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Classical Waring-Girard formulas gives a representation of elementary and
complete symmetric polynomials though the power symmetric polynomials. In
this paper, we propose an analog of the Waring-Girard formulas for block-
symmetric polynomials on the spaces ¢1(C?) and £,(C?) and show the appli-
cation of the obtained formula in combinatorics.

Key words: symmetric polynomials, block-symmetric polynomials, Waring-
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1. INTRODUCTION

Symmetric functions on finite-dimensional vector spaces are standard objects in
combinatorics and classical invariant theory (see e.g. [1]). For infinite-dimensional spaces,
investigations of symmetric polynomials started by Nemirovski and Semenov in [2]. In
particular, in [2] the authors constructed algebraic bases of algebras of symmetric real-
valued polynomials on real Banach spaces ¢, and L,[0,1] for 1 < p < co. In [3], these
results were generalized to separable sequence real Banach spaces with symmetric bases
and to separable rearrangement invariant real Banach spaces respectively.

Block-symmetric or MacMahon polynomials are natural generalizations of symmetric
polynomials and can be considered as symmetric polynomials on vector-sequences linear
spaces. Combinatorial properties of such polynomials are described in [4]. An algebraic
basis of the algebra of all symmetric continuous complex-valued polynomials on the
Cartesian power of the complex Banach space ¢, for some fixed 1 < p < oo was
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constructed in [5]. Algebras of symmetric continuous polynomials on Cartesian products
Ly, x -+ x £, for different pi,...,ps were considered in [6]. Some generalizations of the
Newton formulas for algebraic bases of block-symmetric polynomials were obtained in
[7, 8]-

1.1. Symmetric polynomials

Let X be a complex Banach spaces and Sy is the semigroup of all permutations
on the set of all natural numbers N. A mapping f on X is said to be symmetric if it is
Sn-symmetric (or just symmetric), that is,

[y, 2,..) = f(@o(1), To2) - - )

for each o € Sy. We denote by P4 (X) the algebra of all continuous symmetric polynomials
on X.
It is known that polynomials

(oo}
Fip(z) = Zmﬁ, keN,
n=1

form an algebraic basis in the algebra P,(¢1) [3]. That is, for any polynomials P €
Ps(¢1) there is a unique polynomial of several complex variables Q(t1, ..., ;) such that
P(z) = Q(Fi(x),..., F,(z)). Polynomials Fj, are called power symmetric polynomials.
The algebraic basis is not unique, and we will use also the following bases in P (¢1):

Gn(z) = Z Ty X
i1<...<in
which is called the basis of elementary symmetric polynomials and
H,(z)= Z Ty o T
11<...<in

which is called the basis of complete symmetric polynomials. These bases are connected
by known Newton formulas :

n

nGp = Z(—l)k_lGn—ka, n €N, (1)
k=1
nH, =Y H, 1 F;, neN. (2)
k=1

We denote by Z, the set of all nonnegative integers. It is well-known that the
elementary and complete symmetric polynomials can be expressed in terms of the power
symmetric polynomials (see e.g. [9], p.6-7) by the Waring-Girard formulas:

(_1)n+()\1+/\2+---+)\n)

Cin = > TR 7 VI v W I W B W
A1 +2X0+...4nA,=n

(F)M(Fy)?2 .. (FE)M  (3)

1 A A An
Hn = Z 1>‘1-2>‘2-...-n)‘n)\l!-/\2!-...~/\n!(F1) ) (F)T ()
A1 +2X2+...+nA,=n

where \; € Z,,j=1,...,n.
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In [10] was defined the Waring-Girard formulas in the case of space £,,p > 1:

(_1)n+()‘p+---+)\n)

GP) = E) . (B,
; ZPAAH (En)

and

= 1
H(P) § F )\p”. F )\n.
" PAp+ _ p)\p"u'n)‘")\p!'..,-)\n!( p) (n)
pF.FnA,=n

1.2. Block-Symmetric Polynomials
We denote by £,(C*) = £,(N,C?), 1 < p < oo the linear space of all sequences

z = (x1,22,...,%j,...), (5)

(o) S
such that z; = (xgl), e ,acg»s)) € C* for j € N, and the series > >
j=1r=1

1P
T converges.
We will use also representation

e e 2

1 2
e 2 2
Tr = 5 P . )
zgé) Igs) x;s)

for z. Vectors x; in (5) are called vector coordinates of z. The linear space £,(C*) endowed

with the norm
o0 S l/p
) |P
lall = | 323 |of"

j=1r=1

is a Banach space. A polynomial P on the space £,(C®) is called block-symmetric (or
vector-symmetric) if:

P(x1,22,...,Zm,...) = P(To(1), To(2)s -+ To(m)s - - +)

for every permutation o € Sy and z,, € C*. Let us denote by P,s(£,(C?)) the algebra of
all block-symmetric polynomials on £,(C?).

More information about algebra P,s(¢,(C?)) can be found in [5, 6, 11] and in
references therein. Note that in combinatorics, block-symmetric polynomials on finite-
dimension spaces are called MacMahon symmetric polynomials (see [4]).

Throughout this paper, we consider multi-indexes k = (kq, ko, ..., ks) with non-
negative integer entries ki, ks, ..., ks and we will use the standard notations |k| = k; +
ko + -+ ks, and k! = kylko! - - - k.

According to [5], polynomials

j=1 r=1
|k|=Tp]
form an algebraic basis in P,s(¢,(C?%)), 1 < p < oo, where £ = (x1,...,Zp,...) are in

(,(C?), and z; = (m§1)7 . ,xg.s)) € C*. According to [4], these polynomials are called
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The Power Sum MacMahon Symmetric Functions. For example, H™%9(z) = (xi”)” +

(D\m
(@) -
In the case of the space ¢;(C?) there is another important algebraic basis (see |1, 4,
12]):

R¥(x) = RFvkarobs () = 3 HMM
J

ZJl<<l?cJ Jj=1
1<5<s

In [4] these polynomials are called The Elementary MacMahon Symmetric Functions.
For example,

Rl’Q’O”"O(JZ): Z xgl)x;f)xg).
1, j1<J2

Let H(x)(t) and R(x)(t) be formal series

Hx)(t) = > [t H (=),

|k|=11i=1

R@)(t) =Y [[thR*=), R°=1,

|k|=0i=1

which also are called generating function (see [4]). From [4] and [12] we know that

R(z)(t) = i ﬁtfiRk(ax) = ﬁu +2Mt 4+ 2.

|k|=0i=1 i=1
From [4] it follows that there is one more algebraic basis of homogeneous polynomials

E¥(z), which can be defined from the generating function

(oo}

e@m =3 [ @ = [[ —m— 01,

1 )
|k|=01i=1 e )tl - xz('S)ts

These polynomials are called The Complete Homogeneous MacMahon Symmetric Functi-
ons.

On the other hand, each of polynomials F,,(t;z(") + t2® + ... + t,2(*)) and
G (tiz™ + 1523 ... 4 t,2(5)) have a representation as a linear combination of block-
symmetric polynomials H¥(x) and R¥(x), respectively. Indeed, from direct calculations,

Gn(tlx(l) + t2x(2) x tsx(s)) — Z t]flt§2 .. .t’;st(x) (©)
k|=n
and
(1) (2) (s) L
F,(tiz") +taz'™ + - + t2') = Z Ftl to? -t H(z), (7)
k|=n

where z = (M, ..., z(¥).
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Let w be the isomorphism of P,(¢1(C?)) to itself defined so that w(HX) =
(—=1)I*+1H¥ for every multi-index k. In other words, if P € P,s(¢1(C?)) is of the form

P(z) = Q(H*,H™, ... HT)
for some polynomial @ of several variables, then
W(P)(@) = Q(u(HY),(H™), .., w(H")).
The following proposition was proved in [13].

Proposition 1. For every multi-indez kK,

w(R¥) = EX and w(E*)= R*.

For given multi-indexes k and q we denote by k —q = ( q, kz G2, ... ks —qs).
In addition, we write k > q whenever k1 > g1, k2 > g2, ..., ks In |7, 8], it is proved
the following generalization of Newton’s formula (1).
- al
k _ —1 k—
o =3y Y g
Jj=1 la|=j

In [13], it is proved the following generalization of Newton’s formula (2).

k|

Z Z |q‘ Hqu a

Jj=1l]q|=j
k>q

2. MAIN RESULTS
Let £1(C?) be the linear space of all sequences
= (T1,%2,...,%5,...),

such that z; = (xgl) (2)) C? for j € N, and the series ZZ ’ (r)
j=1r=1

converges.

Theorem 1. For every )\i,)\g,p €Z4,1€{1,...,n},j€{0,...,i} we have

(_1)n+()\1+...+)\n)

n—q,q _
R = > IR I Wi
A1 +2X2+...+nA,=n

A
‘ AN
no (C) RNY (8)
: )3 [T T )
A Ai=N i=1  j=0
1<ign
ALH2AS AL A Al A AT T =g

and
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1

n—q,q _

= X

E Z 1)‘1...n>‘n)\1!.../\n!
A1 +2Xe+. . 4nr,=n

A
) G\ N
n i (Cz) y )\z (9)
x > [T )
D Y= ¥ i=1  j=0 i’
1<isn
A0 F2A0 A A L AT T =n—g

Proof. From formulas (6) and (7) we have that

Fuia 4 2%) = 3 90 9y )
q=0
and

Gtz +2®)) = "RV (2, ). (10)
q=0
From direct calculations we obtain

Ak
A k
(Fk(tﬂ?(l) + .’1?(2))) k _ (Z tk_quHk_q’q@?l, $2)> —

q=0
_ Z AL (=D)AL oA Ak! (11)

X
PYAND LY
A0 A=A k k

X (OO (O (o) (e (k)
If we substitute (10) and (11) to formula (3), we obtain

n

S Ry )
q=0
(_1)n+(>\1+A2+--~+An)
= X
M%;MA RTINS RO WO W
)\ A'Vl
X (Fl(tx(l) + x@))> DX (Fn(tx(l) + x(z)))
(_1)”+(A1+A2+...+An) (12)
= ><
)\1+2)\2;+n>\ . IRSTRZE IR (XD VLD VY D W

|
o e e et e et <
i, AT

x § , AN+ (=D)AL AT b

01 nl
o S, A0l
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x (07(3)A91...(c;<>;)*'3...(C:;)Az (H”vo)A (H™ “) L (HOm)M ) =

(71)n+()\1+)\2+~~+/\n)
= X
Z 1M 222 opAa gl Al !
A+2X2+.. . 4nA,=n
% Z tA Fodn A (=D)AL AT A1l An! «
AV TTTNOT A
A +AT=M

A0 4 FAT=A,
x (CO)M (011)Ai ...(cg)kﬁ...(CS)Afm...(cn)*ﬂ v
(Hlo) (HOI) “(Hn,O)/\ (Hn ss) (HOn)

Equating multipliers at all powers of ¢, we obtain the required formula (8).
Applying the isomorphism w to equation (8), we have

En=%9 = (R %9) =
(,1)n+(>\1+...+)\n)

X
1A, n/\n)\ll - )\n'
A +2h2+.. . 4nA,=n

N
. A\
ToaT (OZ‘> PPNeY:
. ) [T T (et )
. , . 2!
A A=) i=1  j=0 i
o<isn
A2+ A+ A+ AT T P =n—g
(_1)n+(>\1+»--+)\71)
= X
121 pAa gl N,
A1 +2Xo+...+nA,=n
pY
ot
x > [[» 11 ) (i)
A0 A=) i=1  j=0
o<isn
A H2X 4 A+ AnAS + AR T =n—g
(_1)n+(A1+...+,\n)
= X
IS TL/\">\1! . An'
A1+2A2+..+nA=n
A
n i (C] ‘ R
NS Y
X § ( 1)2/\1+ A4(n+1) nH H Hl_]’]) i
N ai=ny i=1  j=0
o<isn

A F2AT A+ AN A T =n—g
(_1)n+(A1+2/\2+...+nAn)+2(A1+...+An)
= X
Z 1)‘1...TLA">\1!...)\n!
A +2A2+...4nA,=n
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o (et
x > [T o)™ =
=1 7°

D N =¥ j=0
0<i<n
A H2X0 4N+ A+ AT T =n—g
1
= X
Z 1)‘1...77/)‘”)\1!...)\”!
A1+2X2+...4+nA,=n
bYd
) A\ N
> ) I
X H)‘i! 7(1{ m) i
. . , Pl
Nh A= i=1  j=0 i

0<i<n
A H2X0 4N+ A AT T =n—g

O
Formulas (3) and (4) are useful in combinatorics. For example, the well-known
combinatorial identities

(_1)n+(>\1+>\2+...+>\n)

> L SO v W I W IR W Bl
A1 +2X24...4+nA,=n
and
! =1
2 e NS P W S W U W

A +2Xo+...+nA,=n

can be obtained if we compute G,,(e;) using (3) and (4), where e; = (1,0,0,...). By the
similar way, we can get some new relations using (8). Let

= (D()(3)-)

Then R" %9(e;) = 0,H" ?9(e;) = 1 for all n > 1,0 < ¢ < n. Now we obtain new
combinatorial identities:

(—1)rtattan)

X
Z 1)‘1..‘77,)‘”)\1!...>\n!
A1 +2Xe+...4nA,=n

AN
N ; (C-]) i
1
x 3 [ o
Ao ai=n i=1 j=0 i
0<i<n

A F2AT A+ A+ A T =n—g

In the case of spaces ¢,(C?), where p is positive integer numbers we can obtain
analog of the Waring-Girard formulas. If p is not integer, then we can take [p] instead of
p. If we put H*=97 =0, for all i < p—1,0 < j < to the formulas (8) and (9) we obtain
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the following analog of the Waring-Girard formulas in the case of £,(C?) for p > 1:

(71)n+()\p+...+)\n)

R 94 — Z ~
(p) Ao o onAe ]
N prr .. pho ARl

M
. S\
n i (CZ) Y
. > [T (o)
. , . M1
N ai= i=p  j=0 @
PSISN

p)\g-i-...+/\£71+...+7L)\?L+A..+)\271:n—q

and

1
ENad %
" p/\p+.§u\w_np)\p"'nA")‘p!“')‘n!

\ M
. S\
n ! (C’L) RTINS V)
X E Il)\l'”i (H’ “)1.
) ; . M1
A ai=) i=p  j=0 @
pLiIsn

DA AN T AL A T =g
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AHAJIOTY ®OPMVYJ BAPIHTA-TTPAPIIA
JJ1s1 BJIOYHO-CUMETPUYHUX ITOJTHOMIB
HA IIPOCTOPAX /¢;(C?) TA ¢,(C?)
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Knacuuani dopmynn Bapinra-T'ipapaa maroTh 300paskeHHsT €IEeMEHTapHUX 1
MOBHUX CUMETPUIHUX IIOJIIHOMIB dYepe3 cremeHesi cumerpuadi nosginomu. Otpu-
mano anasoru ¢opmysn Bapiara-I'ipapma mis 651049HO-CHMETPUYHAX TIOIIHOMIB
ma mpocropax f1(C?) i £,(C?) Ta 3ampomoHOBaMO 3aCTOCYBAHHS OTPUMAHUX
dopMysa M0 KOMOIHATOPUKH.

Karowo6t cao6a: CUMETPHUYHI HOJIHOMHE, OJIOYHO-CHMETPHYHI IIOJIIHOMH,
dopmymu Bapiura-T'ipapzaa.



