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Some nonlinear parabolic integro-differential system with the variable expo-
nent of the nonlinearity is considered. The initial-boundary value problem for
this system is investigated and the existence and uniqueness theorems for the
problem are proved. Some convergence results if parameter tends to zero are
also obtained.
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1. INTRODUCTION

Let n € N and T > 0 be fixed numbers, Q) C R™ be a bounded domain with the
boundary 99, Qo == Q x (0,7), Q; := {(z,t) |z € Q, t =7}, 7 € [0,T]. We seek
weak solutions {u®,7¢}, where u® = (u§,...,u5) : Qor — R™ and 7° : Qo.r — R, of the
problem

i = Aut gl ) ot 120 - / 3.t y)us (y, 1) dy) +V7 = Fo,t) in Qo (1)
Q

e(my — An®) +dive® = f(z,t) in Qor, (2)
u[aax(0,1) = 0, (3)

7 laax 0,1y = 0, (4)

ufli=o = up(z) in Q, (5)

|0 = mo(z) in Q. (6)
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02 0? 0?
Here ¢ > 0 is a number, A := — + —— + ... + =— is the Laplacian, V :=
Oxy  Oxj 0x2
a 0 ou;  0us ous,
— — ...,—) is a gradient, divu® := —* + —2 4+ ... + —2 is a divergence
(83:1 "Oxy’ 8xn) & ’ Ox1  Oxs Oz, & ’

3 is a n-order square matrix-function and g,q,®, F, f,ug, 79 are some functions, in
particular, ¢ is a variable exponent of the nonlinearity of system (1). Also we investi-
gate the behaviour of the weak solutions {u®, 7} to problem (1)—(6) if ¢ — +0. The
Navier-Stokes systems with the constant exponents of the nonlinearities are investigated
in [1], [2], [3], etc. Various equations with the variable exponents of the nonlinearity
are considered in [4], [5], [6], [7], [8], [9] (see also the references given there). The
integro-differential equations are investigate in [10], [11], [12], [13], [14]. In his paper
[15], Oskolkov proposed to approximate the Navier-Stokes system by certain parabolic
systems with small parameter. This approach is very useful in finite-difference methods
for the solutions of the initial boundary value problems for the Navier-Stokes systems
(see [15] for more details). We transfer these results on the Stokes system with the
variable exponent of the nonlinearity and call the obtained systems the Oskolkov-Stokes
systems. The results obtained here are generalizations and complements of the results
from [16]-[17], where some Stokes systems (that is (1)-(2) with e = 0) with the variable
exponent of the nonlinearity are considered.

2. NOTATION AND STATEMENT OF MAIN RESULT

Let (-, )% be a scalar product of some Hilbert space H, || - ||x = || -; X|| be a norm
of some Banach space X, the Cartesian product of space X by itself n times we denote

n
by X7, ||(21, ., 20); X7 = Z||zl||x, X* be a dual space for X, (-,-)x be a scalar
=1
product between X* and X, and |-| = |- |g~ := || - ||g=. The notation X O Y means the
continuous and densely embedding X into another space Y.

1 1
Suppose that m, N € N, p € [1, 0], » + o =1, O c RY is a bounded measurable

set (for example, O = Q or O = Qo1), M(O) is a set of all measurable functions
v:0 = R, C"™(0), C(O), and D(O) are the spaces of the smooth functions (see [18,
p. 9, 19]), L?(O) is the standard Lebesgue space (see [18, p. 22, 24]), W™®(O) and
WP (0) are the Sobolev spaces (see [18, p. 45]), W™ (0) := [Wy"*(O)]*, H™(O) :=
Wm2(0), H(0) == WJ"*(0), H-™(O) := W=™2(0), C([0,T}; X) is the spaces of
the X-valued continuous functions defined on [0, 7] (see [19, p. 147]), L?(0,7T; X) is the
Lebesgue-Bochner space (see |19, p. 155]), W™P(0,T; X) is the Sobolev-Bochner space
(see [20, p. 286]). Note that for every function u € L*(Qo ) = L'(0,T; L' (£2)) we have
u(-,t) € LY(Q), t € (0,T). For the sake of convenience we will write u(¢) instead of u(-,t)
and L'(0,T) instead of L'((0,T)), etc.

Let D*(O) and D*(0,T;X) be spaces of distributions (see [19, p. 166-170]). We
identify every f € L?(0,T;X) with the distribution (we call it f again) defined by the
following rule:

() bionny = / F()e(t) dt, ¢ € DO, T).
0
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This provides a topological embedding LP(0,7;X) C D*(0,7; X) and allows to define
the derivatives of f to be f;. Now, we define W% (0,T; X) := L?(0,T; X) and (see [3,
Sect. 3.6-3.8] and [16, Sect. 2.4] for more details)

WP (0,T; X) :={f € D*(0,T;X) | f=fo+ (f1)e, fo, o € LP(0,T;X)}
Let BL(0) := {q € L>*(0) | esseglf q(y) > O}. For every q € B4(0O), we put
Y

go := ess inf q(y), q° := ess sup q(y), Sq(r) == max {rqo, rqo}, r>0, (7)
yeO yeO

q(y):= a(y) for a.e.y € O (i—kizl and q'€B.(0), if Clo>1), (8)

aly) —1 q(y)  a'(y)
pa(w:0) 1= [ o) dy. v M(O). ©)
@

Assume that q € B1(O) and qo > 1. The set
LYW(0) := {v € M(O) | pq(v;0) < +00}
with the Luxemburg norm
o3 LA (O)]| i= inf{A > 0 | pg(0/X50) < 1)

is called a generalized Lebesgue space. It is well known that LI¥) (O) is the Banach space
which is reflexive and separable. The properties of these spaces were studied in [4], [5],
[6]-
Agsume that the following conditions are fulfilled.
(G): g € B (Qo,r), g € B4(Q), g0 > 1;
(E): 3 is a n-order square matrix with the elements from L>(Qq 1 x §2),
D = (¢d1,...,0n), 2(0) =0, ¢1,...,0, € C(R), and there exist a constant
L > 0 such that for every &;,& € R™ we have: |®(&;) — ®(&)| < LI — &
(U) F e [LQ(Q07T)]7L, ug € H;
(W): f e L*(Qor), mo € L*().
By definition, put Y; := [H}(Q) N LI@)(Q)]", Ya := HY (),

Ui(Qor) = L*(0,T; [HY(2)]™) N [LY)(Qo,r)]", U2(Qo,r) := L*(0,T;Ya);

/(u(x),v(x))]Rn de, if w=(ug,...,un),v=_(v1,...,0,): Q—R",

(u,v)q := ¢ ¢
/u(w)v(x) dz, if w,v:Q—=R;
Q
(10)
w0 ={ g 1507 reom (1)
N(®)2)(2) := gz, )|2(2)|"®22(2), z=z2(x), 2€Q, te(0,T); (12)

(Nu)(xvt)::('/\/(t)u(t))(x) = g(x,t)|u(x,t)|q(x)72u(x,t), u:u(z,t), (Iat) € QO,T; (13)



Mariana KHOMA
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2024. Bumyck 96

40

(B(t)2)(x) == / 3 ty)ay) dy, z=2(z), zeQ te(0.T)  (14)
Q

(Eu)(x,t) := (E(t)u(t))(x) = /B(x,t,y)u(y,t) dy, w=u(z,t), (x,t)€ Qor. (15)
Q

Remark 1. For smooth functions 7 : Q — R!, 2 : © — R” such that z|sq = 0 we have

/(Vﬂ',z)Rn dzr = /Zﬂ'xlzl dzx = —/7r (21)z, doz = —/7r div z dz.
1=1 1

Q Q Q 1 Q

Using Remark 1, we give the following definition.

n

Definition 1. The functions {u®,n°} are called a weak solution of problem (1)—(6) if
u® € Ur(Qo,r) N C(0, T LX), v € [U1(Qor)]"

¢ € Ua(Qo,r) NC([0, T LX), 7 € [Ua(Qor)]";
for all w € U1(Qo,1), n € U2(Qo,1), and 7 € (0,T] we have that

n

(ug, XO,Tw>U1(QO)T) + / [Z(uiﬂwzl)Rn + (Nu®, w)ge + (P(Eu®), w)gn —

=1

Qo,r
— 7 div w] dxdt = / (F,w)gn dxdt, (16)
" Qo,r
(T X0,7M vs(0.0) T / {EZﬂ;inxi + ndiv ug} dxdt = / (f,m)rn dzdt (17)
Qo,~ =t Qo,r

hold; initial conditions (5)—(6) hold.
Theorem 1 (uniqueness). Let ¢ > 0 and conditions (G)—(E) hold. Then, problem

(1)~(6) can’t have more that one weak solution {u®, 7°}.

Let A% :=v, Alv := Av is a Laplasian, A*v := A(A*"1v), s €N,

WS = {’U S HQS(Q) | 'U|6Q = AU‘BQ =...= As_11}|ag = 0}, W: = [Ws]* (18)
Suppose that
seN sZn(l—i> h i= min{2 LO} (19)
’ 2 qv)’ g0 -1

Note that if s satisfies (19), then [W,|* O [HL(Q) N Le" ()" O Y;.
Theorem 2 (existence). Let s is taken from (19), 902 € C?*, ¢ > 0, and conditions
(G)—-(W) hold. Then problem (1)—(6) has a weak solution {u®,n°}.

If formally f =0, ¢ =0, u := u°, and 7 := 7%, then from (1)-(3) and (5) we get
uy — Au+ g(z,t) |u] 7™ 20 + @(/S(x,ty)u(%t) dy) +Vrn=F(z,t) in Qor, (20)

Q
divu=0 in Qor, (21)
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uloax0,1) =0, (22)
ult=o = up(z) in Q. (23)

Let us consider the Sobolev space [H*(€2)]™ with the scalar product
((u,v))s := Z(ul,vl)Hs(Q), u=(Ur,...,up),v=(v1,...,0,) € [H*(Q)]". (24)
=1
Let Cyiy := {u € [D(Q)]" | divu = 0}, H is a closure of Cg;, in [L2(Q)]",

Zs is a closure of Cgiy in [H*(Q)]",
where

1 H|| = ([ [L2(Q)]"]] = [[has L2 + ..+ s L2(Q)]

for h = (h1,...,hy) € H, and ||z;Zs|| == /((#,2))s for z = (21,...,2n) € Zs. By
definition, put

Vii=Zin[LD@Q)",  Us(Qor) := L*(0,T; Z1) N [L1)(Qo.1)]".

Note that if s and h satisfy (19), then Z, O (Z,N[L7 (Q)]") © Vi, H-1(Q) T W-Lh(q),
and Lq‘(’%l(Q) O WbhQ).
Definition 2. The functions {u, 7} are called a weak solution of problem (20)—(23), if
w € Us(Qor) NC([0,T]; 27), s € [Us(Qor)]*, e W™5(0,T; L(Q));
for all w € U3(Qo.r) and 7 € (0, 7] we have that
(Ut, X0,7 W) vy (0. T
+ / [zn:(uxi,wxi)w (W )i + ((Bw), w)e — (Fw)se | dadt =0 (25)
Q. =1
holds; initial condition (23) holds; 7 satisfies (20) in D*(Qo.7).

Theorem 3. Let s is taken from (19), 9Q € C**, and conditions (G)—(U) hold. Then
problem (20)—(23) has a weak solution {u,7}. Moreover:

i) u is a limit of the subsequence of {u®}.~1, where every u® is taken from Theorem
2;
i1) in the sense of D*(0,T),
we get
/w(m,t) dx=0 in (0,7). (26)
Q

Notice that the Oskolkov-Stokes systems with the variable exponents of the nonli-
nearities have not been considered yet.
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3. AUXILIARY STATEMENTS

For the sake of convenience we remind some useful facts. First,

a6<——i—62

5 a,>0, >0, (27)

I+ gl S e P+ l®), v €R, mEN, (28)
(see, for example, [21, p. 168]). Let Z>_1 := {s € Z | s > —1}. The following Proposi-
tions are needed for the sequel.

Proposition 1 (the generalized De Rham theorem, [16, p. 171, Proposition 7]).
Suppose that Q0 be an open bounded connected and Lipschitz subset of R™, T' > 0, s1, 89 €
Zs_1, h1,hy € [1,00], and F € Werhi(0,T; [W*2h2(Q)]™). Then, if

(F(),v)p@yn =0 in D*(0,T) (29)
for allv eV ={ve[DQ)]" | divv=0}, then there ezists an unique
e Wt (0, Ty We2thhe () (30)
such that
Vr=F in [D*(Qor)]" (31)
/w(-) dx =0 in D*(0,T). (32)
Q

Moreover, there exists a positive number C; (independent of F, ) such that
[l WLl (0, T W02 ()| < Gy || F; W (0, T (W= ()] |- (33)

Proposition 2 (the analogue of the Fatou Lemma [25, p. 58, 63]). Let B be a

Banach space. If 23 — z slowly, or x-slowly in B, then we have that ||z||p < lim ||27|| 5.
j—o0 j—o0

For the Banach spaces X and Y the notation X O Y means the continuous embeddi-

ng and the notation X ¢ Y means the compact embedding.

Proposition 3 (the Aubin theorem, see [26] and [27, p. 393]). If s,h > 1 are fized
numbers, W, L, B are the Banach spaces, and W cr O B, then

{ue L0, T; W) | up € LM0,T; B)} C [L*(0,T; £) N C([0,T); B)).
Proposition 4 (Lemma 1 [21, p. 168]). Suppose that q € B4 (O), qo > 1, Sq is defined

by (7), and pq is defined by (9). Then for every v € M(O) the following statements are
fulfilled:

(@) Nos LIW(O)] < S1/4(pq(v;0)) if pq(v;0) < +o0;
(i) pq(v;0) < Sq(lfvs LIW(O)|]) if IIU;Lq(y (O)]] < +o0.

Proposition 5 (Lemma 2 [11, p. 134]). Suppose that the Nemytskij operators N and
N are defined by (12)~(13). If condition (G) holds, then N : [L9®)(Q)]* — [L9 ) (Q)]"
and N : [L9F)(Qo.r)]" — [LY @) (Qo.1)]™ are bounded and continuous operators.



ON NONLINEAR INTEGRO-DIFFERENTIAL OSKOLKOV ...
ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2024. Bumyck 96 43

Proposition 6 (Lemma 1.18 [19, p. 39]). For sequence {u™}men, u™ — u in
m— o0

LP(Qo,r), p € [1,00], there ezists a subsequence {u™* }ren C {Um}men such that

u™ — u a.e. in Qo .
k—o0 ’

Proposition 7 (the Gronwall-Bellman lemma, [22, p. 25]). Suppose that A,B €
LY(0,T) and y € C([0,T]) are nonnegative functions. If for every T € [0,T] we have

T

y(r) < C + / [A(t)y(t) n B(t)} dt, (34)

where C' is a nonnegative number, then the following inequality is true
7 ~ [ A(s) ds [A() dt
un < (c +/B(t) e b at)er " e (35)
0

From Proposition 7 we obtain the following useful lemma (we omit its proof).

Lemma 1 (the generalized Gronwall-Bellman lemma). Suppose that K, K, L €
LY(0,T) and y € C([0,T)) are nonnegative functions. If for every v € [0, T]| we have that

T

y(r) < K(r) + / L(tyy(t) di (36)
0

f L(s) ds
eo

holds, then the following inequality is true: y(7) < K(7) , T€[0,T].

3.1. Functional spaces and some operators.

Let H be the Hilbert space with a scalar product (-, )%, V be a reflexive separable
Banach space, V O ‘H = H* O V*, {w’};en be an orthonormal basis for the space H.,
m € N be a fixed number, and 91 be a set of all linear combinations of the elements from
{w!,...,w™}. Define an unique orthogonal projection P, : H — 9 by the rule (see [23,
p. 527])

Pphi=Y (h,w)yw’, heH. (37)

Jj=1

This is a linear self-adjoint continuous operator (see Theorem 7.3.6 [23, p. 515]). If

{wi}jen C V, then let us define an operator P,:V >V (not necessarily self-adjoint)
by the rule

P = Pyv for every v e V. (38)
For a conjugate operator P, : V* — V* we have P%(V*) C V (see [10, p. 865]).

Proposition 8 ([10, p. 865-866, Lemma 3.9]). Assume that {w’};en is an orthonormal
basis for the space H such that {w’};eny C V, Y7, ..., ™ € R are some numbers, and
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F e V*. Then z™ := Zw;nws €V satisfies

s=1
<Zmaw1>v = <F7w1>V7
<zm7wm>v = <F7 wm>w
iff the following equality holds: 2™ = ﬁ:,ibF m V*.
Let W; is taken from (18), where s € N. It is easy to verify that W, is the reflexive
Hilbert space with respect to the scalar product (u,v)w, = (A%u, A%v)q, u,v € W,
and W, O H*(Q), W, O L?(Q) O [W,]*.

Let {v"},en C H(9) is an orthonormal basis for the space L?(§) that consists of
all eigenfunctions of the problem

—Av=2Av in Q, v|sga =0, (39)
and {A,},en C Ry is the set of the corresponding eigenvalues.

Proposition 9. If 90 C C%, then the set {v"},en C Ws of all eigenfunction of problem
(39) is a basis for the space W.

Lemma 2. If 9Q C C%%, { € N, then there ezists a basis {w"},en C [Ws]* for the space
Wi]t. Moreover, for every i € N all without one coordinates of the vector-function w"
equal zero and non-zero coordinate of the w* is an eigenfunction of problem (39).

Proof. For the sake of convenience we consider only the case ¢ = 2.
Let s € N and the set {v"},en C W; is taken from Proposition 9. Then for every

v € W; there exists a sequence {v,, }men such that v,, — v in W and for every m € N
m—r o0

we have
m
U () = Z’y,’;“ (), =€,
k=1

where 4™, ... ;4™ € R. Then for every (v,2) € [W;]? we can find {(v;n, 2m) }men such
that (vm, zm) — (v,2) in [Ws]? and for every m € N we have

(’Um(x),zm(x)) = (ifﬁf v*(z), i&?vk(x» =
k=1 k=1

=D W (),0)+ D (0,05 (@), weq,
k=1 k=1

where 777, ... ,7;1”,;{/", e ,ﬁ € R. Clearly, the set
{z | z=(v*,0) or z=(0,0"), k €N}
is countable. O

Proposition 10 ([10, p. 866, 830]). Suppose that 9Q C C**, ¢ € N, P,, and P, are
determined from (37) and (38) respectively, where H = [L?(Q)]*, V = W,]¢, s € N, and
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{w*}en is an orthonormal basis for the space H that it is taken from Lemma 2. Then,
for every w € L"(0,T; [W*]%) and v > 1, we have the following inequality
(1P L7(0, T5 VIO < [w; L7(0, T5 VST (40)

3.2. Cauchy’s problem for system of ordinary differential equations.
Take £ € N and Q = (0, T) x R. In this section we seek a weak solution 7 : [0, 7] —
R of the problem

n'(t) + Lt,n(t)) = M(t), te€[0,7], n(0)=n’ (41)

where M : [0,7] — R, L : Q — R’ are some functions (for the sake of convenience we
have assumed that L(t,0) = 0 for every ¢ € [0,T]) and 7° = (n?,...,71?) € RE.

Definition 3. A real-valued function € W11(0,T;R¥) is called a weak solution of
problem (41) if u satisfies the initial value condition and satisfies the equation almost
everywhere.

Definition 4. We shall say that a function L : Q — R’ satisfies the Carathéodory
condition if for every ¢ € R? the function (0,T) > t — L(t,£) € R’ is measurable and if
for a.e. t € (0,7) the function R > ¢ > L(t,£) € R is continuous.

Definition 5 ([24, p. 241]). We shall say that a function L : Q — R’ satisfies the LP-
Carathéodory condition if L satisfies the Carathéodory condition and for every R > 0
there exists a function hg € L?(0,T) such that |L(t,&)| < hg(t) for a.e. t € (0,T) and
for every ¢ € {y € RY| |y| < R}.

Proposition 11 (the Carathéodory-LaSalle Theorem, [10, p. 872, Theorem 3.24]).
Suppose that p > 2, function L : Q — R satisfies LP-Carathéodory condition, M €
LP(0,T;RY), and n° € R, If there exists a nonnegative functions o, 3 € L*(0,T) such
that for every & € R® and for a.e. t € [0,T) the inequality

(L(t,€), Ore > —a(t)|€]* = B(2) (42)
holds, then problem (41) has a global weak solution n € W1P(0, T;RR?).

3.3. Additional statements.
The following facts are needed for the sequel.

Remark 2. If u = (uy,...,u,) € [L?(O)]", where O = Q or O = Qo r, then

I[ul; L*(0)|]* = / uf* dy = > [Jui; L*(O)|]* < nllu; [L*(O)]"||?,
b =1
and so

[ ul; L2O)I] < Vnllus [L*(O)]"]]. (43)

Lemma 3. If condition (E) holds, then the operators E(t) : [L?(Q)]" — [L*(Q)]" and
E : [L3(Qor)]" — [L*(Qox)]™ (see (14)—(15)) are linear bounded and continuous.
Moreover, for every t,7 € (0,T) the following estimates are true:

1E@)2l; L2(Q)]] < E°|; LI < VB[l [L2@Q)]"]], 2 € [L2(Q)",  (44)

[ Eul; L2(Qo,)I < E°|| ful; L*(Qo,7)|| < VRE®||u; [L*(Qo,)]"[], u € [L*(Qo,r)]", (45)
where the constant E° > 0 is independent of z,u,t, .
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Proof. The Cauchy-Bunyakowski-Schwarz inequality and condition (E) yields that
E®)2]; L*()|* = / (B(t)2)(2)]? dz =
Q
2
~ [|] 3tz ] @ <
Q Q

< [1[ 13l )] do| do <
Q Q

: /(/"B(Jf’t’y)"idy) (/\z(y)de) dz <
Q Q o

< |E°P / l=(y) dy =
Q
= B || |2 2@,

where

E° _(Q/(esstes(%% /||3(x,t7y)||i dy) dx)l/Q,

)Q

[| - ]|n is & norm of the matrix. So, we get (44) (see also (43)). Similarly,

I leuls 22(@0 ) = [ | [ 360 tgputy.t) o] ot <

Qo,r ©Q
2

< [ [ f1360 100l a0 e <

Qo,r
< [{[ (136t ) ([ o0 dy) ar} ao <

Q 0 Q o
<|E°P / lu(y, t)|* dydt,

Qo,r
and (45) also holds. 0

Lemma 4. If condition (E) holds, then for every r > 1 there exists a constant Cy > 0
such that for every ui,us € [L™(Qo,1)]"™ we have

|®(Bur) — ®(Eug); [L"(Qo.r)]"|| < Collur — ug; [L"(Qo.r)]"[I- (46)
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Proof. Using condition (E) and the Holder inequality, we obtain

n

19 (Bu) = ®(Euz)s [L7(Qo.r))"lI" = (3 llou(Eun) — du(Buz)s L"(Qor)ll) <

=1
<C3Z / |¢1(Eur) — ¢y (Eug)|" dadt <
=1
QOT

<c / B(Eur) — D (Eus)|” dadt <
QO,T

< O4L" / |[Euy — Eug|” dadt =

Qo,1
—aurr [ |[ 3t (1.0 - ualnt)

Qo1

< Oy / ‘/HB 2ty - | (y, 1) — u2(y, t |dy‘ dwdt <

Qo7
<Co [ urly.t) ~ ualy, )" dyde
Qo,T
and (46) holds. O
Let us define the operators Ay : Yy, — Y,* and Ay, : Ux(Qo, 1) — [Uk(Qo,1)]* by the

rules:

n

(Arz,w) /Z 2z, (T), Wy, (x ))R der, z,w € Yy (47)
A2£a /Z§z7 7’957 d{ZZ, §m € Yo (48)
Q
T
<.Aku U Ur(Qo.) * / Aku Yy dt, u,v € Uk(QO,T), k= 1,2. (49)
0

Lemma 5. Let conditions (G)—(E) hold, {w’};en C Y1, {v7}jen C Yo, m €N,
L=col(Li,...,LL L2 ...,L2), where (see also notation (10))

L, (t,€) == (A2™, w”}Yl—l-(/\/'(t)zm7 w“)ﬂ—&-(@(E(t)z’”), w“)Q— (sm, divw“)Q,

L%’«(L&) = €<A25m7UM>YQ + (divzm7v“)g
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n= 17m’ te (OvT); 5 = (9/0\13 c. '7<a/0\m772;13 s 7{/;111) € Rm’ Zm(‘r) = Z@#wu(x)

p=1

i , x € Q. Then,

24 go|z™|4@) — LEO|2m|? } dz, te(0,T), (50)

(0.8, = [[ D10 +52|szl

Q i=1

where L is taking from (E), E is taking from Lemma 3 (see also notation of type (7)).

Proof. It’s clear that

(L(t7£)a€)R2m: i Li(taf)‘/ﬁu + i Li(tg){b\ﬂ = <A1Zm7 i (ﬁuwu>y1 +
p=1 p=1 p=1
+(N@w=", 3 uwr) +(@(BED="), 3 Buwt) — (5™ div 3 Buwt) +
p=1

p=1 p=1

<Ags i > (div z2™, i@,ﬂ)“)ﬂ =

= (A12™, 2™y + (N (£)2™ )+(<I>(E(t)zm),zm)g+€<Agsm,sm>y2.
Then we get
(Le9.¢),, = /[fj( (@), Rn+§jgxt|z 7)1 725 (@) +
Q =1

+(<I>(E(t)zm(m)),zm(x))Rn+€isZ§ (x)sT" (:c)} do >

> m|2 m|2 m|q(x) 7 ’ m m
> /[Z 2 e D2 ISEP 4 gol= 7] da / (eB®=").2m) |de. (1)
Q i=1 i=1 Q

For the next term we use condition (E) and estimate (44):

/) (a(E®)2m) ’ dz < L/|E |- |2™] dz <

Q

< LI B2 L2 @) - [ 2" LA (Q)]] <
< LE|| [ L2 @)1 - "] L2 @)l = LEO/\Zml2 da. (52)

Using (52), from (51) we get (50). O
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3.4. Proof of main Theorems.
Proof of Theorem 1. Let {u'¢ 71} and {u?¢, 7>¢} be weak solutions of problem (1)-
(6). Set u® = ut* —u?¢, ¢ = 11¢ — 2. Then from (16)—(17) we obtain

n

<u§7X07Tw>U1(Qo,T)+ / [Z(uiiawwi)R" +

Qo,r i=1
—|—(Nu1’€ — Nu?*, w)R +(<I>(Eu1’€) — ®(Eu??), w)R —7® div w} dxdt = 0, (53)
€<7Tt5; XO,Tn> U2(Qo,7) + / {8 Z 7'(';777:61 +n div UE] dxdt = 0. (54)

Qo =1

Set w = u® in (53) and n = 7° in (54). Adding the obtained equalities, we get

n n
(ug, X077u5>U1<Q07T) + e(m§, XO,T7T5>U2(QUYT> + / {Z |us,, I +¢ Z |75, |2} dxdt +
i=1 i=1
Qo,r
+ Il = I27 (55)
where
I = / g<‘u1,s|q(x)—2ul,s _ |u2,€|q($)—2u275’u17€ _ u275)Rn dzdt > 0,
Qo+
L= / (®(EUL) — BES), ub — u?F)zn dudt.
Qo,r

From condition (E), the Cauchy-Bunyakowski-Schwarz inequality, and (45) we
obtain

|I2|le / |®(Eu'®) — ®(Eu>®)| - |ub — u®¢| dedt <
Qo,r

<L / |Eul® — Eu??| - |ub® — u®¢| dedt <

Qo,r
3 3
< L( / [E(ul® —u?)? dxdt) ( / jute — ue)? dxdt) =
Qo,r Qo,r
= LI [E(u’® — u®)[; L*(Qor )| - || [u"* — u?
< LE°||Juh® = u*|; L*(Qo,r)II* =

; L2(Q0,T)|| <

= LE° / |uf|? dxdt.
Qo,r
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Clearly (see [5, §1.4], [5, p. 119, Lemma 4.5], and [28, p. 46-52]),

1 5
(05, X0 om0 + £ X0r T Vs = 5 [ WP dot 5 [ do >
Q- Q-
1
> - 12 d .
> 5 [ do
QT

1
5/|uf\2 dx < LE° / |u¢|? dzdt, T € (0,T).
Q Qo,

Then, from (55) we obtain

Using Lemma 1, we get, that /|u5\2 dz < 0 for 7 € (0,T). So, ul* = u*¢ and from (55)
Q,
we get %/ |7¢|? do < 0 for 7 € (0,T). Thus 7° = 7% and Theorem 1 is proved. [

a,

Proof of Theorem 2. The solution will be constructed via Faedo-Galerkin’s method.

Step 1 (construction of approximation). Suppose that s satisfies (19), W, is taken
from (18), {w*} en C [W,]" is taken from Lemma 2 with ¢ = n, the set {v"},eny C Wi
is taken from Proposition 9. For simplicity, we also assume that {w/},cn is orthonormal
in [L2(Q)]™ and {v"},en is orthonormal in L?((2). Note that

W]" OY1,  Ws0Y, (56)
hold. By definition, put
Sz, t) =Y oM (wh (), o™ (2,t) = Zd}?m(t)vk(x), (x,t) € Qory, meEN,
k=1 k=1
where the unknown scalar functions 7", ..., o, 7™, ... Y satisfy

(5 (2), wh ) (A= (1), ), + (N (™ (8), w9 + (D)™ (), w ) —

— (7= (), divwt)g = (F(t),w")q, t€(0,T), p=1,m, (57)
e(my " (), v")q + e(Aam® ™ (£),0")y, + (divu® ™ (t),v")q =
= (f(t);v")a, t€(0,T), p=1m, (58)
1" (0) =", ..., ¢R"(0) = ap, (59)
Yr"0) = 87", ., UR™(0) = B (60)
Here the numbers of*,...,a!", 81", ..., 8™ € R we choose so that ug™ U0 strongly

in [L2(Q)]", m5™ o strongly in L?(Q2), where
—00

m

ugt(x) == Zaﬁlw“(x), o () = Zﬁ:{lv“(m), x € .

p=1 p=1
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It’s clear that the following conditions are true: u®™(0) = uy*, 7©=™(0) = 7y
Let us show that the mentioned functions exist. Let

€ = ol oo VT L V),
& =col(al,....am, B, ..., B,
L be a function from Lemma 5. Then problem (57)-(60) takes form (41), where
M(t) = col (F(t),w")q, ..., (Ft),w™)a, (fX),v)a, ..., (f{t),v™)a).

Similarly as Lemmas 3.25 and 3.27 [10, p. 874-875], we prove that L satisfies the L°-
Carathéodory condition. It follows from conditions (U)—(W) that M € L?(0,T;R>™).
Using estimates (50), (28) and the conditions ¢, Gy > 0, we receive

(L(t,f),ﬁ) > —LEO/|uE’m|2 de >

R2m

Y

Q
_LE°m / S ol (1) Pt ()2 d =
o k=1

= —LE"m(|™ (8% + [¢"™(1)]?).

Then estimate (42) with a(t) = LEYm and 3(t) = 0 is true, and from the Carathéodory-
LaSalle theorem (see Proposition 11) we have that ™ %™ € W12(0,T;R™) satisfy
(57)-(60).

Step 2. Multiply y-th equation of (57) by ¢5™(t) and sum over y = T,/m. Then,

multiply the p-th equation (58) by ¢7,™ (t) and sum over i = 1,m. We get the following
(ug™ (), u™™ (8)) e + (Aru™™ (), u=™ (£))y, + (N (Hu™™ (£), u™"™ (1))rr +

+(Q(E@)u™™ (1)), u”™ (t))a — (dive™™ (1), 7" (1))a = (F(1), ™™ (t))a,

e(m ™ (1), 77 (1) +e(Aam™™ (1), 75 (1)), + (divu™™ (8), 75 (8))a = (f (1), 7™ (t))a-
Adding these equalities and integrating for ¢ € (0,7) C (0,7T), we get

T

/ [(uf,m7u5,m)Rn +€7rt€,m7re,m:| dxdt + /(L(t,f(t))7£(t))Rn dt =
QO,T 0
_ / [(Fus s+ (f,75™)a | dudt, 7€ (0,7], (61)
Qo,r
It’s clear that,

g,m e,m 18 g,m
/(ut’ yU”’ )R" dxdt = / 5&“’&’ |2) dxdt =

Qo,r
1 1
=3 / |us’m\2 dx — 3 / |ugL|2 dz,
Q- Q

Qo,~
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10
em__em e,m|2
m o™ dedt = —— (|7 dzdt =
[ = [ satm
Qo,r Qo,r

1 1
= 5/\7r‘€”"|2 dx — §/|7r6"|2 dx,
Q. Q

[E]- ™ [ 4 [f] - 7= <

IN

’(F7 uE,"’L)]Rn + (f’ ﬂ_E,m)Rn

IN

1 1 €
- F2 E,mQ) T F12 < s,m2'
S(IF2 + s 2) + |12 + S|

(see (27)). Then, it follows from (61) and (50) that

1 n
5/{|us,m|2+€‘ﬂ_s,m|2} dz + / [Z\u;’t
=1
T o,r
1
< 5/[|u6"\2 + el 2] do +
1 1 ¢ 1
+3 / {IFI2 + glfﬂ dwdt + / [(5 n LEO) 2 g\wfvmﬂ dedt.  (62)
QO,T QO,T
Take

2+g0|u67m‘q($)+52|ﬂ_;¥:|2:| dl’dtS
i=1

y(r) = / (a5 (2, ) + el ()] de, 7 € [0,7].
Q
Then, from (62), we get:
y(7) < CoFu(r) + Cs / @) dt, e [0,T),
0
where

Fuolr) = / [lug? + elmg? ] da + / 1P+ %lfﬂ dedt, 7€ (0,T),
Q Qo,r
the positive constants C; and Cg are independent of m, 7,e. Using Lemma 1, we obtain
an estimate:
y(1) < Cr T F.(1), 7€[0,T). (63)
Clearly, 0 < F.(1) < F.(T) < Cy, where the positive constant Cy is independent of m, 7.
From (62) and (63) it follows that

[l nr + e o] de s [ [3ware+
Q Q =1
T o,

e L i (T E = T i S sw’mﬂ dzdt < Cyo, 7€ [0,T). (64)
i=1
By Proposition 5, Proposition 4, and (64), we get

M= (29 (Qo.1)]"]| < Cual[us™: [L99) (Qo.1)]"]| < Ch. (65)
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From (E), (45), and (64) it follows the estimate
|| (Eu™); [L*(Qo,r)]"]| < Cis. (66)

Here the constants Cg, ..., C3 are independent of m, 7. Notice that if f =0 and 7y =0,
then these constants are also independent of €.

By (64)—(66) we have existence of the subsequences {u®"* }recny C {u®™}nen and
{m®™k }pen C {m®™}men such that

us™ — u® s-weakly in  L°°(0,T; [L*(2)]") and weakly in Uy (Qo 1),

k—o0
e P 7¢ s-weakly in L>°(0,T; L*(Q)) and weakly in  Usz(Qo.7)-
—00
Moreover,
NS ™e " x; weakly in [Lq,(x)(QoyTﬂ", (67)
— 00
®(Eu™"™) — x5 weakly in [L*(Qo.1)]" (68)
—00

Step 3 (additional estimates). Let us use notation (49). From (64) it follows the
inequality

[[Aru=™; [U1(Qo,r)]"|| < C1a. (69)

From the construction of the space Uy (Qo,r) and (56) we obtain
Ur(Qo,r) O L*(0, T [L*(2)]") O [U1(Qo,r)]" (70)
U1(Qo.r) O L7 (Qor)", (L7 (Qor)]" D [Un(Qor))", (71)

Lmax{2,q0}(07 T; [Ws]n) 3 LmaX{QﬂJO}(O’ T; Yl) ®) U, (QO,T) ®) Lmin{Q’qO}(O, T Yl) (72)

Therefore,

U@u) O L) O LT, r = B
Using (64) and (72), we obtain
[[ussm; L2003 (0, T V1) || < Cisl|u®™; Un(Qor)l] < Cis. (74)
From estimate (64) it follows an inequality
|[A2m®™; [Ua(Qo,r)]"|| < Chz(e). (75)

From the construction of the space U(Qo,r), we obtain
U2(Qo,r) © L*(0,T5 L*(2)) O [U2(Qo,r)]" = L*(0, T3 H~1(Q)) O L*(0, T3 W) (76)
Using Proposition 8 and notation (37)-(38) for H = [L*(Q)]" and V = [W,]", in
same way as in [29, c. 77], we rewrite (57) as
U™ = P (F — Aju®™ — Nu®™ — ®(Eu™) — V™). (77)

Thus, from (40) with ¢ = n, embeddings (70)-(73), and estimates (64)-(66) and (69), we
get:
(g™ L7(0, T5 VS]] =

= [P (F = Aju™™ — Nus™ — S(Eu®™) — Va=™); L (0, T; [Wi]™)]| <
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<||IF — Aju®™ — Nu®™ — ®(Eu™™) — V=™ L7(0,T; W2™)|| <
< Ol|F — Aju™™ = Nu®™ — @(Eu®™) — V=™ [Uy(Qo,r)]"[| <
< Cao(IIF: [Z3(Qo.n) 1Pl + 11Aaws™ [02 Qo)) | + W™ (L) Qo))" | +

+ 1@ Eu™); [L2(Qo,r)]" || + [V a™; [L2(Q0,T)]n||) < Cxo(e). (78)

Using Proposition 8 and notation (37)-(38) for # = L?*(Q) and V = W, from (58)
in same way as (77), we get

~. 71 1
™" =Pk (Ef — Aom®=™ — - div us’m>. (79)
Thus, from (40) with £ = 1, embeddings (76) and estimates (64) and (75), we get:

-1 1
|7E™: L2(0,T; W)|| = HP;;(gf — Agnt ™ — divus’m);LQ(O,T;W;‘)

\ <

1 1
< Hgf — Aom®™ — - divu®™; L*(0,T; W)

E
< Oy H%f — AgrEm — %div u=™ [U2(Qo )| <

1 1 : e,m
< Cla (113 L2(Qoar)| + [l Aem™™s [U(Qo.r) || + | divu™™; L Qo)) <

S 023(8). (80)

Since Y; ¢ [L2()]™ O [WE]", from (74), (78), the Aubin theorem (see Proposition
3) and Proposition 6 we obtain

uS™ —s o€ in L2k T [L2(Q)]") nC([0, T); W)

k—o0

and almost everywhere in Q. 1.
Therefore, x§ = g|u®|?®~2us, x5 = ®(Eu?) (see (67), (68); use (46) with r = min{2, ¢o}),

and (5) holds. Since Y5 ¢ L2(Q) © W, from (64), (80), the Aubin theorem (see Proposi-
tion 3) and Proposition 6 we obtain:

o™ 5 1 in L2(0,T;L*(Q)) N C([0,T]; W) and almost everywhere in Qo 7

k—o0

and (6) holds.

Step 4 (passing to the limit). From (57)-(58) and convergences above we get (16)-
(17). Since u® € U1(Qo,r) and u§ € [U1(Qo 1)]", we get that u® € C([0,T]; [L*(2)]") (see
Lemma 4.5 [5, p. 119]). Similarly, 7 € C([0,T]; L*(2)) and Theorem 2 is proved. O
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Proof of Theorem 3. Let’s use the parabolic regularization method. Suppose that the
functions {u®™}men, {7 bmen, {Uf}eso0, and {m°}.so are taking from the proof of
Theorem 2, where f =0 and mo = 0 (see (2) and (6)). Let € € (0, 1) for simplicity.

Step 1 (estimates). From (64) we get

/|u5’m’“(x,'r)|2 dx + / Z |ui’lm’“\2 dedt < Coq, 7€ (0,T], €€ (0,1), ke N. (81)
s Q. =1

Remind, that Cs4 is independent of m, 7 and e. From (81) with 7 = T" we obtain

a5 L2(0, T [Hy (]| < v/ Coa
For the first term of (81) we get that

ess sup |[u=™ (7); [L2(Q)]"]] < v/ Chau,

7€(0,T)
and so
[Ju™™5 L22(0, T3 [L2(Q)]")]] < v/ Coa
Adding these enequalities, we get:
[Ju™™5 L22(0, T3 [L2(Q]™)|| + [[u="™*; L(0, T; [Ho ()]"]| < 2/ Coa. (82)
From (82) and Proposition 2 we obtain:
2 024 = lim 2 024 Z

k—o0

> Tim ([Jus™; (0, T3 [LA@Q)]")|| + [[us; L2(0, T; [H ()]"]]) 2

k—o0
> [|u®s L0, T5 [L*()]™)|] + [Ju®s L*(0, T3 [Hg ()]"]]-

From this inequality it follows that (see (81) for comparison)
/|1f(gc,r)|2 dx + / Z [uS, |? dodt < Cas. (83)
o Q. =1

From (64)—(66), (74), and Proposition 2, similarly to (83), we get

€/|7r€(x,7)|2 dx +
Q

+ / [\ue\g + |uf 1@ 4 EZ |me | +€\7TE|2] dxdt < Cog, T € (0,T], (84)
Qs i:l/
[N [L7 @ Qo))" || < Cor, (85)
1@ (Eu®); [L*(Qo,r)]"|| < Cas, (86)
||u; L2930, T; Y1) || < Cao. (87)
Here the constants Cas, ..., Csg are independent of ¢, 7. Then we have the existence of
the sequences {u® }jen C {u®}ec(o,1) and {7 }jen C {7°}cc(0,1) such that
u¥ — u x-weakly in  L>°(0,T; [L*(Q)]™) and weakly in U1(Qo.r), (88)

Jj—o0
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VEi™ — xo #weakly in  L>(0,T; L*(Q)) and weakly in Us(Qo.7),  (89)
J—0o0

Nus — x1 weakly in [L7 ™) (Qo.1)]", (90)
j—o0
®(Eu) — x2 weakly in [L*(Qo.r)]™ (91)
J—0o0

Step 2 (additional estimates). Since Us(Qo,r) C Ui(Qo,r), we have Aju® €
[Us(Qo,)]",

<A1UE7U>U3(Q0,T) = <A1u67v>U1(Q0,T) = / Z(u;ﬁvmi)R” drdt < C30||U; U3(Q0,T)||a
Qor =1

for every v € Us(Qo,r), where Cs is independent of €, and so
|| A10%; [Us (Qo,r)]" || < Cso. (92)

Take ¢ € D(0,T), multiply p-th equaltion of (58) with m = my, and € = ¢; by ¥(t),
integrate for t € (0,T), and the first term integrate by parts. We obtain

n
/ [—sj TRty gy Y ek 4 vy div ufjvmk} dwdt =0
Qo,1 =1

(remind that f = 0). If we tend k — oo, then, after some transformation, we get

QO,T

VE; / [—(\/?ﬂsj)v“% + Z(\/?ﬂa")zivé‘ﬂ/)} dxdt + / vep divu® drdt = 0.
Qo,r =1

If we tend j — oo, then fQo Jvtdivedzdt =0, p €N, ¢ € D(0,T), and so (21) holds.
Take ¢ € D(0,T), multiply u-th equaltion of (57) with m = my, and € = ¢; by ¢(t),
integrate for t € (0,7, and the first term integrate by parts. We obtain

/ {*(“Ej T Wt ) gy +

QO,T

n
) (U wh rep + (NuT T W )pa o + (B(EUT), wh e —

i=1
— %Mo div w”} dxdt = / (F, wh)gne dadt.
QO,T
If we tend k — oo, then we get

/ [—(uaj , W) Rn o + Z(uiﬂ,w‘;i)wap + (Nu, wh)gnp + (P(Eu), w')gnp —
Qo,T =1
~rEipdiv wﬂ} dwdt = / (F, w")gn dadt.
QO,T
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Since Z; C H}(Q), we easily get this equality for every z € Z; instead of w*. But
div z = 0 and so, after some transformation, we have

/*(UEJ,Z)RnsOt dxdt= / {7 '

Qo,T Qo,T '

(u3?, 2z, )Rn @+ (F—Nu —®(Eu), 2)rnp| dadt (93)
=1
for every ¢ € D(0,T) and z € Z;. In the same way, we obtain (93) for every z € Z,
where s is taken from (19). Then, in the meaning of spaces [Us(Qo,r)]* and D*(0,T; Z7),
we get

u, = F — Aju® — Nu — O(Eu). (94)
From the construction of the space Us(Qo,r) and choosing of s from (19), we obtain
Us(Qo.r) O [L*(Qo.r)]" O [Us(Qo.r))*, (95)
L2401 2,) © L2940, T3 1) © Us(Qo,r). (96)

Therefore, for » > 1 that it is taken from (73), we obtain
[Us(Qo,r)]” O L"(0,T; V") O L"(0,T; Z3). (97)

Using (85)-(86), (92), and (94)-(97), we obtain
[lu;?; L7(0,T; Z5)|| = ||F — Aju® — Nu® — ®(Eu); L (0,T; Z¥)|| <

< Ca||F — Ayu™ — Nu — ®(Eu); [Us(Qo,r)]"[| < Caa(||F5 [L*(Qor)]" || +

+ [ Aves; [Us(Qo,r)] || [ [L2 ) (Qo,)]™ || + | (B ); [L*(Qo,r)]" ) < Chs, (98)
where C33 > 0 is independent of ¢; (see (78) for comparison).
Step 4 (passing to the limit). Since Y3 ¢ [L2(Q)]™ O Z7, from (87), (98), the Aubin
theorem (see Proposition 3), and Proposition 6 we obtain:

u — o in LRI, T [L2(Q)])") N C((0,T]; Z7)

j—o0

and almost everywhere in Qg 7.

Therefore, x1 = g|u|?™®~2u and x2 = ®(Eu) (see (90), (91); use (46) with r = min{2, go})
and (23) holds. Thus, form (93) and convergences above, we deduce that v satisfies (25).

Step 5 (finding the 7). Note that we can not prove the convergence of {7 };¢n, for
example, to the solution 7 of problem (20)-(23). Let us find 7 from the generalized De
Rham theorem. From (93), we obtain

T
/ (F(E), w)imeyn o(t) dt =0, we D))", ¢ e DO,T),
0

where F := uy + Aju + Nu + ®(Eu) — F, divw = 0, so (29) holds.
Note that, if X is the reflexive Banach space and % + % =1, then

W' (0,7: X%) O C([0,T): X*) O L" (0,T: X*),  L"(0,T;X) O W10, T; X).
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Since u € L°°(0,T; [L?(2)]"), we have u, € W—1°(0,T; [L?(2)]") by definition (see [2,
p. 1099]). Then

(z)
A+ W+ B(Ew) — F e L2(0, T3 [H- Q") + (L30T Qo)™ + [L2(Qor)]" C

C 12(0,T; [HY@)") + L7 Qo))" C L (0. 7511 (@) + Lﬁ(ﬂ)]”) c

C L0, T3 WM @))") € WR (0, Ts (W Q).
where h is taken from (19). Thus F € W~1°°(0, T; [W~1"(Q)]") and the generalized De
Rham theorem (see Proposition 1) yields that there exists a distribution

me Wh(0, T; WO (Q)) = W H>2(0, T; L"(2))

such that (31)-(32) hold. Thus, 7 satisfies (20) in [D*(Qo.r)]" and satisfies (26) in
D*(0,T). Theorem 3 is proved. O
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IIPO HEJIIHINHY IHTETPO-IU®EPEHIIIAJIbHY CUCTEMY
OCKOJIKOBA-CTOKCA 31 SMIHHM IIOKA3HUKOM
HEJITHIMHOCTI TA MAJIUM ITAPAMETPOM
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PosrignayTto HeniHiiiHy inTerpo-nudepennianbay cucremy piBHsHb OCKOI-
koBa-Crokca 31 3MIHHMM [TOKa3HUKOM HeJliHifiHoCT] Ta Majium napamerpom. Jo-
BeIEeHO ICHYBAHHS TA €IUHICTH y3arajbHEHOIO PO3B’SI3Ky MiITaHOl 3aa<i s
miel cucremu. TakoX OTPUMAHO MEBHY TPAHWYHY TOBEMIHKY PO3B’SI3KIB, KOJIH
HapamMerp IIPAMYE [0 HyJls.

Karowoei caosa: esosoniitna cucrema OckonkoBa-Crokca, inrerpo-maude-
peHIiagbHe PIBHAHHS, MiMTaHa 337a9a, 3MIHHUI MOKA3HUK HEJIIHINHOCTI.



