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IIpu po3paxyHKy Cy4YacHUX IPUKJIAQJHUX 3a/]a4 BUHHKAE HEOOXIJHICTH 3HAXOZUTH He
TiNbKU HAOIMKEH] pO3B’I3KU JOCTIKYBAHIUX MATEMATHIHUX MOJIeNIeil, & TAKOXK OTPUMYBa-
TH TapaHTOBAHY OI[IHKY MOXHOKHU pe3ysibTary. BuBegeHO siBHI pO3paxyHKOBI popMmysin THILy
Pynre-KyTTn po3B’s3yBaHHS HOYATKOBOI 3a7ad4i JJIsS HeJTiHIUHUX iHTerpo-audepeHItiaab-
mux piBasHe (IJIP) Bonbreppu apyroro pogy. 3Ha#eHO MHOXKHKHY mapaMeTpiB, 3a SKHX
OTPUMAaHO JBOCTOPOHHI HADJIUKEHHS 40 TOYHOTO PO3B’A3KY 0€3 BHKOPDHCTAHHS JOTATKOBUX
004uC/eHb TPABOI YaCTHHU iHTErpo-audepeHiaabHoro piBHsinas. [lapa dopwmys, oo
BiOBiZAIOTH JABOM 3HAYEHHSM [AapaMeTpa IBOCTOPOHHOCTI, $Ki BiApI3HAIOTHCA JIHIIIE
3HAKOM, CTAHOBJIATH PO3PAXyHKOBI popmynu aBoCcTOpOHHBOrO MeToxmy. OpHa 3 HEX Ja€
BEPXHE HAOJIMXKEHHSI, & IHINA — HUXKHE HADJIWKEHHSI JI0 TOYHOrO po3B’sa3Ky 3amadi Komri
715 iHTerpo-audepeHIiaibHOT0 PIBHIHHSA. 3a HAOJIMKEHUM PO3B 30K NPpUHMaEMO HiBCYyMY
JBOCTOPOHHIX HAOJIMXKEHb, a MOJYJb MiBPi3HMII jgae TOXuUOKYy pe3yiabrary OOYHCIIEeHb.
Bunucano saBHHUil BHpa3 IOJIOBHOTO UJIeHA JIOKAJIBHOI IMOXHOKH De3yJbTaTy, AKHM 004umc-
JIIOETBCS 3 BAKOPHCTAHHSM DAHiIle OTPUMAHHX 3HAYEHb IIPABOl YacTUHHU iHTEerpo-mude-
PeHIiaJbHOTO piBHAHHS. O3HAeHO 3HAYEHHS MapAMETPIB, 338 SIKAX OTPUMAHO UHUCJOBI
METOH IEePINOro, JPyroro, TPEThOro T Y€TBEPTOro nopsaaKy Touxocti. s m-cragifinoro
meroxy Tumy Pyrre-Kyrrn (m = 1,4) 3anponoHOBaHO METOAMKY 3HAXOKEHHS y KOXKHIii
BY3JIOBi# TO4UIl 3HAYEHHS MOXMOKM ampOKCHMAIil, BUOOPY KPOKY iHTErpyBaHHS Ta 3MiHY
MOPSIIKY TOYHOCTI HAOJIMKEHOTO MeTomy. MoayiabHUil XapakTep 3alpONOHOBAHUX AJITO-
PHUTMIB Ja€ 3MOTY B KOXKHi#l TO4ni iHTerpyBaHHS OTPUMATH KiJTbKa HAOJIMXKEHDb O TOYHOTO
pPO3B’sI3Ky mOYATKOBOI 3ajadi mss imTerpo-gudepeHiansbHOro piBHsiHHs. 3icTaBienHs
nuX HAaOJIMXKEHb Ja€ BaXXJIUBY iHdoOpMmamniro s BUOOPY KPOKY iHTerpyBaHHS Ta OI[iIHKH
TOYHOCTI Pe3y/bTary.

Karowosi caosa: 3amada Korri, inTerpo-audepeHIiianbue piBHAHHSI, YUCIOBI METOIU, JBO-
CTOPOHHI HADJIM>KEHHSI, TIOPSIIOK TOYHOCTI, JIOKAJIbHA MOXUOKA.

1. Bcryn

OpauM i3 cydacHUX HAYKOBUX METOJIB JIOCJIIKEHHS SBUII i MPOIECIB € MaTEMATHI-
HE MOJEJIIOBAHHS, ske B 0ArarbOX BUIAIKAX A€ 3MOrY IMITYyBAaTH peaJIbHUIA TpOIeC i
OTPUMYBATH SIKICHY Ta KinbKicHy Kapruny mporecy. ChorofHi akKTHBHO PO3BUBAIOTHCS
HAPSIMKH, SKi OB’ A3aHi i3 3acTOCyBaHHIM iHTErpo-andepeHiiaabauX piBHIHb BoabTep-
pu. 3okpema, 3aja4i KiIHETUKY, €JIEKTPOHIKU, BiIIHOBJIEHHS CIIOTBOPEHOIO 300DaXKEHHS,
3amadi Tomorpadii, riapoaKyCTUKU, PO3PAXYHOK HAMPYKEHO-1e(hOPMOBAHOTO CTAHY TOH-
KOCTIHHHX €JIEMEHTIB KOHCTDYKIiii (CTepxKHiB, maacTuH, 060JIOHOK), JedKi po3ziiu 6i0-
Jiorii (3a/1a49a PO NOIIMPEHHs enineMil, 3a1a49a KiHeTUKK NeYiHKU, MOJEIIOBAHHS MiXK-
KJITUHHUX B3a€MO/iil), eKOHOMiKM BUPOOHUIITBA (AMHAMIYHI MaKPOEKOHOMIYHI Mozed,
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MOJIEJIi CHCTEM, 0 PO3BUBAIOTHCS) 1 MPUBOAATH 0 HEOOXITHOCTI PO3B’s3aHHsA iHTErpo-
nudepeHIfiaJIbHIX PIBHAHD 1 IXHIX CHCTEM.

OckilbKH pPO3B’SI3KM B 3aMKHYTOMY BWIJIS/I MOXKHA OTPUMATH JIWIE B OKPEMEX
YaCTKOBHUX BUIIAJIKAX, TO BUHUKAE MPObIeMa MOOyI0BN HAOIMKEHNX METOMIB, sKi Oym
0 ONTHUMAJTHLHAMH 33 TOYHICTIO TA MPABUILHO BimoOparkam OCHOBHI BJIACTHUBOCTI chop-
MyJIbOBAHUX 33a4. s po3paxyHKy TAaKWX 33/a9 BUHUKAE HEOOXITHICTH 3HAXOIUTH
HE TiIbKM HAOJWMIKEHI PO3B’A3KM JOCIIIKYBAHMX MATEMATHYHUX MOJIEJel, a TaKOXK
OTPUMYBATH TAPAHTOBAHY OIIHKY MOXUOKW PE3YJIbTATY.

IIpobmema mobymoBu HAOIMAKEHUX METOAIB PO3B’A3anis 3aaa4i Ko gy HemiHiiHIx
iHTerpo-mudepenniaTbHuX PiBHAHD € AKTYaJbHAM 3aBIAHHIM O0UHCIIOBAJILHOI MaTeMa-
TUKHU Ta KOMI'IOTEPHOTO MOIETIOBAHHSI.

B ocranni poku 6araTo aBTOpiB MPAIIOBAIN HAJT YUCEIHHIMHU METOIAMU IHTErPaIbHAX
Ta iHTerpo-aundepeHiaJ bHuX piBHAHD. [HTErpo-mudepeHiaabHi PIBHAHHSA Ta IXHI CHC-
remu (IIPC) rpamnsorbes y MojesoBanti 6ararbox mpouecis Hayku i rexuiku. Desibi-
wreiin A. (Feldstein A.) ra inuid y [1] HaBoasgTh nepesik IXHBOrO 3aCTOCYBAaHHA B PI3HUX
TAITy35IX.

B mpani [2] Izaxi M. (Izadi M.) orpuMano HabuKeHi po3B’s3K1 HeiHifHOTO ToricTrd-
HOTO DiBHSAHHS Jpo6oBOro mopsaky. B [3] po3pobieHo HOBy TexHiKy dakropusanii ais
HesiHifHUX YacTuHHUX po3paniB. B [4] 3acrocoBano dbyukiiio Beccens myis po3s’azanns
wveniniinux [JIPC ®penronsma-Bonbreppa-Tammepinreiina.  3acTtocyBanHs MOJIHOMIB
Tenokki wamemeno B [5]. B mpami [6] 3ampomoroBano wemominomiambHuit Merorn B-
crnaiinis. Jdeski nuaamivni Mozeni mocnimkeni B [7]. MeTon KOHBEpreHTHOI KOJIOKAIIT
Ha ocHOBi momidpakroHoMmis fko6i Bukopucrano B [8]. B [9] mociimkeno mHosumit HaGIp
opToroHanbHUX OaszucHux GyHkmiii. Habmmxkennit po3s’sa30k piBHgHb Ppenronbma
nooynosano B [10]. Hlipamia /I. (ShiraniaD.) rta inmd B npani [11] 3anpononysasm
JIBa, METOJM KOJOKaril. ¥ BCiX II€pepaxOBaHUX IPAIAX HEMAE CIOCOOIB 3HAXOIKEHHS
JBOCTOPOHHKOI OIIHKU TIOXUOKU PE3YJIbTATY.

Enb-Mlivmapi A. (Al-Shimmary A.) B [12] Ha ocHoBi meperBopenusi Koyia-Xonda
3aIpOIOHYBAIM METOJ PO3B’sA3aHHs PIBHAHHA Broprepca 3a momomMoroio meromy Pymre-
Kyrru mwocroro nopsinky rognocri. B [13] 3anpononosano poss’sasysanus IJIPC Bosib-
TeppU AiarOHAJIbHUM HEABHUM 0AaraTOKpOKOBUM 0Jsi04HuM MeTogoM. B [14] upouonytors-
CsT 9MCJIOBI METOIM Ha OCHOBI 6AraTOKPOKOBUX METOIIB /I 3BUUANHNX U epeHIliaThHAX
PiBHSHb.

Yammurin C.A. B [15] po3pobus npunnunu mobyI0BU ABOCTOPOHHIX MeToniB. Po3Bu-
ToK 1 Mmopudikauii onpanposani B [16]. CenboI1.C. B [17] chopmyBas MeTonuKy 1moby 108U
Ta gociipKenns aocropontix Meroais. [yokina M. (GubkinaN.) Ta inmi B [18] posris-
HYJIN TIEePITy KpaoBy 3a/a4y I OJHOBUMIPHOTO HETIHIfTHOTO DIBHSAHHS TETJIONPOBiA-
HocTi. OgHAK Taki AaHAJITHYHI METOIN HAKJIAJIAIOTEH JOCUTH CHJILHI OOMEXKEHHS i TX BasKKO
peanizysaru Ha ITK. ¥V [19] po3riasgaioThcss METOAN JEIIO IHIIOrO THILY.

IMenexom .M. (Pelekh Ya.M.) B [20] moGyzosani meromu tumy Pynre-Kyrru 3
JIBOCTOPOHHBOIO OLIIHKOIO JIOKaJabHOI noxubku, a B [21] — aBoCTOpOHHI Meroam Jijist
PO3B’sI3aHHST IHTErpaJIbHUX PIBHSAHB. B [22] mocmimzkeno 3wadeHHst HAMPYT MPU iHIYK-
miffHOMy HarpiBauHi (hbepOMArHITHOrO mMapy. 337a49a PO3B’sA3y€ThCA HEJIHINHUME BKJIA-
geanmu Merogavu tuity Pyure-KyTTu 3 1BOCTOPOHHBOIO OIIHKOIO JIOKAJIBHOI TTOXHOKH.

B wuiii npauni, BukopucroByioun meroauky sukiaieny Byrdep Ix.C. (ButcherJ.C.)
B [23], 3anpononoBano mMeroxu po3s’s3ysanusd 3axadi Kowi nis IJPC ra ixuix cucrem.

O06’exkTom mocmimkeHHst € 3amada Ko 1y HeliHIHHUX iHTerpo-andepeHIiaIbHuX
piBusHB. IIpeamerom docaidocenmsa € TOIATKOBA 3a0a4a I iHTerpo-andepeHIitiaaIbHIX
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piBHgHBL BombTeppn.

Meta moCHigKeHHsT — pO3pOOMTH HOBI OOYMCIIOBAIBLHI METOIN [JisT HAOIMKEHOTO
poss’s3anns 3amadi Kormmri mma memimifinmx iHTerpo-mudepeHmianbanx piBHAHL. 1le
JACTb 3MOTYy OTPUMATH YUCJIOBI METOIH 3 JBOCTOPOHBOIO OIIHKOIO NMOXMOKHU PEe3ysIbTaTy,
BKJIQJIEHI METO/I1, & TAKOXK METOJI, 3MIHHOI'O HOPSA/JIKY Ta KPOKY IHTerpyBaHHS.

JL1s TOCSITHEHHST METH JOCJIi IXKEHHS BUKOPUCTAHO TEOPil0 MOOYIOBU CYydaCHUX METO-
JiB PO3B’I3aHHS TMOYATKOBOI 33,1a4i I/ 3BUIANHNX qudepeHIiaJIbHAX Ta IHTerpo-aude-
PEHIaJbHUX PiBHIHDb, 30KpeMa OTHOKPOKOBUX MeTo/1iB Tury Pynre-KyTTa, a Takoxk Teo-
pifo moOYI0BY AIBOCTOPOHHIX HAOINIKEHbD.

2. DOPMVYJIIOBAHHS 3AIAYI
Posrsuemo na Biapisky Ip, : [zg, o + L] 3amauy Komi mna weniniitnoro inrerpo-
audepeHIiaabHOrO PiBHAHHST

(o) = Flo ), [ st as]. 1)
xo

u(xo) = wo, x € [xo, xo+ L], L < o0, (2)

,zLeF:ILX]R"xR”—)R”ig:{ac’s,u(s)|x0§s§gg§m0+L}an_>Rn,

JIOCTATHBO aupepeHIiiioBaHi GpyHKIII.
BayBaxkumo, mo pisHsgHHEs (1) MOXKHA TEPETBOPUTH B €KBIBAJIEHTHY CHCTEMY

u'(z) = Flz,u(x), z(x)], z(x) = /f glx, s,u(s)] ds.

o]

3. 1IOoBYIOBA METOAY PYHTE-KYTTU

3.1. METOJ APYT'OTO MOPSAKY TOYHOCTI

Ha Binpisky I, BBememo citky op = {x9 < 1 < ... < &y = 29 + L} 3 kpokom
h=z;41 —x;, i =0, N — 1. Habauxenuii po3s’s3ok 3axa4i (1)—(2) B Touni 1 = o+ h
LIYKAEMO y BUIJISII

2
up = u(xg) + hZai ki, (3)
Je -
k1 = Flzo + aqh, ug, 0],
ky = Flxo + agh, ug + farhky, vo1K1],
K1 = hg[zg + l1h, o +myh, ug+ c11hkq].
Tyt a;,a; (i =1,2), Bo1, Vo1, l1, M1, c11 — HEBiHOMI napamerpu, siki 3HalEMO 3 yMOBU
Ry = |u(zo + h) — u1| = O(R?).

Possunenns po3s’s3ky 3ama4i (1)—(2) B psg Teiisiopa B OKOsIi TOUKM T Ma€ BUIVISI]

1
u(wo + h) = u(xo) + hFp + §h2(90F0,0,z + FoFou,0 + Fr00)

1
+6h3(98F0,0,2z + 2F090Fou» + FEFo2u,0 + Fou0(90Fo0.0,2 + FoFouo + Froo) (4)

+290F.0,2 + 2F0F 3 0,0 + F2z,0,0 + F0.0,:(F0g90,0,u + 90,5,0 + 29:1:,0,0)) +O(h%).
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Possunysmm k; (i = 1,2) B psm mo crenenax h 10 TPETbOro TMOPSAIKY BKJIIOYHO,
OTPUMAEMO

1 1
ki = Fy+ a1 Fyo0h + 504%F2x,0,0h2 - EQ?FSI,O,ohs + O(h), )
ko = Fy + (90721 F0,0,= + Fof21Fo.u0 + aaFy00) h+

1 1
(§9§7§1F0,0,2z + Fogofo1v21Fou,- + §F()2/6221F0,2u,0 + 1821 F0,u,0F%,0,0 + goav21F 0,2
1
+Foa2B21 Fy w0 + iangz,o,o + 721 F0,0,2(c11F090,0,u + M190,5,0 + llQm,0,0)) h?
1 1 1 1
+(698’Y§1F0,0,3z + §F093521’Y§1F0,u,2z + §F02905§1’721F0,2u,z + éFgﬂglFo,?,u,o

1
+Foa1 B, Fo.2u,0Fr.00 + = 950275 Fr 0,22 + a109Bo1 Fr 0.0Fr.u0 + FogoaaB21721 Fi .2

2
Lo oo 1, Ly 1. 5
+§F0 2351 Fr 20,0 + §a1521F0,u,0F2x,0,0 + 590%721}7290,072 + §F0042521F2w,u,0
1
+60¢§F3z,0,0 + 90721 F0,0.2- (¢11F090,0,u +™M190,5,0 + 1192.0,0)

+a¥21Fy 0,2 (€11 F090,0,u + ™M190,5,0 + 1192,0,0)
+Fp 0,2 (9001 B217v21 Fr 0,0 + Fo 21721 (€11 F090,0,u + M190,5,0 + 1192,0,0))

1
2 2 2
+§721F0,0,z (2c1101 F,0,090,0,u + €11 F§ 90,020 + €11 Fomigo,s,u + migo,2s,0

+2c11Fol1 92,000 + 2l1M1Gs,5,0 + 1592@0,0))713 +O(n).
Pozrnsaemo pizHuInio

u(zg + h) —uy = (1 —ay — ag) Foh+

1
3 (*90(*1 + 2a9721)Fo,0,, — Fo(—1 4 2a2521)Fou0 — (=1 + 2101 + 2a20¢2)Fx,0,0> h?

1
+5 (—93(—1 + 342731 ) Fo,0.2: — F§ (=1 + 302/33,) Fo,24,0 + Fo,.u,0F,0,0

—6a2001 321 Fp u,0Fz,0,0 + 9o (Fo,o,zFo,u,o — 2Fy(—1+ 3azf21721) Fo,u,-
—2(—1+ 3a2a2“/21)Fz,0,z) + Fay 0.0 — 30105 Fay 0.0 — 3a203 Faz 0.0 (6)
+Fy (F(iu,o —2(—143aza2821)Fpuo— (—1+ 6611(12721)F0,0,z90,0,u>

+Fp,0,290,5,0 — 6a2m1721F0,0,290,5,0 — 2(—1 + 361211721)F0,0,z9z,0,0)h3 + O(h%).

IIpupiBusaBmn 10 HyJsid KOeDIlIEHTH Y BiAIOBIAHUX CTeleHsX 3MIiHHOI h, OTPUMAaEMO
cUCTEMY aNreOpUIHUX DIBHSHD

a1+a2—1:0,

1
azy21 — 5 =0
2 (7)
a1 + agg — 5 = 0,
azfBa — 3 = 0.
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Posp’asku cucremu (7) maloTh BapiaHTH 3HAYEHBL MAPAMETPIB JJIsi METOIY JIPYroro
TIOPAIKY TOYHOCTI TaKOTO By :

1) ap = o = o, ﬁ21=721=§, ar=1—a, ay#0;
1 1
ag — ag — = 1w
2) a1 # o, o1 # 3, 521:’)’21:%, g = —2, ay=2——;
— 20 Qo — Qg —
2 2 1 3
3) a1 =0, @ =73, 5212721257 ay =7, G2 = .

3.2. TTOBYIOBA JIBOCTOPOHHIX PO3PAXYHKOBUX ®OPMVJI

Ilobynyemo po3paxyHKOBI popmysin, SKi JAfOTh ABOCTOPOHHI HAOJMKEHHS /10 TOY-
HOTO pO3B’si3ky 3amadi Ko gns inrerpo-aundepenmiaabHoro piBHsgHHS. Jlas mporo B
cucremi (7) IpUPIBHAEMO ApyTe, TPETE Ta YeTBEPTE PIBHAHHS 0 W1,Ws,wWs, BLIAMOBIIHO.

Toxl noxubka B TOYIl & = X1 Ma€ BULIIAL,

Ry(wi,wo,w3) = {w1h2(Fx)0 + W2h2(Fu)0 + W3h2(Fz)O(9)O} = O(h3)~

3a pizaux 3uavens w; (i = 1,2, 3) nobymoBaHO JBOCTOPOHHI HAOIMKEHHS. 30KPEMa,
HATIPUKJIQ, SKIIO MPUAHATH W1 = Wo = W3 = W 1
1—2w
2042

a‘lzl_GQa a2 = ) 041:0, 621:’721:a2a (w#%)7

Jie (rg — BLAMIHHUME Bl HYJId IIapamMerp, TO
Ri(w) = wh?u” (20) + O(h®) = wh(ky — k1) + O(h®).

Otxke, OTpUMAHO PO3PAXYHKOBI (hOpMysH, siKi JAIOTH 3MOrY 3HAXOIUTH HE TLIbKH
JIBOCTOPOHHI HAOJIMKEHHs 10 TOYHOro po3s’s3ky 3azadi (1)—(2) B Touni 1, a Takox
OOYHCIIOBATH ABHUM BUPA3 MOJIOBHOTO YJIEHA JIOKAJIHHOI MOXUOKH MEeTOIy 0e3 TOTATKOBUX
00YMCIIEHb TTPABOI YACTUHU iHTErpO-Iu(DepeHIiaaIbHOTO PIBHSIHHS.

3.3. METO/J TPETBOT'O TMOPSJAKY TOYHOCTI

Habnmxkenuit po3s’si30k 3aza4i (1), (2) B Touni x; = z + h mykaemo y BUIIsAAL

3
U = u(mo) + hZai k;, (8)

i=1
zie
k1 = Flzo + aqh, ug, 0],
ko = Flxg + agh, ug + Barhky, v21K4],
ks = Flxo + ash, ug + B31hky + Ba2hky, v31K1 + 732 K5],
K = hglzg + l1h, 2o + mih, ug + c11hk1],
Ky = hg[zg + lah, 2o + mah, ug + ca1hky + caohks).

TyT a;, 04 (i = 1,2,3), Ba1, Ba1, B2, V21, Y31, V32, 11,12, m1, M2, 11, €21, C22 — TApameTpH,
aKi Tpeba 3HATH, BPaXOBYIOYH YMOBU

R1 = |’U,(£L‘0 + h) - U1| = O(h4)
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Possunysmm k; (i = 1,2,3) 1o crenensx 3MiHHOI i 0 TPETHOrO MOPSIKY BKJIIOYHO,
orpumaeMo ki, kz (5) Ta

ks = Fo + ((90’731 + 90v32)Fo,0,- + (FoBs1 + Fofs2) Fou0 + a:st,o,o)h

1
+(§(90’Y31 + 90732)? Fo.0,2: + (FoB31 + FoB32)(gov31 + 90732) Fo.u.z

1
+§(F0531 + FoB32)* Fo.2u.0 + Fo.u0(c1831Fx 0.0 + Bs2(g0721 Fo.0 -

+FoB21F0,u,0 + a2Fy 0,0)) + a3(govs1 + gov32) Fr0,- + a3(FoB31 + FoBa2) Fi w0

1
+§0¢§F2z,0,0 + Fo,o,z<’Y31(C11Fogo,o,u +mM190,5,0 + 1192,0,0)

+y32((c21Fo + €22F0)g0,0,u + M2go,s,0 + 1299;,0,0)) ) h?

1 1
+(6(90’Y31 + 90732)* Fo.0,32 + i(Foﬂsl + FoB32) (9031 + 90¥32)2 Fo,u2-

1 1
+§(F0531 + FoB32)*(gov31 + 9ov32) Fo 2u.» + 6(F0531 + FoB32)* Fo.3u.0 + (FoBa
+F0332) Fo,2u,0(1 831 Fr 0,0 + B32(90721F0,0,2 + FoB21F0,u,0 + @2Fr0,0))
1
+§C¥3(90731 + 90732) % Fi,0.2: + a3(@1B831Fu0,0 + Ba2(90721 Fo,0,2 + FoB21Fo.u0
+02F;0,0)) Fouo + as(Fofs1 + Fofs2) (90731 + 90732) Fru,z

1 1
+§C¥3(F0531 + FoBs2)? Frou0 + =03 (90731 + 90732) Fox0,2

2
1, 1
+§043(F0531 + FoBs2) Fogu,0 + G

(731(011F090,0,u +M1G0,5,0 + 1192,0,0) + V32((c21 Fo + c22F0)G0,0,u + M290,5,0 + lzga:,o,o))

a3 Fs3..00 + (90731 + 90732) Fo,0,22 X

+azlFpo,.. (731(011F090,0,u +mM1G0,5,0 + 1192,0,0) + 732((c21Fo + c22F0)90,0,u

1

1
+ma2go,s,0 + nga:,0,0)) + Fo,u,o(§0¢?/331F2z,o,o + B3z (2937§1F0,0,2z + FogoB21721F0,u,-

1 1
+§F02ﬁ§1F0,2u,0 + 1821 F0,u,0F2,0,0 + goav21F5 0,2 + FoaaBa1 Fip w0 + §Q§F2$,O,O
+721F0.0,2(c11F090,0,u. + M1G0,5,0 + 5191,070))> + Fo,u,z((gowl + goy32) (1631 F%,0,0

+B32(g0721 F0,0,2 + FoB21F0,u,0 + @2 Fr0,0)) + (Fofs1 + FoBs2) (731(011F090,0,u

+m190,5,0 + 1192,0,0) + V32 ((c21Fo + c22F0) 0,04 + M2go,s,0 + ZQQm,o,o)))

1
2 2 2
+F0,o,z<§’)’31 (2c1101 F3.0,090,0,u + 1173 90,020 + 2¢11Fomigo,s,u? go,25,0

+2c11Fol192,0,u + 2lim1 Gz 5,0 + 1%92:1:,0,0) + v32((c2101 Fp 0,0 + c22(90721 F0,0,2

1
+FoB21F0,u,0 + @2F%0,0))90,0,u + 5(621Fo + c20F0)? 90,020 + (ca1 Fo + c20F0)mago s u

1 1
+§m§90,2s,0 +(co1Fo + o2 F0)l292,0,u + lamage s 0 + 2l§92x,0,0>))h3 +O(h?).
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Pozrnganemo pizauIio

1
u(zo+h) —ur = (1 — a1 — az — ag) Foh + 5(*90(*1 + 2a27y21 + 2a3(y31 + ¥32)) Fo0,-

—Fy(—1 4 2a9B21 + 2a3(B31 + B32)) Fo.u0 — (—1 + 2a101 + 2a200 + 2a3a3)Fx,O,0) h?

1
+5 (—9(2)(—1 + 3a273, + 3az(v31 + 732)) Fo,0,2: — F5 (=1 + 3a283,
+3a3(Ba1 + B32)*) Fo,.2u,0 + Fo,u,0F,0,0 — 6a2a1 Bo1 Fo,u,0Fx0,0 — 6aza1 B31 Fo,u,0Fx 0.0

—6asanf32F0 4,0E%,0,0 + 9o ((1 — 6a3832721)F0,0,2F0,u,0 — 2F0(—1 + 3azf21721
+3a3(B31 + B32)(v31 + 732)) Fo,u,» — 2(—1 + 3asaaya1 + 3asas(ys1 + ’732))Fm,0,z)
+Faz.0,0 — 30103 Fay 0.0 — 30205 Fay.0.0 — 3303 Faz 0.0

+Fy ((1 - 6a3ﬂ21,332)F027u,0 — 2(—1 + 3aza2f21 + 3azas(Bs1 + B32)) Fuu0

—(—146c11(a2y21 + agysi) + 6as(car + 622)732)F0,0,zgo,0,u> + Fp,0,290,5,0
—6aam17v21F0,0,290,5,0 — 6a3m1v31F0,0,290,5,0 — 6a3may32F0.0,290,5,0
—2(—1 + 3a211721 + 3(13(11’}/31 + l2732))F07072gx,070) h3 + O(h4)

IMpupisussim 10 Hysns KoedinienTu y Bianopiguux crenensax 3minuoi h* (i = 1,2, 3),
OTPUMAEMO CUCTEMY AJTEOPUIHUX PIBHAHD

ay+as+a3—1=0,

G221 + asys1 + azys2 — % =0,
ajaq + asas + azaz — % =0,
azB21 + azfs1 + azfszz — 5 =0,
ax(a21 + a3azys1 + asasysz — 3 = 0,
30273 + 303731 + asys1ys2 + 3a3Y5 — § =0,
la10f + tasad + Lazal — L =0,
azmiy21 + azmiys + agmayze — 5 =0, o
azliva1 + aslivsr + aslayse — 5 =0,
azB32721 — ¢ =0,
azafo1 + azon a1 + azaofzz — § =0,
asf217v21 + azB317v31 + azB32y31 + asB317y32 + asB32y3e — % =0,
azaafa1 + azosPa1 + asasfse — 5 =0,
azPa1Ps2 — & =0,
azc11721 + aszc11y31 + azca1ys2 + azcazyzz — § = 0,
30233, + 3a3f3) + asBsPs2 + sasfi, — & =0.
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[Toxnbka Habyma BUTIISIITY
R = (_%ala?FSw,&O —as (%987§1F0,0,3z + 2 F098 821701 Fo,u2- + 2 Fi 90831721 Fo 20,2
+ 3 F3 831 Fo 30,0 + Foa1 83 F0 20,0 Fe,0,0 + 39002751 Fu 0,22 + 0102821 Fy 0,0 F s 00
+Fogoaa o121 Fo o,z + %F()Qa26221Fz,2u,0 + %a%ﬂ21F0,u,0F2z,0,0 + %goag’YmFQx,o,z
+%F00é§521F2m,u,0 + %Oéngx,o,o + 90721 F0,0.2- (¢11F090,0,u +™M190,5,0 + 1192,0,0)
+aoy21 Fy 0,2 (11F090,0,u + M190,5,0 + 1192,0,0) + Fo,u,2 (g1 B21721 Fi0,0
+FoBa1721 (11 F0g0,0,u + M190,5,0 + 1192,0,0)) + 3721 F0,0,2 (2c1101 F2.0,090,0,u

+c11 3 90,020 + 2¢11 F0m19o,s,u + M7 90,250 + 2611 F0l1 92,00 + 2l1M1 92 5.0 'H%gu,o,o))

—as (%(90731 + 90732)° Fo,0,3- + 2 (FoBs1 + FoBs2) (9031 + 9ov32)* Fo,u,2-

+2(FoBs1 + FoBs2)*(govs1 + govs2) Fo2u,» + L(FoPs1 + FoB32)> Fo 3u.0
+(FoB31 + FoBs2)Fo,2u,0(01 831 F 50,0 + B32(90721F0,0,2 + FoB21Fo,u,0 + a2F40,0))
+2as(g0v31 + 90v32)° Fi0,2: + as(@1831F5,0,0 + Bs2(90721Fo,0,2 + FoB21Fo,u0
+aoFy0,0)) Fruo + a3(FoBsr + FoBs2) (90731 + 90732) Frou, -
+2a3(FoBs1 + FoBs2)Frouo + 20390731 + 90v32) Faw 0,2 + 305 (FoBs1 + FoBs2) Fauu,o

Jr%OégFar,o,o + (9031 + 90732) F0,0,22 (731(011F090,0,u +m190,5,0 + 1192,0,0)
+732((c21Fo + ¢c22F0)90,0,u + M2go,s,0 + lz%,o,o))
+azlio,. (731(611F090,0,u + m190,5,0 + 1192,0,0) + Y32 ((c21Fo + c22F0)70,0,u + M290,5.,0
+129x,0,0)> + FO,u,O(%a%ﬁ31F2x,O,O + Ba2 (395731 Fo.0,2: + FogoBaiva1 Fo.u, -

+ 2 F3 831 Fo 20,0 + 1821 Fo,u,0Fr,00 + 9002721 Fr 0,2 + FoooBo1 Fuuo + 305 Fos 0,0
+721F0.0,2(c11F090,0,u + M1G0,5,0 + llgz,0,0))) + Fo,u,z((gwm + govs2) (1831 F 00
+0832(90721 F0,0,2 +FoB21Fo,u,0 + 02Fy00)) + (FofBs1 + FoBs2) (731(011F090,0,u
+mM190,5,0 + 1192,0,0) + V32((c21Fo + c22F0)G0,0,u + M290,5,0 + ZQQJ:,O,O)))
+Fo,0,z(%731(2011O¢1Fx,0,090,0,u + 31 F3g0.0.2u + 2¢11 Fomigo s.u + M3 90,250

+2¢11Fol1gz,0,u + 2lim1ga.5.0 + 15 922,0,0)
+y32((c21a1 Fy 0,0 + c22(90721F0,0,2 + FoB21Fo,u0 + @2F2.0,0)) 90,0,u
+2 (21 Fp + €22F0)g0,0,20 + (c21Fo + c20F0)Mago,s,u + 2M370,25,0
+(c21Fo + c22F0)l2gz,0,u + l2mage 0 + %@gmw,o))))lfl +O(h®).

Bunmmiemo Kinbka MHOKWH pO3B’s3KiB cnucremn (9) mpu oz = 2/3 (He BusHaueni
apaMeTpy € JOBLILHUMHE )
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Po3sB’ga30k 1.

013:%, 041:07 alzi, CL:;Z%(3*4(L2)7 ,821:%, *34’4@23&0,

-3+ 8a
B31 = 9T 120, 12;27 Bz = 5(2—3B31), 121 = 3, Y32 = 5(2— 3y31), =2+ 3731 #0,
—8 + 61y + 12831 — 1811831 + 911’731 l1 —lag — 2mq + 3lamy
lo = -2+ 3l 0 =

2 —6+ 9var ) T2+ 80 #0, mo ~2+3l; ’

—c11 + €21 + m1 — 3ca1my — Mg + 3c11Mm2

—1+4+3 0 = .

+3my # 0, ca2 1 3my

Po3B’ga30k 2.

3 1
az =0, a1 =0, az = 3, a3 = 3(1 — 4a1),

1
_ 2 _ _
Par =35, —1+4a1 #0, B = 1 da, Pa2 = =P,
Vo1 =%, 32 =31, h=3%,la=% mi =3, my=13, 31 #0,
_ 2331 — 6¢11831 + 3c11731 — 3c21731

22
331

PosB’ga30k 3.

2(—1+4+ 3«
053:%7 041:0, a1:%7 02:0, (13:%7 IB21:0427 042#0, /631:(T2)7
2
—4+9l1’)/31
1 1
:72—3 s = s :72—3 71277
B3z = 5( B31), Vo1 = a2, Y32 = 5( v31), lo 67 07
my =34, my=12% 243l £0,
—2¢11 + 2¢21 + 11 — 391l — ls + 3cq1l2
= -243 0.
622 _2+3l1 ) + 062 #
Po3B’a30K 4.
—1+ 3ap —4 + 6a1 + 3ag — 6ajas
a3 , ;a2 #0, a1 G0y +oag #0, az 6(—1+ ap) ;
1—6a; + 6a;x
a3:1*a1*a27 621:0427 72‘{‘30[27&0, 531:#,
—2+30[2

B2 = =2+ 12a; + 3oz — 18ajap — 5031 + 62 fB31, Y21 = 2, Y32 = 0,
Y31 = -2 -+ ].2(11 + 3052 — 18(110&2 — 4631 + 60&2531,
ll = %, my = %, C11 = %, 714’3@2 750
Po3B’g30K 5.
2—3as — 3 6 :

a; =0, asaz #0, a; = o2 as + a2a37 —1+3a3—3a§+3a1a§ £ 0,

60[20[3

3(]. - 20&3 + 20,1043)2
4(—14 3as — 3a3 + 3a103)’

az =1—ay —az, o1 = az, (=1 +4a1)(—2+3az) # 0,

ags = —
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By = -2+ 12a3 — 12a1a3 — 2103 + 30a103 + 1203 — 24a103 + 12a3a3
s (—1 4 4a1) (=2 + 3as) ’
/832 = Qa3 — 5317

_ _ _2 5 _2 _ 1 _ 1
Yo1 =g, Y2 =3 — 31, 1 =5, la =3, m1 =3, ma=3, —azg+ 31 #0,
oy — —C1103 + ca103 — agaz + 3ci1aoag + asfB31 — 3c11a2831 + C11931 — 21731
22 — )
—ag + 7931

714’0&37&0.

3.4. METO/J] YETBEPTOTI'O TTOPSJAKY TOYHOCTI

g MeTomy 4erBepToro MmopsijKy TOYHOCTI OTPUMAHO 3HAYEHHs mmapamerpis (depes
IPOMIBJIKICTD HE HABOAMMO BUKJIAJIOK)

— 2 —
) a3*§7 Oé4—].,

Wl

a1 =az =a3 = a4 = g, a; =0, ag=
Bor =%, PBai=—3% PBsa=Pfu=PBis=1Pw=-1,
Vo1 =3, 731 =3(2— 3ys2),
8 — 1211 + 9(l1 — I2)v32 + 3(l1 — l2)va2 + 311743
3743 7
4 —12my 4 9(m1 — ma)y32 + 3(m1 — M2 ) Va2 + 3m1y43

ms = ’
3743

Va1 =1— a2 — a3, I3 =

1
g3 = — (4 — 12¢11 + (9c11 — 9ea1 — 9e22)V32+
3743

(3c11 — 3c12 — 3ca2) Va2 + (Berr — 3ez1 — 3e32)7a3),

J1€ Y32, Y42, V43, 1, l2, M1, ma, €11, €12, €21, C22, €31, €32 — JOBLIbHI HAPaMeTPU.
s 3HaxomKeHHst HAOIUKEHb y TAKAX TOYKAX T, (N > 2) KOPUCTYEMOCS CIOCOBOM
PYXOMOTO TOYATKy. 3anucasmu pisHgHHEs (1) y BUTIAI

u'(x) = Flz,u(x), w,(z) + W(z)],

ze
Tn x
wn(x):/ g(x, s,u(s))ds, W(ac)z/ g(x, s,u(s))ds,
xo Tn
OTPUMAEMO 3aJady 3 HOBMM TMOYATKOM IHTErpyBaHHSA (), AJis PO3B’S3yBAHHS SKOI
BUKODPUCTOBYIOTH hopmysu (3)—(8), mpuuomy HaOMUIKEHHS 10 W, (T) 3HAXOAUMO 34
J101oMoro dbopmyst Bursay (3).

4. OLLIHKA MMOXUBKNM T BUBIP KPOKY THTEI'PYBAHHHA

SanpornoHoBa#i 064UMCIIOBANIbHI (OPMYJIH TEPIIOTro, APYroro, TPETHOro Ta YeTBEPTOro
TMOPSIIKY TOYHOCTI BUKOPUCTOBYIOTh, BiAMOBIIHO, OOHE, BA, TPU T YOTUPU OOUUCJIEHHS
(3BepramHs) 10 MpPaBOl YaCTUHU IHTErpO-audepeHIiatbHoro pisagnns. Takuil arropurm
Ha3UBAETHCS M-CTa liiinuM Merogom (m = 1,4).

JIokaabHy MOXHOKY ampOKCHMAIIII M-CTaIiifiHOrO MeTOAy B TOHUIN T, OOYHUCIIOEMO 3a
dopwmyoro
m=1,23,4,

9

sul™ = max ‘uw — ul
m<i<3
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ze ||| - makcumanbHa HOpMa BekTOpa. Po3Mip KpOKy BUOMPAEMO TaK, 0O BUKOHYBAJIACh
HEpiBHICTH

ch
elml < , (10)
— 20

Je € — HeoOXi/IHA TOYHICTH OOYMC/IEHD Yy KiHII iIHTEpBaJTy.
TonoBHWMIT UIeH ACUMIITOTUYHOTO PO3KJIATY JOKAJTHHOI TOXUOKN ATPOKCUMAIIT METOIY
P-TO TOPSAKY TOYHOCTI HAOYB BUTJISLY
n

RP ., = hp+1\11(un,u’ ,...,uﬁf’)) .

3i 3MiHOI0 KPOKY iHTerpyBaHHs B ¢' pasiB, Jie i — JoJarTHe abo BiJI €MHE Iijie 9HucCio,
JJISL HOBOI'O KPOKY Hpew = ¢*h oTpuMyeMo
new

Ry = W50 () = g OO ()

3Biacu, MpUITyCKAOYH, IO TOBEIIHKA JIOKAJIHHOI MOXUOKY BU3HAYAETHCS 11 FOJIOBHUM
YJIEHOM, MOXKHA ITPOTHO3YBATH PO3MIP KPOKY, MEPeBIpAI0OYN HEPIBHICTD

sul™ < eh
NS T o) g

(11)

Jlmst obuncienh Ha HACTYIHOMY KPOIN BHKOPHUCTOBYETHCS TOM M-CTAAIHUNA METOI,
JUUIsE IKOTO IIPOTHO30BaHUil KPOK MakcuMasibhuil. ko uepisuicrs (10) BUKOHYETH-
s, TO Ypi1 UPUIAMAETHCA 33 HAGIMKEHMIT PO3B’A30K Yy TOULi Tp1 = Tp + ¢g'h; gKio
He BUWKOHYETHCSA, TO KPOK IHTETrPYBAHHS 3MEHINTYETHCA JTOTH, TOKW HE BUKOHAETHCS
uepisaicTb (11), 1 BECh IUKJI TOBTOPIOETHCA 31 3MEHIIEHUM KPOKOM.

3a3zHaunMO, IO 3AMPOIOHOBAHI METOIM JIETKO BUKOPHUCTOBYBATH it €(EKTUBHOI
opraHizaiiii KOHTPOJIIO YUCETbHOTO PO3B’SI3aHHSA CHCTEM iHTErpo-andepeHiiaTbHuX PiB-
HSAHD.

5. BUCHOBKU

1. IloOymoBaHO METOAM APYTOr0, TPETHOTO Ta, YETBEPTOrO MOPSIKY TOYHOCTI JIJIst
HAOMMKEHOrO PO3B’SI3KYy MOYATKOBOI 3a7adi s HEeJIHIMHUX iHTerpo-andepemH-
MiaJTbHUX PiBHSHb.

2. Hageneno 3navyenns nmapaMerpiB, 3a SKUX, He BUKOPUCTOBYIOUYN J0IATKOBHUX 3BEP-
TaHb JI0 TIPABOI YACTUHU iHTErpo-AudepPeHIliaTbHOrO PIBHIHHSA, 0IEP?KAHO JTBOCTO-
pouni po3paxyakosi ¢opmynau. IliBcymy aBOCTOPOHHIX HAOJHKEHDB JIO0 TOYIHO-
r0 pO3B’A3Ky TUpuiiMaeMO 3a HAOJMKEHUi pPO3B’s30K, a AOCOIOTHA, BEJIMIIHA,
MiBPI3HUI BU3HAYAE MTOXUOKY OTPUMAHOIO PE3yJIbTaTy.

3. Bunmcano siBHWIT BUpPAa3 TOJOBHOIO YJIEHA JIOKAJIBHOI TOXMOKU PE3YJIbTATy, SKWii
00YUCTIOIOTh 3 BUKOPUCTAHHAM PAHIIIe OTPUMAHNX 3HAYEHDb MPABOI YACTUHY 1HTET-
po-mudepeHIiaTbHOrO PiBHIHHS.

4. 3amnpornonoBaHo m-crafiiiauit Meron (m = 1,4) p-ro nopsaaky Tounocti (p = 1,4)
3 aBTOMATHYIHUM BHOOPOM KPOKY IHTErpyBaHHS i HMOPSIKY TOYHOCTI METOIY.

Momynbauit XapakTep 3alpOoOHOBAHUX AJTOPATMIB JA€ 3MOTY B KOXKHIi#l TOUII iHTEr-

PYyBaHHS OTPUMATH KiTbKa HAOIUKEHD J0 TOYHOIO PO3B’ 3Ky MOYATKOBOI 3a/1a4i. 3icras-
JIGHHST IIUX HAOJWYKEHb A€ BAXKJINUBY iH(MOPMAIi0 IjisT BUOOPY KPOKY iHTErpyBaHHS i
OIIHKW TOYHOCTi Pe3yJIbTaTy.
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IIpukagHUM acCmeKTOM BUKOPUCTAHHS OTPUMAHOTO HAYKOBOTO PE3YJIBTATY € MOMKJIIU-

BiCTh, BUKOPUCTOBYIOYH JIUIIIE YOTHPHU 3BEPTAHHS JI0 TPABOl YaCTUHY PIBHAHHS, OTPUMa-
TH METOJIH, BiAMOBITHO, IEPIIOro, APYTroro, TPEThOro Ta YeTBEPTOrO MOPSIKY TOUHOCTI.
Ie ckamae mepesyMOBH /111 BAKOPUCTAHHS 3AIIPOIIOHOBAHUX OOIHCTIOBATBHUX ATTOPUT-
MiB IIPU JIOCJIiJIPKEHH] IPUKJIQJIHUX 3a/1a4.

3amponoHOBaHy METOAWKY 3HAXOMYKEHHSI HAOJIUKEHOTrO po3B’s3ky 3amadi Kormi mis

iHTerpo-audepeHIiaaIbHIX PIBHIHb MOYKHA 3aCTOCYBATH I TOOYIOBU YMCIOBUX METOIIB
BUIIUX TOPSJIKIB TOTHOCTI.

10.

11.

12.
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VARIABLE-ORDER ACCURACY METHOD
FOR SOLVING SECOND-ORDER VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS
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When calculating modern applied problems, there is a need to find not only approxi-
mate solutions to the mathematical models under study, but also to obtain a guaranteed
estimate of the error of the result. In this work, explicit Runge-Kutta-type calculation
formulas for solving the initial problem for nonlinear Volterra integro-differential equations
(IDEs) of the second kind are derived. A set of parameters is found for which two-sided
approximations of the exact solution are obtained without using additional calculations of
the right-hand side of the integro-differential equation. A pair of formulas corresponding
to two values of the two-sidedness parameter, which differ only in sign, constitute the cal-
culation formulas of the two-sided method. One of them gives an upper approximation,
and the other a lower approximation to the exact solution of the Cauchy problem for the
integro-differential equation. We take the half-sum of the two-sided approximations as the
approximate solution, and the modulus of the half-difference gives the error of the calcu-
lation result. An explicit expression of the main (leading) term of the local error of the
result is written, which is calculated using the previously obtained values of the right-hand
side of the integro-differential equation.

The values of the parameters at which numerical methods of the first, second, third
and fourth order of accuracy were obtained are found. For the m-stage (m = 1,4) method
of the Runge-Kutta type a method is proposed for finding the approximation error value
at each nodal point, choosing the integration step and changing the order of accuracy of
the approximate method.

The modular nature of the proposed algorithms makes it possible to obtain several ap-
proximations to the exact solution of the initial problem for the integro-differential equation
at each integration point. Comparison of these approximations provides important infor-
mation for choosing the integration step and assessing the accuracy of the result.

Key words: Cauchy problem, Initial Value Problem — IVP, Integro-differential equation,
Numerical methods, Approximate methods, Order of accuracy, Local truncation error.



