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The article investigates a boundary value problems for second-order elli-
ptic equations given in unbounded domains. In the class of equations under
consideration, in addition to linear ones, there are nonlinear ones with variable
nonlinearity exponents.The existence and uniqueness of weak solutions of the
studied problems are established under additional conditions on behavior of
solutions and the growth of input data at infinity. A priori estimates of weak
solutions of the studied problems are obtained. The study uses an analogue
of the Saint-Venant principle known from mechanics and the monotonicity
method.
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1. Introduction

Let n be a natural number, and R™ be the linear space of ordered collections x =
(1, ..., x,) of real numbers with a norm |z| := (|z1|*> + ... + |2,|?)*/2. Suppose that Q is
an unbounded domain in R”, and 99 (boundary of the domain ) is a piecewise-smooth
surface. Let v(z) = (v1(2), ..., vn(x)) be a outward-pointing normal unit vector on 9f2 in
point = € 9. Suppose 9 = I'g UT'1, where Iy is a closure of an open set on 92 (in
particular, Tg = @) or Ty = 9Q), T’y := 9N\ T'g. Denote by Bd(Q) the set of all bounded
subdomains of €.
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We consider the problem: to find the function u(x), x € Q, that satisfies (in some
sense) the equation

n

d
— E Eai(%u,VU)—l—ao(gﬁ,u,Vu):f(x), LASEOR (1)
i=1
the boundary conditions
ou
=0 =0 2
ul, =0, |, =0 (2)

where a;: A x RYF™ 5 R, i =0,n, f: Q = R are given real-valued functions,

81/ ZalxuVu vi(x)

i=1

is an exterior conormal derivative of u in point x € I'y.

Baysaorcenns 1. An simpler example of the equations of type considered here is linear
elliptic equation

n n
- Z (al](x)uwj)zb + ZZL\](Z‘)U% +’do(x)u = f(l‘), T € (), (3)
ij=1 j=1
where @;; = @j; € Loo(2), 4,7 = 1,n, are functions such that for some constant w > 0
and for a.e. x € ) we have

n
Z a’LJ 77177J /WZ|7H|2 V(mi, . mn) € R,
i,j=1
and @; € Loo(Q), j =0,n, f: @ — R is such that f € Ly(€') for all ' € Bd(9Q).

In remark |§|, we have given additional conditions for the coefficients of equation ,
which together with those indicated here guarantee the existence and uniqueness of a
weak solution of problem , in some class of functions, which have corresponding
behavior at infinity. O

Saysascerns 2. An more complex example of the equations of type considered here
is nonlinear elliptic equations with variable exponents of the nonlinearity

- Z (@i (7))t ), Z (ai(x)lueri(w)_Quzi)zi +ao(z)u= f(z), z€Q, (4)
4,j=1 i=k+1

where k € {1,...,n— 1}, and Q such that QN {x = (21, ..., 2k, Tht1, .., Tn) € R" ‘ |21 |2 +
+ |z1|? < 72} is bounded for each 7 > 0; for example, Q = Q; x s, O is an
unbounded domain in space {(z1, ..., zk) |x1, ...t € R}, and Qs is a bounded domain
in space {(Tg41,.-, Tn) |xk+1, ..., &n € R}. Also we suppose that 1) @;; = @j; € Loo(€2),

i,j = 1,k, are functions such that for a.e. z € Q a quadratic form

k
> @i (@ming, (1, -..m) € RE,

i,7=1
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is positive, 2) for every i € {0,k + 1,...,n} a function a;: 2 — R is measurable, and
0< es%infai <esssupa; < +00
’ Q/
for all Q' € Bd(Q), 3) for every i € {k+1,...,n} a function p;: & — R is measurable,
and
1< es%infpi L esssupp; < +00
U Q,

for all ' € Bd() (the functions p;,i = k + 1,n, are called ezponents of the nonlinearity).

In remark [7] we have given additional conditions for the coefficients of equation
(4), which together with those indicated here guarantee the existence and uniqueness of
a weak solution of problem , in some class of functions, which have corresponding
behavior at infinity. O

Boundary value problems for elliptic equations in unbounded domains were studied
by many authors. Well known, to guarantee the uniqueness of the solution of these
problems for linear equations we need some restrictions on solution’s behavior as
|x] — +oo, for example, solution’s growth restriction as |x| — +o00, or belonging of
solution to some functional spaces. For example, let Q := {z € R?*||z| > R}, where
R > 0 is arbitrary fix number, ¢ € C(99Q). Then (see, for example, |1|, page 244) the
external boundary value problem for Laplace equation

Au=0 in Q, ulsg=¢, (5)
u(z) -0 as |z| = +o0, (6)
has a unique classical solution and it given formula
1 |z|> — R?
= ds Q. 7
ue) = o [ e ds,. e (7

Note that restriction @ is an essential condition for the solution uniqueness of the
problem. Indeed, it is easy to verify that the classical solutions of problem for ¢ =0
are the following functions

ulx)=C(1—-R/|z|), z€Q, CE€R isarbitrary constant.

Note that restriction @ can be interpreted as an analog of the boundary condition at
infinity.

Similar results for weak solutions of linear elliptic equations from a wide class were
obtained in [2]. To confirm these results, it was used an analogue of the principle of
Saint-Venant known in mechanics. The similar situation is with nonlinear equations from
certain classes (see [3|, [4], etc).

However, there are nonlinear elliptic equations for which the corresponding boundary
value problems have a unique solution without any conditions at infinity. First result was
proven in [5] for equation

—Au+ |[u|?u=f in R",
where ¢ > 2 is some number, f is locally integrable function. Similar results were obtained
for nonlinear elliptic equations in [6], |7], [8], etc.

Nonlinear differential equations with variable exponents of the nonlinearity (for
example, equation ) appear as mathematical models in various physical processes. In
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particular, these equations describe electroreological substance flows, image recovering
processes, electric current in the conductor with changing temperature field (see [9]).
Nonlinear differential equations with variable exponents of the nonlinearity in bounded
domains were intensively studied in [10]-[13], etc. The corresponding generalizations of
Lebesgue and Sobolev spaces (see [14]) were used in these investigations.

Within this paper, we consider a class of second order elliptic equations in unboun-
ded domains, which require setting conditions for behavior of the solution at infinity for
the correct formulation of the boundary value problems. This class contains both linear
(see (3)) and nonlinear equations with variable exponents of the nonlinearity (see as
an example)). Here we complement and generalize results for linear and nonlinear elliptic
(see, for example, [2| and [3]). As we know from the available sources, elliptic equations
were not previously investigated in the context of the problem under our consideration.
In our research, we use an analog of the well-known in mechanics Saint-Venant principle,
which was developed in [2], [3], [15], and others. Moreover, to prove the feasibility of our
problem we use the method of exhaustion for unbounded domains, and the monotonicity
method (see [16]).

The article is organized as follows. Section [2] introduces the functional spaces used
throughout the paper. In Section [3] we formulate the problem under consideration and
state the main results. Section [4]is devoted to auxiliary statements that are employed in
the subsequent analysis. Finally, Section [b| contains the proofs of the main results.

2. Main notation

We introduce some functional spaces. Let r: £ — R be a measurable function,
r(z) = 1 for almost every (a.e.) z € Q, and

esssup r(x) < 0o
ey

for any Q' € Bd(f2). For any ' € Bd(Q2) we denote by L,)(€') the linear space of
(classes of equivalent) measurable functions v: " — R such that

por (V) = lo(z)["® dz < oco.
Q/

This is the Banach space with a norm
L'r'(-)(Q/) = mf{)\ >0 | pQ/_’T(’U/)\) < ].}

Space L,(.y(Y') is called the Lebesgue space with variable exponent or generalized Lebesgue
space (see, for example, [14]). If r(z) > 1 for a.e. z € Q, put by definition '(z) :=
r(z)/(r(z) — 1) for a.e. x € Q. As is well known, if ' € Bd(f), then the dual space
(Lr( ()" can be identified with L, (€2') under the condition

o]

essinf r(z) > 1.
e

Note also that in the case r(x) = r = const > 1 for a.e. € Q' € Bd(Q), we have
Ly () = Ly (), and || - ||z, o = - |

Lr(QI)

Denote by L.y, 10c(§2) the linear space of (classes of equivalent) measurable functions
v: © — R such that their restrictions v|os on Q' belong to the space L,.)(®') for any
set 2" € Bd(Q2). This space with a family of seminorms {|| - ||z, @) [©" € Bd(Q)} is
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complete locally convex. Then a sequence {v;}72, converges to v in L,(.) 10c(£2) strongly
(correspondly, weakly), if for any domain Q' € Bd(Q2) the sequence {v;|o/}$°, converges
to v|qs in L,y (Q') strongly (correspondly, weakly).

We shall need the following assumption:

(P) p= (po,p1,---,pn): @ — R is a vector-valued function such that
for all i € {0,1,...,n} the function p;: & — R is measurable,

and 1 < essinf p;(z) < esssupp;(x) < +oo for each ¥ € Bd(Q).
zeq e

Let p’= (p§,p1,---,p,) be the vector-valued function such that ﬁ + p%(m) =1 for
a.e. € Q, i = 0,n. Obviously, the function p’ satisfies condition (P) with p/ instead of
pi, it = 0,n.

For any domain ' € Bd(Q) we define the space

Wy () = {v € Ly, (y () | va; € Ly, (y(R), i =1, n}.

This is the Banach space with a norm

n
[ollw: @) = ol @) + Z vz,
=1

Lp; () (&)

Space WI}(_)(Q') is called the Sobolev space with variable exponent or generalized Sobolev
space (see, for example, [14]).
Denote by Wz}(-) 10c(£) the complete locally convex space of functions v €

Lpo(),10¢(Q) such that v,, € Ly, (), 10c(Q), i = 1,n, along with a family of seminorms
{Ilvlw: @) |92 € Bd(Q)}.

Let /W;(-),loc(ﬁ) be the closure of the set CH(Q) := {v € C*(Q) | v|p, = 0} in space

Wpl(_) 10e(Q). By Wz}(-),c(g) we denote a subspace of Wpl(
with bounded supports.

9 10e(Q) consisting of functions

3. Statement of the problem and formulation of main results

We will consider weak solutions of the problem , . To define them, we introduce
corresponding data-in classes.

Let p = (po,p1,---,pn) be a vector-valued function that satisfies condition (P). By
A, we denote all ordered collections (ao, a1,...,a,) of the real functions satisfying the
following conditions:
(Ay): for every i € {0,1,...,n}, function a;(z,p,§), (z,p,&) € QxR is a
Carathéodory, i.e., function a;(z,-,-): R**" — R is a continuous for a.e. x €
Q, and function a;(-,p,&): © — R is a measurable for every (p,&) € R'*™; in
addition, a;(x,0,0) =0 for a.e. x € Q,i =0, n;
(Ay): for every i € {0,1,...,n}, for a.e. z € Q, and for every (p,&) € R'T" the
following inequality holds

|ai(x, p, €)| < hay () (PO P 3" g [Ps @)Y 4y o (),

=1
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where h; 1 € Loo,loc(Q)7 hio € Lp:.(-),loc(ﬁ)'

Now we give a definition of a weak solution of problem , . We assume that p
satisfies condition (P), (ag, a1, ...,a,) €Ay, f € La10c().

Osznauenns 1. A weak solution of problem (|1) — (2)) is called a function u € W;(_) loc (Q),
which satisfies the integral identity

/[z”: a;(z, u, Vu)th,, + ao(x, u, Vu)z/)} dzdt = /fw dzdt Y € W;(_))C(Q). (8)
i=1 5

Q

Suppose 0 € Q. Let k € {1,...,n} be a number such that for any 7 > 0 the set
Q :=QNn{z eR" | |z1|> + ... + |24]* < 72} is bounded. For any 7 > 0 we denote by
Q. a connected component of the set {2, that contains 0. Obviously,

Q:UQT.

7>0

The value k depends on the geometry of the domain @ (up to the numbering of
variables z1, ..., ;). Obviously, in the general case we can take k = n, and, in this case,
the class of equations considered below will consist of generalizations of equation , or
rather, of almost linear equations. But in the case of k < n the class of equations to
which the following results apply is wider than in the case of k = n, and the smaller the
value of k the wider the class of these equations (to confirm this, see (4)).

Let us illustrate possibilities of the value’s k considered two examples.

IMpuxmax 1. Assume Q = OQp x )y, where € is an unbounded domain in R =
{(x1,... @) | = € R, i = 1,1} for some [ € {1,...,n — 1}, Qs is a bounded domain
in R" "= {(z141,...,2n) |7 €R, i =1+ 1,n}, and 0 € . Then we can take arbitrary
kEed{l,...,n}. If k =1, then Q; = Oy ; X Q9 for any 7 > 0, where Q ; is a connected
component of the set Q1 N{(z1,...,2;) € R | |21 +...+|z|? < 72} such that 0 € Q4 .
IMpukaan 2. Suppose

= {(!L‘l,CEQ) S R2 ‘ —o0 <z < H+00, —¢1(l‘1) < T2 < ¢2(1‘1)}7

where for each m € {1,2} a function ¢,, is continuous on R, and ¢,,(s) > 0 for all s € R.
Then we can take either k =1 or £ = 2. In case kK = 1, we have

QT:{(xl,xg)ERQ ’ lz1| <7, x| < ng(xl)}
for any 7 > 0. If k = 2, then
QT:{(xth)ERQ | |z1| < 7, |22| < min{¢pa(w1), /72 — \131\2}
for any 7 > 0.

By definition, put
Fj;,- = Fj ﬂ@QT, j :0,1, ].—‘*1.,- :QOEJ‘QT
We will use a notation

Vk’U = (vﬂcl’ e avﬂfk)7 |vk‘v| = (|v561 ‘2 +ot |U£Ck|2)1/2'
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Everywhere further we will consider that is carried out the following condition:
(P*): p = (po,p1,---,Pn): & — R satisfy condition (P), and po(x) = p1(z) =
co.=pg(x) =2 for a.e. x €.

Suppose A is a subset of A, which every element satisfies conditions (A1), (Az),
and the following condition:

(A3): for a.e. z € Q, and for every (p1,£Y), (p2,£2) € R1T", we have

k
Z |ai($7p1a§1) - ai($7p2752)| < gl(‘r)|§/1 - 5/2| +92(x)|p1 - p2|’ (9)
i=1

n

> (@i, p1,€") = ail@, p2, €))(&} — &) + (ao(x, p1,€") — ao(x, p2,€7)) (p1 — p2) =

i=1
> qu(@)|€" = €217 + q2(2) |pr — p2?, (10)
Wheie g/j = ( {7 cee 361)7 ‘5”' = (|€{|2 +7 -+ |£i|2)1/2a j € {L Z}a and 91, 92, q1,
q2: 2 — R are continuous functions on 2 that satisfy the following conditions:

91(z) >0, g2(x) =0, qu(z,t) >0, go(z,t) >0 forall zec; (11)

e there exist continuous functions dy, da, A defined on [1, +00) such that

forall 7>1: di(7) > max g—l, da(7) > max g, (12)

r.. V&u ...

01| Viv[? + go|v[*] dT
forall 7>1: 0<\(r)<inf frm [ ] |
v fr” [v|? dl

(13)

where the infimum is taken over all functions v that are continuously differentiable
in the neighborhood of ', ;, and v = 0 on OI', ; N Ty (in particular, 0 < A\(7) <

miin q2)7
W}file
+o0 d
-
= 14
[ A = (14
where 0\ () ()
A(r) := 1T+2T, T2 1. 15
) A(r) A7) 1
3aysaoicerns 3. If
sup L < 400, sup g; < 400, infgs > 0,
a va Q Q

then functions dy, d2, A can be chosen as constants. Namely, dq(7) := d10, d2(7) 1= d2 0,
A(T) := Ag for all 7 > 1, where di 9, da,0, Ao are constants such that

dy,0 = sup 9717 dao = sup g2, 0 < Ag <infge.
Q a1 Q Q
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Then we can take
A(r) = 4y := \d/l—)’\% + d/\z(,)o forall 7> 1.
O
Suppose A7, in the case of k < n, is a subset of A7, which every element satisfies

the following condition:
(Ay): for a.e. x € Q and for every (p, &) € R we have

n

> ai(z, p, )& + ao(w, p,)p > gs(x) Y &GP + h(a), (16)
=0 i=k+1

where ¢35 € C(Q), g3(x) >0 forallz € Q, h € LLIOC(Q).

In the case of k = n we will assume that A;* = A;.

It is easy to prove that the initial problem

d
=AM, T(0)=1 (17)
has a unique solution 7(a), « € [0, 400), and this solution is determined by the equality
() P
s
e > 0. 1
/ AG) a, a=0 (18)
1

From this and it follows that
T(a) = 400 as a— +oo. (19)
Suppose 7(a), « € [0, 4+00), is a solution of problem (see (18)), and put

W=y, 17 =100, 7 =01, TT:=Thra)

Note that in view of we have Q = J Q°.
a>0

Let {An,}2°_; be a sequence of real numbers such that for all m € N we have
0< A, < int dor [0IVitl® + o] do
m v me "U|2 d,fL' )

where the infimum is taken over all functions v € C*(Q™) such that v = 0 on 9Q™ \ TP
(in particular, 0 < A,, < inf ¢2).
om

(20)

Denote

1/2
Ep(w) == q1|[Viw)® + @2|w]?,  (w)g := (/Ek(w) dx) , a=0. (21)
Q{){

Now we formulate our main results.
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Teopema 1 (a uniqueness of the solution). Let p satisfies condition (P*), f € La10c(Q),
(ag,a1,...,a,) € Aj. Then problem , @) has at most one weak solution such that

e 2 (uyp -0 as R— +oo (22)
(an analog of the boundary condition at infinity), where (-,-) g defined in (21).

Baysascenns 4. Assertion is equivalent to the condition

o) / [01|Viul® + go|ul|?] dzdt — 0 as 1 — 4oo. (23)
Q.
It follows from , if to remark that QF = Q,., if R = fr Ad(ss) O
Teopema 2 (an existence of the solution). Let p satisfies condition (P*), f € L2 10c(Q),
(ag,a1,...,an) € Ay*. Also suppose for some number » € (0,1) the following inequality
holds
AL / |f12de < Cr el =™ ¥m e N, (24)
Q’HL

where C1 > 0 is a some constant.
Then there exists a weak solution of problem , (@ satisfying condition (@ (it is
unique, see Theorem . Moreover, for this solution the following estimate is fulfilled:

(W) < Coell™ImM/2 i e N, (25)
where Cy 1= [(2+ e'/? — e7/2) /(1 — e */?)|\/CY, (-, -)m defined in ([21)).

Baysasicennsa 5. Estimate is equivalent to the estimate

ds

/ (1| Viul? + golul?] dedt < Cze' N ZG v > 1, (26)
Q

where C'5 > 0 is a constant depending only on s and C7. The statement is substantiated
in the same way as (23]). O

Saysascernns 6. For equation the conditions of Theorems 1 and 2 are satisfied if
functions a;;, ¢, = 1,n, @;, ¢ = 0,n, are as in Remark |1} and for a.e. z € Q following
hold

i(n as@P) " e =0,

q(z) =w/2, ga(x) < (ao x,t) — —Z |a;(x ), (27)

where g1, g2, q1, g2 are as in (Ag), and [ satisfy . O
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3aysasicenns 7. For equation the conditions of Theorems 1 and 2 are satisfied if
functions @;j;, 4,5 = 1,k, @;, 1 = k+1,n, dy are as in Remark |2} and for a.e. 2 € Q

following inequalities hold

k
Vi a(2)] < 4
p je?llﬁiqu} |a J(x)| 91<LL‘), 92(.’17) ,
b k
> a@mn = a@) Y lml® V(o) € RE, (28)
hI=1 i=1
Go(7,t) = q2(x),  min  a;(z) > gs(w), (29)
i€{k+1,....,n}
O

where g1, g1, ¢2, g3 are as in (As), (Ay), and [ satisfy .

4. Auxiliary statements

Here we give some auxiliary results which will be used in Section [} We denote
reN, 1=0,n,

(30)
(31)

a;(v)(x) := a;(z,v(z), Vo(z)),
Oov =v, Ow=0w, i=1n.

Jlema 1 (an analog of Saint-Venant principle). Assume p satisfies condition (P*),
an) € Ay, and f € La1oc(Q). Suppose R > 0 is an arbitrary number, and

(ao, A1y...,
Uy, Ug € W;(i)’loc(ﬁ) such that for each | € {1,2} we have

/Zai(ul)aiw de = /fw dr Vi e ’W;(_)ﬁc(Q), supp) C QF, (32)

or =0 Qr
Then for every Ry, Rs, 0 < Ry < Ry < R, the following inequality holds

(ur — uz)p, < eTRI/2 () —wp)p,. (33)
Jlosedenma. For an arbitrary © € R™ we set x = (2/,2”), where 2/ = (21, ...,7;) € RF,
" = (Tpy1, - n) € RPF Let |2/| = (Jz1? + ... + |21]?)Y/2. For any 6 € (0,1),
7 € [1,4+00), 2’ € R¥ we denote
1, if |[2'] < 7 — 0;
Ys(2', 1) =< (1 — |2'|) /9, ifr—d<|2|<m;
if |[2/| > 7.

0,
Obviously, for every i € {1,...,k} we have 9;1ps(a’,7) := 0if |2/| < T—6 or |2/| > 7, and

Abs (', 7) = f% if 7-08< 2| < (34)

By definition, put w := uy — u2. Let § € (0,1), 7 € (1,7(R)) be arbitrary fixed.
We subtract the integral identity for I = 2 from this identity for [ = 1. Putting
() == w(x)Ys(z',7), x = (2/,2") € Q, we obtain

n k
/ > (ai(ur) — ai(up))dswips da = — / > (ai(ur) — ai(uz))wdhs da. (35)
q, =0 G i=1

-

-
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Let Viw := (d1w, . .., dpw), [Viw| = (X5, |8iw]?)Y/2. In view of (9) we have
k
Z |ai(u1) — a;(u2)| < g1|View| + g2|w| a.e. on Q. (36)

=1
From , taking into account , , and , we deduce

1
/ [q1|ka|2 + qz‘w|2] Y5 dx < 3 / [91|ka| + gg|w|] |w| dx. (37)
Q. Qs

Note that for an arbitrary function P € Ly jc(2) we have

/ P(z) dedt = /T ( /P(x)dr) do, T > 0.

Q\2r_s =5 Tuo
Using the latter assertion, we pass to the limit in as & — 0+. So, we get

/ [q1|Viw|® + ga|w]?] dz < / [91|Viw| + go|wl|]|w|dl"  for a.e. 7€ (0,7(R)). (38)
I,

T

From Cauchy-Bunyakovsky-Schvartz inequality it follows that for a.e. 7 € (0,7(R))

/ (91| Viw| + go|w]] |w| dT dt <
...

/2
/|g1| |ka|2dF /|w|2dF +/g2|w|2df.

Cur ..
By virtue of (1I]), (I2) and (L3), for a.e. 7 € (0,7(R)) and for a.e. t € (0,T) we
obtain

/|91|2|VW\24F< /[|91|2/Q1]Q1|ka|2dF<(dl(T))2/ (1 View!? + gafw]?] dT

T,

(39)

/|w|2d1“< / (@1 Viw]?* + g2|w]?] dr/{/ [q1|Viw|® + go|w]?] dF//IwIQdF}<
o, o, o o,

<\ (r) / (01| Viwl? + golw]?] T, (40)

/gg\w|2dF<d2(7) / |w|2dF<d2(7-))\‘1(T)/ [0 Viwl + qlw2] dT. (41)

r.., o T

From , taking into account 7, we infer

/ [01|Viw]® + go|w|?] do < [di(T)ATY2(7) + do(T)N " (7)] / [q1|Viw|® + go|w|?] dT
v o (42)
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In view of (7)), (1), and we establish for a.e. 7 € (0,7(R))
/Ek(w) dx < A(7) / Ey(w)dl. (43)
Q. ..,
Denote
F(r) = /Ek(w) dz = / ( / Ek(w)dl“) do, T€[1,7(R)]. (44)
Q, 0 T..
Then for a.e. 7 € (1,7(R))
d | dF (7)
/ By (w)dl = — / ( / Ey(w)d ) do = = (45)
... 0 TIio
From , using , and , we obtain
dF(T)

F(r) < A(7)

for a.e. 7€ [1,7(R)]. (46)

T

Suppose 7 = 7(«a), a € [0,400), is a solution of problem , and Ry, Ry are arbitrary
real numbers such that 0 < Ry < Ry < R. In view of and we get

< dF(7(a)) d7 ()

Fr(a)) < O Ar0) - iy gy
It follows that
0< PO _ p)), aclr, Rl (47)

do

Multiplying by e~%, we deduce 0 < % (e_(’“F(T(oz))>, « € [Ry, Rs). Integrating the
latter inequality in a from R; to Rs, we infer

F(r(Ry)) < e F(1(Ry)). (48)
From (4§), taking into account (w), = \/F(7(c)), we imply (33). O

5. Proofs of the main results

Proof of Theorem 1. Let us show that problem , has no more than one weak
solution satisfying condition . Assume the opposite. Let u; and us be different weak
solutions of problem 7 , which satisfy condition . It is clear that for arbitrary
R > 0 a functional (-, -)g is a seminorm in space W$<.),1oc(§)~ From this fact and we
deduce

e B2 (uy —up)p < e T2 ((ur) g + (u2)r) = e #2(ur) g + e B2 (uz) p = B(R),

where 3(R) — 0 as R — +o0. Using this assertion and Lemmal[I] (see (33)) for arbitrary
R1, Ry such that R; < Rs, we obtain the estimate

(ur — us)p, < PRI 2(yy —uy) g, = eM1/2B(Ry). (49)
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We fix Ry, and tend Ry to +oo. From it follows that (u; —ug)r, = 0. Thus u; = us
almost everywhere on Q1. As R, is arbitrary, we get u; = uy almost everywhere on €.
This contradiction proves Theorem 1. O

Proof of Theorem 2. The proof is in four steps.
Step 1 (the solution’s approzimations). Let o > 0 be an arbitrary number. By Wpl( )(Q“)

=0} in W, (Q).

define the closure of space {v € C’l( ) |U|3Qa re

)
For every | € N we consider the problem: to find the function u; € /V[7p1(_)(Ql) that
satisfies the integral identity

/Zaz w) lwda:—/fwda: \wewl h. (50)

leo

To prove the existence of the function u; € Wpl(_)(ﬂl) we use Galerkin method (see,

for example, [16]). In view of (Aj) it is easy to show that the function w; is a unique.
For every [ € N the function u; is extended by zero to €2, and the extension denote by v,
again. Obviously, that u; € Wpl(.) 10e(Q), and identity

/Zai(ul)aﬂ/) dx = /f1/) de Ve ,Wv;(,)wc(Q), supp ¢ C U, (51)
qQ =0 Q
holds.

Now we show that there exists a subsequence of the sequence {u;}7°, converging (in
some sense) to the weak solution of problem , 7 which satisfy condition . We
use an approach from [2], [3], [15], [16].

Step 2 (the convergence of the sequence of solution’s approximations). First we estimate
(ug); for an arbitrary fixed [ € N. From , putting ¥ = u;, we obtain

a;i(uy) Ojupde = | fuy de. (52)
> /

leo

From this assertion, taking into account (A;) (or rather, the condition a;(0) = 0, i =
0,n), (As) (see (10)), and Cauchy inequality

ab < ga2+—b2, a,beR, ¢ >0, (53)
2e
we infer
€
[V + aalua?) i < 3 / s+ 5 [ 17 (54)
(oL Ol
where €; > 0 is an arbitrary constant.
We have

/IUll2d$Z/[Q1|VW1|2+Q2|WI2] dx/{/[‘]1|vkul|2+%|ul|2] dx//\w|2 dm} <
Ql

Qt Qt Qt
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1
< A /[Q1|vkul|2 + g2|w|?] da, (55)
O

where A; is defined in .
From and , putting €1 = A;, we get

/Ek (w)de <A, /|f\2d:v

The latter inequality and (24)) imply the estimate
(up); < /Crel=12 | eN. (56)

Let m € N be an arbitrary fixed number, and let I, € N be arbitrary numbers,
while | > m. We have
r—1

(Uigr — U)m < Z<Ul+i+1 — Uit )m.- (57)

i=0
For each 7 € {0,...,r —1} and the functions w;y;y1, u;4;, using Lemma with R =1 +1,
we obtain

(i1 —ri)m < €2 (Upipr—wpi)mer < .o < e T2 —ugg) g (58)
In view of (b6)), we have

(iirn = wipi)ipi < (Uipirn) i + (Uigaies < /Cr [0 TUHHFN2 g (0= 0H0/2)

< \/CT[ 1/2 4 1)e (1—30)(1+1)/2 _ —q e(l—u)(z-s-z')/z7 (59)
where Cy := \/ 1 e1/2 +1).
Using 1 , we ﬁnd
r—1
<Ul+r o Ul>m < C4 Zef(l+ifm)/2 e(lfx)(lJri)/Q <
i=0
o0
< C4e(m7%l)/2 2(67%/2)7; < C5€(m7%l)/2’ (60)
i=0
where
Cs:=Cy/(1 —e /) = \/C1(e? +1)/(1 — e */?). (61)

From it follows that (w4, — u;)m — 0 as | = 400 uniformly by r € N, that
is, {Q;ui}, i = 0, k, are Cauchy sequences in space Lo (Q™), where m € N is an arbitrary
fixed. Hence, there exists a function u € Lg 100(€2) such that d;u € Lo 0c(2), ¢ = 1,k,
and

aiull—> Oiu  strongly in - La 10¢(Q), i=0,k. (62)
—00
Taking into account (As) (see (9)), from we get

ai(ul)ljo a;(u) strongly in  La 10¢(Q), i=1k. (63)
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Assume m € N is an arbitrary fixed number, and [ € N is an arbitrary number such
that [ > m. Putting ¢(z) := w(2) 2(2', 7(m)), z = (2, 2") € Q, from we obtain

/Zaz uy) Qiu)y o dv = /Zaz uy)ug Osihy 2 doe + / Jwr o de. (64)

leo szl

Estimating the terms of (64) with conditions (A1), (A3) (see (), (A4), (4) and
Cauchy-Bunyakovsky-Schvartz inequality, we get

/ a3 Z |8Uz\p’(‘”)d$<2/(91|le||w|+92|m| )d$+/(|f|\w|+|h|)d$<

Szr(m) 1/2 i=k+1 Qm Qm

06(/§k:|8iuzl2dx+/(|f2+|h|) dm)7 (65)

Qm 1=0 Qm

where constant Cg > 0 is independent of [, but it may be depended on m.

From we obtain

n

Z |05

i=k+1

Pi®) 4o < Cry m,l €N, | =m, (66)

Qr(m)y—1/2

where constant C; > 0 is independent of [, but it may be depended on m.
By virtue of (As), 7 , and discrete Holder inequality we deduce that for
every i € {0,k +1,...,n} and arbitrary m,l € N, [ > m,

a;\u i T < il a1 |Pi H izp{ v <
/ Jai (ur) 4 dar < / xS 105w PP @) 4 by |7 da <
j=0

Qr(m)-1/2 Qr(m)—1/2

n
/ Z 0[P da + Cy < Cho, (67)
Qr(my-172 770
where positive constants Cg, Cg, C1o are independent of [, but they may be depended
on m.
In view of , , and the reflexivity of spaces Ly, (.y(Q2+), Ly ()(Q), i = k+1,n,
7 > 0, it follows that there exists a subsequence of the sequence {ul}zl (without loss
of generality we use the notation {ul}zl for this subsequence), and functions yg €

L2, 10c(Q), Xi € Lp;(.),loc(ﬁ)» i =k +1,n, such that

8iull—> O;u  weakly in Lpi(_),loc(ﬁ), i=k+1,n, (68)
— o0
ao (ul)ljo Xxo weakly in Lo 10c(9), (69)
a; (ul)l—> xi weakly in Lyi()10c(Q), i=Fk+1,n. (70)
—00 v

Put

Xi = a;(uw), i=1k. (71)
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Remark that for every [ € N we have the identity . In we fix an arbitrary
NS wl (), .(2), and pass to the limit as | — oo, taking into account , 7. So,
we get

[ vdsae= [ o (72
o =0 Q

To conclude that u is a weak solution of problem , . It remains to show that the
following identity holds

/ZXiaiwdxz /Zai(u)é)ﬂ/}dx Vi e Wpl(.),C(Q) (73)
& i=0 & =0

Indeed, if (73) is true, then from this and we obtain the integral identity . In view
of (62), . we have that u € W! (), 10c(©2). Hence, the function u is a weak solution of

problem (] .

Step 8 (the correctness of identity ). To verify the correctness of identity we use
the monotonicity method [16].

Let v € La10c(Q2) be an arbitrary function such that ;v € Ly, (), 10c(Q), @ = 1,0, let
¢(2"), 2’ = (x1,...,7%) € R¥, be a nonnegative continuously differentiable function with
bounded support. By virtue of condition (Aj) (see (10, (11))), for every | € N we have

/ > (ai(w) — a;(v))(Oiw — dv)¢ da > 0. (74)
Q 1=0

We rewrite inequality as

n

Zaz up) 0w ¢ da — /Z (ai(w)0v + a;(v)(duy — Ov))(dx >0 VIeN. (75)

=0 q =0

:\

Assume m € N such that supp ¢ C {2 ||2'| < 7(m)}. From identity we obtain

n k
/Zai(ul)&ulCdaj = —/Zal wp)w0;¢ dx + /fulCdx I>m. (76)
o =0 i=1
From (|75]) and ([76]) we get
k n
_/Zai(ul)ulaic—i—/fulgdx /lz a;(uy)0;v + a;(v )(&»ul—aiv))](dx >0. (77)
=0

q =1 Q

In we pass to the limit as [ — oo, and by virtue of , , f we infer
k n
f/zxiu&( + /fuC dr — / [Z Xi0iv + a;(v)(O;u — 8iv))‘| (dx > 0. (78)
Q i=1 Q 1=0
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From it follows next equality

n k
/inaiugda: = —/inu&( dzr + /fuC dx. (79)
& =0 o i=1 o
Assertions ) and (79) imply

/inf)iu(dx—/z XiOiv + a;(v)(Ou — Ov))(da >0
1= 1=0

Q =0

that is,

n

/ —a;(v)(Oju — dv)( dx = 0. (80)
Q

=0

In we put v = u — A\, where A is an arbitrary number, and ¢ € Wl() (Q) is
arbitrary function. So, taking into account the arbitrariness of A, we obtain the equality

/z”: — ai(u — X)) dip¢ dz = 0.
=0

Here we tend A to 0, using conditions (A1), (Az), and Lebesgue dominated convergence
theorem. Thus, taking into account the arbitrariness of ¢, we deduce

/Z i —ai(w)dpde =0 Vi€ Wy, (). (81)

From it follows .

Step 4 (the solution’s estimate). Estimate is obtained from (6], and by
this way:

(Wm < (U= Um)m + Un)m = HM (W — ) + (U ) < CoeT7M/2,
l—00
where Cy := /C1 + C5 = (2 + e'/? —e7%/2) /(1 — e=*/2)/C].
Now it is easy to see that the function wu satisfies . Indeed, let R > 0 be an
arbitrary number, and m be a natural number such that m —1 < R < m. Using , we
get

<U>R < <u>m < 026(1—%)171/2 — 026(1—%)(7n—R)/26(1—%)R/2 <
< 026(17%)/267%12/2612/2 _ B(R)BR/Z, R>1,
where B(R) := Cye(1=%)/2¢=#1/2 Since B(R) — 0 as R — 400, then we have (22)).
22) and

So, we shown that u is a weak solution of problem , that satisfies (22
(25). Theorem 2 is proved. O
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KPAMOBI 3AJAYI [AJI5 EJIIITUYHUX PIBHAHB B
HEOBME2KEHNX OBJIACTAX 3 YMOBAMMU HA
HECKIHYEHHOCTI
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JIveiscoruli Hayionarvruls yrisepcumem imeni Iearna DPparka,
sys. Ywisepcumemcovra 1, m. Jlveis, 79000
e-mail: mm.bokalo@gmail.com, tbokalo@gmail.com, vitaly.vlasov@Inu.edu.ua

B crarTi mocmimkena kpaitoBa 3amada Ui eIOTUYIHUX PIBHSHB JIPYTOro
MIOPSIJIKY, 3a/laHUX B HEOOMEXKeHUX 0bJ1acTsaX. B Kitaci 10csiKyBaHUX PIBHSHD,
KpiM JIHIAHUX, € HeJiHINH] 31 3MiHHUMU TOKa3HUKAaMU HeJliHifiHocTi. Beranos-
JIEHO iCHYBaHHS Ta €IMHICTH CJIAOKUX PO3B’S3KIB JOCTIMKYBAHUX 33189 MIPHU
JOATKOBUX yMOBaxX Ha IX MOBEIHKY 1 3pOCTaHHS BXIJIHHUX JJAHUX Ha HECKIiH-
geHHOCTi. OTpUMaHO anpiopHi OIIHKK CJIA0KUX PO3B’SI3KIiB JOC/TIIZKYBAHUX 3a-
nad. B mocimkeHH] BUKOPUCTOBYETHCS aHAJIOT BiTOMOTO 3 MEXAHIKH TPUHITHITY
Cen-Benana i meTo/1 MOHOTOHHOCTI.

Karouost caosa: eninTuydHe pPIiBHSAHHA, 3MIHHUN ITOKA3HUK HeJIHITHO-
cri, mpocrip JleGera 31 3MiHHUM MOKa3HUKOM CYMOBHOCTI, mpocTip CoGoJsieBa
31 3MIHHUM MOKA3HUKOM CyMOBHOCTI, HeoOMexkeHa 00jacThb, npuaIun CeH-
Benana, meTon MOHOTOHHOCTI.
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