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We study the structure of the semigroup End(BfJ) of all monoid
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and Green’s relations on the semigroup End(BZ).
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1. INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

We shall follow the terminology of [1, 2, 11]. By w we denote the set of all non-
negative integers, by N the set of all positive integers.

Let Z?(w) be the family of all subsets of w. For any F € #(w) and n € Z we put
n+F={n+k:ke F}if F # @ and n+ @ = &. A subfamily .# C Z(w) is called
w-closed if Fi N (—n+ Fy) € & for all n € w and Fy, F> € #. For any a € w we denote
[a) ={r cw: x > a}.

A subset A of w is said to be inductive, if i € A implies i + 1 € A. Obviously, that
@ is an inductive subset of w.

3aysaocenna 1 ([5]). (1) By Lemma 6 from [4] nonempty subset F' C w is inductive
inwifand only if (-1 + F)NF = F.
(2) Since the set w with the usual order is well-ordered, for any nonempty inductive
subset F' in w there exists nonnegative integer np € w such that [np) = F.
(3) Statement (2) implies that the intersection of an arbitrary finite family of
nonempty inductive subsets in w is a nonempty inductive subset of w.
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Let S be an arbitrary semigroup. By S* we denote S with the enjoined unit element
1. Any homomorphism «: S — S is called an endomorphism of S [1]. If the semigroup has
the identity element 1g then the endomorphism « of S such that (1g)a = 1g is said to be
a monoid endomorphism of S. A bijective endomorphism of S is called an automorphism.
Traditionary in the semigroup theory the image of an element s of a semigroup S under
the endomorphism a: S — S is denoted by (s)a.

A semigroup S is called inverse if for any element = € S there exists a unique
27! € S such that z2~'2 = 2z and 2 'zoz~! = 2~ 1. The element 2~ is called the inverse
of t € S. If S is an inverse semigroup, then the function inv: S — S which assigns to
every element x of S its inverse element x~! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then F(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order < on E(S): e < f if and only if ef = fe = e. This order is
called the natural partial order on E(S).

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order < on S: s < ¢ if and only if there exists e € E(S) such that s = te.
This order is called the natural partial order on S [15].

If S is a semigroup, then we shall denote the Green relations on S by %, %, 7, 2
and JZ (see [1, Section 2.1]):

aZb if and only if aS* = bS*;
a.?b if and only if Sta = S'b;
a_Zb if and only if Stast = s'bst;
D=LoR=RoL;
H=LNXA.
The Z-class [#Z-class, J-class, P-class, #-class| of the semigroup S containing the
element a € S will be denoted by L, [R,, H,, D,, J.].
The bicyclic monoid %'(p, q) is the semigroup with the identity 1 generated by two

elements p and ¢ subjected only to the condition pg = 1. The semigroup operation on
€ (p, q) is determined as follows:

qkpl . qmpn — qk+m7min{l,m}pl+n7min{l,m}'
It is well known that the bicyclic monoid € (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on € (p,q) is a
group congruence [1].

On the set B, = w X w we define the semigroup operation

. . i1 — J1+142,J2), if j1 <ig;
(21731)-(22,32):{(1 N 2]2) J1 2 (1)

(132

in the following way

(i1,J1 — 2 + j2), if j1 > ia.
It is well known that the bicyclic monoid %(p,q) to the semigroup B, is isomorphic
by the mapping h: € (p,q) — B., ¢“p' + (k,1) (see: [1, Section 1.12] or [13, Exercise
IV.1.11(ii)]).
Next we shall describe the construction which is introduced in [4].
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Let .# be an w-closed subfamily of & (w). On the set B, x.# we define the semigroup

operation “-” in the following way
o . (i1 — J1 + 2, Jo, (J1 —i2 + F1) N Fy), if j1 < is;
11,91, F1) - (i2, j2, Fo) = S . . ; . [P . 2
(91, F1) - (i o, F2) { (i1,J1 — 2 + j2, F1 0 (i — j1 + F2)), if j1 > ia. @

In [4] is proved that (B, x #,-) is a semigroup. Moreover, if .# contains the empty set
& then the set I = {(i,7,9): i,j € w} is an ideal of the semigroup (B, x .#,-). For any
w-closed family .# C & (w) the following semigroup

B =

w

(B, x Z,)/1, if @ e.F;
(B, x Z,-), ifo¢F

is defined in [4]. The semigroup B generalizes the bicyclic monoid and the countable
semigroup of matrix units. It is proven in [4] that Bf is a combinatorial inverse semigroup
and Green’s relations, the natural partial order on Bf and its set of idempotents are
described. In [4] the criteria when the semigroup Bij is simple, O-simple, bisimple, 0-
bisimple, or it has the identity, are given. In particularly in [4] it is proved that the
semigroup Bf is isomorphic to the semigrpoup of wxw-matrix units if and only if F
consists of a singleton set and the empty set, and Bf is isomorphic to the bicyclic monoid
if and only if .% consists of a non-empty inductive subset of w.

Group congruences on the semigroup Bf and its homomorphic retracts in the case
when an w-closed family .# consists of inductive non-empty subsets of w are studied
in [5]. It is proven that a congruence € on Biz is a group congruence if and only if its
restriction on a subsemigroup of sz, which is isomorphic to the bicyclic semigroup, is not
the identity relation. Also in [5], all non-trivial homomorphic retracts and isomorphisms
of the semigroup Bf are described. In [6] it is proved that an injective endomorphism &
of the semigroup Bf is the indentity transformation if and only if € has three distinct
fixed points, which is equivalent to existence non-idempotent element (i, 7, [p)) € Bf
such that (i, 7, [p))e = (4, 4, [p))-

In [3, 12] the algebraic structure of the semigroup Bf is established in the case
when w-closed family .%# consists of atomic subsets of w.

It is well-known that every automorphism of the bicyclic monoid B,, is the identity
self-map of B, [1], and hence the group Aut(B,,) of automorphisms of B, is trivial.
In [10] it is proved that the semigroups End(B,,) of the endomorphisms of the bicyclic
semigroup B, is isomorphic to the semidirect products (w,+) %, (w, *), where + and *
are the usual addition and the usual multiplication on the set of non-negative integers w.

In the paper [7] the semigroup B " is studied, where the family .%, is generated

by initial interval [0,n] of w. In the paper [14] the semigroup End(.#(conv)) of all
endomorphisms of the monoid .#”(conv) is described up to its ideal End'(.#"(conv)),
where End'(.#"(conv)) is the subsemigroup of End(.#(conv)) which consists of a €
End(.#(conv)) such that the image (a)a is isomorphic to a subsemigroup of the semi-
group of w X w-matrix units for all o € &7 (conv).

In the paper [8] we study injective endomorphisms of the semigroup B with the
two-elements family .# of inductive nonempty subsets of w. We describe elements of the
semigroup End. (Bf) of all injective monoid endomorphisms of the monoid Bf. Also
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in [8] we prove that Green’s relations %, £, , 7, and _# on End!(B7) coincide with
the relation of equality.

In the paper [9] we study non-injective endomorphisms of the semigroup B2 .
We describe the structure of elements of the semigroup Endj(BZ) of monoid non-
injective endomorphisms of the semigroup Bf. In particular we show that its subsemi-
group End” (Bf) of monoid non-injective non-annihilating endomorphisms of the semi-
group Bf is isomorphic to the direct product the two-element left-zero semigroup
and the multiplicative semigroup of positive integers and describe Green’s relations on
End*(B7).

This paper is a continuation of [8] and [9]. We study the structure of the semigroup
End(B7) of all monoid endomorphisms of BZ. We describe elements of End(B.),
the multiplication and Green’s relations on the semigroup End(B7).

Later we assume that an w-closed family % consists of two nonempty inductive
nonempty subsets of w.

2. PRELIMINARY RESULTS ON ENDOMORPHISMS OF THE MONOID Bf

Fix an arbitrary positive integer k and any p € {0,...,k — 1}. For all i,j € w we
define the transformation ay , of the semigroup Bf in the following way

(i’jv [0))ak,P = (kla k]v [0>)7
(i, 4, [1)arp = (p + ki, p + kj, [1)).

It is obvious that ay , is an injective transformation of the monoid Bf (see [8, Example 1
and Lemma 2]).

Fix an arbitrary positive integer k > 2 and any p € {1,...,k—1}. For all i,j € w
we define the transformation jj ;, of the semigroup Bf in the following way

(Z,Ja [0))Bk,p = (k’L, kja [0))a
(ivj7 [1>)ﬂk,p = (p + ki,p + kjv [0))

It is obvious that 3, is an injective transformation of the monoid Bf (see [8, Example 2
and Lemma 3]).

The following theorem from [8] describes the structure of the semigroup End. (B )
of all injective monoid endomorphisms of the semigroup B: for the family .Z = {[0), [1)}.

Theorem 1 (|8, Theorem 1]). Let % = {[0),[1)} and ¢ be an injective monoid endo-
morphism of Bf. Then either there exist a positive integer k and p € {0,...,k—1} such
that € = ay, or there exist a positive integer k > 2 and p € {1,...,k — 1} such that
€ = B,p. Moreover, the following statements hold:
(1) (4,4,10)akp = (4,7,[0)Br,p for all i,j € w and any positive integer k > 2 and
pe{l,....k—1};
(2) if k = 1 then € = aq is an automorphism of the monoid Bf which s the
identity selfmap of Bf;
(8) Qky py Qg ps = Cheykg.pathapy JOT all positive integers k1, ka2, any p1€{0,. .., k1—1},
and any p2 € {0,..., ks —1};
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(4) ks p1 Braps = Brikspathaps JOr oll positive integers ki and ko > 2, any p1 €
{0,..., k1 — 1}, and any ps € {1,... ko — 1};

(5) By pr Bra.ps = Bkyka.kapy JOT all positive integers ki, ko > 2, anypr1€{1,...,k1—1},
and any p2 € {1,..., ko — 1};

6) B, .p, Ok = Briko.k or all positive integers k1 > 2 and ko, any p1 €

1,P1 2,P2 1k2,k2p1

{1,...,k1 — 1}, and any ps € {0,..., ks — 1};

(7) if Qhypns Brrprs 0d PBryp, are well defined elements of EndL(BZ) then
5161471 Qkz,ps = Bkuplﬂkmm;

(8) a1 is the unique idempotent of End(BZ), and moreover g is the identity
of End}(B7);

(9) So = (akp | k€N, pe{0,...,k—1}) is a cancellative submonoid of End:(B7);

(10) Sg = (Brp | k=2,3,...,p€ {1,...,k —1}) is an ideal in End.(BZ).

Let k£ be an arbitrary non-negative integer. We define maps ~y: Bf — ij and
6r: BZ — BZ by the formulae

(iajv [0>)7k = (i7j7 [1))719 = (klv kj, [0))
and
(i7j7 [0))5k = (k7’7 kj, [0)) and (ivj7 [1))616 = (k(Z + 1)7 k(] + 1), [O))

for all 4,7 € w, respectively. Then for any k € w the maps 7, and d; are non-injective
monoid endomorphisms of the semigroup Bf [9, Examples 1 and 2, Proposition 1].

Remark 1. It obvious that if ¢ is the annihilating endomorphism of the monoid Bf then
¢ =" = (50.

By Endj(BZ ) we denote the semigroup of all non-injective monoid endomorphisms
of the monoid B for the family . = {[0),[1)}.

Theorems 2 and 3 describe the algebraic structure of the semigroup Endj(B7).

Theorem 2 ([9, Theorem 1]). Let % = {[0),[1)}. Then for any non-injective monoid
endomorphism ¢ of the monoid Bf only one of the following conditions holds:

(1) e is the annihilating endomorphism, i.e., ¢ = o = dp;

(2) e =y for some positive integer k;

(3) e = 0y for some positive integer k.

Theorem 3 ([9, Theorem 2]). Let % = {[0),[1)}. Then for all positive integers ki and
ko the following conditions hold:

(1) Yoy Vhs = Vhrkas
(2) Yoy Oky = Viy ko5
(3) OkyVhs = Okykas
(4) Ok, Ok, = Okyks-

By ¢¢ we denote the annihilating monoid endomorphism of the monoid Bf for the
family .# = {[0),[1)}, i-e., (¢,7,[p))eo = (0,0,[0)) for all 4,5 € w and p = 0,1. We put
End*(BY) = End}(B7)\ {¢o}. Theorem 3 implies that End* (B ) is a subsemigroup
of End}(B7).
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3. ON THE SEMIGROUP OF ALL MONOID ENDOMORPHISMS OF Bf

Later by End(Bf) we denote the semigroup of all monoid endomorphisms of the
monoid Bf.

Theorems 1, 3 and 4 describe the semigroup operation on the monoid End(Bf ).

Theorem 4. Let # = {[0),[1)}. Then the following statements hold.
(1) If k and n are arbitrary positive integers and p € {0, ...,k — 1} then

v Vins if kn=1 orp=0;
Fpin Binypn, ifkn#landp=1,.... k-1

(2) If k and n are arbitrary positive integers and p € {0, ...,k — 1} then
S = Okn, ifkn=1o0orp=k—1;
R Brn,(p+1)n> ifkn#1andp=0,... k2.

(3) If k is an arbitrary positive integer > 2, n is an arbitrary positive integer, and

pe{l,...,k—1} then By pv¥n = Brn,pn
(4) If k is an arbitrary positive integer > 2, n is an arbitrary positive integer, and
pe{l,...,k— 1} then

ﬁ 5_{6167’” pr:k;_lv
Fopn Bk:n,(erl)na ,pr =1,...,k—2.

(5) Ifk and n are arbitrary positive integers and p € {0, ..., k—1} then ypapp = Ynk.

(6) If k is an arbitrary positive integer > 2, n is an arbitrary positive integer, and
pe{l,....,k—1} then v,Bkp = Vnk-

(7) If k and n are arbitrary positive integers and p € {0, ..., k—1} then §,ap p = Ok

(8) If k is an arbitrary positive integer > 2, n is an arbitrary positive integer, and
pe{l,....,k—1} then 5nﬂk,p = Onk-

Proof. (1) For any 4, j € w we have that
(13.77 [0))0”6477" = (kl, k]a [0))771 = (km, knj, [O))
and

(iaj’ [1))04/.3,1,’}/7, = (p + k’i,p + k]v [1))’}% =
= (n(p+ ki), n(p + kj), [0)) =
= (pn + kni, pn + knj, [0)).

The above equalities imply that

Ve if kn=1or p=0;
Ak pVn =
pim Bknpn, Hkn#landp=1,...,k—1.

(2) For any i,j € w we have that
(4,7,10)) o pdpn = (ki, k37, [0))6,, = (kni, knj, [0))
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and
(3,4, (1)) pOn = (p + ki, p + kj, [1))0, =
= (n(p+ki+1),n(p+kj+1),[0)) =

= ((p+ )n+ kni), (p + D)n + knj), [0)).

The above equalities imply that
5 = Okn, ifkn=1lorp=£k—1;
YkpOn = Bin,(p+1)n, ifkn#landp=0,...,k—2.

(3) For any i,j € w we have that
(3,3, [0) B = (ki K, [0))n = (ki ki, [0))
and
(4,3, (1)) BrpYn = (0 + ki, p + K3, [0))yn =
= (n(p + ki), n(p + kj), [0)) =
— (pn + kni, pn + knj, [0)).
Hence we get that Sk pvn = Bkn,pn-
(4) For any i,j € w we have that
(1,7, [0))Bipdn = (ki j, [0))8, = (kni, knj, [0))
and
(4,4, (1)) Brpyn = (p + Kki,p + kj, [0))d, =
= (n(p+ki+1),n(p+ kj+ 1),[0))
= ((p+ )n + kni, (p + 1)n + knj, [0)).

The above equalities imply that
Bb = Okns ifkn=1lorp=£k—1;
FPEY T Brnapryns ifkn#£land p=0,...,k — 2.
(5) For any ,j € w we have that
(iajv [0))7?10“6,1) - (nia nj, [0))047671’1 = (nkz, nkj, [0))
and
(i’ja [1))’7?10”67? = (TL’Z, nj, [0))6%,]0 = (nkzv nkj, [0))
This implies that yn,akp = Vnk-
(6) For any i,j € w we have that
(4,4, 10)7nBr,p = (ni, 14, [0)) Br,p = (nki,nkj,[0))
and
(iaja [1))’)/?151671) = (niv nj, [0))6164? = (TLkZ, nk]» [0))
This implies that v,8k,p = Ynk.

(7) For any i,j € w we have that
(2,7,(0))0n 0 p = (ni,nj, [0)) g, p = (nki,nkj, [0))
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and
(5,3, [1))dnarp = (n(i +1),n(j 4+ 1),[0))arp = (nk(i + 1),nk(j + 1), [0)).
The above equalities imply that 6, , = Onk-
The proof of statement (8) is similar to (7). O

We denote

{agp: keN,pe{0,...,k—1}};

(B) ={Brp: ke N\{1},pe{l,....k—1}};
{w: keN};

Proposition 1. Let % = {[0),[1)}. Then the following statements hold.

(1) (), (B), (7), and (8) are subsemigroups of End(BZ), and moreover () is a
cancellative submonoid of End(B7), and the subsemigroups (v) and (§) are
isomorphic to the multiplicative semigroup of positive integers N,,.

(2) Clo) = End(B7)\ (a) is an ideal of End(BZ).

(3) (a,8) = End:(B7) is a subsemigroup of End(B7), and (B) is an ideal of
End!(B7).

(4) The annihilating monoid endomorphism ¢o of the monoid Bf is the zero of
End(B7).

(5) (7,6) = (1)U (8) = End*(B7) is a subsemigroup of End(BZ).

(6) (v,8) U{eo}, () U{eo}, and (8) U {eo} are right ideals of End(BZ), but they
are not two-sided ideals of End(B7).

Proof. Statement (1) follows from Theorems 1 and 3.
Statement (2) follows from Theorem 1 and 4.
Statement (3) follows from Theorem 1.
Statement (4) is obvious.

Statements (5) and (6) follow from Theorems 3 and 4. O
Proposition 2 and Theorem 5 describe Green’s relations on the monoid End(B. ).

Proposition 2. Let % = {[0),[1)}. Then the following statements hold.

(1) x 7 ak, p, in End(BY), ky €N, p, €{0,...,k —1}, if and only if x = Ok py -

(2) The relation By, p,-Lvn, in End(BZ) does not hold for any positive integers n,
and k1 > 2, and any py € {1,..., k1 — 1}.

(3) The relation By, p,-L0n, in End(BZ) does not hold for any positive integers n,
and k1 > 2, and any py € {1,..., k1 — 1}.

(4) Bty LBrope in End(BJ), kiky € N\ {1}, p1 € {1,....k1 — 1}, ps €
{1,...,ka — 1}, if and only if k1 = ko and p1 = pa, i.e., By pr = Bkyps-
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Vi LY, n End(B)), ni,ns € N, if and only if ny = na, i.e., Yo, = Vn,-

Yy L, in End(B. ), ni,ny € N, if and only if n; = nas.

Ony Lbn, in End(Bf), n1,n2 € N, if and only if ny = na, i.e., 0n, = On,.

The relation B, p, Zvn, in End(B;,g) does not hold for any positive integers ny

and k1 > 2, and any p1 € {1,...,k; — 1}.

(9) The relation By, p, Z6n, in End(BZ) does not hold for any positive integers n,

and k1 > 2, and any p1 € {1,..., k1 — 1}.

(10) Bry py ZBryps i End(BY), kiky € N\ {1}, p1 € {1,....k1 — 1}, pa €
{1a .. '7k2 - 1}; lf and OTLly Zf k1 = ko and p1 = D2, e, ﬁkhpl = Bkz,pz'

(11) yp, Zn, in End(Bf:), ny,ne € N, if and only if n1 = na, i.e., Yn, = Yn,-

(12) The relation v, Z6, in End(BZ) does not hold for any positive integers n and
m.

(13) 6., %6y, in End(BZ), n1,ny € N, if and only if ny = ny, i.e., 6, = 0p,.

(14) The relation Bi, p, F Vn, in End(BZ7) does not hold for any positive integers n,
and k1 > 2, and any p1 € {1,...,k; — 1}.

(15) The relation By, p, Z 0y, in End(BZ) does not hold for any positive integers n,

and k1 > 2, and any p1 € {1,..., k1 — 1}.

E\%E\Q

A~ N N~
® ~J O Ot
NN NN

Proof. (1) (=) By Proposition 1(2) the set C(a) is an ideal of the monoid End(B7),
and hence x_# ay, in End(BZ) if and only if x € ().
Suppose that ag, p, 7 g, p, in End(B7) for some positive integers k; and ks, and
p1 €{0,...,k — 1}, po € {0,...,ka — 1}. The above arguments imply that there exist
LE eN pl e{0,...,k] —1} and p{ € {0,...,k{ — 1} such that

Qky,p1 = Qky,py Vko,p2 Qky py/ »

By Theorem 1 we have that
Qky,pr = Oky py Vkg,pa kY pY = Okl p) Okokl ,pt +kYps = Ckikoky pY +ky p2tkakip) -

This implies that k1 = k{kok! and p1 = pY + kY ps + kokip}. Similar calculations imply
that if
Ay ,py = Okl pt, Ok ,py Okl pl)
for some K}, kY € N, pb, € {0,..., k5 — 1} and py € {0,..., kY — 1}, then ky = kLK kY and
pa = pY + kYp1 + k1kYpy. Hence we have that ki|ks and ks|k;. Thus we get that k1 = ko
and hence k] = ki, = k{ = k) = 1. The last equalities imply that pj = p), = p{ = p} = 0.
Since a g is the unit element of the monoid End(BZ), g, p, = Qhy.py-
The implications (<) is trivial.

(2) Suppose the contrary: the relation Sy, ,,-Z¥,, holds for some positive integers
ny and k; > 2, and py € {1,...,k; — 1}. Then there exist 1,5 € End(Bf) such that
ﬁkl,;m = €17y and Yni = 526161»171'

Theorem 4 implies that the equality Sk, », = €17n, holds only in one of the following
two cases:

(11) &1 = au,p for some positive integer k and p € {0,...,k — 1};
(21) e1 = By,p for some positive integer k > 2 and p € {1,...,k —1}.
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Theorems 1 and 4 imply that the equality ~,, = €28k, p, holds in the case when
€9 = 7 for some positive integer m. By Theorem 4(6) we have that

Ty = ’YWLBkhpl = Ymky -
Then in case (1;) by Theorem 4(1) we get that

ﬂkhpl = Ok,pTny = Qk,pYmk, = 6kmk17pmk17

because ki > 2. The definition of the endomorphism By, ,, implies that k; = kmk; and

p1 = pmky. By the first equality we get that km = 1 and hence kK = m = 1. Then

the definition of the endomorphism oy, implies that p = 0 and hence p; = pmk; = 0.

But the equality p; = 0 contradicts the definition of the endomorphism Sy, ,,, because

p1 € {1,...,k; — 1}. The obtained contradiction implies that case (1;) does not hold.
In case (21) by Theorem 4(3) we get that

ﬁkl,pl = ﬁk,p'}/nl = Bk,p’VmIﬁ = Bkmkl,pmkl'

The definition of the endomorphism Sy, ,, implies that ky = kmk; and p; = pmk,. Next,
by the similar way as in the previous case we show that case (21) does not hold. This
completes the proof of the statement.

(3) Suppose to the contrary that the relation Sy, ,,-Zd,, holds for some positive
integers ny and k1 > 2, and p; € {1,...,k; — 1}. Then there exist €1,e9 € End(Bf)
such that B, p, = €10, and 6,, = €284, p, -

Theorem 4 implies that the equality B, ,, = €105, holds only in one of the following
two cases:

(12) &1 = au,p for some positive integer k and p € {0,...,k —1};
(22) €1 = By,p for some positive integer k > 2 and p € {1,...,k—1}.
Theorem 4 implies that the equality d,,, = €208k, p, holds in the case when €3 = 6,
for some positive integer m. By Theorem 4(8) we have that

61’7,1 = 5mﬁk1,p1 = 6mk1~
Then in case (12) by Theorem 4(2) we have that

ﬂkl,pl = O‘k,pdnl = O‘k,pémkl = 6k:mk1,(p+1)mk15

because k; > 2. The definition of the endomorphism Sy, ,, implies that k1 = kmk,;
and p; = (p+1)mk;. By the first equality we get that km = 1 and hence k = m = 1.
Then the definition of the endomorphism ¢y, implies that p = 0 which implies that
p1 = mky = k1. But by the definition of the endomorphism B, ,, we have that ky > p1,
a contradiction. The obtained contradiction implies that case (12) does not hold.

In case (23) by Theorem 4(4) we get that

Bripr = BrpOny = BrpOmby = Brmky, (p+1)mbk: -

The definition of the endomorphism Sy, ,, implies that k; = kmk; and p; = (p+1)mk;.
Next, by the similar way as in the previous case we show that case (22) does not hold.
This completes the proof of the statement.
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(4) (=) Suppose that B, p,-Z B, p, in End(B7) for some positive integers k; > 2,
ky>2,p1e{l,...,ki—1},and ps € {1,..., ko —1}. Then there exist £1,e5 € End(B7)
such that

Brer,pr = €1B%ka,ps and Bra,pz = €281 p1 - (3)
By statements (6) and (8) of Theorem 4 we have that equalities (3) hold when €1,e5 €
(o) U (B). Then the proof of the requested statement is similar to Proposition 3.3(4) of

[8]-

The implications (<) is trivial.

(5) (=) Suppose that v, £7n, in End(BZ) for some positive integers ny and ny.
Then there exist €1,e2 € End(Bf) such that

Tni = €1Vn, and Tng = €27n; -

By Theorem 3(3) we have that 1 # d,/ and &5 # 6, for any positive integers n’ and
n'’. Also, by Theorem 4(3), €1 # By and €2 # By, for any positive integers k' > 2
and k" >2,p e{l,....k —1},and p” € {1,..., k' —1}.

Suppose that ¢; = oy, for some positive integer k£ and p € {0,...,k}. Then by
Theorem 4(1) the equality v,, = i p¥n, holds in the case when kn, =1 or p =0.

If kno = 1 then k = no = 1 which implies that p = 0, and hence

Yni = ¥1,0Yny = Tno-
If p =0 then
Tn1 = Ck,0Tne = Vkna-

In this case we have that either e = g p or €2 = . If €2 = oy then by
Theorem 4(1),

Tne = Ok’ ,p" Yy = Vk'nq
and k'ny =1orp' =0.If k'ny =1 then ¥ =n; =1 and p’ = 0. Then
Yna = ®1,0Yny = Vnq-
If p’ = 0 then we have that
Tno = OKk’,0Yny = Vk'n, -
Thus, in the case when ¢; = ax, and €2 = oy, by the definition of the element
vn of End(B7) we get that
ng = k'ny = k'kno,
which implies that & = k = 1, and hence n; = ns.
In the case when €1 = oy, , and €2 = y,» we have that
Tn1 = ®k,0Vns = ®k,0Vn' Yni = Ak,0Vn'ny = Vkn'nis
which implies that kn’ = 1, because k, n’ and n; are positive integers, and hence k =
n’ = 1. Then
Yna = Yn'Vny = Ynq-
In the case when 1 = ,» and €2 = a;,, by the similar way as in the above case we

obtain that vy, = Vn,-
In the case when &; = v, and €3 = 7,; by Theorem 3(1) we get that

Y1 = TniVne = Tning and Ynae = TnyYn1 = Tnhng -



Oleg GUTIK, Inna POZDNIAKOVA
16 ISSN 2078-3744. Bicuux JIpBiB. yH-Ty. Cepist mex.-mar. 2024. Bumyck 96

Then by the definition of the element 7, of End(B7) we get that

w
ni = ning = ninjn;.

Since n1, ng, nf, and nj are positive integers, njn5y = 1, and hence nf{ = nf = 1. This
implies that nq, = ns.

The implications (<) is trivial.

(6) (=) Suppose that y,,.Z6,, in End(B.) for some positive integers ny and ns.
Then there exist e1,¢5 € End(B_) such that

Yny = €10n, and Ony = €9%n, -

The equality v,, = €16,, and Theorems 3 and 4 imply that e; = ~,, for some positive
integer m. By Theorem 3(2) we have that

Yni = 'Ymanz = TYmno
and hence by the definition of the element -, of End(B) we get that n; = mns. Also,
the equality d,, = €27, and Theorems 3 and 4 imply that e; = 4,/ for some positive
integer m/. By Theorem 3(3) we have that
5712 = 5m/’7n1 = 5m/n17
and hence by the definition of the element 6, of End(BZ ) we get that ny = m’n;. Then
ny = mng = mm'ng
for some positive integers m and m’. This implies that mm’ = 1, and hence m = m’ = 1.
Thus, we obtain that n; = no.
The implications (<) is trivial.
(7) (=) Suppose that 6,,.Z6,, in End(B?) for some positive integers ny and ns.
Then there exist e1,¢5 € End(B_) such that
Ony = €10n, and Ony = €20p, -
Then by Theorems 3 and 4 for the element €; one of the following cases holds
(13) &1 = ayp for some positive integer k and p € {0,..., k —1};
(23) €1 = Bi,p for some positive integer k > 2 and p € {1,...,k —1};
(33) &1 = 0y, for some positive integer k,
and for the element e, one of the following cases holds
(14) €2 = ayr p for some positive integer k' and p’ € {0,...,k" —1};
(24) €2 = B p for some positive integer k' > 2 and p’ € {1,... k' — 1};
(34) &9 = 0y for some positive integer k'.
Suppose case (13) holds. By Theorems 4(2) we have that
5?11 = ak7P5n2 = 616%2

in the case when kno =1 or p = k — 1. If kny = 1 then by the definition of the element
6, of End(B7) we have that ny = ny = k = 1 and p = 0, and hence the requested
statement holds.

Suppose that p = k — 1 for some positive integer k > 2. If case (14) holds, i.e.,

5”2 = O‘kﬂp/(gnl = 6/6’%1’
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then k'n; # 1, otherwise in this case we have n; = ny = 1, which implies that k = 1.
Hence we suppose that p’ = k' — 1 for some positive integer k' > 2. Then we get that
On, = Ok/n, and &, = Ogn,, and by the definition of the element §,, of End(Bf) we
obtain that ny = k'ny = k’kns, and hence &’k = 1 which contradicts our assumptions
that £ > 2 and £’ > 2.

Next, suppose that k > 2 and case (24) holds, i.e.,

6712 = /Bk’,p/5n1 = 6k’n1 and 5”1 = 6k”2'
Then similar as in previous case we get that ny = k'ny = k’'kno. This and the definition

of the element d,, of End(B?7) contradict the condition &’ > 2.
Suppose that k& > 2 and case (34) holds. By Theorem 3(4) we have that

5712 = 616’5711 = 61@/711 and 6711 = 5kn27

and hence by the definition of the element §,, of End(Bf) we get that ng = k'ng = k'kna.
This implies that ¥’ = k = 1, and hence n; = no.

Suppose that case (23) holds. If in addition case (14) holds then the proof of the
equality ny = no is similar to the case when conditions (15) and (24) hold together.

Suppose that cases (23) and (24) hold together, i.e., e1 = B, and €2 = Sy for
some positive integers k' > 2 and k > 2, p € {1,...,k—1} and p' € {1,..., K — 1}.
Theorem 4(4) implies that

6111 == 6k,p5n2 - 5kng and 677,2 - ﬂk’,p’5n1 == 5k’n17
and here k > 2 and &’ > 2. Then the definition of the element 4, of End(BZ) implies
that
ny = kng = kk'nq,

and hence kk’ = 1, which contradicts any of conditions k& > 2 and &’ > 2. The obtained
contradiction implies that (23) and (24) do not hold together.

Suppose that cases (23) and (34) hold together, ie., e = Sk, and €2 = 6y for
some positive integers k' and k > 2, and p € {1,...,k — 1}. Then Theorem 4(4) and
Theorem 3(4) imply that

§n1 = ﬁk,péng = 6kn2 and 5712 = 5k’5n1 = 6k’n17
and here k > 2. The definition of the element 8, of End(B7) implies that
ny = kng = kk/nl,

and hence kk’ = 1, which contradicts any of conditions k& > 2. The obtained contradiction
implies that (23) and (34) do not hold together.

Now, we suppose that case (33) holds. If case (14) holds as well, then the proof is
similar to the case when (13) and (34) hold. Also, if cases (33) and (24) hold together,
then the proof is similar to the case when (23) and (34) hold.

Suppose that cases (33) and (34) hold together, i.e., e; = ; and e3 = ;s for some
positive integers k and k’. Theorem 3(4) imply that

6111 = 6k5n2 = 6kn2 and (57,2 = 6k’6n1 = 5k’n1~
The definition of the element 8, of End(BZ ) implies that

ny = kng = kk’/ﬂl,
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and hence k = k' = 1, which implies that n; = no.
The proof in other cases are similar to the above considered cases.
The implications (<) is trivial.
(8) By Theorems 3 and 4 there exists no &, € End(B7) such that B, p, = Yn, €1,

and hence the requested statement holds.

(9) By Theorems 3 and 4 there exists no e; € End(BZ ) such that S, ,, = 0n,e1,
and hence the requested statement holds.

(10) (=) Suppose that Sk, p, 2Bk, p, in End(BZ) for some positive integers k; > 2,
ky>2,p1e{l,...,ki—1},and ps € {1,..., ko —1}. Then there exist ¢1,e5 € End(B7)
such that

6k1,p1 = ﬂkz,mfl and ﬂkzﬁvz = Bkhme?'
By Theorems 1(6) and 4(3)—(4) for the element e; one of the following cases holds
15) €1 = oy p for some positive integer k and p € {0,...,k —1};
25) €1 = v, for some positive integer n;
35) €1 = &, for some positive integer n,

lg) €2 = au p for some positive integer k" and p’ € {0,..., k' —1};
26) €2 = 7y for some positive integer n';

(

(

(

and for the element €5 one of the following cases holds

(

(
(36) e2 = d,, for some positive integer n’.

Suppose that cases (15) and (1) hold together. By Theorem 1(6) we have that
Brrpr = Brape@hp = Brokkp,  a0d Brypy = Brypy Ok pr = Brakr kpy- (4)
By the definition of the element 3, ; of End(B7) we obtain that
kl = kzk‘ = klk’/k and pP1 = k’pz = kklpl.

Hence we have that k = k' = 1, because k and k' are positive integers. This implies that
Ifl = kQ and P1 = P2.

If cases (15) and (26) hold together then by Theorem 4(3) we get that

Bkg,pz = Bkhpl Tn' = ﬂkln/,pln’-
The above equalities, the first equality of (4), and the definition of the element f,, of
End(B7) imply that
kg = kln’ = kgkn/,

and hence k =n' = 1, because k and n’ are positive integers. This implies that ps = p;.

If cases (15) and (36) hold together then by Theorem 4(4) we get that

51@2,1)2 = ﬂkl,pl 571/ = ﬂkln’,(pl—&-l)n“

in the case when p; € {1,...,k; —2}. Then the above equalities, the first equality of (4),
and the definition of the element f,; of End(B) imply that

k‘g = kl’I’L/ = kgk‘n/,
and hence k =n’ = 1, because k and n’ are positive integers. Hence we get that

p1=kpe =k(p1 +1)n" =p1 +1,
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a contradiction. The obtained contradiction implies that cases (15) and (3) do not hold
together.
Suppose that cases (25) and (26) hold together. By Theorem 4(3) we have that

/Bkl’pl = 6/624)27” = Bkgn,an and 67627132 = ﬂklyplfynl = Bklnﬁpﬂl/'
The definition of the element S ; of End(Bf) imply that
k1 = kon = kin'n,

and hence n = n’ = 1, because n and n’ are positive integers. This implies that k; = ko
and p; = ps.

Suppose that cases (25) and (3g) hold together. By statements (3) and (4) of
Theorem 4 we have that

/Bkupl = Bk'z,m')/n = 5k2n7p2n and ﬂkmm = ﬂkhm Opr = Bk1n’7(171+1)n”
and hence by the definition of the element S, of End(B.) we get that
k1 = kon = kin'n and p1 =pan = (p1 + 1)n'n.

Since n and n’ are positive integers, n = n’ = 1, and hence p; = p; + 1, a contradiction.
The obtained contradiction implies that cases (25) and (36) do not hold together.
Suppose that cases (35) and (36) hold together. By Theorem 4(4) we have that

Bkl,pl = ﬁk’z,pg‘sn = ﬁkzn,(pz—&-l)n and ﬁkz,pz) = Bkl,pl Op = /Bk1n',(p1+1)n’7
and hence by the definition of the element f, ; of End(BZ ) we get that
ki = kan = kin'n and pr=(p2+1n=((pr +1)n’ +1)n.

Since n and n’ are positive integers, n = n’ = 1, and hence p; = p; + 2, a contradiction.
The obtained contradiction implies that cases (35) and (3g) do not hold together.

The proofs in other cases are similar to the above considered cases.

The implication (<«=) is trivial.

(11) (=) Suppose that 7, Z7n, in End(B.) for some positive integers n; and ns.
Then there exist €,,¢5 € End(B.) such that

Tn1 = Tno€1 and Tna = Tnqi€2-
By Theorems 3 and 4 for the element £; one of the following cases holds

17) €1 = oy for some positive integer k and p € {0,...,k —1};

27) €1 = B, for some positive integer k > 2 and p € {1,...,k —1};
37) €1 = 7, for some positive integer n;

47) &1 = 4, for some positive integer n,

1) €2 = ayy p for some positive integer k" and p’ € {0,..., k' —1};

28) €9 = By for some positive integer ¥ > 2 and p’ € {1,..., k" — 1};

33) €2 = 7, for some positive integer n';
)

(

(

(

(

and for the element €5 one of the following cases holds
(

(

(

(4s

€9 = 0, for some positive integer n'.
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If 4,5 € {1,2} then by the corresponding statements of Theorem 4 we have that

'Ynl = ’Y’I’ngl = ’ynzk and ’Y’I’Lz = 677,182 = 'Ynlk’-
The definition of the element ~,,, of End(Bf ) implies that ny = nok = n1kk’, and hence
k =k =1, because k and k' are positive integers. This implies that n; = ns.
If i € {1,2} and j € {3,4} then by the corresponding statements of Theorems 3 and
4 we have that

Yni = Tn2€1 = Vnaok and Tna = Bn152 = Tnin'-
Then the definition of the element =, of End(sz) implies that n; = nok = nikn’, and
hence k = n’ = 1, because k and n’ are positive integers. This implies that ny = no.
In the case of i € {3,4} and j € {1,2} the proof is similar to the above case.
If i, 5 € {3,4} then by the corresponding statements of Theorem 3 we have that

Yni = Tna€1 = Ynon and Yny = Bn152 = Ynin'-
Then the definition of the element -, of End(Bf) implies that n; = non = nynn’, and

hence n = n' = 1, because n and n’ are positive integers. This implies that n; = ns.
Implications (<) is trivial.

(12) By Theorems 3 and 4 there exists no e; € End(BZ ) such that v, = d,,e1,
m,n € N, and hence the requested statement holds.

(13) (=) Suppose that 8,,, %Z6,, in End(B-) for some positive integers n; and ny.
Then there exist €1, ¢5 € End(B.) such that
Ony = Ony€1 and Ony, = On, E2.
By Theorems 3 and 4 for the element £; one of the following cases holds
(19) e1 = oy, for some positive integer k and p € {0,...,k—1};
(29) €1 = B, for some positive integer k > 2 and p € {1,...,k —1};
(39) &1 = 7, for some positive integer n;
(49) &1 = 0, for some positive integer n,
and for the element €5 one of the following cases holds
(110) €2 = aurpy for some positive integer k' and p’ € {0,..., k" — 1};
(210) €2 = By, for some positive integer k' > 2 and p’ € {1,..., k' —1};
(310) &2 = 7y for some positive integer n’;
(410) €2 = 0, for some positive integer n’.
Next, the proof of the statement ny; = ny word by word repeats the proof of statement
(11).
(14) Suppose to the contrary that there exist positive integers n; and k; > 2, and
p1 € {1,...,k; — 1} such that the relation B, p, #7¥n, holds in End(BZ). Then by
the definition of the relation ¢ there exist e11,€12,€21,622 € End(Bf?)1 such that

Bri,pr = E117Yni €12 and Yn, = €218k, p, €22-
By Theorem 1(4) we have that (a) - (8) U (8) - (o) C (8), and hence by Theorems 4

and 1 we obtain that 91 € (7). Also, Theorem 3 implies that £11 ¢ (y) U (0). Then we
have that

Brrpr = €11Yn1€12 = €11Vks Bk ,p1 E22€12-
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Later we consider the following cases.
(114) If €11 = Qky pyy €12 = Qg py, a0 €22 = Qg p,, then by Theorems 1 and 4 we
have that
ﬁkl,]h = akz,szykzlﬁkl,zhaks,;ﬂsak?nps =
= Qky,py Vkaks Oks,ps Vks,ps =
= Qky,po Vkakiks Ykg,ps =
= Qky,po Vksk1ksks =
o { '7k2k4k1k5k37 lf k3k‘4]€1/€5]€3 =1or p= O;
B Bk2k4k1k5k3,p2k4k1k5k37 if kskqki1ksks #1land p=1,... ks — 1.

The first case is impossible. In the second case we have that kokskqksks = k1 which impli-
es that ko = 1. Hence we have that ps = 0, a contradiction. The obtained contradiction
implies that case (114) does not hold.

(214) If €11 = ey py, €12 = Qg py, a0 €22 € { By pss Vis» Oks > then by Theorems 1
and 4 and by the similar calculations as in case (114) we get that
ﬁkh]h = akz,PQ’yk4ﬁk1,P1€22ak3,P3 =
_J Vkokakiksks s if k3kqkiksks =1 or p = 0;
Brokakikska,pakakiksks> if kskakiksks #1landp=1,... ks — 1.
As in the previous case we obtain that case (214) does not hold.
(314) If &11 = akg,pz; €12 S {ﬂk37p377k375k3}7 and £22 S {ak5,p57 51@54757 7]@57 (sks}) then
by Theorems 1 and 4 and by the similar calculations as in case (114) we get that
ﬁkl;]h = akz,szyk4ﬁk1,P1€22512 =
_J kakakiksks if k3ksk1ksks =1 or p = 0;
Brokakiksks,pakakiksks> if kskakiksks #1landp=1,... ks — 1.
As in case (114) we obtain that case (314) does not hold.
(414) If €11 = Biy pas €12 = Qo pg, a0d €22 = i, 5, then by Theorems 1, 3, and 4
we have that
/Bkhpl = ﬂkQ:Pz’ykzlﬂkl:Pl Qks,ps Xks,ps =
= ﬁk27}72’7k4k1 Qks,ps Xks,ps =
= ﬂk27p27k4k1k5ak3,123 =
= Bk2,p2'7k4k1k5k3 =
= 6k2k4k1k5k37p2k4k1k5k3’

which implies that kokski1ksks = k1. Hence ks = 1 which contradicts the definition of
the element S, ,,. The obtained contradiction implies that case (414) does not hold.

(514) If €11 = Bry pss €12 = kg py, a0d €22 € { By ps, Vhss Oks }, then by Theorems 1,
3, and 4 and by the similar calculations as in case (414) we get that
/Bkl,P1 = 57‘02,172716457‘01,1716220”@3,173 =
= ﬁk2k4k1k5k3,p2k4k1k5k3'

As in the previous case we obtain that case (514) does not hold.
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(614) Ifen = ﬂkmpza €12 € {61@3,}93,’)’1@37 5k3}, and e99 € {aks,Ps’ﬂk5>p5’7k576k5}a then
by Theorems 1, 3, and 4 and by the similar calculations as in case (414) we get that

5k1,p1 = 5k2,p2’)’k45k1,p1€22€12 =
= 6k2k4k17€57‘03,p27€4/€1/€5k3'
As in case (414) we obtain that case (614) does not hold.

(15) Suppose to the contrary that there exist positive integers n; and ki > 2,
and p; € {1,...,k; — 1} such that the relation By, p, #d,, holds in End(B7). By
Theorem 3(8) of [9], 8,,, Zn, in End*(BZ). This implies that 8, Z7,, in End(BZ).
Since ¥ C Z and Zo ¢ C 7, we obtain that By, ,, ZVn, in End(B7), which
contradicts statement (14). O

We summarise the descriptions of equivalent classes of Green’s relations of the semi-
group End(B7) in the following theorem.

Theorem 5. Let % = {[0),[1)}. Then the following statements hold.

(1) Lo, = Ra,,=Hqy,, = Do, , = Ja,, = {arp} in End(BZ7) for any positive
integer k and p € {0,...,k —1}.

(2) Lg,, = {Brpy and L, = Ls, = {Vm,0m} in End(B7) for any positive
integers k > 2, m, andp € {1,...,k —1}.

(3) Rp,, = {Brp}, Ry, = {m}, and Rs, = {d,} in End(Bf) for any positive
integers n, k > 2, andp € {1,...,k —1}.

(4) The relation 7 on End(B) coincides with the equality relation.

(5) Dg, , = {Brp} and D, = Ds, = {Vm,0m} in End(B7) for any positive
integers k > 2, m, andp € {1,...,k —1}.

6) Jp., = {Brpt and I, = Js. = {Vm,0m} in End(B7) for any positive
integers k> 2, m, andp € {1,...,k — 1}, and hence 2 = 7 in End(Bf).

Proof. Statement (1) follows from Proposition 2(1) and the inclusion relations between
Green'’s relations.

(2) The equality Lg, , = {Bk,p} follows from statements (2)-(4) of Proposition 2
and statement (1). Also, statements (2), (3) and (5)—(7) of Proposition 2 and statement
(1) imply that L., = Ls,, = {Ym,0m} in End(BZ) for any positive integers k > 2, m,
andpe{l,...,k—1}.

(3) The equality Rg, , = {Bkp} follows from statements (8)—(10) of Proposition 2
and statement (1). Also, statements (11) and (12) of Proposition 2 and statement (1)
imply the equality R,, = {v,}. The equality Rs, = {J,} follows from statements (12)
and (13) of Proposition 2 and statement (1).

(4) follows from statements (2) and (3) and the definition of JZ.

(5) follows from statements (2) and (3) and the definition of 2.

(6) The equality Jg, , = {B,p} follows from statements (14) and (15) of Propositi-
on 2 and statement (1).

Next we shall prove that J., = Js, = {Ym,0m} in End(B7) for any positive

m

integer m, which with the above statements imply that 2 = _# in End(Bf). We observe
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that by statement (5) it is complete to show that 7, _#,, in End(Bf,z), n,m € N, if
and only if n = m.

Suppose to the contrary that v, _# v, in End(B;j}) for distinct n, m € N. Without
loss of generality we may assume that n < m. Then by the definition of the relation _#
there exist €11, ¢€12,€91,€29 € End(Bf)1 such that v, = e11vme12 and v, = €21VnE22-
By Theorem 3, 11,621 ¢ (d). By Theorem 4 we get that £1; ¢ (a) U (8), and hence
€11 = Y, for some positive integer k. Then by Theorems 3 and 4 the equality v, =
€11YmE12 = VkYmE12 implies that n > m, which contradicts our assumption. O

Remark 2. Theorem 2 of [8], Theorem 3 of [9] and Theorem 5 imply that for an w-closed
family .# which consists of two nonempty inductive nonempty subsets of w the following
statements holds:

(1) Green’s relations of elements ay, ,, and S, ,, in the semigroup End.(B7)
of all injective monoid endomorphisms of the semigroup Bf coincide with the
corresponding their Green’s relations in the semigroup End(Bf) of all monoid
endomorphisms of B .

(2) Green’s relations of elements ,, and d,, in the semigroup End}(BZ) of all
non-injective monoid endomorphisms of the semigroup Bf coincide with the
corresponding their Green’s relations in the semigroup End(B. ) of all monoid
endomorphisms of B .
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BuBdeno crpykTypy HamBrpymm End(B;,g ) ycix MoOHOImANIBHUX €HJ0-
Mopdi3MiB HamBrpymm B7, ne w-samkmeHa ciM’s .F CKIANAETHCI 3 IBOX
HEIIOPOXKHIX IHIYKTUBHUX MIMHOXKFH y w. ONNCAHO eJeMeHTH HAIiBrpyIn
End(Bf ), HANIBrpymoOBY ONEPAIii0 Ta BiTHOMEHHS I'pina ma Hamisrpymi
End(BY).

Karouosi caosa: OIMUKIIIYHMI MOHOIM, IHBEPCHA HAIIBrpyIa, OIMUK/TIYHE
poswmupenns, ennomopdism, ineas, sinmomenns I pina.



