
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2024. Âèïóñê 96. Ñ. 25�36

Visnyk of the Lviv Univ. Series Mech. Math. 2024. Issue 96. P. 25�36

http://publications.lnu.edu.ua/bulletins/index.php/mmf

doi: http://dx.doi.org/10.30970/vmm.2024.96.025-036

ÓÄÊ 512.536

ON NON-TOPOLOGIZABLE SEMIGROUPS

Dedicated to 75th Anniversary of Professor Mykola Komarnytyskyy

Oleg GUTIK

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, UKRAINE

e-mails: oleg.gutik@lnu.edu.ua

We �nd anti-isomorphic submonoids C+(a, b) and C−(a, b) of the bicyclic
monoid C (a, b) with the following properties: every Hausdor� left-continuous
(right-continuous) topology on C+(a, b) (C−(a, b)) is discrete and there exists
a compact Hausdor� topological monoid S which contains C+(a, b) (C−(a, b))
as a submonoid. Also, we construct a non-discrete right-continuous (left-
continuous) topology τ+

p (τ−
p ) on the semigroup C+(a, b) (C−(a, b)) which is

not left-continuous (right-continuous).
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1. Introduction, motivation and main definitions

In this paper we shall follow the terminology of [6, 8, 14, 25].

By ω we denote the set of all non-negative integers. Throughout these notes we
always assume that all topological spaces involved are Hausdor� � unless explicitly
stated otherwise.

De�nition 1. Let X, Y and Z be topological spaces. A map f : X × Y → Z, (x, y) 7→
f(x, y), is called

(i) right [left ] continuous if it is continuous in the right [left] variable; i.e., for every
�xed x0 ∈ X [y0 ∈ Y ] the map Y → Z, y 7→ f(x0, y) [X → Z, x 7→ f(x, y0)] is
continuous;

(ii) separately continuous if it is both left and right continuous;
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(iii) jointly continuous if it is continuous as a map between the product space X ×Y
and the space Z.

De�nition 2 ([6, 25]). Let S be a non-void topological space which is provided with an
associative multiplication (a semigroup operation) µ : S × S → S, (x, y) 7→ µ(x, y) = xy.
Then the pair (S, µ) is called

(i) a right topological semigroup if the map µ is right continuous, i.e., all interior left
shifts λs : S → S, x 7→ sx, are continuous maps, s ∈ S;

(ii) a left topological semigroup if the map µ is left continuous, i.e., all interior right
shifts ρs : S → S, x 7→ xs, are continuous maps, s ∈ S;

(iii) a semitopological semigroup if the map µ is separately continuous;
(iv) a topological semigroup if the map µ is jointly continuous.

We usually omit the reference to µ and write simply S instead of (S, µ). It goes
without saying that every topological semigroup is also semitopological and every semi-
topological semigroup is both a right and left topological semigroup.

A topology τ on a semigroup S is called:

• a semigroup topology if (S, τ) is a topological semigroup;
• a shift-continuous topology if (S, τ) is a semitopological semigroup;
• an left-continuous topology if (S, τ) is a left topological semigroup;
• an right-continuous topology if (S, τ) is a right topological semigroup.

The bicyclic monoid C (a, b) is the semigroup with the identity 1 generated by two
elements a and b subjected only to the condition ab = 1. The semigroup operation on
C (a, b) is determined as follows:

bkal · bman =

 bk−l+man, if l < m;
bkan, if l = m;
bkal−m+n, if l > m.

It is well known that the bicyclic monoid C (a, b) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on C (a, b) is a
group congruence [8].

For a semigroups S and T a map α : S → S is said to be an anti-homomorphism
if α(s · t) = α(t) · α(s). A bijective anti-homomorphism of semigroups is called an anti-
isomorphism.

It is well known that topological algebra studies the in�uence of topological properti-
es of its objects on their algebraic properties and the in�uence of algebraic properties of
its objects on their topological properties. There are two main problems in topological
algebra: the problem of non-discrete topologization and the problem of embedding into
objects with some topological-algebraic properties.

In mathematical literature the question about non-discrete (Hausdor�) topologi-
zation was posed by Markov in [22]. Pontryagin gave well known conditions on a base at
the unity of a group for its non-discrete topologization (see Theorem 4.5 of [18]). Various
authors have re�ned Markov's question: can a given in�nite group G endowed with a
non-discrete group topology be embedded into a compact topological group? Again, for an
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arbitrary Abelian group G the answer is a�rmative, but there is a non-Abelian topologi-
cal group that cannot be embedded into any compact topological group (see Section 9 of
[9]).

Also, Ol'shanskiy [24] constructed an in�nite countable group G such that every
Hausdor� group topology on G is discrete. Taimanov presented in [26] a commutative
semigroup T which admits only discrete Hausdor� semigroup topology. Also in [27] he
gave su�cient conditions on a commutative semigroup to have a non-discrete semigroup
topology. In [16] it is proved that each shift-continuous T1-topology on the Taimanov
semigroup T is discrete.

The bicyclic monoid admits only the discrete shift-continuous Hausdor� topology
[13, 5]. In [7] non-discrete shift-continuous (semigroup, semigroup inverse) T1-topologies
on the bicyclic monoid C (a, b) are constructed. Also in [7] are presented the su�cient
conditions when a shift-continuous T1-topology on C (a, b) is discrete. If a Hausdor�
(semi)topological semigroup T contains the bicyclic monoid C (a, b) as a dense proper
semigroup then T \C (a, b) is a closed ideal of T [13, 15]. Moreover, the closure of C (a, b)
in a locally compact topological inverse semigroup can be obtained (up to isomorphism)
from C (a, b) by adjoining the additive group of integers in a suitable way [13].

Stable and Γ-compact topological semigroups do not contain the bicyclic monoid [1,
19, 20]. The problem of embedding the bicyclic monoid into compact-like topological
semigroups was studied in [2, 3, 4, 17].

Subsemigroups of the bicyclic monoid are studied in [10, 11, 21].

We de�ne the following subsets of the bicyclic monoid

C+(a, b) =
{
biaj ∈ C (a, b) : i ⩽ j

}
and C−(a, b) =

{
biaj ∈ C (a, b) : i ⩾ j

}
.

Proposition 1. C+(a, b) and C−(a, b) are submonoids of C (a, b).

Proof. For arbitrary bi1aj1 , bi2aj2 ∈ C+(a, b) by the semigroup operation of the bicyclic
monoid C (a, b) we have that

bi1aj1 · bi2aj2 =

{
bi1−j1+i2aj2 , if j1 ⩽ i2;
bi1aj1−i2+j2 , if j1 > i2.

If j1 ⩽ i2 we have that i1 − j1 + i2 ⩾ i2 ⩾ 0. Since j1 ⩽ j1 and j2 ⩽ j2 we get that
i1 − j1 + i2 ⩽ i2, and hence i1 − j1 + i2 ⩽ j2.

If j1 > i2 we get that j1 − i2 + j2 ⩾ j1 because i2 ⩽ j2. Hence j1 − i2 + j2 ⩾ i1.

It is obvious that 1 = b0a0 is the identity element of C+(a, b). This and above
arguments imply that C+(a, b) is a submonois of C (a, b).

The proof the statement that C−(a, b) is a submonoid of C (a, b) is similar. □

In this paper we prove that every Hausdor� left-continuous (right-continuous)
topology on the monoid C+(a, b) (C−(a, b)) is discrete and show that there exists
a compact Hausdor� topological monoid S which contains C+(a, b) (C−(a, b)) as
a submonoid. Also, we construct a non-discrete right-continuous (left-continuous)
topology τ+p (τ−p ) on the semigroup C+(a, b) (C−(a, b)) which is not left-continuous
(right-continuous).
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2. Algebraic properties and topologizations of monoids C+(a, b)
and C−(a, b)

Proposition 2. The monoids C+(a, b) and C−(a, b) are anti-isomorphic.

Proof. We de�ne a map α : C+(a, b) → C−(a, b) by the formula α(biaj) = bjai. Then for
any bi1aj1 , bi2aj2 ∈ C+(a, b) we have that

α(bi1aj1 · bi2aj2) =
{

α(bi1−j1+i2aj2), if j1 ⩽ i2;
α(bi1aj1−i2+j2), if j1 > i2.

=

=

 bj2ai1−j1+i2 , if j1 < i2;
bj2ai1 , if j1 = i2;
bj1−i2+j2ai1 , if j1 > i2

and

α(bi1aj1) · α(bi2aj2) = bj1ai1 · bj2ai2 =

=

 bj2ai1−j1+i2 , if j1 < i2;
bj2ai1 , if j1 = i2;
bj1−i2+j2ai1 , if j1 > i2.

This implies that the map α is an anti-homomorphism. It is obvious that the so de�ned
map α : C+(a, b) → C−(a, b) is bijective, and hence it is an anti-isomorphism of monoids
C+(a, b) and C−(a, b), because α(b0a0) = b0a0 = 1. □

If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D
and H (see [8, Section 2.1]):

aRb if and only if aS1 = bS1;

aL b if and only if S1a = S1b;

aJ b if and only if S1aS1 = S1bS1;

D = L ◦ R = R ◦ L ;

H = L ∩ R.

The following proposition describes Green's relations on monoids C+(a, b) and
C−(a, b).

Proposition 3. Green's relations R, L , J , D and H on monoids C+(a, b) and
C−(a, b) coincide with the equality relation.

Proof. Suppose that biajL bkal in C+(a, b) for some i, j, k, l ∈ ω, i ⩽ j, and k ⩽ l. Then
there exist bxay, buav ∈ C+(a, b) such that biaj = buav · bkal and bkal = bxay · biaj . Then
the equalities

bkal = bxay · biaj =

 bx−y+iaj , if y < i;
bxaj , if y = i;
bxay−i+j , if y > i

(1)

imply that l ⩾ j, and by the equalities

biaj = buav · bkal =

 bu−v+kal, if v < k;
bual, if v = k;
buak−v+l, if v > k

(2)
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we get that l ⩽ j, and hence l = j. Also, the equalities (1) imply that k−l = (x−y)+(i−j).
Since x ⩽ y, we have that k − l ⩽ i − j. Similar, the equalities (2) imply that i − j =
(u− v) + (k− l), and hence i− j ⩽ k− l. Thus, i− j = k− l. Since l = j, we obtain that
k = i. Hence L is the equality relation on the monoid C+(a, b).

Suppose that biajRbkal in C+(a, b) for some i, j, k, l ∈ ω, i ⩽ j, and k ⩽ l. Then
there exist bxay, buav ∈ C+(a, b) such that biaj = bkal · buav and bkal = biaj · bxay. By
the equalities

bkal = biaj · bxay =

 bi−j+xay, if j < x;
biay, if j = x;
biaj−x+y, if j > x

(3)

we get that k ⩾ i, and by the equalities

biaj = bkal · buav =

 bk−l+uav, if l < u;
bkav, if l = u;
bkal−u+v, if l > u

(4)

we get that k ⩽ i, and hence k = i. The equalities (3) imply that k− l = (i− j)+(x−y).
Since x ⩽ y, we have that k − l ⩾ i − j. Similar, the equalities (4) imply that i − j =
(k− l) + (u− v), and hence i− j ⩾ k− l. Thus, i− j = k− l. Since l = j, we obtain that
k = i. Hence R is the equality relation on the monoid C+(a, b).

Since H = L ∩ R and D = L ◦ R = R ◦ L , the previous part of the proof imply
that H = D = L = R in C+(a, b).

Suppose that biajJ bkal in C+(a, b) for some i, j, k, l ∈ ω, i ⩽ j, and k ⩽ l. Then
there exist bk1al1 , bk2al2 , bi1aj1 , bi2aj2 ∈ C+(a, b) such that

biaj = bk1al1 · bkal · bk2al2 (5)

and

bkal = bi1aj1 · biaj · bi2aj2 . (6)

The semigroup operation of C+(a, b) implies that

i− j = (k1 − l1) + (k − l) + (k2 − l2), (7)

and since k1 ⩽ l1 and k2 ⩽ l2, we get that i− j ⩽ k − l. Similar we get that

k − l = (i1 − j1) + (i− j) + (i2 − j2), (8)

and since i1 ⩽ j1 and i2 ⩽ j2, we have that k−l ⩽ i−j. Hence we obtain that i−j = k−l.
The last equality and equalities (7) and (8) imply that

i1 = j1, i2 = j2, k1 = l1, and k2 = l2,

because i1 ⩽ j1, i2 ⩽ j2, k1 ⩽ l1, and k2 ⩽ l2. Then the semigroup operation of C+(a, b)
implies that

i1 = j1 ⩽ k, i2 = j2 ⩽ l, k1 = l1 ⩽ i, and k2 = l2 ⩽ j.

Then we have that

biaj = bk1ak1 · bkal · bk2ak2 = bk1ak1 · bi1ai1 · biaj · bi2ai2 · bk2ak2

and

bkal = bi1ai1 · biaj · bi2ai2 = bi1ai1 · bk1ak1 · bkal · bk2ak2 · bi2ai2 .
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Since idempotents commute in C+(a, b), the last two equalities and the semigroup operati-
on of C+(a, b) imply that max{k1, i1} ⩽ i, k and max{k2, i2} ⩽ j, l. Hence, again using
the semigroup operation of C+(a, b) we get that biaj = bkal. Hence J is the equality
relation on the monoid C+(a, b).

Appling Proposition 2 we obtain that the statement of the proposition holds for the
monoid C−(a, b). □

Since

bxay · biai =

 bx−y+iai, if y < i;
bxai, if y = i;
bxay, if y > i,

we have that

C+(a, b) · biai =
{
bsat ∈ C+(a, b) : t ⩾ i

}
(9)

for any i ∈ ω. This implies that if τ is a Hausdor� left-continuous topology on the semi-
group C+(a, b) then for any idempotent biai ∈ C+(a, b) the right shift ρbiai : C+(a, b) →
C+(a, b) is a retraction, C+(a, b) ·biai is a retract of (C+(a, b), τ), and hence C+(a, b) ·biai
is a closed subset of the topological space (C+(a, b), τ) (see [14, Ex. 1.5.C]). The above
arguments imply that every element bkal of the monoid C+(a, b) has a �nite open nei-
ghbourhood in the space (C+(a, b), τ). Since the topology τ is Hausdor�, b

lal is an isolated
point (C+(a, b), τ). Hence we proved the following theorem.

Theorem 1. Every Hausdor� left-continuous topology on the monoid C+(a, b) is discrete.

Proposition 2 and Theorem 1 imply the following theorem.

Theorem 2. Every Hausdor� right-continuous topology on the monoid C−(a, b) is di-
screte.

In the paper [7] the following two examples are constructed.

Example 1 ([7, Example 2]). The topology τ2 on the bicyclic monoid C (a, b) is de�ned
in the following way. For any biaj ∈ C (a, b) and any non-negahtive integer n put

On(b
iaj) =

{
biaj

}
∪ {bi+laj+l : l > n}.

Let B2(b
iaj) =

{
On(b

iaj) : n ∈ ω
}
be the system of open neighbourhoods at the point

biaj ∈ C (a, b). It is obvious that the family B2 =
⋃

i,j∈ω B2(b
iaj) satis�es the properties

(BP1)�(BP3) of [14], and hence it generates a topology on C (a, b).

Example 2 ([7, Example 3]). The topology τc on the bicyclic semigroup C (a, b) is
de�ned in the following way. For any non-negative integer n put

Cn =
{
biaj ∈ C (a, b) : i, j ⩽ n

}
.

Let

Bc(b
iaj) =

{
Wn(b

iaj) =
{
biaj

}
∪ C (a, b) \ Cn : n ∈ ω

}
be the system of open neighbourhoods at the point biaj ∈ C (a, b). It is obvious that

the family Bc =
⋃

i,j∈ω

Bc(b
iaj) satis�es the properties (BP1)�(BP3) of [14], and hence it

generates the topology τc on C (a, b).
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By Proposition 2 of [7], τ2 is a locally compact semigroup T1-topology on the bicyclic
semigroup C (a, b). Simple veri�cations show that τ2 induces on the monoid C+(a, b)
a locally compact semigroup T1-topology. Also, by Proposition 3 of [7], τc is a shift-
continuous compact T1-topology on C (a, b). It is obvious that τc induces on the monoid
C+(a, b) a shift-continuous compact T1-topology.

Lemma I.1 of [13] implies

Lemma 1. For each v, w ∈ C+(a, b) both sets {u ∈ C+(a, b)) : vu = w} and {u ∈
C+(a, b) : uv = w} are �nite.

Proposition 4 describes the closure of the monoid C+(a, b) in a Hausdor� semi-
topological monoid.

Proposition 4. If the monoid C+(a, b) is a dense subsemigroup of a Hausdor� semi-
topological monoid S and I = S \ C+(a, b) ̸= ∅ then I is a closed two-sided ideal of the
semigroup S.

Proof. Since every discrete space is locally compact, Theorem 3.3.9 of [14] implies that
C+(a, b) is an open subset of S.

Fix an arbitrary element y ∈ I. If xy = z /∈ I for some x ∈ C+(a, b) then there exists
an open neighbourhood U(y) of the point y in the space S such that {x} ·U(y) = {z} ⊂
C+(a, b). The neighbourhood U(y) contains in�nitely many elements of the semigroup
C+(a, b). This contradicts Lemma 1. The obtained contradiction implies that xy ∈ I for
all x ∈ C+(a, b) and y ∈ I. The proof of the statement that yx ∈ I for all x ∈ C+(a, b)
and y ∈ I is similar.

Suppose to the contrary that xy = w /∈ I for some x, y ∈ I. Then w ∈ C+(a, b)
and the separate continuity of the semigroup operation in S implies that there exist
open neighbourhoods U(x) and U(y) of the points x and y in S, respectively, such that
{x}·U(y) = {w} and U(x)·{y} = {w}. Since both neighbourhoods U(x) and U(y) contain
in�nitely many elements of the semigroup C+(a, b), both equalities {x} ·U(y) = {w} and
U(x) · {y} = {w} contradict mentioned above Lemma 1. The obtained contradiction
implies that xy ∈ I. □

The proof of Proposition 5 is similar to Proposition 4.

Proposition 5. If the monoid C−(a, b) is a dense subsemigroup of a Hausdor� semi-
topological monoid S and I = S \ C−(a, b) ̸= ∅ then I is a closed two-sided ideal of the
semigroup S.

It is well known that neither the bicyclic monoid no the Taimanov semogroup T
do not embed into compact Hausdor� topological semigroups [16, 20]. Later we show
that there exists a compact Hausdor� topological monoid S which contains the monoid
C+(a, b) as a dense submonoid.

Example 3. Put S = C+(a, b)⊔{0} is the monoid C+(a, b) with the adjoined zero 0. We
de�ne the topology τS on the semigroup S in the following way. All points of C+(a, b)
are isolated in (S, τS) and put the family BS = {Up(0) : p ∈ ω}, where

Up(0) = {0} ∪
{
biaj ∈ C+(a, b) : j ⩾ p

}
,



32
Oleg GUTIK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2024. Âèïóñê 96

is the system of open neighbourhoods at zero 0. It is obvious that the family BS satis�es
the properties (BP1)�(BP3) of [14], and hence it generates the topology τS on the monoid
S. It is obvious that (S, τS) is a Hausdor� topological space, and since the set Up(0)\{0}
has the �nite complement in C+(a, b), the space (S, τS) is compact.

The following equality

bxay · biai =

 bx−y+iai, if y < i;
bxai, if y = i;
bxay, if y > i,

(10)

implies that Up(0) · Up(0) ⊆ Up(0) and bkal · Up(0) ⊆ Up(0) for any bkal ∈ C+(a, b).
Also by (10) we have that Up(0) · biai ⊆ Up(0) for p ⩾ i. Hence (S, τS) is a topological
semigroup.

3. Some examples

In this section we construct non-discrete Hausdor� right-continuous topology on the
monoid C+(a, b) which is not left-continuous.

By (ω,+) we denote the additive semigroup of non-negative integers.

The semigroup operation of C+(a, b) implies that

Rk =
{
bkak+s ∈ C+(a, b) : s ∈ ω

}
is a subsemigroup of C+(a, b) for any k ∈ ω. For any k ∈ ω we de�ne the map ιk : (ω,+) →
Rk by the formula ιk(s) = bkak+s. Since ιk(s1 + s2) = bkak+s1+s2 and

ιk(s1) · ιk(s2) = bkak+s1 · bkak+s2 = bkas1 · ak+s2 = bkak+s1+s2 ,

we obtain that the map ιk is a monoid homomorphism. It is obvious that the map ιk is
bijective, and hence it is an isomorphism.

Let p be a prime positive integer. Then the family of subgroups {pnZ : n ∈ N} of
the additive group of integers Z form a fundamental system of neighborhoods of the zero
0 for a linear precompact topology τp on Z, which is usually called the p-adic topology
(see [12, p. 45]). It is well known that for any prime integer p the p-adic topology τp on
the additive group of integers Z is a group topology, i.e., the group operation and the
inversion are continuous in (Z, τp).

Example 4. Fix an arbitrary prime positive integer p. Put τ ip is the induced topology on
(ω,+) from (Z, τp). Since τp is a group topology on the additive group of integers Z and
(ω,+) is a subsemigroup of Z, we have that τ ip is a semigroup topology on (ω,+). Since the
T0-space of a topological group is completely regular (Tychono�), Theorem 2.1.6 of [14]
implies that (ω,+, τ ip) is a completely regular space. Also, by Hausdor�ness of (ω, τ ip)

we have that the family Bi
p(s) = {Un(s) : n ∈ ω}, where Un(s) = {s+ pnj : j ∈ ω},

determines the system of open neighbourhoods at the point s in the space (ω, τ ip).

We de�ne the topology τ+p on the semigroup C+(a, b) in the following way. For any

k, s ∈ ω we denote Wn(b
kak+s) = ιk(Un(s)) and put the family

B+
p (b

kak+s) =
{
Wn(b

kak+s) : n ∈ ω
}
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is the system of open neighbourhoods at the point bkak+s. It is obvious that the family
B+

p =
{
B+

p (b
kak+s) : k, s ∈ ω

}
satis�es the properties (BP1)�(BP3) of [14], and hence

it generates the topology τ+p on the monoid C+(a, b).

Simple calculations show that

Wn(b
kak+s) =

{
bkak+s+pnj : j ∈ ω

}
for any k, s ∈ ω. This implies that the topological space (C+(a, b), τ

+
p ) is homeomorphic

to a countable topological sum of spaces (ω, τ ip). By the Birkho�-Kakutani Theorem (see
[23, Section 1.22]) the topological group (Z, τp) is metrizable, and hence by Theorem 4.2.1
of [14] the space (C+(a, b), τ

+
p ) is metrizable as well. Also by Corollary 4.1.13 of [14] the

space (C+(a, b), τ
+
p ) is perfectly normal, i.e., (C+(a, b), τ

+
p ) is a normal space and every

closed subset of (C+(a, b), τ
+
p ) is a Gδ-set.

Proposition 6. (C+(a, b), τ
+
p ) is a right topological semigroup. Moreover (C+(a, b), τ

+
p )

is not a left topological semigroup.

Proof. Fix arbitrary bk1ak1+s1 , bk2ak2+s2 ∈ C+(a, b), k1, k2, s1, s2 ∈ ω.

We consider the possible cases.

If k1 + s1 < k2, then

bk1ak1+s1 · bk2ak2+s2 = bk1−k1−s1+k2ak2+s2 = bk2−s1ak2+s2 ,

and for any n ∈ ω we get that

bk1ak1+s1 ·Wn(b
k2ak2+s2) =

{
bk1ak1+s1 · bk2ak2+s2+pnj : j ∈ ω

}
=

=
{
bk2−s1ak2+s2+pnj : j ∈ ω

}
=

= Wn(b
k2−s1ak2+s2).

If k1 + s1 = k2, then

bk1ak1+s1 · bk2ak2+s2 = bk1ak2+s2 ,

and for any n ∈ ω we obtain that

bk1ak1+s1 ·Wn(b
k2ak2+s2) =

{
bk1ak1+s1 · bk2ak2+s2+pnj : j ∈ ω

}
=

=
{
bk1ak2+s2+pnj : j ∈ ω

}
=

= Wn(b
k1ak2+s2).

If k1 + s1 > k2, then

bk1ak1+s1 · bk2ak2+s2 = bk1ak1+s1−k2+k2+s2 = bk1ak1+s1+s2 ,

and for any n ∈ ω we get that

bk1ak1+s1 ·Wn(b
k2ak2+s2) =

{
bk1ak1+s1 · bk2ak2+s2+pnj : j ∈ ω

}
=

=
{
bk1ak1+s1+s2+pnj : j ∈ ω

}
=

= Wn(b
k1ak1+s1+s2).



34
Oleg GUTIK

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2024. Âèïóñê 96

The above arguments imply that (C+(a, b), τ
+
p ) is a right topological semigroup.

Next we show that the second statement holds. It is obvious that 1 · ba = ba. For
any open neighbourhood Wn(1) =

{
ap

nj : j ∈ ω
}
of the unit element 1 in (C+(a, b), τ

+
p )

we have that

Wn(1) · ba =
{
ap

nj · ba : j ∈ ω
}
.

Then for any positive integer j we get that

ap
nj · ba = ap

nj /∈ Wm(ba)

for any m ∈ ω. This completes the second part of the proposition. □

Remark 1. Simple veri�cations show that for arbitrary bk1ak1+s1 , bk2ak2+s2 ∈ C+(a, b),
k1, k2, s1, s2 ∈ ω with k1 + s1 ⩽ k2, the semigroup operation is not right-continuous in
(C+(a, b), τ

+
p ). The proof of this statement is similar to the second statement of Proposi-

tion 6.

Propositions 2 and 6 imply the following.

Proposition 7. The semigroup C−(a, b) admits a non-discrete left-continuous topology
τ−p which is not right-continuous.

Remark 2. Alex Ravsky in Topological Algebra Seminar at Lviv University posed the
following question: Is any Hausdor� left-continuous (right-continuous) topology on the
semigroup C+(a, b) (C+(a, b)) discrete? Propositions 6 and 7 give negative answer on
this question.
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We �nd anti-isomorphic submonoids C+(a, b) and C−(a, b) of the bicyclic
monoid C (a, b) with the following properties: every Hausdor� left-continuous
(right-continuous) topology on C+(a, b) (C−(a, b)) is discrete and there exists
a compact Hausdor� topological monoid S which contains C+(a, b) (C−(a, b))
as a submonoid. Also, we construct a non-discrete right-continuous (left-
continuous) topology τ+

p (τ−
p ) on the semigroup C+(a, b) (C−(a, b)) which is

not left-continuous (right-continuous).

Êëþ÷îâi ñëîâà: semitopological semigroup, topological semigroup, left
semitopological semigroup, right semitopological semigroup, discrete topology,
bicyclic monoid, compact, locally compact, Baire space.


