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We find anti-isomorphic submonoids %4 (a,b) and %_(a,b) of the bicyclic
monoid %(a,b) with the following properties: every Hausdorff left-continuous
(right-continuous) topology on %4 (a,b) (¢-(a,b)) is discrete and there exists
a compact Hausdorff topological monoid S which contains ¢4 (a,b) (¢-(a,b))
as a submonoid. Also, we construct a non-discrete right-continuous (left-
continuous) topology 7,7 (7, ) on the semigroup ¢4 (a,b) (¢-(a,b)) which is
not left-continuous (right-continuous).
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1. INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

In this paper we shall follow the terminology of [6, 8, 14, 25].

By w we denote the set of all non-negative integers. Throughout these notes we
always assume that all topological spaces involved are Hausdorff — unless explicitly
stated otherwise.

Definition 1. Let X, Y and Z be topological spaces. A map f: X xY — Z, (z,y) —
f(z,y), is called
(1) right [left] continuous if it is continuous in the right [left] variable; i.e., for every
fixed 29 € X [yo € Y] themap Y — Z, y — f(zo,y) [X = Z, z — f(z,y0)] is
continuous;
(ii) separately continuous if it is both left and right continuous;
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(#i2) jointly continuous if it is continuous as a map between the product space X x Y
and the space Z.

Definition 2 ([6, 25]). Let S be a non-void topological space which is provided with an
associative multiplication (a semigroup operation) u: S x S — S, (z,y) — p(z,y) = zy.
Then the pair (S, u) is called

(i) a right topological semigroup if the map p is right continuous, i.e., all interior left
shifts A\;: S — S, z — sz, are continuous maps, s € S;
(ii) a left topological semigroup if the map p is left continuous, i.e., all interior right
shifts ps: S — S, x — xs, are continuous maps, s € S;
(ii7) a semitopological semigroup if the map p is separately continuous;
(iv) a topological semigroup if the map p is jointly continuous.
We usually omit the reference to p and write simply S instead of (S, ). It goes
without saying that every topological semigroup is also semitopological and every semi-
topological semigroup is both a right and left topological semigroup.

A topology 7 on a semigroup S is called:

e a semigroup topology if (S, 7) is a topological semigroup;

e a shift-continuous topology if (S, 7) is a semitopological semigroup;

e an left-continuous topology if (S, 7) is a left topological semigroup;

e an right-continuous topology if (S, 7) is a right topological semigroup.

The bicyclic monoid € (a,b) is the semigroup with the identity 1 generated by two
elements a and b subjected only to the condition ab = 1. The semigroup operation on
% (a,b) is determined as follows:

pE—ttmgn - if | < m;
beal - pma™ = { bFa, if il =m;
beal=mtnif > m.

It is well known that the bicyclic monoid € (a, b) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on %(a,b) is a
group congruence [8].

For a semigroups S and 7" a map a: S — S is said to be an anti-homomorphism
if a(s-t) = a(t) - a(s). A bijective anti-homomorphism of semigroups is called an anti-
isomorphism.

It is well known that topological algebra studies the influence of topological properti-
es of its objects on their algebraic properties and the influence of algebraic properties of
its objects on their topological properties. There are two main problems in topological
algebra: the problem of non-discrete topologization and the problem of embedding into
objects with some topological-algebraic properties.

In mathematical literature the question about non-discrete (Hausdorff) topologi-
zation was posed by Markov in [22]. Pontryagin gave well known conditions on a base at
the unity of a group for its non-discrete topologization (see Theorem 4.5 of [18]). Various
authors have refined Markov’s question: can a given infinite group G endowed with a
non-discrete group topology be embedded into a compact topological group? Again, for an
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arbitrary Abelian group G the answer is affirmative, but there is a non-Abelian topologi-
cal group that cannot be embedded into any compact topological group (see Section 9 of
[9])-

Also, Ol’shanskiy [24] constructed an infinite countable group G such that every
Hausdorff group topology on G is discrete. Taimanov presented in [26] a commutative
semigroup ¥ which admits only discrete Hausdorff semigroup topology. Also in [27] he
gave sufficient conditions on a commutative semigroup to have a non-discrete semigroup
topology. In [16] it is proved that each shift-continuous T3-topology on the Taimanov
semigroup ¥ is discrete.

The bicyclic monoid admits only the discrete shift-continuous Hausdorff topology
[13, 5]. In [7] non-discrete shift-continuous (semigroup, semigroup inverse) Ti-topologies
on the bicyclic monoid €(a,b) are constructed. Also in [7] are presented the sufficient
conditions when a shift-continuous T}-topology on %'(a,b) is discrete. If a Hausdorff
(semi)topological semigroup T contains the bicyclic monoid € (a,b) as a dense proper
semigroup then T\ €'(a, b) is a closed ideal of T' [13, 15]. Moreover, the closure of € (a, b)
in a locally compact topological inverse semigroup can be obtained (up to isomorphism)
from %'(a,b) by adjoining the additive group of integers in a suitable way [13].

Stable and I'-compact topological semigroups do not contain the bicyclic monoid [1,
19, 20]. The problem of embedding the bicyclic monoid into compact-like topological
semigroups was studied in [2, 3, 4, 17].

Subsemigroups of the bicyclic monoid are studied in [10, 11, 21].

We define the following subsets of the bicyclic monoid

%4 (a,b) = {b'a’ € €(a,b):i<j} and F_( ={bad € €(a,b):i>j}.
Proposition 1. € (a,b) and €_(a,b) are submonoids of € (a,b).

Proof. For arbitrary b1 a’t,b2a’? € €, (a,b) by the semigroup operation of the bicyclic
monoid % (a,b) we have that

bil—jl-‘riQaJé7 if g1 < dg;

biah . p2al? = Ao g .
blla]1—12+]2, if J1 > i2.

If j; < iy we have that i3 — j1 + i3 = i3 > 0. Since j; < j1 and js < jo we get that
i1 — J1 + 12 < 12, and hence i1 — j1 + i2 < Jo.

If j1 > iz we get that j; — iy + jo > j1 because is < jo. Hence ji; — ig + jo = i1

It is obvious that 1 = b%° is the identity element of ¢’ (a,b). This and above
arguments imply that % (a,b) is a submonois of & (a, b).

The proof the statement that €_(a,b) is a submonoid of €'(a, b) is similar. O

In this paper we prove that every Hausdorff left-continuous (right-continuous)
topology on the monoid €, (a,b) (¢-(a,b)) is discrete and show that there exists
a compact Hausdorff topological monoid S which contains € (a,b) (€_(a,b)) as
a submonoid. Also, we construct a non-discrete right-continuous (left-continuous)
topology 7,5 (7,7) on the semigroup ¢, (a,b) (¢-(a,b)) which is not left-continuous
(right-continuous).
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2. ALGEBRAIC PROPERTIES AND TOPOLOGIZATIONS OF MONOIDS %, (a,b)
AND %_(a,b)

Proposition 2. The monoids € (a,b) and €—(a,b) are anti-isomorphic.
Proof. We define a map «: ¢y (a,b) — €-(a,b) by the formula «(b'a’) = b’a’. Then for
any b'a’1, b2a7? € ¢, (a,b) we have that
i g pie oy | @(OTRAT) A gy gy
ab?a” - b2a”) = { a(bralr—2tiz) i G > .
bj2ail_jl+i2’ if j1 < io;
= ijO’ila lfjl 2227
bir—i2tizgh - if Gy > g
and
a(bilajl) . a(bizajz) — pirgh . pizgtz =
bizgir—iitiz - if ) < dg;
= bRa, if j1 = ig;
bjliiQJrjzail, if J1 > io.
This implies that the map « is an anti-homomorphism. It is obvious that the so defined
map «: €y (a,b) = €_(a,b) is bijective, and hence it is an anti-isomorphism of monoids
% (a,b) and €_(a,b), because a(b’a’) = b%a® = 1. O
If S is a semigroup, then we shall denote the Green relations on S by Z, £, ¢, 2
and JZ (see [8, Section 2.1]):

a2 if and only if aS* = bS*;
a.Zb if and only if S'a = S1b;
a_Zbif and only if Stast = S'bS?;
D=L oR=XoY,
H=LNZR.
The following proposition describes Green’s relations on monoids %y (a,b) and
€_(a,b).
Proposition 3. Green’s relations Z, £, f, 9 and A on monoids €y (a,b) and
€_(a,b) coincide with the equality relation.
Proof. Suppose that bia? Zb*a! in €, (a,b) for some i, j, k,l € w, i < j, and k < I. Then
there exist b%a¥,b%a® € €y (a,b) such that bia/ = b*a" - b*a! and b*a! = b*aY - bia’. Then
the equalities o
- brvTigd | if y < 4
veal = b%a? - bla? = { b a, if y =i; (1)
bra¥= ) if y >
imply that [ > j, and by the equalities
o pu—vtkgl if v < k;
bia) = ba’ - bral = { bUd, if v=k; (2)
brak—vH if v >k
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we get that [ < j, and hence l = j. Also, the equalities (1) imply that k—I = (z—y)+(i—7).
Since x < y, we have that k — ! < ¢ — j. Similar, the equalities (2) imply that i — j =
(u—v)+ (k—1), and hence i — j < k — 1. Thus, i — j = k —[. Since | = j, we obtain that
k =i. Hence . is the equality relation on the monoid % (a,b).

Suppose that ba’Zb*a' in € (a,b) for some i,j,k,I € w, i < j, and k < [. Then
there exist b%a¥,b%a” € €, (a,b) such that b'a’ = b*a’ - b"a’ and bFa! = b'a’ - b a¥. By
the equalities

biitTay, if § < x;
veal = bia? - ba¥ = { blaY, if j = a3 (3)
blal =Y, if j >z
we get that k > ¢, and by the equalities
bi—ltugy if < g
bial =bFal - bua® = bFa?, if 1 = u; (4)
beal—vtv if i >
we get that k < 4, and hence k = i. The equalities (3) imply that k—1 = (i —j) + (z — y).
Since x < y, we have that k — ! > ¢ — j. Similar, the equalities (4) imply that i — j =
(k—0)+ (u—v), and hence i — j > k —[. Thus, i — j = k —[. Since [ = j, we obtain that
k =1i. Hence Z is the equality relation on the monoid %% (a, b).

Since 7 = L NZ and P = L o X = X o £, the previous part of the proof imply
that =9 = £ =% in 6+ (a,b).

Suppose that bia? Zbkal in €, (a,b) for some i,5,k,l € w, i < j, and k < . Then
there exist b*1alt, b*2a'2, bi1afr, b2a’2 € €, (a,b) such that

bial = bFrah - bFal - pF2at2 (5)
and
beal = b alt - bral - b2al2. (6)
The semigroup operation of €, (a,b) implies that
i—j=(ki—lL)+(k—1)+ (k= l2), (7
and since k1 < Iy and ko < lo, we get that ¢ — j < k — [. Similar we get that
k—1= (i1 —j1)+ (i —j) + (i2 — j2), (8)

and since 71 < 77 and i9 < jo, we have that k—I < ¢—j. Hence we obtain that t—j = k—1.
The last equality and equalities (7) and (8) imply that

il :jla i2:j2a kl :ll7 and k22127

because i1 < j1, 12 < j2, k1 < l1, and kg < lo. Then the semigroup operation of €y (a, b)
implies that

W=7 <k, d2=7<I, k=04<i and ky=1[ <]
Then we have that
bia? = bFrakt  pRal - bF2aRr = bRiaR L biait L biad - b2a™2 - bR a2

and
bEal = b a™ - bia? - b2a™ = bira™ - bR L bRab - bR ek L biale.
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Since idempotents commute in %} (a, b), the last two equalities and the semigroup operati-
on of €, (a,b) imply that max{ki,4} < i,k and max{ks,i2} < j,I. Hence, again using
the semigroup operation of € (a,b) we get that bia’ = b*a'. Hence ¢ is the equality
relation on the monoid % (a, b).

Appling Proposition 2 we obtain that the statement of the proposition holds for the

monoid €_(a,b). O
Since o
bry gl if y < 4
bea¥ - bla’ =< brdl, if y = i;
b aY, if y > 1,
we have that
%4 (a,b) - bla’ = {b*a’ € € (a,b): t >} (9)

for any ¢ € w. This implies that if 7 is a Hausdorff left—contlnuous topology on the semi-
group % (a,b) then for any idempotent bia’ € € (a,b) the right shift pyi,i: €4 (a,b) —
% (a,b) is a retraction, €y (a,b)-b'a’ is a retract of (¢, (a,b),7), and hence €, (a, b)-b'a’
is a closed subset of the topological space (€ (a,b), ) (see [14, Ex. 1.5.C]). The above
arguments imply that every element b*a' of the monoid €, (a,b) has a finite open nei-
ghbourhood in the space (¢, (a, b), 7). Since the topology 7 is Hausdorff, b'a’ is an isolated
point (€4 (a,b), 7). Hence we proved the following theorem.

Theorem 1. Every Hausdorff left-continuous topology on the monoid €y (a,b) is discrete.
Proposition 2 and Theorem 1 imply the following theorem.

Theorem 2. Every Hausdorff right-continuous topology on the monoid €—_(a,b) is di-
screte.

In the paper [7] the following two examples are constructed.
Example 1 (|7, Example 2]). The topology 72 on the bicyclic monoid %(a, b) is defined
in the following way. For any b'a’ € € (a,b) and any non-negahtive integer n put
On(b'a’) = {b'a? } U {b" T 1 > n}.
Let %2(b'a’) = {O(b'a?): n € w} be the system of open neighbourhoods at the point
blal € €(a,b). It is obvious that the family %, = Ui jew %2 (b'a?) satisfies the properties
(BP1)—(BP3) of [14], and hence it generates a topology on € (a,b).
Example 2 ([7, Example 3]). The topology 7. on the bicyclic semigroup %(a,b) is
defined in the following way. For any non-negative integer n put
C, ={ba’ € €(a,b):4,j <n}.

Let o o o

B(b'a’) = {Wy,(b'a’) = {b'a’} UE€(a,b)\ Cr: n € w}
be the system of open neighbourhoods at the point b‘a’ € %'(a,b). It is obvious that
the family %, = U AB.(b'a’) satisfies the properties (BP1)—(BP3) of [14], and hence it

1, Ew
generates the topology 7. on € (a,b).
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By Proposition 2 of [7], 72 is a locally compact semigroup T3 -topology on the bicyclic
semigroup %(a,b). Simple verifications show that 7 induces on the monoid € (a,b)
a locally compact semigroup Ti-topology. Also, by Proposition 3 of [7], 7. is a shift-
continuous compact T3-topology on % (a,b). It is obvious that 7. induces on the monoid
%+ (a,b) a shift-continuous compact T;-topology.

Lemma I.1 of [13] implies

Lemma 1. For each v,w € €4(a,b) both sets {u € €4(a,b)): vu = w} and {u €
@1 (a,b): uv =w} are finite.

Proposition 4 describes the closure of the monoid %4 (a,b) in a Hausdorfl semi-
topological monoid.

Proposition 4. If the monoid €y (a,b) is a dense subsemigroup of a Hausdorff semi-
topological monoid S and I = S\ €y (a,b) # & then I is a closed two-sided ideal of the
semigroup S.

Proof. Since every discrete space is locally compact, Theorem 3.3.9 of [14] implies that
%+ (a,b) is an open subset of S.

Fix an arbitrary element y € I. If xy = z ¢ I for some = € ¥ (a,b) then there exists
an open neighbourhood U (y) of the point y in the space S such that {z} - U(y) = {z} C
%4+ (a,b). The neighbourhood U(y) contains infinitely many elements of the semigroup
%4 (a,b). This contradicts Lemma 1. The obtained contradiction implies that zy € I for
all x € € (a,b) and y € I. The proof of the statement that yz € I for all x € € (a,b)
and y € [ is similar.

Suppose to the contrary that zy = w ¢ I for some z,y € I. Then w € € (a,b)
and the separate continuity of the semigroup operation in S implies that there exist
open neighbourhoods U(x) and U(y) of the points x and y in S, respectively, such that
{z}-U(y) = {w} and U(z)-{y} = {w}. Since both neighbourhoods U(x) and U (y) contain
infinitely many elements of the semigroup %4 (a,b), both equalities {z}-U(y) = {w} and
U(z) - {y} = {w} contradict mentioned above Lemma 1. The obtained contradiction
implies that zy € I. O

The proof of Proposition 5 is similar to Proposition 4.

Proposition 5. If the monoid €_(a,b) is a dense subsemigroup of a Hausdorff semi-
topological monoid S and I = S\ €_(a,b) # & then I is a closed two-sided ideal of the
semigroup S.

It is well known that neither the bicyclic monoid no the Taimanov semogroup ¥
do not embed into compact Hausdorff topological semigroups [16, 20]. Later we show
that there exists a compact Hausdorff topological monoid S which contains the monoid
%y (a,b) as a dense submonoid.

Example 3. Put S = % (a,b)U{0} is the monoid € (a,b) with the adjoined zero 0. We
define the topology 7s on the semigroup S in the following way. All points of %t (a,b)
are isolated in (S, 7g) and put the family Zs = {U,(0): p € w}, where

Up(0) = {0} U {V'a’ € ©y(a,b): j > p},
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is the system of open neighbourhoods at zero 0. It is obvious that the family g satisfies
the properties (BP1)—(BP3) of [14], and hence it generates the topology 7s on the monoid
S. It is obvious that (S, 7s) is a Hausdorft topological space, and since the set U, (0) \ {0}
has the finite complement in % (a,b), the space (S, 7g) is compact.
The following equality
bV tigl, if y < 4
bea¥ - bla’ =< brdl, if y = i; (10)

b aY, if y > 1,
implies that U,(0) - U,(0) C U,(0) and b*a' - U,(0) C U,(0) for any b*a' € €, (a,b).
Also by (10) we have that U,(0) - b’a’ C U,(0) for p > i. Hence (S, 7s) is a topological
semigroup.

3. SOME EXAMPLES

In this section we construct non-discrete Hausdorff right-continuous topology on the
monoid %4 (a,b) which is not left-continuous.

By (w,+) we denote the additive semigroup of non-negative integers.

The semigroup operation of € (a,b) implies that
Ry = {bkalﬁ'S € €r(a,b): s € w}

is a subsemigroup of €, (a, b) for any k € w. For any k € w we define the map ¢;: (w,+) —
Ry, by the formula ¢4 (s) = b*a*T*. Since 11,(s1 + s2) = bFakT5172 and

tk(s1) - ti(s2) = pEaktst . phghtsa _ pkgst | ghtse _ bkak+sl+s2’

we obtain that the map ¢; is a monoid homomorphism. It is obvious that the map ¢y is
bijective, and hence it is an isomorphism.

Let p be a prime positive integer. Then the family of subgroups {p"Z: n € N} of
the additive group of integers Z form a fundamental system of neighborhoods of the zero
0 for a linear precompact topology 7, on Z, which is usually called the p-adic topology
(see [12, p. 45]). It is well known that for any prime integer p the p-adic topology 7, on
the additive group of integers Z is a group topology, i.e., the group operation and the
inversion are continuous in (Z, 7).

Example 4. Fix an arbitrary prime positive integer p. Put T; is the induced topology on
(w,+) from (Z,7,). Since 7, is a group topology on the additive group of integers Z and
(w, +) is a subsemigroup of Z, we have that 7/ is a semigroup topology on (w, +). Since the
To-space of a topological group is completely regular (Tychonoff), Theorem 2.1.6 of [14]
implies that (w,+,7,) is a completely regular space. Also, by Hausdorffness of (w,7)
we have that the family %) (s) = {Un(s): n € w}, where Uyn(s) = {s+p"j: j € w},
determines the system of open neighbourhoods at the point s in the space (w,7}).

We define the topology 7, on the semigroup %’y (a,b) in the following way. For any
k,s € w we denote W, (b*a**+*) = 1;(U,(s)) and put the family

B (VFarT) = (W, (bFa* ) n e w}
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is the system of open neighbourhoods at the point b*a***. It is obvious that the family
By = {Bf(0Fa"T%): k, s € w} satisfies the properties (BP1)-(BP3) of [14], and hence
it generates the topology 7,7 on the monoid ¢, (a,b).

Simple calculations show that

W, (bFak**) = {bkak+s+pnj: Jj€ w}

for any k, s € w. This implies that the topological space (%4 (a,b), T;) is homeomorphic
to a countable topological sum of spaces (w, T;;). By the Birkhoff-Kakutani Theorem (see
[23, Section 1.22]) the topological group (Z, 7,,) is metrizable, and hence by Theorem 4.2.1
of [14] the space (€4 (a,b),7,") is metrizable as well. Also by Corollary 4.1.13 of [14] the
space (€4 (a,b), T;) is perfectly normal, i.e., (¢ (a,b),T;) is a normal space and every
closed subset of (% (a,b),7,") is a Gs-set.
Proposition 6. (¢, (a, b),T;r) is a right topological semigroup. Moreover (‘&.(a,b),T;)
s not a left topological semigroup.
Proof. Fix arbitrary b¥taf1+s1 pF2ak2ts2 ¢ €, (a,b), ki, k, 51, 52 € w.

We consider the possible cases.

If k1 + s1 < ko, then

prigkitsy | ph2 gkats2 _ phki—ki—sitks jkatsz _ phka—sikats2

and for any n € w we get that

bR R T, (B2 ghe ey — {bklak1+sl L pRaghatsa e’ j g w} _
_ {bk2—51ak2+52+pnj: J c OJ} —
W,

(bk2—81 ak2+52)_

n
If k1 + s1 = ko, then
k1 ki+s ko ko+sa _ 1k1 kots
phrghitsy | pkegketsz — pha ke 2,

and for any n € w we obtain that
bR gk T, (b2 gk ey — {bklak1+sl phzghetsatrti. g w} _
= {bklak2+32+pnj: je w} =
W,

n(bkl ak2+82).

If ki +s1 > kg, then
prrgkitsy | pke gkats2 _ pkigkitsi—katkatse _ pha ak1+51+827

and for any n € w we get that
bk1ak1+81 . Wn(bkzaszrsz) _ {bklak1+81 . bkzak2+82+Pnj: ] c OJ} —
— {bk1ak1+81+52+Pnj: ] c LU} —
W,

n(bkl ak1+51+52).
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The above arguments imply that (¢ (a,b), T;r ) is a right topological semigroup.

Next we show that the second statement holds. It is obvious that 1 -ba = ba. For
any open neighbourhood W, (1) = {a?"7: j € w} of the unit element 1 in (¢4 (a,b),7,")
we have that

Wi(1) - ba = {apnj “ba: j € w}.
Then for any positive integer j we get that
a?"7 - ba = a®"7 ¢ W,,(ba)

for any m € w. This completes the second part of the proposition. O

Remark 1. Simple verifications show that for arbitrary bF1ak1+s1 pFzgh2ts2 ¢ @, (a,b),
ki,k2, 51,82 € w with ky + s1 < ko, the semigroup operation is not right-continuous in
(% (a,b),7,"). The proof of this statement is similar to the second statement of Proposi-
tion 6.

Propositions 2 and 6 imply the following.

Proposition 7. The semigroup €—(a,b) admits a non-discrete left-continuous topology
7, which is not right-continuous.

Remark 2. Alex Ravsky in Topological Algebra Seminar at Lviv University posed the
following question: Is any Hausdorff left-continuous (right-continuous) topology on the
semigroup €y (a,b) (€4(a,b)) discrete? Propositions 6 and 7 give negative answer on
this question.
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We find anti-isomorphic submonoids %4 (a,b) and %_(a,b) of the bicyclic
monoid € (a,b) with the following properties: every Hausdorff left-continuous
(right-continuous) topology on %4 (a,b) (¢-(a,b)) is discrete and there exists
a compact Hausdorff topological monoid S which contains ¢ (a,b) (¢-(a,b))
as a submonoid. Also, we construct a non-discrete right-continuous (left-
continuous) topology 7,7 (7, ) on the semigroup %4 (a,b) (¢-(a,b)) which is
not left-continuous (right-continuous).

Karowost caoea: semitopological semigroup, topological semigroup, left

semitopological semigroup, right semitopological semigroup, discrete topology,
bicyclic monoid, compact, locally compact, Baire space.



