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Classical Waring-Girard formulas gives a representation of elementary and
complete symmetric polynomials though the power symmetric polynomials. In
this paper, we propose an analog of the Waring-Girard formulas for block-
symmetric polynomials on the spaces ℓ1(C2) and ℓp(C2) and show the appli-
cation of the obtained formula in combinatorics.

Key words: symmetric polynomials, block-symmetric polynomials, Waring-
Girard formulas.

1. Introduction

Symmetric functions on �nite-dimensional vector spaces are standard objects in
combinatorics and classical invariant theory (see e.g. [1]). For in�nite-dimensional spaces,
investigations of symmetric polynomials started by Nemirovski and Semenov in [2]. In
particular, in [2] the authors constructed algebraic bases of algebras of symmetric real-
valued polynomials on real Banach spaces ℓp and Lp[0, 1] for 1 ⩽ p < ∞. In [3], these
results were generalized to separable sequence real Banach spaces with symmetric bases
and to separable rearrangement invariant real Banach spaces respectively.

Block-symmetric or MacMahon polynomials are natural generalizations of symmetric
polynomials and can be considered as symmetric polynomials on vector-sequences linear
spaces. Combinatorial properties of such polynomials are described in [4]. An algebraic
basis of the algebra of all symmetric continuous complex-valued polynomials on the
Cartesian power of the complex Banach space ℓp for some �xed 1 ≤ p < ∞ was
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constructed in [5]. Algebras of symmetric continuous polynomials on Cartesian products
ℓp1 × · · · × ℓps for di�erent p1, . . . , ps were considered in [6]. Some generalizations of the
Newton formulas for algebraic bases of block-symmetric polynomials were obtained in
[7, 8].

1.1. Symmetric polynomials

Let X be a complex Banach spaces and SN is the semigroup of all permutations
on the set of all natural numbers N. A mapping f on X is said to be symmetric if it is
SN-symmetric (or just symmetric), that is,

f(x1, x2, . . .) = f(xσ(1), xσ(2), . . .)

for each σ ∈ SN.We denote by Ps(X) the algebra of all continuous symmetric polynomials
on X.

It is known that polynomials

Fk(x) =

∞∑
n=1

xk
n, k ∈ N,

form an algebraic basis in the algebra Ps(ℓ1) [3]. That is, for any polynomials P ∈
Ps(ℓ1) there is a unique polynomial of several complex variables Q(t1, . . . , tm) such that
P (x) = Q(F1(x), . . . , Fm(x)). Polynomials Fk are called power symmetric polynomials.
The algebraic basis is not unique, and we will use also the following bases in Ps(ℓ1):

Gn(x) =
∑

i1<...<in

xi1 · · ·xin ,

which is called the basis of elementary symmetric polynomials and

Hn(x) =
∑

i1⩽...⩽in

xi1 · · ·xin ,

which is called the basis of complete symmetric polynomials. These bases are connected
by known Newton formulas :

nGn =

n∑
k=1

(−1)k−1Gn−kFk, n ∈ N, (1)

nHn =

n∑
k=1

Hn−kFk, n ∈ N. (2)

We denote by Z+ the set of all nonnegative integers. It is well-known that the
elementary and complete symmetric polynomials can be expressed in terms of the power
symmetric polynomials (see e.g. [9], p.6-7) by the Waring-Girard formulas:

Gn =
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+λ2+...+λn)

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
(F1)

λ1(F2)
λ2 . . . (Fn)

λn (3)

and

Hn =
∑

λ1+2λ2+...+nλn=n

1

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
(F1)

λ1(F2)
λ2 . . . (Fn)

λn , (4)

where λj ∈ Z+, j = 1, . . . , n.
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In [10] was de�ned the Waring-Girard formulas in the case of space ℓp, p > 1 :

G(p)
n =

∑
pλp+...+nλn=n

(−1)n+(λp+...+λn)

pλp · . . . · nλnλp! · . . . · λn!
(Fp)

λp . . . (Fn)
λn .

and

H(p)
n =

∑
pλp+...+nλn=n

1

pλp · . . . · nλnλp! · . . . · λn!
(Fp)

λp . . . (Fn)
λn .

1.2. Block-Symmetric Polynomials

We denote by ℓp(Cs) = ℓp(N,Cs), 1 ≤ p < ∞ the linear space of all sequences

x = (x1, x2, . . . , xj , . . .), (5)

such that xj = (x
(1)
j , . . . , x

(s)
j ) ∈ Cs for j ∈ N, and the series

∞∑
j=1

s∑
r=1

∣∣∣x(r)
j

∣∣∣p converges.

We will use also representation

x =




x
(1)
1

x
(2)
1
...

x
(s)
1

 ,


x
(1)
2

x
(2)
2
...

x
(s)
2

 , · · · ,


x
(1)
j

x
(2)
j
...

x
(s)
j

 , · · ·


for x. Vectors xj in (5) are called vector coordinates of x. The linear space ℓp(Cs) endowed
with the norm

∥x∥ =

 ∞∑
j=1

s∑
r=1

∣∣∣x(r)
j

∣∣∣p
1/p

is a Banach space. A polynomial P on the space ℓp(Cs) is called block-symmetric (or
vector-symmetric) if:

P (x1, x2, . . . , xm, . . .) = P (xσ(1), xσ(2), . . . , xσ(m), . . .)

for every permutation σ ∈ SN and xm ∈ Cs. Let us denote by Pvs(ℓp(Cs)) the algebra of
all block-symmetric polynomials on ℓp(Cs).

More information about algebra Pvs(ℓp(Cs)) can be found in [5, 6, 11] and in
references therein. Note that in combinatorics, block-symmetric polynomials on �nite-
dimension spaces are called MacMahon symmetric polynomials (see [4]).

Throughout this paper, we consider multi-indexes k = (k1, k2, . . . , ks) with non-
negative integer entries k1, k2, . . . , ks and we will use the standard notations |k| = k1 +
k2 + · · ·+ ks, and k! = k1!k2! · · · ks!.

According to [5], polynomials

Hk(x) = Hk1,k2,...,ks(x) =

∞∑
j=1

s∏
r=1

|k|≥⌈p⌉

(x
(r)
j )kr

form an algebraic basis in Pvs(ℓp(Cs)), 1 ≤ p < ∞, where x = (x1, . . . , xm, . . .) are in

ℓp(Cs), and xj = (x
(1)
j , . . . , x

(s)
j ) ∈ Cs. According to [4], these polynomials are called
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The Power Sum MacMahon Symmetric Functions. For example, Hn,0,...,0(x) =
(
x
(1)
1

)n
+(

x
(1)
2

)n
+ · · · .

In the case of the space ℓ1(Cs) there is another important algebraic basis (see [1, 4,
12]):

Rk(x) = Rk1,k2,...,ks(x) =

∞∑
ij1<···<ijkj

1⩽j⩽s

s∏
j=1

x
(j)

ij1
. . . x

(j)

ijkj

.

In [4] these polynomials are called The Elementary MacMahon Symmetric Functions.
For example,

R1,2,0...,0(x) =
∑

i, j1<j2

x
(1)
i x

(2)
j1

x
(2)
j2

.

Let H(x)(t) and R(x)(t) be formal series

H(x)(t) =

∞∑
|k|=1

s∏
i=1

tki
i Hk(x),

R(x)(t) =

∞∑
|k|=0

s∏
i=1

tki
i Rk(x), R0 = 1,

which also are called generating function (see [4]). From [4] and [12] we know that

R(x)(t) =

∞∑
|k|=0

s∏
i=1

tki
i Rk(x) =

∞∏
i=1

(1 + x
(1)
i t1 + . . .+ x

(s)
i ts).

From [4] it follows that there is one more algebraic basis of homogeneous polynomials
Ek(x), which can be de�ned from the generating function

E(x)(t) =
∞∑

|k|=0

s∏
i=1

tki
i Ek(x) =

∞∏
i=1

1

1− x
(1)
i t1 − · · · − x

(s)
i ts

, E0 = 1.

These polynomials are called The Complete Homogeneous MacMahon Symmetric Functi-
ons.

On the other hand, each of polynomials Fm(t1x
(1) + t2x

(2) + · · · + tsx
(s)) and

Gm(t1x
(1) + t2x

(2) + · · ·+ tsx
(s)) have a representation as a linear combination of block-

symmetric polynomials Hk(x) and Rk(x), respectively. Indeed, from direct calculations,

Gn(t1x
(1) + t2x

(2) + · · ·+ tsx
(s)) =

∑
|k|=n

tk1
1 tk2

2 · · · tks
s Rk(x) (6)

and

Fn(t1x
(1) + t2x

(2) + · · ·+ tsx
(s)) =

∑
|k|=n

|k|!
k!

tk1
1 tk2

2 · · · tks
s Hk(x), (7)

where x = (x(1), . . . , x(s)).
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Let ω be the isomorphism of Pvs(ℓ1(Cs)) to itself de�ned so that ω(Hk) =
(−1)|k|+1Hk for every multi-index k. In other words, if P ∈ Pvs(ℓ1(Cs)) is of the form

P (x) = Q(Hk, Hm, . . . ,Hr)

for some polynomial Q of several variables, then

ω(P )(x) = Q
(
ω(Hk), ω(Hm), . . . , ω(Hr)

)
.

The following proposition was proved in [13].

Proposition 1. For every multi-index k,

ω(Rk) = Ek and ω(Ek) = Rk.

For given multi-indexes k and q we denote by k−q = (k1− q1, k2− q2, . . . , ks− qs).
In addition, we write k ≥ q whenever k1 ≥ q1, k2 ≥ q2, ..., ks ≥ qs. In [7, 8], it is proved
the following generalization of Newton's formula (1).

nRk =

|k|∑
j=1

(−1)j−1
∑
|q|=j
k⩾q

|q|!
q!

HqRk−q.

In [13], it is proved the following generalization of Newton's formula (2).

nEk =

|k|∑
j=1

∑
|q|=j
k⩾q

|q|!
q!

HqEk−q.

2. Main results

Let ℓ1(C2) be the linear space of all sequences

x = (x1, x2, . . . , xj , . . .),

such that xj = (x
(1)
j , x

(2)
j ) ∈ C2 for j ∈ N, and the series

∞∑
j=1

2∑
r=1

∣∣∣x(r)
j

∣∣∣ converges.
Theorem 1. For every λi, λ

j
i , p ∈ Z+, i ∈ {1, . . . , n}, j ∈ {0, . . . , i} we have

Rn−q,q =
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+...+λn)

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

1⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(
Hi−j,j

)λj
i

(8)

and
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En−q,q =
∑

λ1+2λ2+...+nλn=n

1

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

1⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(
Hi−j,j

)λj
i

(9)

Proof. From formulas (6) and (7) we have that

Fn(tx
(1) + x(2)) =

n∑
q=0

tn−qCq
nH

n−q,q(x1, x2)

and

Gn(tx
(1) + x(2)) =

n∑
q=0

tn−qRn−q,q(x1, x2). (10)

From direct calculations we obtain(
Fk(tx

(1) + x(2))
)λk

=

(
k∑

q=0

tk−qCq
nH

k−q,q(x1, x2)

)λk

=

=
∑

λ0
k+...+λk

k=λk

tkλ
0
k+(k−1)λ1

k+...+λk−1
k

λk!

λ0
k! . . . λ

k
k!
×

×
(
C0

k

)λ0
k . . . (Cs

k)
λs
k . . .

(
Ck

k

)λk
k
(
Hk,0

)λ0
k . . .

(
Hk−s,s

)λs
k . . .

(
H0,k

)λk
k .

(11)

If we substitute (10) and (11) to formula (3), we obtain

n∑
q=0

tn−qRn−q,q(x1, x2) =

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+λ2+...+λn)

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
×

×
(
F1(tx

(1) + x(2))
)λ1

× . . .×
(
Fn(tx

(1) + x(2))
)λn

=

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+λ2+...+λn)

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
×

×

 ∑
λ0
1+λ1

1=λ1

tλ
0
1

λ1!

λ0
1!λ

1
1!

(
C0

1

)λ0
1
(
C1

1

)λ1
1
(
H1,0

)λ0
1
(
H0,1

)λ1
1

× . . .×

×

 ∑
λ0
n+...+λn

n=λn

tnλ
0
n+(n−1)λ1

n+...+λn−1
n

λn!

λ0
n! . . . λ

n
n!
×

(12)
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×
(
C0

n

)λ0
n . . . (Cs

n)
λs
n . . . (Cn

n )
λn
n
(
Hn,0

)λ0
n . . .

(
Hn−s,s

)λs
n . . .

(
H0,n

)λn
n

)
=

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+λ2+...+λn)

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
×

×
∑

λ0
1+λ1

1=λ1
...

λ0
n+...+λn

n=λn

tλ
0
1+...+nλ0

n+(n−1)λ1
n+...+λn−1

n
λ1!

λ0
1!λ

1
1!

. . .
λn!

λ0
n! . . . λ

n
n!
×

×
(
C0

1

)λ0
1
(
C1

1

)λ1
1 . . .

(
C0

n

)λ0
n . . . (Cs

n)
λs
n . . . (Cn

n )
λn
n ×

×
(
H1,0

)λ0
1
(
H0,1

)λ1
1 . . .

(
Hn,0

)λ0
n . . .

(
Hn−s,s

)λs
n . . .

(
H0,n

)λn
n .

Equating multipliers at all powers of t, we obtain the required formula (8).
Applying the isomorphism ω to equation (8), we have

En−q,q = ω(Rn−q,q) =

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+...+λn)

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

0⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(
ω(Hi−j,j)

)λj
i =

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+...+λn)

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

0⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(−1)iλ
j
i

(
Hi−j,j

)λj
i =

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+...+λn)

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

0⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

(−1)2λ1+...+(n+1)λn

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(
Hi−j,j

)λj
i =

=
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+2λ2+...+nλn)+2(λ1+...+λn)

1λ1 . . . nλnλ1! . . . λn!
×
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×
∑

λ0
i+...+λi

i=λi

0⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(
Hi−j,j

)λj
i =

=
∑

λ1+2λ2+...+nλn=n

1

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

0⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

(
Hi−j,j

)λj
i .

□

Formulas (3) and (4) are useful in combinatorics. For example, the well-known
combinatorial identities∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+λ2+...+λn)

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
= 0

and ∑
λ1+2λ2+...+nλn=n

1

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
= 1

can be obtained if we compute Gn(e1) using (3) and (4), where e1 = (1, 0, 0, . . .). By the
similar way, we can get some new relations using (8). Let

e1 =

((
1
1

)
,

(
0
0

)
, . . . ,

(
0
0

)
, . . .

)
.

Then Rn−q,q(e1) = 0, Hn−q,q(e1) = 1 for all n > 1, 0 ⩽ q ⩽ n. Now we obtain new
combinatorial identities:∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+...+λn)

1λ1 . . . nλnλ1! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

0⩽i⩽n
λ0
1+2λ0

2+λ1
2+...+nλ0

n+...+λn−1
n =n−q

n∏
i=1

λi!

i∏
j=0

(
Cj

i

)λj
i

λj
i !

= 0.

In the case of spaces ℓp(C2), where p is positive integer numbers we can obtain
analog of the Waring-Girard formulas. If p is not integer, then we can take ⌈p⌉ instead of
p. If we put Hi−j,j = 0, for all i ⩽ p− 1, 0 ⩽ j ⩽ i to the formulas (8) and (9) we obtain
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the following analog of the Waring-Girard formulas in the case of ℓp(C2) for p ≥ 1:

Rn−q,q
(p) =

∑
pλp+...+nλn=n

(−1)n+(λp+...+λn)

pλp . . . nλnλp! . . . λn!
×

×
∑

λ0
i+...+λi

i=λi

p⩽i⩽n
pλ0
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p +...+nλ0
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n =n−q

n∏
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j=0

(
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)λj
i

λj
i !

(
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)λj
i

and

En−q,q
(p) =

∑
pλp+...+nλn=n

1

pλp . . . nλnλp! . . . λn!
×

×
∑
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