1)), tar—1(x,t))) +
j=s+1
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t S
+ lzczk—m]‘q(@%—l(ﬂ x,t,7)) - hoj_1(t2j—1(P2k—1(7;2,t), 7)) +

vt
top—1(z,t) -7

oo
+ Z Ccor—1,2j(Por-1(T3 2,1, 7)) - 725 (L2 (por—1 (732, 1), 7)) +
j=s+1

+ for—1(pog_1(T;2,t,7)) | dT.

For i = 2k, where k = s+ 1,s + 2,..., the first successive approximation takes a

similar form:

uby) (x,t) = rox(tan(x, 1)) +

+ Z Bok,2j—1(tak(2,t)) - hoj_1(t2j—1(b(tar(z,1)), tar(x,1))) +
=1

+ Z Bok,2j (tar (@, 1)) - 125 (t2; (b(tan (2, 1)), tar (2, 1)) +
Jj=s+1

¢ S
+ [ZCZk,2j1(@2k(T§xath)) “hoj1(taj—1(par(Ts2,), 7)) +

—
tog(z,t) -7

+ Y conai(par(Tia,t,)) - v ta (an(Ti,6), 7)) + fok(pan(Tia, 1), 7) | dr.
j=s+1

We now estimate the difference |ul(»1)(a:, t)—ul(.o) (z,t)|foralli =1,2,... Ta(z,t) € G.

For i = 2k — 1, where k = 1,2,... s, we obtain

iy (. t) = uly)_y ()] =
ZQQk—l,Qj—l(tZk—l(xat)) “hoj_1(tej—1(a(tar—1(x, 1)), tox—1(z, 1)) +
=1

+ Z aop—1,25(tan—1(x, 1)) - 725 (t2; (a(tan—1(x, 1)), toax—1(z, 1)) +
j=s+1

t S
+ lZCZk—l,Qj—l(@Zk—l(T; x,t,7)) - hoj_1(t2j—1(Pok—1(7; 2,t), 7)) +

—
tor—1(z,t) =7

+ Z Ccor—1,2j(P2r—1(T3 2,1, 7)) - 725 (L2 (or—1(T3 2, 1), 7)) +
j=s+1

<

+ for—1(por—1(7; 2, ¢, 7))] dr
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< ’0‘2k—1,2j—1(f2k—1(937t)) : h2j—1(tzg‘—1(a(t2k—1(x,t))vtzk—l(w,t)))‘ +
j:l

Z ’0121@ 1,25 (tap—1(z, t))'sz(tzj(a(tqu(x»t)),tzkfl(%t)))‘ +
iy

v / >
tgkfl(l,t) J=1
t

cok—1,2j—1(p2r—1(T; 2,1, 7)) - hoj_1(t2j—1(Por—1(T; 2, 1), ’dT

o0
+ / D Jearras(panoa(mia 7)) - ot (o (rs,0), 7)) |ar +
tan—1 (a,t) 7751

t t
/ | for—1(par—1(732,t,7))|dT < AH + AR+ / (CH+CR+F>dT =
tag—1(x,t) tap—1(wt)

=AH+R)+ (C(H+ R)+ F)(t — top—1(z,t)) =
= AP+ (CP+ F)(t — tog—1(z,t)) = AP+ M(t — top_1(z,t)).

Here and below we use constants, or their combinations, which bound the
corresponding functions:

H =max |h(t)], R=max|r(t)|, F= max |f(z,t), P=H+R, M=CP+F.
teR 4 teER 4 (z,t)eG

For i =2k, me k =s+1,s+ 2,..., we obtain a similar estimate

0
lugy) (,t) — uly) (z,1)] =

Zﬂ2k,2jfl(t2k(xvt)) “hoj1(t2j—1(b(tar(x,t)), tar(z,1))) +
j=1

+ Z Bok,2j (tar (@, 1)) - 725 (t2; (b(tar(x, 1)), tan (2, t))) +
j=s+1

t S
+ / [ZCZk,2j1(@2k(T§xath)) “haj_1(taj—1(por (T2, 1), 7)) +

—
tor(w,t) —7

+ Y coni(pan(mi @ t,7)) 1ot (an (T30, 1), 7)) +
j=s+1

<

X

+ f2k(@2k(7;$,t),7)] dr

S

< 3 [kt 0) - hayoa (o (bt (o), o) +

=1
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+ Z ’ﬂQk,zj(tQk(fﬂ,t)) 'sz(tzj(b(tzk(x,f))vt%(fﬂ,t)))} +
j=s+1

t S

* / > |ean2j-1(pw(Ti @, 8,7)) - hoj o1 (taj—1 (pok(Ts 2, 1), 7)) |dT +

tok (,t) J=1
t o0
+ / Z |Con,25 (on (T3 2, £, 7)) - 7o (taj (on (T3 2, 1), 7)) | dT +
ban (a,8) j=s+1
t t
+ / |f2k(go2k(7;:c,t,7))}d7 < B(H+R)+ / (C(H+R)+F)dT =
tzk(z,t) tgk(I,t)

=B(H+R)+ (C(H+R)+ F)(t — taw(z,t)) =
= BP+ (CP+ F)(t — toy(z,t)) = BP+ M(t — tai(z,1)).

Thus, for all (z,t) € G and for any i = 1,2,..., we obtain the estimate

i (z,t) — (2, 8)] < KP + (CP + F)(t — t;),

where
K =max{A, B},

and

P =

tog—1(x,t), ifi =2k —1, where k =1,2,...,s;
tog(z, 1), ifi =2k, wherek=s+1,5s+2,....
Let m = 2. For i = 2k — 1, where k = 1,2,...s, we obtain

e}

ZQQk—l,Zj(tQk—l(xat)) X

j=1

x (uSy (altzeo1(z, 1)), tanor (2, 1)) — ul? (a(ton—1 (2, 1)), tap—1(2, 1)) +

—+ / (Z Cok—1,5 (u§1) — Ugo)) + kafl) [(‘P2k71(7§ $7t)a T)]dT <
j=1

tog—1(x,t)

2 1
|uék)71(xvt) - “ék)ﬂ(a?vtﬂ =

(t— tzk,l(x,t))z.

t
< A’P+CM / (7‘ — top—1(z, t))dT =A’P+CM 51

tog—1(z,t)

For i = 2k, where k = s+ 1,s+ 2,... we obtain a similar estimate

Z Bok,25—1(tar(z,1)) x

j=1
x (usy) 1 (b(tan(@, 1), tan(, 1)) — us) | (b(tok (@, 1)), tan(x, 1)) +

2 1
uSy) (2, 1) — uly (2, 1) =
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<

+ / (Zc%,j . (ugl) — u§0)>> [(par(T;2,t),7)]dT

tQk(w,t)

t
<B*P+CM / (7 — tox(z,t))dr = B°P+ CM

tag (,t)

(t — to(x, 1))
2! '

Thus, for all (z,t) € G and for any i, m € N, we obtain the estimate
(t—t;)™

fuf™ (. 8) = ™" (@, )] < K™P+ O™ M

K2

Assume that such an inequality holds for some m = n. We prove it for m = n + 1.
For i = 2k — 1, where k =1,2,...,s, we obtain

usy Ty (1) — uy) (2,0 = | Y cop12j(tan1 (2, 1))
Jj=1
X (Ugﬂ)(a(t%—l(%t))izk—l(%t)) - U;?)(a(t2k—1(337t))7t2k—1(13,t))) +

t oo

N / ( exry (u) —ul) 4 f2k_1)[(SQQk_l(T;:E,t),T)]dT <
ton—r(at) I
(T—tQk_l(l‘,t))n n+1 n (t_tQk—l(xvt))n+l
dr=A""P+C"M
n! (n+1)!

t
< An+1p+ CnM /
tag—1(z,t)

For ¢ = 2k, where k = s+ 1,s+ 2,..., we have

25%,2]‘—1(75%(35;75)) X

x (uS ) (0(tar(, 1)), tor (@, 1)) — ul?; (b(tar (2, 1)), tox (@, 1)) +

+ /t <ic2k¢,j : (u§”+1) — u§”))> [(par(T; 2, 1), 7)]dT
=1

tzk(I,t)

n+1 n
Sy (2, 1) — uSy) (2, 1) =

<

t
an+1P+CnM /

tog (w,t)

n n+1
(T — tgk(ﬂf, t)) dT — Bn+1p + CnM (t B t2k(x’ t))
n! (n+1)!

Thus, for all (x,t) € G and for any i,m € N, the following estimate holds

(t—t)™

[ud™ (@, ) — uf™ D (@, )| < K™P + C™ T M
m:

7

tm
<KmP+Cm M —.
m!

Since the estimate holds for all (z,t) € G and i = 1,2,..., we obtain for the norm
[l

(2

m m— _ tm
u$™ (@, t) — w2, 0)|| < KPP+ C™ M
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Thus, by the Weierstrass M-test, the series is uniformly convergent on G, whi-
ch implies that the sequence of approximations under consideration is also uniformly
convergent on G, that is u[*(x,t) = u;(x,t), VieN.

To show that the limit functions w;(x,t) provide a continuous solution of system
7, it is necessary in relations to pass to the limit as m — oo. Since all
functions involved in the system are continuous, such a passage is permissible.

We now prove the uniqueness of the solution. Suppose there exist two different
solutions @& and @. Consider their difference u(z,t) = 4(x,t) — @(z,t). Let us denote by
U(t) the function

U(t) = sup {fui(z,7)[}.
i, x, Tt

Since @ and @ are solutions of system (12)—(13)), for u(x,t) we obtain:
1) for i = 2k — 1, where k = 1,2,... s,

Ugk—1(x,t) < Za2kfl,2j (tak—1(z,1)) - U(tar—1(a(t), t))+

j=1
t o0
+ / (Zc2k1,j(902k1(7'5x7t77)) 'U(T)>d7;
tog—1(z,t) =1
2) for i = 2k, where k = s+ 1,s+2,...,
uar(2,1) <Y Borzj-1(tak (@, 1)) - U (tar(b(t), 1)) + (17)
j=1
t o0
+ / (ZC%J(W(T;%@T)) : U(T)> dr. (18)
ta(at) NI

Taking into account inequalities and the fact that t;(z,t) < ¢, we obtain an
estimate for the function U(t) valid for all i € N

U(t) < (MU)(t)+/éU(r)dT,
0

where (MU) (t) = A(t)B(t) (]5U) (t). Here P is the shift operator, which acts according
to the formula

~ U(tar—1(a(t),t k=1,2,...,s;

(PU)(t): (2k 1((1( )7 )7 y &y 5 S5
U (tor(b(t), 1), k=s+1,s+2,...,

p < : < 1=M)1-[IC :
moreover max [(PU)(@)| < Joax |U(¢t)|. Hence, U(t) < (1 — M) Jo CU(T)dr
Therefore, by the Gronwall-Bellman lemma, we obtain that U(¢t) = 0, and hence the
solution of problem (B))—(7) is unique for all ¢ € [0, €].

Then, in the corresponding part of the sector G O G, we have the initial conditions

ui(z,e) = gi(x), i € N, that is, an initial value problem for which the theorem on
existence and uniqueness of a generalized solution was proved in [3}26].
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