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Äîñëiäæåíî íàïiâìàðêîâñüêi âèïàäêîâi ïðîöåñè. Ðîçãëÿíóòî íàïiâìàð-

êîâñüêèé ïðîöåñ â ìàñøòàái ÷àñó
t

g(ε)
ç íåëiíiéíèì ìíîæíèêîì íîðìóâà-

ííÿ g(ε) → 0 ïðè ε → 0. Äëÿ öüîãî ïðîöåñó ïîáóäîâàíî ìàòðè÷íîçíà÷íi
âèïàäêîâi åâîëþöi¨. Çíàéäåíî ãðàíèöþ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàí-
íÿ âèïàäêîâî¨ åâîëþöi¨ äëÿ íàïiâìàðêîâñüêîãî ïðîöåñó.

Êëþ÷îâi ñëîâà: íàïiâìàðêîâñüêèé ïðîöåñ, âèïàäêîâà åâîëþöiÿ, áàãà-
òîâèìiðíå ðiâíÿííÿ âiäíîâëåííÿ, íåëiíiéíèé ìíîæíèê íîðìóâàííÿ, ïðîöåñ
Ìàðêîâà.

Ðîçãëÿíåìî íàïiâìàðêîâñüêèé ïðîöåñ x
(

t
g(ε)

)
, t > 0, g(ε) → 0 ïðè ε → 0 â ìàñø-

òàái ÷àñó
t

g(ε)
ç íåëiíiéíèì ìíîæíèêîì íîðìóâàííÿ g(ε). Íåõàé E = {1, 2, . . . ,m}

� ìíîæèíà ñòàíiâ, à τ � ìîìåíò ïåðøîãî ñòðèáêà. Òîäi öåé ïðîöåñ çàäà¹òüñÿ íàïiâ-
ìàðêîâñüêîþ ìàòðèöåþ

F ε
ij(t) = P

{
x(τ) = j, τ ⩽

t

g(ε)

∣∣∣ x(0) = i

}
, i, j ∈ E, t ⩾ 0.

Ôóíêöiÿ F ε
ij(t) íåñïàäíà, ïðè÷îìó F ε

ij(0) = 0 òà F ε
ij(∞) = 1.

Íåõàé âèêîíóþòüñÿ òàêi óìîâè.

1. Iñíó¹ ãðàíèöÿ

Fij(t) = lim
ε→0

Fij

(
t

g(ε)

)
.
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2. Ñåðåäíié ÷àñ ïåðåáóâàííÿ â êîæíîìó çi ñòàíiâ ðiâíîìiðíî iíòåãðîâíèé

sup
ε

∞∫
T

t · F ε
i (dt) → 0

ïðè T → ∞, äå Fi(t) � íåãðàò÷àñòi ôóíêöi¨ ðîçïîäiëó ìîìåíòó ïåðøîãî ñòðèá-
êà.

3. Ëàíöþã Ìàðêîâà, âêëàäåíèé â ãðàíè÷íèé ïðîöåñ x(t), ðîçêëàäíèé.

Ïîáóäó¹ìî ñiì'þ âèïàäêîâèõ ìàòðè÷íîçíà÷íèõ åâîëþöié

N
(

t
g(ε)

)
=



Γx0

(
t

g(ε)

)
, 0 ⩽ t

g(ε) < τ1;

Γx0(τ1)Λx1(g(ε))Γx1

(
t

g(ε) − τ1
)
, τ1 ⩽ t

g(ε) < τ2;

. . .

Γx0
(τ1)Λx1

(g(ε))Γx1
(τ2−τ1)· . . . ·Λxn

(g(ε))Γxn

(
t

g(ε)−τn
)
, τn ⩽ t

g(ε) < τn+1;

. . .

Â çàäàíié åâîëþöi¨
{
Γxi

(
t

g(ε)

)
| xi ∈ E, t ⩾ 0

}
� ñiì'ÿ ðiâíîìiðíî íåïåðåðâíèõ

íàïiâãðóï äîäàòíèõ ñòèñíèõ îïåðàòîðiâ â Rd. Öi îïåðàòîðè âèçíà÷àþòü íåïåðåðâ-
íó ñêëàäîâó âèïàäêîâî¨ åâîëþöi¨ íàïiâìàðêiâñüêîãî ïðîöåñó x

(
t

g(ε)

)
íà ïðîìiæêàõ

ñòàëîñòi [τn; τn+1). Ñòðèáêè âèïàäêîâî¨ åâîëþöi¨ âèçíà÷àþòüñÿ ëiíiéíèìè ñòèñíèìè
îïåðàòîðàìè {Λxi(g(ε)) | xi ∈ E} â ìîìåíòè âiäíîâëåííÿ τn.

Íåõàé âèêîíóþòüñÿ òàêi óìîâè.

1. Iñíó¹ ãðàíèöÿ

lim
ε→0

Λi(g(ε)) = I

çà íîðìîþ îïåðàòîðà äëÿ êîæíîãî i ∈ E.
2. Iñíó¹ ãðàíèöÿ

lim
ε→0

Γi

(
t

g(ε)

)
= Γi(t)

çà íîðìîþ îïåðàòîðà äëÿ êîæíîãî i ∈ E.
3. Iñíó¹ iíòåãðàë

∞∫
0

(Γi(u)− I)Fi(du) · 1⃗ = 0⃗,

äëÿ êîæíîãî i ∈ E.
4. Äëÿ êîæíîãî i, j ∈ E

∑
i∈E

p
(s)
i · 1⃗ ·

∞∫
0

(Γi(u)− I)Fij(du) = 0⃗.

Ñôîðìóëþ¹ìî òåîðåìó.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè 1�4 òà iñíó¹ íîðìóþ÷èé ìíîæíèê g(ε) → 0
ïðè ε → 0 i íåíóëüîâà ìàòðèöÿ C. Òîäi iñíó¹ ãðàíèöÿ óìîâíîãî ìàòåìàòè÷íîãî
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ñïîäiâàííÿ íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨

E
{
N
(

t
g(ε)

)
, x
(

t
g(ε)

)
= j|x(0) = i)

}
→ csk(t)

p
(k)
j

π(k)

[⃗
1⊗ 1⃗

]
· Ej


τ∫

0

Γj(u)du

 ,

äå csk = [etC ]sk, π
(k) =

∑
i,j∈Ek

p
(k)
i ·

1⃗ ·
∞∫
0

tΓi(t)Fij(dt) · 1⃗

 .

Äîâåäåííÿ. Ïîçíà÷èìî

Ei(N(t), x(t) = j) = E(N(t), x(t) = j|x(0) = i).

Çà ôîðìóëîþ ïîâíî¨ éìîâiðíîñòi ìà¹ìî, ùî

Ei(N(t), x(t) = j) = Ei(N(t), x(t) = j, t < τ) +

t∫
0

Ei(N(t), x(t) = j, τ ∈ du),

äå τ � ìîìåíò ïåðøîãî ñòðèáêà íàïiâìàðêîâñüêîãî ïðîöåñó x(t).
Ðîçãëÿíåìî iíòåãðàë

t∫
0

Ei(N(t), x(t) = j, τ ∈ du) =

d∑
l=1

t∫
0

Ei(N(t), x(t) = j, x(τ) = l, τ ∈ du) =

=

d∑
l=1

t∫
0

Pi(x(τ) = l, τ ∈ du) · Ei(N(t), x(t) = j|x(u) = l, τ = u) =

=

d∑
l=1

t∫
0

Fil(du)Γi(u)ΛlEl(N(t− u), x(t− u) = j).

Îòæå, Ei(N(t), x(t) = j) ¹ ðîçâ'ÿçêîì áàãàòîâèìiðíîãî ðiâíÿííÿ âiäíîâëåííÿ

Xij(t) = Aij(t) +

m∑
l=1

KilXlj(t),

äå

Xij(t) = Ei(N(t), x(t) = j),

Aij(t) = Ei(N(t), x(t) = j, t < τ) = αijΓi(t)Pi(t < τ),

Kij(dt) = Ei(N(t), x(τ) = j, τ ∈ dt) = Fij(dt)Γi(t)Λj .

Âåëè÷èíè Xij(t), Aij(t),Kij(t) � ìàòðèöi ðîçìiðíîñòi d× d.
Ðîçãëÿíåìî ôóíêöi¨ Aij

(
t

g(ε)

)
. Òîäi∥∥∥Aij

(
t

g(ε)

)∥∥∥ ⩽ Pi

{
t

g(ε) < τ
}
= 1− F

(
t

g(ε)

)
.
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Îöiíèìî ðÿä

∞∑
k=0

sup
k⩽t⩽k+1

∥∥∥Aij

(
t

g(ε)

)∥∥∥ ⩽
∞∑
k=0

(
1− F

(
k

g(ε)

))
⩽

∞∫
0

(
1− F

(
k

g(ε)

))
dt < ∞.

Îòæå, ïðè g(ε) → 0 ðÿä

∞∑
k=0

sup
k⩽t⩽k+1

∥∥∥Aij

(
t

g(ε)

)∥∥∥ ðiâíîìiðíî çáiãà¹òüñÿ çà ε.

Äàëi ïîòðiáíî äîâåñòè, ùî ñiì'ÿ ôóíêöié Aij

(
t

g(ε)

)
ðiâíîìiðíî áåçïîñåðåäíüî

iíòåãðîâíà çà Ðiìàíîì [4].
Ðîçãëÿíåìî òàêó îöiíêó

sup
kh⩽t⩽(kh+h)

∥∥∥Aij

(
t

g(ε)

)∥∥∥− inf
kh⩽t⩽(kh+h)

∥∥∥Aij

(
t

g(ε)

)∥∥∥ ⩽

⩽ sup
kh⩽t⩽u⩽kh+h

∥∥∥Aij

(
u

g(ε)

)
−Aij

(
t

g(ε)

)∥∥∥ .
Ïîçíà÷èìî

w(h) = sup
ε

sup
0⩽t−u⩽h

∥∥∥Aij

(
u

g(ε)

)
−Aij

(
t

g(ε)

)∥∥∥ .
Òîäi

w(h) = sup
ε

sup
0⩽t−u⩽h

∥∥∥Γi

(
u

g(ε)

)
Pi{u < τ}

∥∥∥ ⩽

⩽ sup
ε

sup
0⩽t−u⩽h

∥∥∥Γi

(
u

g(ε) −
t

g(ε)

)
− I
∥∥∥Pi{t < τ} ⩽

⩽ sup
ε

∥∥∥Γi(
h

g(ε) )− I
∥∥∥→ 0

ïðè h → 0.
Çàôiêñó¹ìî T > 0 i ðîçãëÿíåìî òàêó ðiçíèöþ

sup
ε

(
h ·

∞∑
k=0

sup
kh⩽t⩽u⩽kh+h

∥∥∥Aij

(
u

g(ε)

)
−Aij

(
t

g(ε)

)∥∥∥) =

= sup
ε

h ·

[T/h]∑
k=0

sup
kh⩽t⩽u⩽kh+h

∥∥∥Aij

(
u

g(ε)

)
−Aij

(
t

g(ε)

)
+

+

∞∑
[T/h]

sup
kh⩽t⩽u⩽kh+h

∥∥∥Aij

(
u

g(ε)

)
−Aij

(
t

g(ε)

)∥∥∥
 ⩽

⩽ h · T
h
· w(h) + 2 sup

ε

∑
kh>T

Pi{kh+ h < τ} ⩽

⩽ T · w(h) + 2 sup
ε

∞∫
T

(
1− Fi

(
t

g(ε)

))
dt → 0

ïðè h → 0, g(ε) → 0, ε → 0.
Çâiäêè îòðèìó¹ìî ðiâíîìiðíó áåçïîñåðåäíþ iíòåãðîâíiñòü.
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Iñíó¹ òàêèé íåëiíiéíèé ìíîæíèê íîðìóâàííÿ g(ε) → 0 òà ìàòðèöÿ C, ùî

Xij

(
t

g(ε)

)
→ [etC ]sk

1

π(k)
·

1⃗⊗ v⃗(k) ·
∞∫
0

Aij(u)d(u)


ïðè g(ε) → 0, i ∈ Es, j ∈ Ek. Òîäi

π(k) =

v⃗(k)
∞∫
0

tK(k)dt, 1⃗

 =
∑

i,j∈Ek

p
(k)
i

1⃗ ·
∞∫
0

tΓi(t)Fij(dt), 1⃗

 ,

äå v⃗ - ëiâèé âëàñíèé âåêòîð ìàòðèöi K äëÿ ¨¨ ìàêñèìàëüíîãî âëàñíîãî çíà÷åííÿ 1.
Âðàõîâóþ÷è, ùî

Aij(t) = αijΓi(t)Pi{t < T},
îòðèìó¹ìî

Xij

(
t

g(ε)

)
→ [etC ]sk

1

π(k)
·

1⃗⊗ v⃗(k) ·
∞∫
0

Γj(u)Pj{u < τ}du

 =

= csk(t)
p
(k)
j

π(k)
(⃗1⊗ 1⃗) · Ej

τ∫
0

Γj(u)du.

Îòæå,

E
{
N
(

t
g(ε)

)
, x
(

t
g(ε)

)
= j|x(0) = i)

}
→ csk(t)

p
(k)
j

π(k)
[⃗1⊗ 1⃗] · Ej


τ∫

0

Γj(u)du


ïðè g(ε) → 0. □

Ó ïiäñóìêó äîâåäåíî òåîðåìó òà çíàéäåíî ãðàíèöþ óìîâíîãî ìàòåìàòè÷íîãî
ñïîäiâàííÿ âèïàäêîâî¨ åâîëþöi¨ ç íåëiíiéíèì ìíîæíèêîì íîðìóâàííÿ.
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This work is dedicated to the study of semi-Markov random processes. A

semi-Markov process is considered in the time scale
t

g(ε)
with a nonlinear

normalization factor g(ε) → 0 as ε → 0. For this process, matrix-valued
random evolutions are constructed. The limit of the conditional mathematical
expectation of the random evolution for the semi-Markov process is found.

Key words: Semi-Markov process, stochastic evolution, multivariate
renewal equation, nonlinear normalization factor, Markov process.


