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Let f(z) = zp −
∑∞

k=1 fkz
k+p with fk > 0 be an entire transcendental

function and (λn) be a sequence of positive numbers increasing to +∞. Suppose
that the series A(z) =

∑∞
n=1 anf(λnz) with an > 0 regularly converges in

D = {z : |z| < 1}. For p ∈ N, α ≥ 0 and 0 ≤ β < p by Fp(α, β) denote the class

of an analytic in D functions g(z) = zp −
∞∑

n=1

gnz
n+p with gn > 0 such that

Re

{
(1− α)

g(z)

zp
+ α

g′(z)

pzp−1

}
>

β

p
for all z ∈ D, and say that g ∈ Gp(α, β)

if Re

{
(p+ α(1− p))

g′(z)

pzp−1
+ α

g′′(z)

pzp−2

}
> β for all z ∈ D. Conditions under

which the function A belongs either to Fp(α, β) or to Gp(α, β) are investigated.

Key words: regularly converging series, analytic functions in the unit disk.

1. Introduction

Let p ∈ N, α ≥ 0 and 0 ≤ β < p. We say that an analytic in the unit disk
D = {z : |z| < 1} function

g(z) = zp −
∞∑

n=1

gnz
n+p, gn > 0, (1)

belongs to the class Fp(α, β) if and only if

Re

{
(1− α)

g(z)

zp
+ α

g′(z)

pzp−1

}
>

β

p
(z ∈ D), (2)
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and belongs to the class Gp(α, β) if and only if

Re

{
(p+ α(1− p))

g′(z)

pzp−1
+ α

g′′(z)

pzp−2

}
> β (z ∈ D). (3)

It is clear that g ∈ Gp(α, β) if and only if zg′(z)/p ∈ Fp(α, β).
The class Fp(α, α) was introduced and studied earlier by S.K. Lee, S. Owa and

H.M. Srivastava [1] and was further investigated by M.K. Aouf and H.E. Darwish [2].
The class Gp(α, β) was studied recently by M.K. Aouf [3]. In particular, the class G1(α, β)
was considered earlier by O. Altintas [4], [5]. The research of classes Fp(α, β) and Gp(α, β)
was continued in the works [6], [7]. In [8] analogues of the classes Fp(α, β) and Gp(α, β)
have been studied for Dirichlet series absolutely convergent in the left half-plane.

Let f(z) =
∑∞

k=0 fkz
k be an entire transcendental function, (λn) be a sequence of

positive numbers increasing to +∞ and the series

A(z) =

∞∑
n=1

anf(λnz). (4)

regularly converges in {z : |z| < R[A]}, i.e. for all r ∈ [0, R[A])
∞∑

n=1

|an|Mf (rλn) < +∞, Mf (r) = max{|f(z)| : |z| = r}.

It is clear that many functional series arising in various sections of the analysis can be
written as series by a system of functions {f(λnz)}. In particular, in articles [9, 10, 11, 12]
B.V. Vinnitskii investigated under the most general conditions on a function f itself and
on the sequence (λn), both the basicity of this system of functions and the properties
of series on this system. In [18, 19] there were obtained the conditions under which, for

series of the form (2), as well as integrals of the form
∫ +∞
0

a(t)f(tx)ν(dt) that are a
generalization of such series, the Borel-type asymptotic relation holds outside some set
of �nite Lebesgue measure, where f is a positive functions on (0,+∞) such that the
function ln f(x) is convex on (0,+∞).

This article continues the study of the properties series of form (2), which was started
by the author in articles [13, 14, 15, 16, 17].

In the end, modern e-search systems will allow the reader to easily �nd both other
articles about the series on this general system of functions, and on the speci�c systems
of functions, such as the Mittag-Le�er functions, the Bessel functions, and many others.

The starlikeness and the convexity of the function (4) in D are studied in [16]. In
the proposed note we will assume that R[A] ≥ 1 and �nd the conditions under which the
function A belongs to the class Fp(α, β) and, consequently, to the class Gp(α, β).

2. Preliminary result.

Now suppose that all an > 0 and

f(z) = zp −
∞∑
k=1

fkz
k+p, fk > 0. (5)

Then

A(z) =

∞∑
n=1

an

(
λp
nz

p −
∞∑
k=1

fkλ
k+p
n zk+p

)
=

∞∑
n=1

anλ
p
nz

p −
∞∑
k=1

fk

( ∞∑
n=1

anλ
k+p
n

)
zk+p =
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=

( ∞∑
n=1

anλ
p
n

)zp −
∞∑
k=1

fk
∞∑

n=1
anλ

k+p
n

∞∑
n=1

anλ
p
n

zk+p

 = bg(z),

where b =
∞∑

n=1
anλ

p
n and the function g is represented by a power series (1) with coe�ci-

ents

gk =
fk
b

∞∑
n=1

anλ
k+p
n . (6)

Therefore, in view of (2) and (3) it follows that A(z)/b ∈ Fp(α, β) if and only if
g ∈ Fp(α, β), and A(z)/b ∈ Gp(α, β) if and only if g ∈ Gp(α, β).

The following lemma is known [1].

Lemma 1. Function (1) belongs to Fp(α, β) if and only if

∞∑
k=1

(p+ αk)gk < p− β,

and belongs to Gp(α, β) if and only if

∞∑
k=1

(p+ αk)(p+ k)gk < p(p− β).

Therefore, we need to estimate the coe�cients given by formula (6). Let τ ∈ (0,+∞) be
the index of convergence of the sequence (λn), i.e.

Q :=

∞∑
n=1

1

λω
n

< +∞ (7)

for every ω ∈ (τ,+∞). Then
∞∑

n=1

|an|λk+p
n =

∞∑
n=1

|an|λk+p+ω
n

λω
n

≤ Qmax{|an|λk+p+ω
n : n ≥ 1}.

Denote by Ω a class of positive unbounded on (−∞,+∞) functions Φ such that the deri-
vative Φ′ is positive, continuously di�erentiable and increasing to +∞ on (−∞,+∞). Let
φ be the function inverse to Φ′ andΨ(x) = x−Φ(x)/Φ′(x) be the function associated with

Φ in the sense of Newton. Suppose that the Dirichlet series D(σ) =
∞∑

n=1
|an| exp{µnσ}

with 0 ≤ µn ↑ +∞ converges for all σ < +∞, and let µ(σ) = max{|an| exp{µnσ} : n ≥ 2}
be the maximal term. Then [20] in order that ln µ(σ) ≤ Φ(σ) ∈ Ω for all σ it is necessary
and su�cient that ln |an| ≤ −µnΨ(φ(µn)) for all n. Therefore, if we put µn = ln λn and
σ = k + p+ ω then for hence we obtain max{|an|λk+p+ω

n : n ≥ 2} ≤ eΦ(k+p+ω) provided
λn ≥ 1 and ln |an| ≤ − ln λnΨ(φ(ln λn)) for all n ≥ 2.

Thus, the following statement is true.

Lemma 2. Let Φ ∈ Ω, λn ≥ 1 for n ≥ 1, ln |an| ≤ − ln λnΨ(φ(ln λn)) for n ≥ 1 and

(7) holds. Then for the coe�cients gk, given by equality (6), there is a correct estimate

|gk| ≤
Qfk
b

eΦ(k+p+ω), k ≥ 1. (8)
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3. Main theorem and corollaries.

The following theorem is true,

Theorem 1. Let Φ ∈ Ω, λn ≥ 1, ln |an| ≤ − ln λnΨ(φ(ln λn)) for n ≥ 1 and (7) holds.
Suppose that the function f is given by power series (5). If

∞∑
k=1

(p+ αk)fke
Φ(k+p+ω) <

(p− β)b

Q
, b =

∞∑
n=1

anλ
p
n, (9)

then A/b ∈ Fp(α, β), and if

∞∑
k=1

(p+ αk)(p+ k)fke
Φ(k+p+ω) <

p(p− β)b

Q

∞∑
n=1

anλn (10)

then A/b ∈ Gp(α, β).

Indeed, from (8) and (9) we obtain

∞∑
k=1

(p+ αk)gk ≤
∞∑
k=1

(p+ αk)
Qfk
b

eΦ(k+p+ω) ≤ p− β.

Therefore, g ∈ Fp(α, β) and, thus, A/b ∈ Fp(α, β). Similarly, from (8) and (10) it follows
that g ∈ Gp(α, β) and A/b ∈ Gp(α, β).

Let us consider several consequences of Theorem 1. At �rst let Φ(x) = ex for x > 0.
Then Ψ(x) = x − 1, φ(x) = ln x and xΨ(φ(x)) = x ln (x/e). Therefore, we get the
following statement.

Corollary 1. Let λn > 1 and ln |an| ≤ − ln λn ln

(
ln λn

e

)
for n ≥ 1, (7) holds and the

function f is given by power series (5). If

∞∑
k=1

(p+ αk)fk exp{ek+p+ω} <
(p− β)b

Q

then A/b ∈ Fp(α, β), and if

∞∑
k=1

(p+ αk)(p+ k)fk exp{ek+p+ω} <
p(p− β)b

Q

then A/b ∈ Gp(α, β).

Now let Φ(x) = xϱ for x > 1, where ϱ > 1. ThenΨ(x) =
ϱ− 1

ϱ
x, φ(x) = (x/ϱ)

1/(ϱ−1)

and xΨ(φ(x)) = (ϱ− 1) (x/ϱ)
ϱ/(ϱ−1)

. Therefore, we get the following statement.

Corollary 2. Let λn > 1 and ln |an| ≤ −(ϱ− 1) ((ln λn)/ϱ)
ϱ/(ϱ−1)

for n ≥ 1, (7) holds
and the function f is given by power series (5). If

∞∑
k=1

(p+ αk)fk exp{(k + p+ ω)ϱ} <
(p− β)b

Q
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then A/b ∈ Fp(α, β), and if

∞∑
k=1

(p+ αk)(p+ k)fk exp{(k + p+ ω)ϱ} <
p(p− β)b

Q

then A/b ∈ Gp(α, β).

Finally, consider the most interesting case when Φ(x) = x ln x for x > e. Then
φ(x) = ex−1 and xΨ(φ(x)) = xφ(x) − Φ(φ(x)) = ex−1. Therefore, we get the following
statement.

Corollary 3. Let λn ≥ 1 and ln |an| ≤ −eλn for n ≥ 1, (7) holds and the function f is

given by power series (5). If

∞∑
k=1

(p+ αk)fk(k + p+ ω)k+p+ω <
(p− β)b

Q

then A/b ∈ Fp(α, β), and if

∞∑
k=1

(p+ αk)(p+ k)fk(k + p+ ω)k+p+ω <
p(p− β)b

Q

then A/b ∈ Gp(α, β).
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Íåõàé ôóíêöiÿ f(z) = zp −
∑∞

k=1 fkz
k+p ç fk > 0 ¹ öiëîþ òðàíñöåí-

äåíòíîþ, à (λn) - çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë. Ïðè-
ïóñòèìî, ùî ðÿä A(z) =

∑∞
n=1 anf(λnz) ç an > 0 ðåãóëÿðíî çáiãà¹òüñÿ â

D = {z : |z| < 1}. Äëÿ p ∈ N, α ≥ 0 i 0 ≤ β < p ÷åðåç Fp(α, β) ïîçíà÷è-

ìî òàêèé êëàñ àíàëiòè÷íèõ â D ôóíêöié g(z) = zp −
∞∑

n=1

gnz
n+p ç gn > 0,

ùî Re

{
(1− α)

g(z)

zp
+ α

g′(z)

pzp−1

}
>

β

p
äëÿ âñiõ z ∈ D, i áóäåìî ãîâîðèòè,

ùî g ∈ Gp(α, β), ÿêùî Re

{
(p+ α(1− p))

g′(z)

pzp−1
+ α

g′′(z)

pzp−2

}
> β äëÿ âñiõ

z ∈ D. Äîñëiäæåíî, çà ÿêèõ óìîâ ôóíêöiÿ A íàëåæèòü äî Fp(α, β), àáî äî
Gp(α, β).

Êëþ÷îâi ñëîâà: ðåãóëÿðíî çáiæíèé ðÿä, àíàëiòè÷íà â îäèíè÷íîìó êðóçi
ôóíêöiÿ.


