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In this paper we study the numerical solution of the Cauchy problem for the Laplace
equation in a unit disk using Denoising Diffusion Probabilistic Model (DDPM). The Dirich-
let and Neumann data are prescribed on the top half of the boundary while the bottom
half and the interior are considered unknown. The inverse problem is formulated as con-
ditional generation of a harmonic field represented as a multi-channel image encoding of
the domain, boundary geometry, observed boundary, observed Dirichlet and Neumann val-
ues. The model is trained to generate a single-channel image that represents the numerical
solution within the interior of the domain, discretized on a grid at a prescribed pixel res-
olution. A synthetic training dataset is generated by sampling the Fourier coefficients
associated with the closed-form analytical solution of the well-posed problem, using as
Neumann boundary data a truncated Fourier series up to mode K. Empirical evaluations
on datasets comprising up to 50,000 samples at resolution of 64 x 64 indicate that the
proposed model degrades gracefully under the tested Dirichlet noise levels. These findings
suggest that conditional diffusion models may serve as learned surrogates for certain PDE
inverse problems, though broader validation is still needed.

Key words: denoising Diffusion Probabilistic Model, inverse problems, Cauchy problem,
Laplace equation, noise-robustness, conditional generative modeling, scientific machine
learning.

1. INTRODUCTION

Generative Al models such as DDPM - Denoising Diffusion Probabilistic Models [1]
are rapidly advancing as tools for approximating complex data distributions in science
and engineering. We observe interest in employing these models for scientific machine
learning applications, in which the generated objects are required to satisfy explicit gov-
erning equations. In particular, it is important to emphasize the growing interest in the
study of inverse problems in partial differential equations (PDEs), as a portion of recent
research efforts has been devoted to these topics, as illustrated, for example, in [2] and [3].

Among classical and extensively studied inverse problems, a special role is played by
the Cauchy problem for elliptic equations, which is ill-posed in the sense of Hadamard.
Therefore, the Cauchy problem for the Laplace equation, as a specific instance of such
problems, already benefits from a well-established framework of regularization techniques
and numerical solvers, as described, for example, in [4]. Among the available numerical
methods for solving such problems, it is worth highlighting the integral equation approach
described in [5].

In this paper, we propose a methodology for solving the Cauchy problem for the
Laplace equation by employing a Denoising Diffusion Probabilistic Model (DDPM),
trained on ground-truth solutions in the unit disk domain, as an efficient and noise-robust
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numerical solver. Our goal is to demonstrate the potential of generative AI models for
addressing inverse problems. Similar approaches were suggested for electrical impedance
tomography image reconstruction in [6] and [7]. Nevertheless, the aforementioned stud-
ies primarily concentrate on EIT-based imaging and on models such as the Complete
Electrode Model, and their methodological frameworks are explicitly tailored to this
specific class of inverse problems. More generally, a unified and systematic framework
for deploying such models across the broad class of inverse problems has not yet been
established, and their full potential within wider scientific and engineering applications
remains largely unexplored.

1.1. PROBLEM STATEMENT

We consider a Cauchy problem for the Laplace equation on a unit disk represented
in polar coordinates Q = {(r,0) : 7 € [0,1],6 € [0, 27]} as finding a function u € H(€):

Au=0 inQ (1)

with partial boundary data g € H'(99), f € L?*(99) on the upper half-circle of the unit
disk 'y = {(r,0) : r = 1,0 € [0, 7]}:

u=g(0) onT; (Dirichlet) (2)

@ = f(#) onT; (Neumann) (3)

and no data on the remaining arc I'y = {(r,60) : r = 1,0 € [, 27]}.

In this experiment, we simulate the imposition of boundary alternating currents on
the unit disk 2 as Neumann boundary data, with the objective of reconstructing the
corresponding harmonic interior electric potential. This setting is closely related to the
problem formulated in [7], where the Complete Electrode Model (CEM) is employed on a
circular domain, and it is also consistent with the experimentally acquired data reported
in [8]. In particular, the Neumann boundary conditions for the input data are prescribed
as in (4):

K
Z (ar, cos(k) + by, sin(k0)) (4)
k=1

ag, bi NN(O,U,%),]{EZL...,K

In this setting, the closed-form analytical solution of the well-posed boundary value
problem with Neumann boundary conditions is straightforward to obtain in polar coor-
dinates (5):

*(ag cos(k) + by sin(k)) + C (5)

??‘\»—t

Subsequently, we employ the analytical solution (5) to construct a synthetic dataset
for training the DDPM model on ground-truth solutions, and then we apply the trained
model to inverse problems within the same domain for evaluation.
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1.2. MOTIVATION

Diffusion probabilistic model is a parameterized Markov chain trained using varia-
tional inference to produce samples matching the data after finite time [1]. These models
have been widely adopted within the deep learning community and have been applied
across a broad range of tasks. Of particular relevance to this work is their application
in conditional generative modeling, such as text-to-image generation, which is described
in detail in [9]. The central objective of this work is to reformulate the solution of the
two-dimensional Cauchy problem as an image generation task. In this framework, con-
ditional generative modeling is employed, with the model conditioned on Dirichlet and
Neumann boundary data, in a manner analogous to text-conditioned image generation.

2. METHODS

To solve the Cauchy problem using a diffusion model and to enable conditional gen-
eration, the solution must first be represented as an image-like object. This image-based
representation must be constructed so as to explicitly encode the geometry of the domain,
the precise location of the boundary, and an unambiguous distinction between bound-
ary values and interior values. In addition, it is essential to ensure that the prescribed
Neumann data are strictly consistent with the corresponding Dirichlet data. This com-
patibility condition is necessary to guarantee the mathematical correctness of the Cauchy
problem formulation.

To satisfy the aforementioned requirements, we adopt a fundamental concept from
computer vision-image multichanneling. In this framework, the solution is represented
as a 64 x 64 single-channel image, while the domain geometry, boundary locations,
and boundary values are likewise encoded as single-channel images. These channels are
stacked to form a multichannel representation, all defined on a square grid [-1 —¢, 1+¢€]
that fully contains the unit disk. Consequently, the U-Net architecture underlying the
diffusion model is trained on samples, each consisting of a single ground-truth solution
channel and five conditioning channels:

Interior mask — equal to 1 inside the unit disk and 0 outside.
Full boundary mask — equal to 1 on pixels within a half-pixel diagonal of r = 1.
Observed boundary mask — boundary pixels with 6 € [0, 7).

Dirichlet values — g() at observed boundary pixels and 0 elsewhere.

Al o

Neumann values — f(6) at observed boundary pixels and 0 elsewhere.

The proposed conditioning strategy allows us to generate solutions to the Cauchy
problem by employing the partial Dirichlet and Neumann boundary data as conditioning
channels 4 and 5, respectively. A visualization of this interpretation is provided in Fig. 1.
In the example, we make use of a ground-truth solution corresponding to simulated input
currents f(#), which is exactly a truncated Fourier series up to mode K = 5.

Denoising Diffusion Probabilistic Models (DDPMs) are characterized by relatively
large model architectures. In the original work by [1], the model was trained on the
CIFAR-10 dataset, which contains approximately 60,000 samples. This suggests that,
for effective application of DDPMs we need a training dataset on the order of 50,000
samples. Therefore, in this study, we deliberately restrict our attention to a simplified
unit disk domain, enabling the use of a closed-form analytical solution expressed in polar
coordinates (5). We exploit this polar-coordinate solution to sample its coefficients (4),
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Geometric Conditioning Channels
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Fig. 1. Multichannel solution representation in 64x64 pixel resolution
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thereby generating tens of thousands of training samples and constructing a dataset of
sufficient size for DDPM training. It is worth noting that by sampling these coefficients,
we obtain not only the ground-truth solution of the underlying problem but also its
associated Neumann boundary data (4), represented as simulated alternating currents
f0).

We construct the dataset by sampling the coefficients of the analytical solution (5) as
independent and identically distributed random variables drawn from normal distribu-
tions with mode-dependent variances given by O',% = k% for k =1,..., K. This modeling
choice suppresses higher-mode contributions, produces smoother sampled boundary data,
and remains compatible with the weak formulation of (1).

In this study, the DDPM model architecture is configured to exactly replicate the
settings of the original DDPM framework proposed by [1]. Specifically, the following
design choices are adopted:

1. Linear noise-variance schedule with 8 € [107%,2 x 1072] as in [1];

2. Total of T' = 1000 diffusion time steps [1];

3. Training batch size of 128, matching the configuration used for CIFAR-10 in the
original work [1];

4. Learning rate of 2 - 10~%, matching the original configuration [1];

5. U-Net with 3 downsampling blocks and 3 corresponding upsampling blocks, where
each block comprises 2 ResNet blocks followed by a Downsampler or Upsampler
block, respectively [1];

6. Self-attention block applied at a feature map resolution of 16 x 16, as in the original
work [1].

The objective of this study was not only to demonstrate the capability of DDPM to
solve the inverse problem, but also to assess its robustness with respect to noise. We
evaluated the model’s performance on Cauchy problems with noisy input data repre-
senting perturbed “voltage measurements,” i.e., noisy Dirichlet boundary data, while the
Neumann boundary data were kept unchanged. We introduced multiple noise levels,
specifically 0%, 1%, 2%, 5%, and 10%, and assessed performance using several quanti-
tative metrics, namely the mean squared error (MSE) and its root (RMSE), the relative
Ly error (6), and the relative Lo, error (7).

||Upred — Utrue ||2 (6)

rel. Lo error =
”utrueHZ

maxg ‘upred - utruel

(7)

where upreq denotes the solution generated by the DDPM model, and e represents
the reference (ground-truth) solution to the Cauchy problem.

rel. Lo, error = -
maxgq Utrue — MINQ Utrye

3. REsuLTS

For all experiments conducted in this study, we fixed the model architecture and
training hyperparameters as specified in the previous section. A single training dataset
comprising 50,000 samples was generated (using coefficient sampling, Fig. 2), and a single
instance of the model was trained and subsequently used across all experiments. Both the
training and validation sets used clean boundary input data, as the analysis of training
with noisy inputs is postponed to future work.
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Model training was conducted for 200 epochs using the AdamW optimizer with a
learning rate of 2-10~% on a training set comprising 50,000 samples and a validation set
comprising 5,000 samples. The effective number of training epochs was determined by
analyzing the evolution of the loss function, as depicted in Fig.4. We stopped at epoch
160 because training loss had plateaued and later validation-loss gains were modest.

Fourier Coefficient Diversity

© k=1
: k=2
o k=3
® k=4
4 A =5
2- L]
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ol ¢
24
_4_ .

Fig. 2. Sampled coefficients of f(6) corresponding to modes k =1,2,3,4,5
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Fig. 3. Histogram of amplitude values for the Neumann boundary data f(6)
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Fig. 4. Evolution of training and validation loss over DDPM training epochs

—

We first generated few solutions and visually compared them with the ground truth
(see Fig.5). Subsequently, we performed a quantitative evaluation of the model on a
test set comprising 500 previously unseen samples, using several metrics and considering
different noise levels added to the observed Dirichlet input data (0%, 1%, 2%, 5%, and
10% noise levels).

The results of model evaluation across different noise levels are summarized in Tabl. 1
and visualized in Fig. 6.

Table 1

DDPM reconstruction error metrics evaluated on 500 unseen test samples
with varying noise levels applied to Dirichlet data

Metric c=00 =001 =002 =005 oc=0.1
Rel. L? Error 0.0315 0.0325 0.0371 0.0575 0.0998
Rel. L*>° Error 0.0305 0.0316 0.0365 0.0574 0.0982
MSE 0.0003 0.0004 0.0005 0.0010 0.0030
RMSE 0.0170 0.0176 0.0197 0.0292 0.0498

4. DISCUSSION

We analyzed the generated training dataset to confirm that the sampled coefficients
are sufficiently varied, ensuring the model sees a broad range of functions rather than
overfitting to a narrow subset of possible “input currents”. This diversity in sampled
coefficients is evident in Fig.2, which shows no clustering along any radius on the %
circles. Additionally, we verified that the amplitudes of Neumann boundary value ranges
are approximately normally distributed, thereby ensuring that the training set includes
both high- and low-amplitude functions. As illustrated in Fig.3, the Neumann value
amplitudes indeed closely conform to a normal distribution.

Numerical solutions generated with conditioning on noise-free Dirichlet boundary ob-
servations closely matched the ground-truth solutions (see Fig.5). Therefore, we exam-
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Fig. 5. Numerical solutions generated by the DDPM conditioned
on noise-free Dirichlet boundary observations

ined how DDPM reconstruction accuracy changes with Dirichlet boundary observation
noise level 0. Each panel of Fig.6 presents one error metric (relative Lo, relative Lo,
MSE, RMSE) computed over a set of 500 unseen test samples. The solid line represents
the mean value of the error metric, while the error bars and shaded region denote its
standard deviation. The model was trained only on noise-free data, as noted previously.

The evaluation results in Tabl.1 and Fig.6 indicate that the model is reasonably
robust to noise: all error metrics increase gradually with increasing noise, without abrupt
spikes or exponential growth. At o = 0, the relative Lo and L, errors are approximately
3%, indicating high accuracy. The variance of each error metric grows with noise level,
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Fig. 6. DDPM reconstruction error metrics vs Dirichlet data noise levels

as seen from the widening confidence band. We hypothesize that min-max scaling causes
noise to affect low-amplitude samples more than high-amplitude ones, thereby widening
the error metric deviation interval. The influence of noise on the generated solutions is
illustrated in Fig. 7.

5. CONCLUSIONS

In this study, we demonstrate that a generative AT model, specifically a denoising dif-
fusion probabilistic model (DDPM), can be employed to solve complex inverse problems,
including the severely ill-posed Cauchy problem for the Laplace equation. We considered
a simplified experimental configuration in the unit disk, in which we simulated the in-
jection of currents along the upper portion of the boundary. This setup is conceptually
related to image reconstruction in electrical impedance tomography (EIT), in a manner
analogous to [7].

To enforce the ill-posed nature of the Cauchy problem, we prescribed both Dirich-
let and Neumann boundary data only on the upper semicircle of the disk. We used a
simplified model with a closed-form analytical solution in polar coordinates, which al-
lowed straightforward generation of a synthetic dataset by sampling the corresponding
expansion coefficients.

The DDPM was trained on a dataset consisting of 50,000 samples and subsequently
evaluated on an independent test set of 500 samples under five noise levels: 0, 1%, 2%,
5%, and 10%. The evaluation of solution reconstruction error metrics across these noise
levels indicates that the model functions as a noise-robust solver for the investigated
inverse problem.
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Fig. 7. Influence of noise applied to the Dirichlet data (conditioning channel)

In future work, we aim to compare the DDPM-based reconstructions against those
obtained with conventional approaches, in particular the finite element method (FEM)
combined with Tikhonov regularization. Furthermore, we plan to investigate training
the model on noisy input data, in order to more accurately reflect the characteristics of
real-world inverse problems.
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3ACTOCYBAHHS 3HEIIIYMJIFOBAJIbBHOI IN®Y3INHOIL
MMOBIPHICHOI MO/JEJII 10 PO3B’SI3BAHHS
3AJAYI KOII AJId PIBHAHHZA JIAIIJIACA
B OAVMHNYIHOMY KPVY3I

P. Cononmatu4, FO. My3uayk
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V mi#t poboTi HOCHiIPKYEThCS YuCceabHe PO3B’si3anHs 3ama4i Komi qus pisasinas Jlan-
Jaca B OAMHUYHOMY KPY3i 3a JOMOMOrOI0 3HEIIyMJIIOBAJIbHOI Audy3iitHoi iMoBipHicHOT
Mogmesti. Bxinni gami /lipixsie ta Hefimana 3amani Ha gactuni mexi, a caMe — Ha BEPXHBOMY
HAIBKOJII, B TOM Yac sK 3Ha4YeHHs] PO3B’sI3KY Ha HIDKHINA YacTHHI MexKi Ta BCepeauHi Koma
BBaXKAIOThCsA HeBimomumu. Jlama obepmeHa 3amada (OPMYITIOETHCH sK 3aa€9d yMOBHOL
reHeparil rapMOHIIHOTO II0JIs MIPEeCTABIEHOIO K OararokaHaJbHe 300paKeHHs, 10 Mic-
TUTH indopmarniio npo ¢opmy o6sacTi, po3TanryBaHHS MEXKi, 9aCTHHY MEXKi, IO CIOCTe-
piraerncsi, a Takox gani Jlipixse Tta Helimana. Mogenab TPeHYEThCs T€HEPYBATH OJHO-
KaHaJIbHe 300pa’keHHs, IO BiANOBiTa€ YHCEILHOMY pO3B’S3KY 3a7adi B ob6JsacTi, gdKa
IMCKPETU30BaHA Ha CiTIi i3 3aJaHOI0 PO3/Ii/ibHOIO 37aTHICTI0. CuHTeTnaHuil HAbGIp TpeHy-
BaJIbHUX JAHUX 3T€HEPOBAHO 3a JOIOMOTOI0 BHUIIAJKOBOI BubipKu KoedimienTiB Pyp’e, mo
BignosizaroTs anagiTraHOMY pO3B’sI3Ky KOPEKTHOI KpaioBoi 3ajmadi, B akiit gqani Helimana
33aHO K JACTKOBY cyMMy psagy ®Pyp’e go wiena K. EMnipuuni ominku Mogesi Ha HAGOpi
3 50,000 ex3emiuisipiB i3 po3aiipHOI0 37aTHICTIO 64 X 64 MOKA3yOTH, 110 3alIPOIOHOBAHA
MOJENb JAEeMOHCTPYE IIE€BHY CTiMKicTh g0 mymy. OTpuMaHi pe3yabTaTu JeMOHCTPYIOTH
TMOTEHIiWHI MOXKJIMBOCTI 3aCTOCYBAHHSI T€HEPATUBHUX MOJEeH MITYYHOTO iHTEJIEKTY IS
PO3B’sI3aHHS CKJIQHUX O0DEPHEHUX 3a7a4.

Knarouo6i caosa: premrymiiroBaiabHa Judysiiina Mmosipricaa Mogenb, obepueni 3amadli,
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3amaga Ko, piBasaas Jlamraca, cTifikicTs 10 myMy, yMOBHA TeHepAIlist, HAyKOBE MAIIHH-
He HABYAHHS.



