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1. Introduction, motivation and main definitions

We shall follow the terminology of [1, 2, 11]. By ω we denote the set of all non-
negative integers, by N the set of all positive integers.

Let P(ω) be the family of all subsets of ω. For any F ∈ P(ω) and n ∈ Z we put
n + F = {n + k : k ∈ F} if F ̸= ∅ and n + ∅ = ∅. A subfamily F ⊆ P(ω) is called
ω-closed if F1 ∩ (−n+ F2) ∈ F for all n ∈ ω and F1, F2 ∈ F . For any a ∈ ω we denote
[a) = {x ∈ ω : x ⩾ a}.

A subset A of ω is said to be inductive, if i ∈ A implies i + 1 ∈ A. Obviously, that
∅ is an inductive subset of ω.

Çàóâàæåííÿ 1 ([5]). (1) By Lemma 6 from [4] nonempty subset F ⊆ ω is inductive
in ω if and only if (−1 + F ) ∩ F = F .

(2) Since the set ω with the usual order is well-ordered, for any nonempty inductive
subset F in ω there exists nonnegative integer nF ∈ ω such that [nF ) = F .

(3) Statement (2) implies that the intersection of an arbitrary �nite family of
nonempty inductive subsets in ω is a nonempty inductive subset of ω.
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Let S be an arbitrary semigroup. By S1 we denote S with the enjoined unit element
1. Any homomorphism α : S → S is called an endomorphism of S [1]. If the semigroup has
the identity element 1S then the endomorphism α of S such that (1S)α = 1S is said to be
a monoid endomorphism of S. A bijective endomorphism of S is called an automorphism.
Traditionary in the semigroup theory the image of an element s of a semigroup S under
the endomorphism α : S → S is denoted by (s)α.

A semigroup S is called inverse if for any element x ∈ S there exists a unique
x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse
of x ∈ S. If S is an inverse semigroup, then the function inv : S → S which assigns to
every element x of S its inverse element x−1 is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order ≼ on E(S): e ≼ f if and only if ef = fe = e. This order is
called the natural partial order on E(S).

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order ≼ on S: s ≼ t if and only if there exists e ∈ E(S) such that s = te.
This order is called the natural partial order on S [15].

If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D
and H (see [1, Section 2.1]):

aRb if and only if aS1 = bS1;

aL b if and only if S1a = S1b;

aJ b if and only if S1aS1 = S1bS1;

D = L ◦ R = R ◦ L ;

H = L ∩ R.

The L -class [R-class, H -class, D-class, J -class] of the semigroup S containing the
element a ∈ S will be denoted by La [Ra, Ha, Da, Ja].

The bicyclic monoid C (p, q) is the semigroup with the identity 1 generated by two
elements p and q subjected only to the condition pq = 1. The semigroup operation on
C (p, q) is determined as follows:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

It is well known that the bicyclic monoid C (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on C (p, q) is a
group congruence [1].

On the set Bω = ω × ω we de�ne the semigroup operation �·� in the following way

(i1, j1) · (i2, j2) =
{

(i1 − j1 + i2, j2), if j1 ⩽ i2;
(i1, j1 − i2 + j2), if j1 ⩾ i2.

(1)

It is well known that the bicyclic monoid C (p, q) to the semigroup Bω is isomorphic
by the mapping h : C (p, q) → Bω, q

kpl 7→ (k, l) (see: [1, Section 1.12] or [13, Exercise
IV.1.11(ii)]).

Next we shall describe the construction which is introduced in [4].
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Let F be an ω-closed subfamily of P(ω). On the setBω×F we de�ne the semigroup
operation �·� in the following way

(i1, j1, F1) · (i2, j2, F2) =

{
(i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), if j1 ⩽ i2;
(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), if j1 ⩾ i2.

(2)

In [4] is proved that (Bω × F , ·) is a semigroup. Moreover, if F contains the empty set
∅ then the set I = {(i, j,∅) : i, j ∈ ω} is an ideal of the semigroup (Bω ×F , ·). For any
ω-closed family F ⊆ P(ω) the following semigroup

BF
ω =

{
(Bω × F , ·)/I, if ∅ ∈ F ;
(Bω × F , ·), if ∅ /∈ F

is de�ned in [4]. The semigroup BF
ω generalizes the bicyclic monoid and the countable

semigroup of matrix units. It is proven in [4] thatBF
ω is a combinatorial inverse semigroup

and Green's relations, the natural partial order on BF
ω and its set of idempotents are

described. In [4] the criteria when the semigroup BF
ω is simple, 0-simple, bisimple, 0-

bisimple, or it has the identity, are given. In particularly in [4] it is proved that the

semigroup BF
ω is isomorphic to the semigrpoup of ω×ω-matrix units if and only if F

consists of a singleton set and the empty set, andBF
ω is isomorphic to the bicyclic monoid

if and only if F consists of a non-empty inductive subset of ω.
Group congruences on the semigroup BF

ω and its homomorphic retracts in the case
when an ω-closed family F consists of inductive non-empty subsets of ω are studied
in [5]. It is proven that a congruence C on BF

ω is a group congruence if and only if its

restriction on a subsemigroup ofBF
ω , which is isomorphic to the bicyclic semigroup, is not

the identity relation. Also in [5], all non-trivial homomorphic retracts and isomorphisms

of the semigroup BF
ω are described. In [6] it is proved that an injective endomorphism ε

of the semigroup BF
ω is the indentity transformation if and only if ε has three distinct

�xed points, which is equivalent to existence non-idempotent element (i, j, [p)) ∈ BF
ω

such that (i, j, [p))ε = (i, j, [p)).

In [3, 12] the algebraic structure of the semigroup BF
ω is established in the case

when ω-closed family F consists of atomic subsets of ω.
It is well-known that every automorphism of the bicyclic monoid Bω is the identity

self-map of Bω [1], and hence the group Aut(Bω) of automorphisms of Bω is trivial.
In [10] it is proved that the semigroups End(Bω) of the endomorphisms of the bicyclic
semigroup Bω is isomorphic to the semidirect products (ω,+)⋊φ (ω, ∗), where + and ∗
are the usual addition and the usual multiplication on the set of non-negative integers ω.

In the paper [7] the semigroup BFn
ω is studied, where the family Fn is generated

by initial interval [0, n] of ω. In the paper [14] the semigroup End(I n
ω (−−→conv)) of all

endomorphisms of the monoid I n
ω (−−→conv) is described up to its ideal End1(I n

ω (−−→conv)),
where End1(I n

ω (−−→conv)) is the subsemigroup of End(I n
ω (−−→conv)) which consists of a ∈

End(I n
ω (−−→conv)) such that the image (α)a is isomorphic to a subsemigroup of the semi-

group of ω × ω-matrix units for all α ∈ I n
ω (−−→conv).

In the paper [8] we study injective endomorphisms of the semigroup BF
ω with the

two-elements family F of inductive nonempty subsets of ω. We describe elements of the
semigroup End1

∗(B
F
ω ) of all injective monoid endomorphisms of the monoid BF

ω . Also
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in [8] we prove that Green's relations R, L , H , D , and J on End1
∗(B

F
ω ) coincide with

the relation of equality.
In the paper [9] we study non-injective endomorphisms of the semigroup BF

ω .

We describe the structure of elements of the semigroup End∗
0(B

F
ω ) of monoid non-

injective endomorphisms of the semigroup BF
ω . In particular we show that its subsemi-

group End∗(BF
ω ) of monoid non-injective non-annihilating endomorphisms of the semi-

group BF
ω is isomorphic to the direct product the two-element left-zero semigroup

and the multiplicative semigroup of positive integers and describe Green's relations on
End∗(BF

ω ).
This paper is a continuation of [8] and [9]. We study the structure of the semigroup

End(BF
ω ) of all monoid endomorphisms of BF

ω . We describe elements of End(BF
ω ),

the multiplication and Green's relations on the semigroup End(BF
ω ).

Later we assume that an ω-closed family F consists of two nonempty inductive
nonempty subsets of ω.

2. Preliminary results on endomorphisms of the monoid BF
ω

Fix an arbitrary positive integer k and any p ∈ {0, . . . , k − 1}. For all i, j ∈ ω we

de�ne the transformation αk,p of the semigroup BF
ω in the following way

(i, j, [0))αk,p = (ki, kj, [0)),

(i, j, [1))αk,p = (p+ ki, p+ kj, [1)).

It is obvious that αk,p is an injective transformation of the monoidBF
ω (see [8, Example 1

and Lemma 2]).
Fix an arbitrary positive integer k ⩾ 2 and any p ∈ {1, . . . , k − 1}. For all i, j ∈ ω

we de�ne the transformation βk,p of the semigroup BF
ω in the following way

(i, j, [0))βk,p = (ki, kj, [0)),

(i, j, [1))βk,p = (p+ ki, p+ kj, [0)).

It is obvious that βk,p is an injective transformation of the monoidBF
ω (see [8, Example 2

and Lemma 3]).

The following theorem from [8] describes the structure of the semigroup End1
∗(B

F
ω )

of all injective monoid endomorphisms of the semigroupBF
ω for the family F = {[0), [1)}.

Theorem 1 ([8, Theorem 1]). Let F = {[0), [1)} and ε be an injective monoid endo-

morphism of BF
ω . Then either there exist a positive integer k and p ∈ {0, . . . , k−1} such

that ε = αk,p or there exist a positive integer k ⩾ 2 and p ∈ {1, . . . , k − 1} such that

ε = βk,p. Moreover, the following statements hold:

(1) (i, j, [0))αk,p = (i, j, [0))βk,p for all i, j ∈ ω and any positive integer k ⩾ 2 and

p ∈ {1, . . . , k − 1};
(2) if k = 1 then ε = α1,0 is an automorphism of the monoid BF

ω which is the

identity selfmap of BF
ω ;

(3) αk1,p1
αk2,p2

= αk1k2,p2+k2p1
for all positive integers k1, k2, any p1∈{0, . . . , k1−1},

and any p2 ∈ {0, . . . , k2 − 1};
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(4) αk1,p1βk2,p2 = βk1k2,p2+k2p1 for all positive integers k1 and k2 ⩾ 2, any p1 ∈
{0, . . . , k1 − 1}, and any p2 ∈ {1, . . . , k2 − 1};

(5) βk1,p1
βk2,p2

= βk1k2,k2p1
for all positive integers k1, k2 ⩾ 2, any p1∈{1, . . . , k1−1},

and any p2 ∈ {1, . . . , k2 − 1};
(6) βk1,p1

αk2,p2
= βk1k2,k2p1

for all positive integers k1 ⩾ 2 and k2, any p1 ∈
{1, . . . , k1 − 1}, and any p2 ∈ {0, . . . , k2 − 1};

(7) if αk2,p2 , βk1,p1 , and βk2,p2 are well de�ned elements of End1
∗(B

F
ω ) then

βk1,p1αk2,p2 = βk1,p1βk2,p2 ;

(8) α1,0 is the unique idempotent of End1
∗(B

F
ω ), and moreover α1,0 is the identity

of End1
∗(B

F
ω );

(9) Sα = ⟨αk,p | k ∈ N, p ∈ {0, . . . , k−1}⟩ is a cancellative submonoid of End1
∗(B

F
ω );

(10) Sβ = ⟨βk,p | k = 2, 3, . . . , p ∈ {1, . . . , k − 1}⟩ is an ideal in End1
∗(B

F
ω ).

Let k be an arbitrary non-negative integer. We de�ne maps γk : B
F
ω → BF

ω and

δk : B
F
ω → BF

ω by the formulae

(i, j, [0))γk = (i, j, [1))γk = (ki, kj, [0))

and

(i, j, [0))δk = (ki, kj, [0)) and (i, j, [1))δk = (k(i+ 1), k(j + 1), [0))

for all i, j ∈ ω, respectively. Then for any k ∈ ω the maps γk and δk are non-injective
monoid endomorphisms of the semigroup BF

ω [9, Examples 1 and 2, Proposition 1].

Remark 1. It obvious that if e is the annihilating endomorphism of the monoid BF
ω then

e = γ0 = δ0.

By End∗
0(B

F
ω ) we denote the semigroup of all non-injective monoid endomorphisms

of the monoid BF
ω for the family F = {[0), [1)}.

Theorems 2 and 3 describe the algebraic structure of the semigroup End∗
0(B

F
ω ).

Theorem 2 ([9, Theorem 1]). Let F = {[0), [1)}. Then for any non-injective monoid

endomorphism e of the monoid BF
ω only one of the following conditions holds:

(1) e is the annihilating endomorphism, i.e., e = γ0 = δ0;
(2) e = γk for some positive integer k;
(3) e = δk for some positive integer k.

Theorem 3 ([9, Theorem 2]). Let F = {[0), [1)}. Then for all positive integers k1 and

k2 the following conditions hold:

(1) γk1
γk2

= γk1k2
;

(2) γk1
δk2

= γk1k2
;

(3) δk1γk2 = δk1k2 ;

(4) δk1δk2 = δk1k2 .

By e0 we denote the annihilating monoid endomorphism of the monoid BF
ω for the

family F = {[0), [1)}, i.e., (i, j, [p))e0 = (0, 0, [0)) for all i, j ∈ ω and p = 0, 1. We put

End∗(BF
ω ) = End∗

0(B
F
ω )\{e0}. Theorem 3 implies that End∗(BF

ω ) is a subsemigroup

of End∗
0(B

F
ω ).
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3. On the semigroup of all monoid endomorphisms of BF
ω

Later by End(BF
ω ) we denote the semigroup of all monoid endomorphisms of the

monoid BF
ω .

Theorems 1, 3 and 4 describe the semigroup operation on the monoid End(BF
ω ).

Theorem 4. Let F = {[0), [1)}. Then the following statements hold.

(1) If k and n are arbitrary positive integers and p ∈ {0, . . . , k − 1} then

αk,pγn =

{
γkn, if kn = 1 or p = 0;
βkn,pn, if kn ̸= 1 and p = 1, . . . , k − 1.

(2) If k and n are arbitrary positive integers and p ∈ {0, . . . , k − 1} then

αk,pδn =

{
δkn, if kn = 1 or p = k − 1;
βkn,(p+1)n, if kn ̸= 1 and p = 0, . . . , k − 2.

(3) If k is an arbitrary positive integer ⩾ 2, n is an arbitrary positive integer, and

p ∈ {1, . . . , k − 1} then βk,pγn = βkn,pn

(4) If k is an arbitrary positive integer ⩾ 2, n is an arbitrary positive integer, and

p ∈ {1, . . . , k − 1} then

βk,pδn =

{
δkn, if p = k − 1;
βkn,(p+1)n, if p = 1, . . . , k − 2.

(5) If k and n are arbitrary positive integers and p ∈ {0, . . . , k−1} then γnαk,p = γnk.
(6) If k is an arbitrary positive integer ⩾ 2, n is an arbitrary positive integer, and

p ∈ {1, . . . , k − 1} then γnβk,p = γnk.
(7) If k and n are arbitrary positive integers and p ∈ {0, . . . , k−1} then δnαk,p = δnk.
(8) If k is an arbitrary positive integer ⩾ 2, n is an arbitrary positive integer, and

p ∈ {1, . . . , k − 1} then δnβk,p = δnk.

Proof. (1) For any i, j ∈ ω we have that

(i, j, [0))αk,pγn = (ki, kj, [0))γn = (kni, knj, [0))

and

(i, j, [1))αk,pγn = (p+ ki, p+ kj, [1))γn =

= (n(p+ ki), n(p+ kj), [0)) =

= (pn+ kni, pn+ knj, [0)).

The above equalities imply that

αk,pγn =

{
γkn, if kn = 1 or p = 0;
βkn,pn, if kn ̸= 1 and p = 1, . . . , k − 1.

(2) For any i, j ∈ ω we have that

(i, j, [0))αk,pδn = (ki, kj, [0))δn = (kni, knj, [0))
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and

(i, j, [1))αk,pδn = (p+ ki, p+ kj, [1))δn =

= (n(p+ ki+ 1), n(p+ kj + 1), [0)) =

= ((p+ 1)n+ kni), (p+ 1)n+ knj), [0)).

The above equalities imply that

αk,pδn =

{
δkn, if kn = 1 or p = k − 1;
βkn,(p+1)n, if kn ̸= 1 and p = 0, . . . , k − 2.

(3) For any i, j ∈ ω we have that

(i, j, [0))βk,pγn = (ki, kj, [0))γn = (kni, knj, [0))

and

(i, j, [1))βk,pγn = (p+ ki, p+ kj, [0))γn =

= (n(p+ ki), n(p+ kj), [0)) =

= (pn+ kni, pn+ knj, [0)).

Hence we get that βk,pγn = βkn,pn.

(4) For any i, j ∈ ω we have that

(i, j, [0))βk,pδn = (ki, kj, [0))δn = (kni, knj, [0))

and

(i, j, [1))βk,pγn = (p+ ki, p+ kj, [0))δn =

= (n(p+ ki+ 1), n(p+ kj + 1), [0)) =

= ((p+ 1)n+ kni, (p+ 1)n+ knj, [0)).

The above equalities imply that

βk,pδn =

{
δkn, if kn = 1 or p = k − 1;
βkn,(p+1)n, if kn ̸= 1 and p = 0, . . . , k − 2.

(5) For any i, j ∈ ω we have that

(i, j, [0))γnαk,p = (ni, nj, [0))αk,p = (nki, nkj, [0))

and
(i, j, [1))γnαk,p = (ni, nj, [0))αk,p = (nki, nkj, [0)).

This implies that γnαk,p = γnk.

(6) For any i, j ∈ ω we have that

(i, j, [0))γnβk,p = (ni, nj, [0))βk,p = (nki, nkj, [0))

and
(i, j, [1))γnβk,p = (ni, nj, [0))βk,p = (nki, nkj, [0)).

This implies that γnβk,p = γnk.

(7) For any i, j ∈ ω we have that

(i, j, [0))δnαk,p = (ni, nj, [0))αk,p = (nki, nkj, [0))
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and

(i, j, [1))δnαk,p = (n(i+ 1), n(j + 1), [0))αk,p = (nk(i+ 1), nk(j + 1), [0)).

The above equalities imply that δnαk,p = δnk.

The proof of statement (8) is similar to (7). □

We denote

⟨α⟩ = {αk,p : k ∈ N, p ∈ {0, . . . , k − 1}} ;
⟨β⟩ = {βk,p : k ∈ N \ {1}, p ∈ {1, . . . , k − 1}} ;
⟨γ⟩ = {γk : k ∈ N} ;
⟨δ⟩ = {δk : k ∈ N} ;

⟨α, β⟩ = {xy : x, y ∈ ⟨α⟩ ∪ ⟨β⟩} ;
⟨γ, δ⟩ = {xy : x, y ∈ ⟨γ⟩ ∪ ⟨δ⟩} ;

Proposition 1. Let F = {[0), [1)}. Then the following statements hold.

(1) ⟨α⟩, ⟨β⟩, ⟨γ⟩, and ⟨δ⟩ are subsemigroups of End(BF
ω ), and moreover ⟨α⟩ is a

cancellative submonoid of End(BF
ω ), and the subsemigroups ⟨γ⟩ and ⟨δ⟩ are

isomorphic to the multiplicative semigroup of positive integers Nu.

(2) C⟨α⟩ = End(BF
ω ) \ ⟨α⟩ is an ideal of End(BF

ω ).

(3) ⟨α, β⟩ = End1
∗(B

F
ω ) is a subsemigroup of End(BF

ω ), and ⟨β⟩ is an ideal of

End1
∗(B

F
ω ).

(4) The annihilating monoid endomorphism e0 of the monoid BF
ω is the zero of

End(BF
ω ).

(5) ⟨γ, δ⟩ = ⟨γ⟩ ∪ ⟨δ⟩ = End∗(BF
ω ) is a subsemigroup of End(BF

ω ).

(6) ⟨γ, δ⟩ ∪ {e0}, ⟨γ⟩ ∪ {e0}, and ⟨δ⟩ ∪ {e0} are right ideals of End(BF
ω ), but they

are not two-sided ideals of End(BF
ω ).

Proof. Statement (1) follows from Theorems 1 and 3.

Statement (2) follows from Theorem 1 and 4.

Statement (3) follows from Theorem 1.

Statement (4) is obvious.

Statements (5) and (6) follow from Theorems 3 and 4. □

Proposition 2 and Theorem 5 describe Green's relations on the monoid End(BF
ω ).

Proposition 2. Let F = {[0), [1)}. Then the following statements hold.

(1) χJαk1,p1
in End(BF

ω ), k1 ∈ N, p1 ∈ {0, . . . , k1 − 1}, if and only if χ = αk1,p1
.

(2) The relation βk1,p1
L γn1

in End(BF
ω ) does not hold for any positive integers n1

and k1 ⩾ 2, and any p1 ∈ {1, . . . , k1 − 1}.
(3) The relation βk1,p1

L δn1
in End(BF

ω ) does not hold for any positive integers n1

and k1 ⩾ 2, and any p1 ∈ {1, . . . , k1 − 1}.
(4) βk1,p1

L βk2,p2
in End(BF

ω ), k1, k2 ∈ N \ {1}, p1 ∈ {1, . . . , k1 − 1}, p2 ∈
{1, . . . , k2 − 1}, if and only if k1 = k2 and p1 = p2, i.e., βk1,p1 = βk2,p2 .
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(5) γn1L γn2 in End(BF
ω ), n1, n2 ∈ N, if and only if n1 = n2, i.e., γn1 = γn2 .

(6) γn1L δn2 in End(BF
ω ), n1, n2 ∈ N, if and only if n1 = n2.

(7) δn1
L δn2

in End(BF
ω ), n1, n2 ∈ N, if and only if n1 = n2, i.e., δn1

= δn2
.

(8) The relation βk1,p1
Rγn1

in End(BF
ω ) does not hold for any positive integers n1

and k1 ⩾ 2, and any p1 ∈ {1, . . . , k1 − 1}.
(9) The relation βk1,p1

Rδn1
in End(BF

ω ) does not hold for any positive integers n1

and k1 ⩾ 2, and any p1 ∈ {1, . . . , k1 − 1}.
(10) βk1,p1Rβk2,p2 in End(BF

ω ), k1, k2 ∈ N \ {1}, p1 ∈ {1, . . . , k1 − 1}, p2 ∈
{1, . . . , k2 − 1}, if and only if k1 = k2 and p1 = p2, i.e., βk1,p1 = βk2,p2 .

(11) γn1Rγn2 in End(BF
ω ), n1, n2 ∈ N, if and only if n1 = n2, i.e., γn1 = γn2 .

(12) The relation γnRδm in End(BF
ω ) does not hold for any positive integers n and

m.

(13) δn1
Rδn2

in End(BF
ω ), n1, n2 ∈ N, if and only if n1 = n2, i.e., δn1

= δn2
.

(14) The relation βk1,p1
J γn1

in End(BF
ω ) does not hold for any positive integers n1

and k1 ⩾ 2, and any p1 ∈ {1, . . . , k1 − 1}.
(15) The relation βk1,p1J δn1 in End(BF

ω ) does not hold for any positive integers n1

and k1 ⩾ 2, and any p1 ∈ {1, . . . , k1 − 1}.

Proof. (1) (⇒) By Proposition 1(2) the set C⟨α⟩ is an ideal of the monoid End(BF
ω ),

and hence χJ αk,p in End(BF
ω ) if and only if χ ∈ ⟨α⟩.

Suppose that αk1,p1
Jαk2,p2

in End(BF
ω ) for some positive integers k1 and k2, and

p1 ∈ {0, . . . , k1 − 1}, p2 ∈ {0, . . . , k2 − 1}. The above arguments imply that there exist
k′1, k

′′
1 ∈ N, p′1 ∈ {0, . . . , k′1 − 1} and p′′1 ∈ {0, . . . , k′′1 − 1} such that

αk1,p1
= αk′

1,p
′
1
αk2,p2

αk′′
1 ,p′′

1
.

By Theorem 1 we have that

αk1,p1
= αk′

1,p
′
1
αk2,p2

αk′′
1 ,p′′

1
= αk′

1,p
′
1
αk2k′′

1 ,p′′
1 +k′′

1 p2
= αk′

1k2k′′
1 ,p′′

1 +k′′
1 p2+k2k′′

1 p′
1
.

This implies that k1 = k′1k2k
′′
1 and p1 = p′′1 + k′′1p2 + k2k

′′
1p

′
1. Similar calculations imply

that if

αk2,p2
= αk′

2,p
′
2
αk1,p1

αk′′
2 ,p′′

2

for some k′2, k
′′
2 ∈ N, p′2 ∈ {0, . . . , k′2 − 1} and p′′2 ∈ {0, . . . , k′′2 − 1}, then k2 = k′2k1k

′′
2 and

p2 = p′′2 + k′′2p1 + k1k
′′
2p

′
2. Hence we have that k1|k2 and k2|k1. Thus we get that k1 = k2

and hence k′1 = k′2 = k′′1 = k′′2 = 1. The last equalities imply that p′1 = p′2 = p′′1 = p′′2 = 0.

Since α1,0 is the unit element of the monoid End(BF
ω ), αk1,p1

= αk2,p2
.

The implications (⇐) is trivial.

(2) Suppose the contrary: the relation βk1,p1L γn1 holds for some positive integers

n1 and k1 ⩾ 2, and p1 ∈ {1, . . . , k1 − 1}. Then there exist ε1, ε2 ∈ End(BF
ω ) such that

βk1,p1 = ε1γn1 and γn1 = ε2βk1,p1 .
Theorem 4 implies that the equality βk1,p1

= ε1γn1
holds only in one of the following

two cases:

(11) ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k − 1};
(21) ε1 = βk,p for some positive integer k ⩾ 2 and p ∈ {1, . . . , k − 1}.
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Theorems 1 and 4 imply that the equality γn1 = ε2βk1,p1 holds in the case when
ε2 = γm for some positive integer m. By Theorem 4(6) we have that

γn1 = γmβk1,p1 = γmk1 .

Then in case (11) by Theorem 4(1) we get that

βk1,p1
= αk,pγn1

= αk,pγmk1
= βkmk1,pmk1

,

because k1 ⩾ 2. The de�nition of the endomorphism βk1,p1
implies that k1 = kmk1 and

p1 = pmk1. By the �rst equality we get that km = 1 and hence k = m = 1. Then
the de�nition of the endomorphism αk,p implies that p = 0 and hence p1 = pmk1 = 0.
But the equality p1 = 0 contradicts the de�nition of the endomorphism βk1,p1 , because
p1 ∈ {1, . . . , k1 − 1}. The obtained contradiction implies that case (11) does not hold.

In case (21) by Theorem 4(3) we get that

βk1,p1
= βk,pγn1

= βk,pγmk1
= βkmk1,pmk1

.

The de�nition of the endomorphism βk1,p1
implies that k1 = kmk1 and p1 = pmk1. Next,

by the similar way as in the previous case we show that case (21) does not hold. This
completes the proof of the statement.

(3) Suppose to the contrary that the relation βk1,p1
L δn1

holds for some positive

integers n1 and k1 ⩾ 2, and p1 ∈ {1, . . . , k1 − 1}. Then there exist ε1, ε2 ∈ End(BF
ω )

such that βk1,p1
= ε1δn1

and δn1
= ε2βk1,p1

.
Theorem 4 implies that the equality βk1,p1 = ε1δn1 holds only in one of the following

two cases:

(12) ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k − 1};
(22) ε1 = βk,p for some positive integer k ⩾ 2 and p ∈ {1, . . . , k − 1}.
Theorem 4 implies that the equality δn1

= ε2βk1,p1
holds in the case when ε2 = δm

for some positive integer m. By Theorem 4(8) we have that

δn1
= δmβk1,p1

= δmk1
.

Then in case (12) by Theorem 4(2) we have that

βk1,p1
= αk,pδn1

= αk,pδmk1
= βkmk1,(p+1)mk1

,

because k1 ⩾ 2. The de�nition of the endomorphism βk1,p1
implies that k1 = kmk1

and p1 = (p+1)mk1. By the �rst equality we get that km = 1 and hence k = m = 1.
Then the de�nition of the endomorphism αk,p implies that p = 0 which implies that
p1 = mk1 = k1. But by the de�nition of the endomorphism βk1,p1

we have that k1 > p1,
a contradiction. The obtained contradiction implies that case (12) does not hold.

In case (22) by Theorem 4(4) we get that

βk1,p1
= βk,pδn1

= βk,pδmk1
= βkmk1,(p+1)mk1

.

The de�nition of the endomorphism βk1,p1 implies that k1 = kmk1 and p1 = (p+1)mk1.
Next, by the similar way as in the previous case we show that case (22) does not hold.
This completes the proof of the statement.
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(4) (⇒) Suppose that βk1,p1L βk2,p2 in End(BF
ω ) for some positive integers k1 ⩾ 2,

k2 ⩾ 2, p1 ∈ {1, . . . , k1−1}, and p2 ∈ {1, . . . , k2−1}. Then there exist ε1, ε2 ∈ End(BF
ω )

such that
βk1,p1

= ε1βk2,p2
and βk2,p2

= ε2βk1,p1
. (3)

By statements (6) and (8) of Theorem 4 we have that equalities (3) hold when ε1, ε2 ∈
⟨α⟩ ∪ ⟨β⟩. Then the proof of the requested statement is similar to Proposition 3.3(4) of
[8].

The implications (⇐) is trivial.

(5) (⇒) Suppose that γn1
L γn2

in End(BF
ω ) for some positive integers n1 and n2.

Then there exist ε1, ε2 ∈ End(BF
ω ) such that

γn1 = ε1γn2 and γn2 = ε2γn1 .

By Theorem 3(3) we have that ε1 ̸= δn′ and ε2 ̸= δn′′ for any positive integers n′ and
n′′. Also, by Theorem 4(3), ε1 ̸= βk′,p′ and ε2 ̸= βk′′,p′′ for any positive integers k′ ⩾ 2
and k′′ ⩾ 2, p′ ∈ {1, . . . , k′ − 1}, and p′′ ∈ {1, . . . , k′′ − 1}.

Suppose that ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k}. Then by
Theorem 4(1) the equality γn1

= αk,pγn2
holds in the case when kn2 = 1 or p = 0.

If kn2 = 1 then k = n2 = 1 which implies that p = 0, and hence

γn1
= α1,0γn2

= γn2
.

If p = 0 then
γn1

= αk,0γn2
= γkn2

.

In this case we have that either ε2 = αk′,p′ or ε2 = γn′ . If ε2 = αk′,p′ then by
Theorem 4(1),

γn2 = αk′,p′γn1 = γk′n1

and k′n1 = 1 or p′ = 0. If k′n1 = 1 then k′ = n1 = 1 and p′ = 0. Then

γn2 = α1,0γn1 = γn1 .

If p′ = 0 then we have that
γn2

= αk′,0γn1
= γk′n1

.

Thus, in the case when ε1 = αk,p and ε2 = αk′,p′ by the de�nition of the element

γn of End(BF
ω ) we get that

n2 = k′n1 = k′kn2,

which implies that k′ = k = 1, and hence n1 = n2.
In the case when ε1 = αk,p and ε2 = γn′ we have that

γn1 = αk,0γn2 = αk,0γn′γn1 = αk,0γn′n1 = γkn′n1 ,

which implies that kn′ = 1, because k, n′ and n1 are positive integers, and hence k =
n′ = 1. Then

γn2
= γn′γn1

= γn1
.

In the case when ε1 = γn′ and ε2 = αk,p by the similar way as in the above case we
obtain that γn1

= γn2
.

In the case when ε1 = γn′
1
and ε2 = γn′

2
by Theorem 3(1) we get that

γn1 = γn′
1
γn2 = γn′

1n2
and γn2 = γn′

2
γn1 = γn′

2n1
.
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Then by the de�nition of the element γn of End(BF
ω ) we get that

n1 = n′
1n2 = n′

1n
′
2n1.

Since n1, n2, n
′
1, and n′

2 are positive integers, n′
1n

′
2 = 1, and hence n′

1 = n′
2 = 1. This

implies that n1 = n2.
The implications (⇐) is trivial.

(6) (⇒) Suppose that γn1
L δn2

in End(BF
ω ) for some positive integers n1 and n2.

Then there exist ε1, ε2 ∈ End(BF
ω ) such that

γn1
= ε1δn2

and δn2
= ε2γn1

.

The equality γn1 = ε1δn2 and Theorems 3 and 4 imply that ε1 = γm for some positive
integer m. By Theorem 3(2) we have that

γn1
= γmδn2

= γmn2
,

and hence by the de�nition of the element γn of End(BF
ω ) we get that n1 = mn2. Also,

the equality δn2
= ε2γn1

and Theorems 3 and 4 imply that ε2 = δm′ for some positive
integer m′. By Theorem 3(3) we have that

δn2
= δm′γn1

= δm′n1
,

and hence by the de�nition of the element δn of End(BF
ω ) we get that n2 = m′n1. Then

n1 = mn2 = mm′n1

for some positive integers m and m′. This implies that mm′ = 1, and hence m = m′ = 1.
Thus, we obtain that n1 = n2.

The implications (⇐) is trivial.

(7) (⇒) Suppose that δn1
L δn2

in End(BF
ω ) for some positive integers n1 and n2.

Then there exist ε1, ε2 ∈ End(BF
ω ) such that

δn1
= ε1δn2

and δn2
= ε2δn1

.

Then by Theorems 3 and 4 for the element ε1 one of the following cases holds

(13) ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k − 1};
(23) ε1 = βk,p for some positive integer k ⩾ 2 and p ∈ {1, . . . , k − 1};
(33) ε1 = δk for some positive integer k,

and for the element ε2 one of the following cases holds

(14) ε2 = αk′,p′ for some positive integer k′ and p′ ∈ {0, . . . , k′ − 1};
(24) ε2 = βk′,p′ for some positive integer k′ ⩾ 2 and p′ ∈ {1, . . . , k′ − 1};
(34) ε2 = δk′ for some positive integer k′.

Suppose case (13) holds. By Theorems 4(2) we have that

δn1 = αk,pδn2 = δkn2

in the case when kn2 = 1 or p = k − 1. If kn2 = 1 then by the de�nition of the element
δn of End(BF

ω ) we have that n1 = n2 = k = 1 and p = 0, and hence the requested
statement holds.

Suppose that p = k − 1 for some positive integer k ⩾ 2. If case (14) holds, i.e.,

δn2
= αk′,p′δn1

= δk′n1
,
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then k′n1 ̸= 1, otherwise in this case we have n1 = n2 = 1, which implies that k = 1.
Hence we suppose that p′ = k′ − 1 for some positive integer k′ ⩾ 2. Then we get that
δn2

= δk′n1
and δn1

= δkn2
, and by the de�nition of the element δn of End(BF

ω ) we
obtain that n2 = k′n1 = k′kn2, and hence k′k = 1 which contradicts our assumptions
that k ⩾ 2 and k′ ⩾ 2.

Next, suppose that k ⩾ 2 and case (24) holds, i.e.,

δn2
= βk′,p′δn1

= δk′n1
and δn1

= δkn2
.

Then similar as in previous case we get that n2 = k′n1 = k′kn2. This and the de�nition
of the element δn of End(BF

ω ) contradict the condition k′ ⩾ 2.
Suppose that k ⩾ 2 and case (34) holds. By Theorem 3(4) we have that

δn2
= δk′δn1

= δk′n1
and δn1

= δkn2
,

and hence by the de�nition of the element δn ofEnd(BF
ω ) we get that n2 = k′n1 = k′kn2.

This implies that k′ = k = 1, and hence n1 = n2.
Suppose that case (23) holds. If in addition case (14) holds then the proof of the

equality n1 = n2 is similar to the case when conditions (13) and (24) hold together.
Suppose that cases (23) and (24) hold together, i.e., ε1 = βk,p and ε2 = βk′,p′ for

some positive integers k′ ⩾ 2 and k ⩾ 2, p ∈ {1, . . . , k − 1} and p′ ∈ {1, . . . , k′ − 1}.
Theorem 4(4) implies that

δn1
= βk,pδn2

= δkn2
and δn2

= βk′,p′δn1
= δk′n1

,

and here k ⩾ 2 and k′ ⩾ 2. Then the de�nition of the element δn of End(BF
ω ) implies

that
n1 = kn2 = kk′n1,

and hence kk′ = 1, which contradicts any of conditions k ⩾ 2 and k′ ⩾ 2. The obtained
contradiction implies that (23) and (24) do not hold together.

Suppose that cases (23) and (34) hold together, i.e., ε1 = βk,p and ε2 = δk′ for
some positive integers k′ and k ⩾ 2, and p ∈ {1, . . . , k − 1}. Then Theorem 4(4) and
Theorem 3(4) imply that

δn1
= βk,pδn2

= δkn2
and δn2

= δk′δn1
= δk′n1

,

and here k ⩾ 2. The de�nition of the element δn of End(BF
ω ) implies that

n1 = kn2 = kk′n1,

and hence kk′ = 1, which contradicts any of conditions k ⩾ 2. The obtained contradiction
implies that (23) and (34) do not hold together.

Now, we suppose that case (33) holds. If case (14) holds as well, then the proof is
similar to the case when (13) and (34) hold. Also, if cases (33) and (24) hold together,
then the proof is similar to the case when (23) and (34) hold.

Suppose that cases (33) and (34) hold together, i.e., ε1 = δk and ε2 = δk′ for some
positive integers k and k′. Theorem 3(4) imply that

δn1
= δkδn2

= δkn2
and δn2

= δk′δn1
= δk′n1

.

The de�nition of the element δn of End(BF
ω ) implies that

n1 = kn2 = kk′n1,
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and hence k = k′ = 1, which implies that n1 = n2.
The proof in other cases are similar to the above considered cases.
The implications (⇐) is trivial.

(8) By Theorems 3 and 4 there exists no ε1 ∈ End(BF
ω ) such that βk1,p1 = γn1ε1,

and hence the requested statement holds.

(9) By Theorems 3 and 4 there exists no ε1 ∈ End(BF
ω ) such that βk1,p1 = δn1ε1,

and hence the requested statement holds.

(10) (⇒) Suppose that βk1,p1Rβk2,p2 in End(BF
ω ) for some positive integers k1 ⩾ 2,

k2 ⩾ 2, p1 ∈ {1, . . . , k1−1}, and p2 ∈ {1, . . . , k2−1}. Then there exist ε1, ε2 ∈ End(BF
ω )

such that

βk1,p1
= βk2,p2

ε1 and βk2,p2
= βk1,p1

ε2.

By Theorems 1(6) and 4(3)�(4) for the element ε1 one of the following cases holds

(15) ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k − 1};
(25) ε1 = γn for some positive integer n;
(35) ε1 = δn for some positive integer n,

and for the element ε2 one of the following cases holds

(16) ε2 = αk′,p′ for some positive integer k′ and p′ ∈ {0, . . . , k′ − 1};
(26) ε2 = γn′ for some positive integer n′;
(36) ε2 = δn′ for some positive integer n′.

Suppose that cases (15) and (16) hold together. By Theorem 1(6) we have that

βk1,p1
= βk2,p2

αk,p = βk2k,kp2
and βk2,p2

= βk1,p1
αk′,p′ = βk1k′,k′p1

. (4)

By the de�nition of the element βs,t of End(BF
ω ) we obtain that

k1 = k2k = k1k
′k and p1 = kp2 = kk′p1.

Hence we have that k = k′ = 1, because k and k′ are positive integers. This implies that
k1 = k2 and p1 = p2.

If cases (15) and (26) hold together then by Theorem 4(3) we get that

βk2,p2 = βk1,p1γn′ = βk1n′,p1n′ .

The above equalities, the �rst equality of (4), and the de�nition of the element βs,t of

End(BF
ω ) imply that

k2 = k1n
′ = k2kn

′,

and hence k = n′ = 1, because k and n′ are positive integers. This implies that p2 = p1.
If cases (15) and (36) hold together then by Theorem 4(4) we get that

βk2,p2
= βk1,p1

δn′ = βk1n′,(p1+1)n′ .

in the case when p1 ∈ {1, . . . , k1−2}. Then the above equalities, the �rst equality of (4),

and the de�nition of the element βs,t of End(BF
ω ) imply that

k2 = k1n
′ = k2kn

′,

and hence k = n′ = 1, because k and n′ are positive integers. Hence we get that

p1 = kp2 = k(p1 + 1)n′ = p1 + 1,
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a contradiction. The obtained contradiction implies that cases (15) and (36) do not hold
together.

Suppose that cases (25) and (26) hold together. By Theorem 4(3) we have that

βk1,p1
= βk2,p2

γn = βk2n,p2n and βk2,p2
= βk1,p1

γn′ = βk1n′,p1n′ .

The de�nition of the element βs,t of End(BF
ω ) imply that

k1 = k2n = k1n
′n,

and hence n = n′ = 1, because n and n′ are positive integers. This implies that k1 = k2
and p1 = p2.

Suppose that cases (25) and (36) hold together. By statements (3) and (4) of
Theorem 4 we have that

βk1,p1
= βk2,p2

γn = βk2n,p2n and βk2,p2
= βk1,p1

δn′ = βk1n′,(p1+1)n′ ,

and hence by the de�nition of the element βs,t of End(BF
ω ) we get that

k1 = k2n = k1n
′n and p1 = p2n = (p1 + 1)n′n.

Since n and n′ are positive integers, n = n′ = 1, and hence p1 = p1 + 1, a contradiction.
The obtained contradiction implies that cases (25) and (36) do not hold together.

Suppose that cases (35) and (36) hold together. By Theorem 4(4) we have that

βk1,p1
= βk2,p2

δn = βk2n,(p2+1)n and βk2,p2
= βk1,p1

δn′ = βk1n′,(p1+1)n′ ,

and hence by the de�nition of the element βs,t of End(BF
ω ) we get that

k1 = k2n = k1n
′n and p1 = (p2 + 1)n = ((p1 + 1)n′ + 1)n.

Since n and n′ are positive integers, n = n′ = 1, and hence p1 = p1 + 2, a contradiction.
The obtained contradiction implies that cases (35) and (36) do not hold together.

The proofs in other cases are similar to the above considered cases.
The implication (⇐) is trivial.

(11) (⇒) Suppose that γn1Rγn2 in End(BF
ω ) for some positive integers n1 and n2.

Then there exist ε1, ε2 ∈ End(BF
ω ) such that

γn1
= γn2

ε1 and γn2
= γn1

ε2.

By Theorems 3 and 4 for the element ε1 one of the following cases holds

(17) ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k − 1};
(27) ε1 = βk,p for some positive integer k ⩾ 2 and p ∈ {1, . . . , k − 1};
(37) ε1 = γn for some positive integer n;
(47) ε1 = δn for some positive integer n,

and for the element ε2 one of the following cases holds

(18) ε2 = αk′,p′ for some positive integer k′ and p′ ∈ {0, . . . , k′ − 1};
(28) ε2 = βk′,p′ for some positive integer k′ ⩾ 2 and p′ ∈ {1, . . . , k′ − 1};
(38) ε2 = γn′ for some positive integer n′;
(48) ε2 = δn′ for some positive integer n′.
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If i, j ∈ {1, 2} then by the corresponding statements of Theorem 4 we have that

γn1
= γn2

ε1 = γn2k and γn2
= βn1

ε2 = γn1k′ .

The de�nition of the element γm of End(BF
ω ) implies that n1 = n2k = n1kk

′, and hence
k = k′ = 1, because k and k′ are positive integers. This implies that n1 = n2.

If i ∈ {1, 2} and j ∈ {3, 4} then by the corresponding statements of Theorems 3 and
4 we have that

γn1
= γn2

ε1 = γn2k and γn2
= βn1

ε2 = γn1n′ .

Then the de�nition of the element γm of End(BF
ω ) implies that n1 = n2k = n1kn

′, and
hence k = n′ = 1, because k and n′ are positive integers. This implies that n1 = n2.

In the case of i ∈ {3, 4} and j ∈ {1, 2} the proof is similar to the above case.
If i, j ∈ {3, 4} then by the corresponding statements of Theorem 3 we have that

γn1 = γn2ε1 = γn2n and γn2 = βn1ε2 = γn1n′ .

Then the de�nition of the element γm of End(BF
ω ) implies that n1 = n2n = n1nn

′, and
hence n = n′ = 1, because n and n′ are positive integers. This implies that n1 = n2.

Implications (⇐) is trivial.

(12) By Theorems 3 and 4 there exists no ε1 ∈ End(BF
ω ) such that γn = δmε1,

m,n ∈ N, and hence the requested statement holds.

(13) (⇒) Suppose that δn1Rδn2 in End(BF
ω ) for some positive integers n1 and n2.

Then there exist ε1, ε2 ∈ End(BF
ω ) such that

δn1
= δn2

ε1 and δn2
= δn1

ε2.

By Theorems 3 and 4 for the element ε1 one of the following cases holds

(19) ε1 = αk,p for some positive integer k and p ∈ {0, . . . , k − 1};
(29) ε1 = βk,p for some positive integer k ⩾ 2 and p ∈ {1, . . . , k − 1};
(39) ε1 = γn for some positive integer n;
(49) ε1 = δn for some positive integer n,

and for the element ε2 one of the following cases holds

(110) ε2 = αk′,p′ for some positive integer k′ and p′ ∈ {0, . . . , k′ − 1};
(210) ε2 = βk′,p′ for some positive integer k′ ⩾ 2 and p′ ∈ {1, . . . , k′ − 1};
(310) ε2 = γn′ for some positive integer n′;
(410) ε2 = δn′ for some positive integer n′.

Next, the proof of the statement n1 = n2 word by word repeats the proof of statement
(11).

(14) Suppose to the contrary that there exist positive integers n1 and k1 ⩾ 2, and

p1 ∈ {1, . . . , k1 − 1} such that the relation βk1,p1
J γn1

holds in End(BF
ω ). Then by

the de�nition of the relation J there exist ε11, ε12, ε21, ε22 ∈ End(BF
ω )1 such that

βk1,p1
= ε11γn1

ε12 and γn1
= ε21βk1,p1

ε22.
By Theorem 1(4) we have that ⟨α⟩ · ⟨β⟩ ∪ ⟨β⟩ · ⟨α⟩ ⊆ ⟨β⟩, and hence by Theorems 4

and 1 we obtain that ε21 ∈ ⟨γ⟩. Also, Theorem 3 implies that ε11 /∈ ⟨γ⟩ ∪ ⟨δ⟩. Then we
have that

βk1,p1
= ε11γn1

ε12 = ε11γk4
βk1,p1

ε22ε12.
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Later we consider the following cases.

(114) If ε11 = αk2,p2 , ε12 = αk3,p3 , and ε22 = αk5,p5 , then by Theorems 1 and 4 we
have that

βk1,p1
= αk2,p2

γk4
βk1,p1

αk5,p5
αk3,p3

=

= αk2,p2
γk4k1

αk5,p5
αk3,p3

=

= αk2,p2
γk4k1k5

αk3,p3
=

= αk2,p2
γk4k1k5k3

=

=

{
γk2k4k1k5k3 , if k3k4k1k5k3 = 1 or p = 0;
βk2k4k1k5k3,p2k4k1k5k3

, if k3k4k1k5k3 ̸= 1 and p = 1, . . . , k3 − 1.

The �rst case is impossible. In the second case we have that k2k4k1k5k3 = k1 which impli-
es that k2 = 1. Hence we have that p2 = 0, a contradiction. The obtained contradiction
implies that case (114) does not hold.

(214) If ε11 = αk2,p2
, ε12 = αk3,p3

, and ε22 ∈ {βk5,p5
, γk5

, δk5
}, then by Theorems 1

and 4 and by the similar calculations as in case (114) we get that

βk1,p1
= αk2,p2

γk4
βk1,p1

ε22αk3,p3
=

=

{
γk2k4k1k5k3

, if k3k4k1k5k3 = 1 or p = 0;
βk2k4k1k5k3,p2k4k1k5k3 , if k3k4k1k5k3 ̸= 1 and p = 1, . . . , k3 − 1.

As in the previous case we obtain that case (214) does not hold.

(314) If ε11 = αk2,p2
, ε12 ∈ {βk3,p3

, γk3
, δk3

}, and ε22 ∈ {αk5,p5
, βk5,p5

, γk5
, δk5

}, then
by Theorems 1 and 4 and by the similar calculations as in case (114) we get that

βk1,p1
= αk2,p2

γk4
βk1,p1

ε22ε12 =

=

{
γk2k4k1k5k3

, if k3k4k1k5k3 = 1 or p = 0;
βk2k4k1k5k3,p2k4k1k5k3 , if k3k4k1k5k3 ̸= 1 and p = 1, . . . , k3 − 1.

As in case (114) we obtain that case (314) does not hold.

(414) If ε11 = βk2,p2
, ε12 = αk3,p3

, and ε22 = αk5,p5
, then by Theorems 1, 3, and 4

we have that

βk1,p1 = βk2,p2γk4βk1,p1αk5,p5αk3,p3 =

= βk2,p2
γk4k1

αk5,p5
αk3,p3

=

= βk2,p2
γk4k1k5

αk3,p3
=

= βk2,p2γk4k1k5k3 =

= βk2k4k1k5k3,p2k4k1k5k3
,

which implies that k2k4k1k5k3 = k1. Hence k2 = 1 which contradicts the de�nition of
the element βk2,p2 . The obtained contradiction implies that case (414) does not hold.

(514) If ε11 = βk2,p2
, ε12 = αk3,p3

, and ε22 ∈ {βk5,p5
, γk5

, δk5
}, then by Theorems 1,

3, and 4 and by the similar calculations as in case (414) we get that

βk1,p1 = βk2,p2γk4βk1,p1ε22αk3,p3 =

= βk2k4k1k5k3,p2k4k1k5k3
.

As in the previous case we obtain that case (514) does not hold.
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(614) If ε11 = βk2,p2 , ε12 ∈ {βk3,p3 , γk3 , δk3}, and ε22 ∈ {αk5,p5 , βk5,p5 , γk5 , δk5}, then
by Theorems 1, 3, and 4 and by the similar calculations as in case (414) we get that

βk1,p1
= βk2,p2

γk4
βk1,p1

ε22ε12 =

= βk2k4k1k5k3,p2k4k1k5k3 .

As in case (414) we obtain that case (614) does not hold.

(15) Suppose to the contrary that there exist positive integers n1 and k1 ⩾ 2,

and p1 ∈ {1, . . . , k1 − 1} such that the relation βk1,p1J δn1 holds in End(BF
ω ). By

Theorem 3(8) of [9], δn1Dγn1 in End∗(BF
ω ). This implies that δn1Dγn1 in End(BF

ω ).

Since D ⊆ J and D ◦ J ⊆ J , we obtain that βk1,p1J γn1 in End(BF
ω ), which

contradicts statement (14). □

We summarise the descriptions of equivalent classes of Green's relations of the semi-
group End(BF

ω ) in the following theorem.

Theorem 5. Let F = {[0), [1)}. Then the following statements hold.

(1) Lαk,p
= Rαk,p

= Hαk,p
= Dαk,p

= Jαk,p
= {αk,p} in End(BF

ω ) for any positive
integer k and p ∈ {0, . . . , k − 1}.

(2) Lβk,p
= {βk,p} and Lγm = Lδm = {γm, δm} in End(BF

ω ) for any positive

integers k ⩾ 2, m, and p ∈ {1, . . . , k − 1}.
(3) Rβk,p

= {βk,p}, Rγn
= {γn}, and Rδn = {δn} in End(BF

ω ) for any positive

integers n, k ⩾ 2, and p ∈ {1, . . . , k − 1}.
(4) The relation H on End(BF

ω ) coincides with the equality relation.

(5) Dβk,p
= {βk,p} and Dγm = Dδm = {γm, δm} in End(BF

ω ) for any positive

integers k ⩾ 2, m, and p ∈ {1, . . . , k − 1}.
(6) Jβk,p

= {βk,p} and Jγm
= Jδm = {γm, δm} in End(BF

ω ) for any positive

integers k ⩾ 2, m, and p ∈ {1, . . . , k − 1}, and hence D = J in End(BF
ω ).

Proof. Statement (1) follows from Proposition 2(1) and the inclusion relations between
Green's relations.

(2) The equality Lβk,p
= {βk,p} follows from statements (2)�(4) of Proposition 2

and statement (1). Also, statements (2), (3) and (5)�(7) of Proposition 2 and statement

(1) imply that Lγm
= Lδm = {γm, δm} in End(BF

ω ) for any positive integers k ⩾ 2, m,
and p ∈ {1, . . . , k − 1}.

(3) The equality Rβk,p
= {βk,p} follows from statements (8)�(10) of Proposition 2

and statement (1). Also, statements (11) and (12) of Proposition 2 and statement (1)
imply the equality Rγn = {γn}. The equality Rδn = {δn} follows from statements (12)
and (13) of Proposition 2 and statement (1).

(4) follows from statements (2) and (3) and the de�nition of H .

(5) follows from statements (2) and (3) and the de�nition of D .

(6) The equality Jβk,p
= {βk,p} follows from statements (14) and (15) of Propositi-

on 2 and statement (1).

Next we shall prove that Jγm
= Jδm = {γm, δm} in End(BF

ω ) for any positive

integerm, which with the above statements imply that D = J inEnd(BF
ω ). We observe
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that by statement (5) it is complete to show that γnJ γm in End(BF
ω ), n,m ∈ N, if

and only if n = m.
Suppose to the contrary that γnJ γm in End(BF

ω ) for distinct n,m ∈ N. Without
loss of generality we may assume that n < m. Then by the de�nition of the relation J

there exist ε11, ε12, ε21, ε22 ∈ End(BF
ω )1 such that γn = ε11γmε12 and γm = ε21γnε22.

By Theorem 3, ε11, ε21 /∈ ⟨δ⟩. By Theorem 4 we get that ε11 /∈ ⟨α⟩ ∪ ⟨β⟩, and hence
ε11 = γk for some positive integer k. Then by Theorems 3 and 4 the equality γn =
ε11γmε12 = γkγmε12 implies that n ⩾ m, which contradicts our assumption. □

Remark 2. Theorem 2 of [8], Theorem 3 of [9] and Theorem 5 imply that for an ω-closed
family F which consists of two nonempty inductive nonempty subsets of ω the following
statements holds:

(1) Green's relations of elements αk1,p1
and βk2,p2

in the semigroup End1
∗(B

F
ω )

of all injective monoid endomorphisms of the semigroup BF
ω coincide with the

corresponding their Green's relations in the semigroup End(BF
ω ) of all monoid

endomorphisms of BF
ω .

(2) Green's relations of elements γn1 and δn2 in the semigroup End∗
0(B

F
ω ) of all

non-injective monoid endomorphisms of the semigroup BF
ω coincide with the

corresponding their Green's relations in the semigroup End(BF
ω ) of all monoid

endomorphisms of BF
ω .
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Âèâ÷åíî ñòðóêòóðó íàïiâãðóïè End(BF
ω ) óñiõ ìîíî¨äàëüíèõ åíäî-

ìîðôiçìiâ íàïiâãðóïè BF
ω , äå ω-çàìêíåíà ñiì'ÿ F ñêëàäà¹òüñÿ ç äâîõ

íåïîðîæíiõ iíäóêòèâíèõ ïiäìíîæèí ó ω. Îïèñàíî åëåìåíòè íàïiâãðóïè
End(BF

ω ), íàïiâãðóïîâó îïåðàöiþ òà âiäíîøåííÿ �ðiíà íà íàïiâãðóïi
End(BF

ω ).
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