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Let f(z) = 2 — 352, fxz"™ with fi > 0 be an entire transcendental
function and (\,) be a sequence of positive numbers increasing to +oo. Suppose
that the series A(z) = >, anf(Anz) with an > 0 regularly converges in
D={z:]z|<1}.Forpe N, a>0and 0 < S < p by §p(e, ) denote the class

e
of an analytic in D functions g(z) = 2° — > gn2" " with g, > 0 such that
n=1

/
Re{(l—a)M—Fa 9(2) } > g for all z € D, and say that g € &,(«, )

ZP pzP—1

q'(2) q"(2)
pzP~! pzP—2

if Re {(p + a(l —p))
which the function A belongs either to §,(a, §) or to &,(c, B) are investigated.

} > [ for all z € D. Conditions under

Key words: regularly converging series, analytic functions in the unit disk.

1. Introduction

Let p € Nya > 0and 0 < 5 < p. We say that an analytic in the unit disk
D = {z: |z|] < 1} function

g(Z) =2P - Z gnszrp, gn >0, (1)
n=1
belongs to the class §,(a, ) if and only if
9(z) | g'(z) B
Re {(1 — ) 7 + apzp—l > » (z e D), (2)
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and belongs to the class ®,(«, 8) if and only if

Re {(p +a(l - p))pgzlz()z)1 + a;g;gzl

}>B (z € D). (3)

It is clear that g € &,(a, 3) if and only if z¢'(2)/p € Fp(c, B).

The class §p,(a, ) was introduced and studied earlier by S.K. Lee, S. Owa and
H.M. Srivastava [1] and was further investigated by M.K. Aouf and H.E. Darwish [2].
The class &, (c, §) was studied recently by M.K. Aouf [3]. In particular, the class &1 («, 3)
was considered earlier by O. Altintas [4], [5]. The research of classes §,(«, 8) and &, («, 8)
was continued in the works [6], [7]. In [8] analogues of the classes §,(«, 5) and &,(«, 3)
have been studied for Dirichlet series absolutely convergent in the left half-plane.

Let f(z) = Y p—, fez" be an entire transcendental function, (\,) be a sequence of
positive numbers increasing to +oo and the series

A() =) anf(n2). )
regularly converges in {z : |z| < R[ffﬁ,li.e. for all r € [0, R[A])

o0

D lan|My(rAn) < oo,  Mj(r) = max{|f(z)| : 2| = r}.

n=1
It is clear that many functional series arising in various sections of the analysis can be
written as series by a system of functions { f (A, z)}. In particular, in articles [9, 10, 11, 12]
B.V. Vinnitskii investigated under the most general conditions on a function f itself and
on the sequence (\,,), both the basicity of this system of functions and the properties
of series on this system. In [18, 19] there were obtained the conditions under which, for
series of the form (2), as well as integrals of the form f0+°° a(t) f(tz)v(dt) that are a
generalization of such series, the Borel-type asymptotic relation holds outside some set
of finite Lebesgue measure, where f is a positive functions on (0,+o00) such that the
function In f(x) is convex on (0, +00).

This article continues the study of the properties series of form (2), which was started
by the author in articles [13, 14, 15, 16, 17].

In the end, modern e-search systems will allow the reader to easily find both other
articles about the series on this general system of functions, and on the specific systems
of functions, such as the Mittag-Leffler functions, the Bessel functions, and many others.

The starlikeness and the convexity of the function (4) in D are studied in [16]. In
the proposed note we will assume that R[A] > 1 and find the conditions under which the
function A belongs to the class §,(«a, 5) and, consequently, to the class &,(«, 3).

2. Preliminary result.

Now suppose that all a,, > 0 and

f(z) = 2P - iszk+p7 fr>0. (5)
k=1

A(z) = i an, ()\gzp _ i fk)\ﬁ-i-pzk-‘rp) _ i an P 2P — i i (i an)\ifl-s-p) Shtp
n=1 k=1 n=1

n=1 k=1 =
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o0
o o Z )\k+p
() [ | e
n=1 k=1 Z n)\n

n=1

oo

where b = 3 a, AP and the function g is represented by a power series (1) with coeffici-
n=1

ents

gk = % > apAbtr. (6)
n=1
Therefore, in view of (2) and (3) it follows that A(z)/b € Fp(c,B) if and only if
g € p(a, B), and A(2)/b € &,(a, B) if and only if g € &, (e, ).
The following lemma is known [1].
Lemma 1. Function (1) belongs to §p(a, B) if and only if

oo

> (p+ak)ge <p- B,
k=1
and belongs to &,(a, B) if and only if

oo

> (p+ak)(p+ kg < p(p— B).
k=1

Therefore, we need to estimate the coefficients given by formula (6). Let 7 € (0, +00) be
the index of convergence of the sequence ()\ ) ie.

Z 7 (7)

for every w € (7, +00). Then

(e}
I I

n=1
Denote by © a class of positive unbounded on (—o0, +00) functions ® such that the deri-
vative @’ is positive, continuously differentiable and increasing to +oo on (—oo, +00). Let
 be the function inverse to ®’ and ¥ (z) = x—®(x)/P’(x) be the function associated with

)\k+ ptw
< Qmax{|a, NP . > 1],

® in the sense of Newton. Suppose that the Dirichlet series D(o) = Z |an| exp{pno}

with 0 < p,, T 400 converges for all o < +00, and let (o) = max{|a,]| exp{una} n > 2}
be the maximal term. Then [20] in order that In u(c) < ®(0) € Q for all o it is necessary
and sufficient that In |a,| < —p, U(p(uy)) for all n. Therefore, if we put p,, = In A, and
0 = k4 p+ w then for hence we obtain max{|a,|\stP« : n > 2} < e®F+r+e) provided
An > 1land In |a,| < —1In A\, U(p(In A,)) for all n > 2.

Thus, the following statement is true.

Lemma 2. Let € Q, A\, > 1 forn > 1, 1In |a,| < —In A, ¥ (p(In A,)) forn > 1 and
(7) holds. Then for the coefficients gi, given by equality (6), there is a correct estimate

‘gk| < ka <I>(k+p+w) k> 1. (8)
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3. Main theorem and corollaries.
The following theorem is true,

Theorem 1. Let ® € Q, A\, > 1, In |a,| < —1n A, ¥ (¢(In Ayp)) forn > 1 and (7) holds.
Suppose that the function f is given by power series (5). If

Z(p+ak)fked>(k+p+w) < W)’ b= Zan)\fm (9)
k=1 n=1

then A/b € §p(a, ), and if
> (p+ ak)(p+ k) fre ) < p(’:?ﬁ)b > anin (10)
k=1
then A/b € &p(a, B).
Indeed, from (8) and (9) we obtain

> ptok)ge <Y (p+ ak)%@‘}(’““’*“) <p-B.
k=1 k=1

Therefore, g € §,(a, 8) and, thus, A/b € §,(«a, 8). Similarly, from (8) and (10) it follows
that g € &,(«, 8) and A/b € &, (e, §).

n=1

Let us consider several consequences of Theorem 1. At first let ®(x) = e for z > 0.
Then ¥(z) = 2 — 1, ¢(x) = Inz and 2¥(p(x)) = xln(x/e). Therefore, we get the
following statement.

In A,

Corollary 1. Let A\, > 1 and In |a,| < —In A\, In ) forn > 1, (7) holds and the

function f is given by power series (5). If

>tp+ abespler) < L

k=1
then A/b € §p(a, ), and if

i(P + ak)(p + k) fr exp{e" TP} < P(PEW’
k=1

then A/b € &,(a, B).

-1 —
Now let ®(x) = ¢ for x > 1, where ¢ > 1. Then ¥(x) = e ., o(z) = (z/0)/ ¢V
0
and 20(p(2)) = (0 — 1) (2/0)% @Y. Therefore, we get the following statement.

Corollary 2. Let A, > 1 and In |a,| < —(0 — 1) ((In A\n)/0)? @™V for n > 1, (7) holds
and the function f is given by power series (5). If

S (p+ ak) fiexp{(k + p +w)?} < (p —Qﬁ)b

k=1
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then A/b € §p(a, ), and if

> 0+ b+ k) expl(k-+p+ )¢} < LS
k=1

then A/b € &p(a, B).

Finally, consider the most interesting case when ®(z) = zln z for z > e. Then
o(z) = e*~! and 2¥(p(7)) = xp(x) — ®(¢(z)) = e® L. Therefore, we get the following
statement.

Corollary 3. Let A, > 1 and In |a,| < —e), forn > 1, (7) holds and the function f is
given by power series (5). If

Z(p + ak) fr(k + p + w)FPre < w

k=1
then A/b € §p(a, ), and if

S 0+ k) (p + E) filk 4+ p+ )P < W(j‘)b
k=1

then A/b € &,(a, B).
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Hexait dynkmia f(z) = 22 — S50, fuz"? 3 fi > 0 € minoto Tpancmen-
meHTHO, a (An) - 3pocTaroua mo +00 MOC/IOBHICTD mofaTHUX wmces. [Ipum-
nyctumo, mo pag A(z) = Y o0 anf(Anz) 3 an > 0 perymspHo 36iraeThcs B
D={z:|z|<1}. Jimp e N, a>01i0 < < p uepe3 Fp(e, ) nosuaun-

o0

MO Takmi Kmac amamrmuanmx B D dyskmii g(2) = 2P — 3 gn2" P 3 g > 0,
n=1

/
mo Re< (1-— a)M —‘,—aM > B ana Beix z € D, 1 GymemMo ToBOpWTH,
2P pzPp—1 p

q'(2) ‘e g"(2)

par—1 par—? > (B mma Beix

mo g € &p(a,B), axmo Re{(p+a(1 -p))

z € D. Hocnimxkeno, 3a axkux ymoB dynknia A mamexurs 1o §p(a, 8), abo mo

6?(0575)'

Ka104061 caosa: peryssipHO 30iKHUI psifl, aHAIITUYHA B ONUHUIHOMY KpPy3i
byHKIIiS.



