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Ïðè ðîçðàõóíêó ñó÷àñíèõ ïðèêëàäíèõ çàäà÷ âèíèêà¹ íåîáõiäíiñòü çíàõîäèòè íå
òiëüêè íàáëèæåíi ðîçâ'ÿçêè äîñëiäæóâàíèõ ìàòåìàòè÷íèõ ìîäåëåé, à òàêîæ îòðèìó-
âàòè ãàðàíòîâàíó îöiíêó ïîõèáêè ðåçóëüòàòó. Â öié ðîáîòi âèâåäåíî ÿâíi ðîçðàõóíêîâi
ôîðìóëè òèïó Ðóíãå-Êóòòè ðîçâ'ÿçóâàííÿ ïî÷àòêîâî¨ çàäà÷i äëÿ íåëiíiéíèõ iíòåãðî-
äèôåðåíöiàëüíèõ ðiâíÿíü (IÄÐ) Âîëüòåððè äðóãîãî ðîäó. Çíàéäåíî ìíîæèíó ïàðà-
ìåòðiâ, ïðè ÿêèõ îòðèìàíî äâîñòîðîííi íàáëèæåííÿ òî òî÷íîãî ðîçâ'ÿçêó áåç âèêîðèñ-
òàííÿ äîäàòêîâèõ îá÷èñëåíü ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ. Ïàðà
ôîðìóë, ùî âiäïîâiäàþòü äâîì çíà÷åííÿì ïàðàìåòðà äâîñòîðîííîñòi, ÿêi âiäðiçíÿþòü-
ñÿ ëèøå çíàêîì, ñêëàäàþòü ðîçðàõóíêîâi ôîðìóëè äâîñòîðîííüîãî ìåòîäó. Îäíà ç íèõ
äà¹ âåðõí¹ íàáëèæåííÿ, à iíøà � íèæí¹ íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i Êîøi
äëÿ iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ. Çà íàáëèæåíèé ðîçâ'ÿçîê ïðèéìà¹ìî ïiâñóìó
äâîñòîðîííiõ íàáëèæåíü, à ìîäóëü ïiâðiçíèöi äà¹ ïîõèáêó ðåçóëüòàòó îá÷èñëåíü.
Âèïèñàíî ÿâíèé âèðàç ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè ðåçóëüòàòó, ÿêèé îá÷èñ-
ëþ¹òüñÿ ç âèêîðèñòàííÿì ðàíiøå îòðèìàíèõ çíà÷åíü ïðàâî¨ ÷àñòèíè iíòåãðî-äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ. Çíàéäåíî çíà÷åííÿ ïàðàìåòðiâ, ïðè ÿêèõ îòðèìàíî ÷èñëîâi
ìåòîäè ïåðøîãî, äðóãîãî, òðåòüîãî òà ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi. Äëÿm-ñòàäiéíîãî
ìåòîäó òèïó Ðóíãå-Êóòòè (m = 1, 4) çàïðîïîíîâàíî ìåòîäèêó çíàõîäæåííÿ ó êîæíié
âóçëîâié òî÷öi çíà÷åííÿ ïîõèáêè àïðîêñèìàöi¨, âèáîðó êðîêó iíòåãðóâàííÿ òà çìiíó
ïîðÿäêó òî÷íîñòi íàáëèæåíîãî ìåòîäó. Ìîäóëüíèé õàðàêòåð çàïðîïîíîâàíèõ àëãî-
ðèòìiâ äà¹ ìîæëèâiñòü â êîæíié òî÷öi iíòåãðóâàííÿ îòðèìàòè êiëüêà íàáëèæåíü äî
òî÷íîãî ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ. Ñïiâ-
ñòàâëåííÿ öèõ íàáëèæåíü äà¹ âàæëèâó iíôîðìàöiþ äëÿ âèáîðó êðîêó iíòåãðóâàííÿ òà
îöiíêè òî÷íîñòi ðåçóëüòàòó.

Êëþ÷îâi ñëîâà: çàäà÷à Êîøi, iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ, ÷èñëîâi ìåòîäè, äâî-
ñòîðîííi íàáëèæåííÿ, ïîðÿäîê òî÷íîñòi, ëîêàëüíà ïîõèáêà.

1. Âñòóï

Îäíèì iç ñó÷àñíèõ íàóêîâèõ ìåòîäiâ äîñëiäæåííÿ ÿâèù òà ïðîöåñiâ ¹ ìàòåìà-
òè÷íå ìîäåëþâàííÿ, ÿêå â áàãàòüîõ âèïàäêàõ äà¹ çìîãó iìiòóâàòè ðåàëüíèé ïðîöåñ i
äà¹ ìîæëèâiñòü îòðèìóâàòè ÿê ÿêiñíó òàê i êiëüêiñíó êàðòèíó ïðîöåñó. Ó äàíèé ÷àñ
àêòèâíî ðîçâèâàþòüñÿ íàïðÿìêè, ÿêi ïîâ'ÿçàíi iç çàñòîñóâàííÿì iíòåãðî-äèôåðåí-
öiàëüíèõ ðiâíÿíü Âîëüòåððè. Çîêðåìà, çàäà÷i êiíåòèêè, åëåêòðîíiêè, âiäíîâëåííÿ
ñïîòâîðåíîãî çîáðàæåííÿ, çàäà÷i òîìîãðàôi¨, ãiäðîàêóñòèêè, ðîçðàõóíîê íàïðóæå-
íî-äåôîðìîâàíîãî ñòàíó òîíêîñòiííèõ åëåìåíòiâ êîíñòðóêöié (ñòåðæíiâ, ïëàñòèí,
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îáîëîíîê), äåÿêi ðîçäiëè áiîëîãi¨ (çàäà÷à ïðî ïîøèðåííÿ åïiäåìi¨, çàäà÷à êiíåòèêè
ïå÷iíêè, ìîäåëþâàííÿ ìiæêëiòèííèõ âçà¹ìîäié), åêîíîìiêè âèðîáíèöòâà (äèíàìi÷íi
ìàêðîåêîíîìi÷íi ìîäåëi, ìîäåëi ñèñòåì, ùî ðîçâèâàþòüñÿ) i ò.ä. ïðèâîäÿòü äî
íåîáõiäíîñòi ðîçâ'ÿçàííÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü i ¨õíiõ ñèñòåì.

Îñêiëüêè ðîçâ'ÿçêè â çàìêíóòîìó âèãëÿäi ìîæíà îòðèìàòè ëèøå â îêðåìèõ
÷àñòêîâèõ âèïàäêàõ, âèíèêà¹ ïðîáëåìà ïîáóäîâè íàáëèæåíèõ ìåòîäiâ, ÿêi áóëè á
îïòèìàëüíèìè çà òî÷íiñòþ òà ïðàâèëüíî âiäîáðàæàëè îñíîâíi âëàñòèâîñòi ïîñòàâëå-
íèõ çàäà÷. Ïðè ðîçðàõóíêó òàêèõ çàäà÷ âèíèêà¹ íåîáõiäíiñòü çíàõîäèòè íå òiëüêè
íàáëèæåíi ðîçâ'ÿçêè äîñëiäæóâàíèõ ìàòåìàòè÷íèõ ìîäåëåé, à òàêîæ îòðèìóâàòè
ãàðàíòîâàíó îöiíêó ïîõèáêè ðåçóëüòàòó.

Ïðîáëåìà ïîáóäîâè íàáëèæåíèõ ìåòîäiâ ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ íåëiíiéíèõ
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ¹ àêòóàëüíèì çàâäàííÿì îá÷èñëþâàëüíî¨ ìàòåìà-
òèêè òà êîìï'þòåðíîãî ìîäåëþâàííÿ.

Â îñòàííi ðîêè áàãàòî àâòîðiâ ïðàöþâàëè íàä ÷èñåëüíèìè ìåòîäàìè iíòåãðàëüíèõ
òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü. Iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ ñèñòåìè
(IÄÐÑ) çóñòði÷àþòüñÿ ïðè ìîäåëþâàííi áàãàòüîõ ïðîöåñiâ íàóêè i òåõíiêè. Feld-
steinA. òà ií. ó ðîáîòi [1] íàâîäÿò øèðîêèé ïåðåëiê ¨õ çàñòîñóâàííÿ â ðiçíèõ ãàëóçÿõ.

Â ïðàöi [2] Izadi M. et al. îòðèìàíî íàáëèæåíi ðîçâ'ÿçêè íåëiíiéíîãî ëîãiñòè÷íîãî
ðiâíÿííÿ äðîáîâîãî ïîðÿäêó. Â [3] ðîçðîáëåíî íîâó òåõíiêó ôàêòîðèçàöi¨ äëÿ
íåëiíiéíèõ ÷àñòèííèõ ðîçðÿäiâ. Â ïðàöi [4] çàñòîñîâàíî ôóíêöiþ Áåññåëÿ äëÿ
ðîçâ'ÿçàííÿ íåëiíiéíèõ IÄÐÑ Ôðåäãîëüìà-Âîëüòåððà-Ãàììåðøòåéíà. Çàñòîñóâàííÿ
ïîëiíîìiâ Ãåíîêêi ïðåäñòàâëåíî â [5]. Â ïðàöi [6] çàïðîïîíîâàíî íåïîëiíîìiàëüíèé
ìåòîä Â-ñïëàéíiâ. Äåÿêi äèíàìi÷íi ìîäåëi äîñëiäæåíi â [7]. Ìåòîä êîíâåðãåíòíî¨
êîëîêàöi¨ íà îñíîâi ïîëiôðàêòîíîìiâ ßêîái ïðåäñòàâëåíî â [8]. Â [9] äîñëiäæåíî
íîâèé íàáið îðòîãîíàëüíèõ áàçèñíèõ ôóíêöié. Íàáëèæåíèé ðîçâ'ÿçîê ðiâíÿíü
Ôðåäãîëüìà ïîáóäîâàíî â [10]. ShiraniaD. òà ií. â ïðàöi [11] çàïðîïîíîâàíî äâà
ìåòîäè êîëîêàöi¨. Ó âñiõ ïåðåðàõîâàíèõ ðîáîòàõ âiäñóòíi ñïîñîáè çíàõîäæåííÿ
äâîñòîðîííüî¨ îöiíêè ïîõèáêè ðåçóëüòàòó.

Al-ShimmaryA. et al. â [12] íà îñíîâi ïåðåòâîðåííÿ Êîóëà-Õîïôà çàïðîïîíóâàëè
ìåòîä ðîçâ'ÿçàííÿ ðiâíÿííÿ Áþðãåðñà çà äîïîìîãîþ ìåòîäó Ðóíãå-Êóòòè 6-ãî ïî-
ðÿäêó òî÷íîñòi. Â ñòàòòi [13] çàïðîïîíîâàíî ðîçâ'ÿçóâàííÿ IÄÐÑ Âîëüòåððè äiàãî-
íàëüíèì íåÿâíèì áàãàòîêðîêîâèì áëî÷íèì ìåòîäîì. Â [14] ïðîïîíóþòüñÿ ÷èñëîâi
ìåòîäè íà îñíîâi áàãàòîêðîêîâèõ ìåòîäiâ äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

×àïëèãiíèìÑ.À. â [15] ðîçðîáëåíî ïðèíöèïè ïîáóäîâè äâîñòîðîííiõ ìåòîäiâ.
Ðîçâèòîê i ìîäèôiêàöi¨ ïðåäñòàâëåíi â [16]. ÑåíüîìÏ.Ñ. â [17] ñôîðìîâàíî ìåòîäèêó
ïîáóäîâè òà äîñëiäæåííÿ äâîñòîðîííiõ ìåòîäiâ. GubkinaN. et al. â [18] ðîçãëÿíóòî
ïåðøó êðàéîâó çàäà÷ó äëÿ îäíîâèìiðíîãî íåëiíiéíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi.
Îäíàê òàêi àíàëiòè÷íi ìåòîäè íàêëàäàþòü äîñèòü ñèëüíi îáìåæåííÿ i ¨õ âàæêî
ðåàëiçóâàòè íà ÏÊ. Ó ðîáîòi [19] ðîçãëÿäàþòüñÿ ìåòîäè äåùî iíøîãî òèïó.

Pelekh Ya.M. â [20] ïîáóäîâàíi ìåòîäè òèïó Ðóíãå-Êóòòè ç äâîñòîðîíüîþ îöiíêîþ
ëîêàëüíî¨ ïîõèáêè, à â [21] � äâîñòîðîííi ìåòîäè äëÿ ðîçâ'ÿçàííÿ iíòåãðàëüíèõ
ðiâíÿíü. Â ðîáîòi [22] äîñëiäæåíî çíà÷åííÿ íàïðóã ïðè iíäóêöiéíîìó íàãðiâàííi
ôåðîìàãíiòíîãî øàðó. Çàäà÷à ðîçâ'ÿçó¹òüñÿ íåëiíiéíèìè âêëàäåíèìè ìåòîäàìè òèïó
Ðóíãå-Êóòòè ç äâîñòîðîííüîþ îöiíêîþ ëîêàëüíî¨ ïîõèáêè.

Â öié ïðàöi, âèêîðèñòîâóþ÷è ìåòîäèêó âèêëàäåíó Butcher J.C. â [23], çàïðîïîíî-
âàíî ìåòîäè ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ IÄÐÑ òà ¨õ ñèñòåì.

Îá'¹êòîì äîñëiäæåííÿ ¹ çàäà÷à Êîøi äëÿ íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ
ðiâíÿíü. Ïðåäìåòîì äîñëiäæåííÿ ¹ ïî÷àòêîâà çàäà÷à äëÿ iíòåãðî-äèôåðåíöiàëüíèõ
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ðiâíÿíü Âîëüòåððè.
Ìåòà äîñëiäæåííÿ � ðîçðîáèòè íîâi îá÷èñëþâàëüíi ìåòîäè äëÿ íàáëèæåíîãî

ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ íåëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü. Öå äàñòü
ìîæëèâiñòü îòðèìàòè ÷èñëîâi ìåòîäè ç äâîñòîðîíüîþ îöiíêîþ ïîõèáêè ðåçóëüòàòó,
âêëàäåíi ìåòîäè, à òàêîæ ìåòîä çìiííîãî ïîðÿäêó òà êðîêó iíòåãðóâàííÿ.

Äëÿ äîñÿãíåííÿ ìåòè äîñëiäæåííÿ âèêîðèñòàíî òåîðiþ ïîáóäîâè ñó÷àñíèõ ìåòî-
äiâ ðîçâ'ÿçàííÿ ïî÷àòêîâî¨ çàäà÷i äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôå-
ðåíöiàëüíèõ ðiâíÿíü, çîêðåìà îäíîêðîêîâèõ ìåòîäiâ òèïó Ðóíãå-Êóòòà, à òàêîæ òåî-
ðiþ ïîáóäîâè äâîñòîðîííiõ íàáëèæåíü.

2. Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî íà âiäðiçêó IL : [x0, x0 + L] çàäà÷ó Êîøi äëÿ íåëiíiéíîãî iíòåãðî-
äèôåðåíöiàëüíîãî ðiâíÿííÿ

u′(x) = F

[
x, u(x),

∫ x

x0

g[x, s, u(s)] ds

]
, (1)

u(x0) = u0, x ∈ [x0, x0 + L] , L < ∞, (2)

äå F : IL×Rn×Rn → Rn i g :
{
x, s, u(s) | x0 ≤ s ≤ x ≤ x0+L

}
×Rn → Rn ¹ äîñòàòíüî

äèôåðåíöiéîâàíi ôóíêöi¨.
Çàóâàæèìî, ùî ðiâíÿííÿ (1) ìîæíà ïåðåòâîðèòè â åêâiâàëåíòíó ñèñòåìó

u′(x) = F [x, u(x), z(x)] , z(x) =

∫ x

x0

g[x, s, u(s)] ds. (3)

3. Ïîáóäîâà ìåòîäó Ðóíãå-Êóòòè

3.1. Ìåòîä äðóãîãî ïîðÿäêó òî÷íîñòi

Íà âiäðiçêó IL ââåäåìî ñiòêó σh = {x0 < x1 < . . . < xN = x0 + L} ç êðîêîì
h = xi+1 − xi, i = 0, N − 1. Íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1)-(2) â òî÷öi x1 = x0 + h
øóêà¹ìî ó âèãëÿäi:

u1 = u(x0) + h

2∑
i=1

ai ki, (4)

äå

k1 = F [x0 + α1h, u0, 0] ,

k2 = F [x0 + α2h, u0 + β21hk1, γ21K1] ,

K1 = hg[x0 + l1h, x0 +m1h, u0 + c11hk1] .

Òóò ai, αi (i = 1, 2), β21, γ21, l1, m1, c11 � íåâiäîìi ïàðàìåòðè, ÿêi çíàéäåìî ç óìîâè:

R1 = |u(x0 + h)− u1| = O(h3). (5)

Ðîçâèíåííÿ ðîçâ'ÿçêó çàäà÷i (1)�(2) â ðÿä Òåéëîðà â îêîëi òî÷êè x0 ìà¹ âèãëÿä:

u(x0 + h) = u(x0) + hF0 +
1

2
h2(g0F0,0,z + F0F0,u,0 + Fx,0,0)

+
1

6
h3
(
g20F0,0,2z + 2F0g0F0,u,z + F 2

0F0,2u,0 + F0,u,0(g0F0,0,z + F0F0,u,0 + Fx,0,0)

+2g0Fx,0,z + 2F0Fx,u,0 + F2x,0,0 + F0,0,z(F0g0,0,u + g0,s,0 + 2gx,0,0)
)
+O(h4).

(6)
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Ðîçâèíóâøè ki (i = 1, 2) â ðÿä ïî ñòåïåíÿõ h äî òðåòüîãî ïîðÿäêó âêëþ÷íî,
îòðèìà¹ìî:

k1 = F0 + α1Fx,0,0h+
1

2
α2
1F2x,0,0h

2 +
1

6
α3
1F3x,0,0h

3 +O(h4),

k2 = F0 + (g0γ21F0,0,z + F0β21F0,u,0 + α2Fx,0,0)h+

(7)

(1
2
g20γ

2
21F0,0,2z + F0g0β21γ21F0,u,z +

1

2
F 2
0 β

2
21F0,2u,0 + α1β21F0,u,0Fx,0,0 + g0α2γ21Fx,0,z

+F0α2β21Fx,u,0 +
1

2
α2
2F2x,0,0 + γ21F0,0,z(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)

)
h2

+
(1
6
g30γ

3
21F0,0,3z +

1

2
F0g

2
0β21γ

2
21F0,u,2z +

1

2
F 2
0 g0β

2
21γ21F0,2u,z +

1

6
F 3
0 β

3
21F0,3u,0

+F0α1β
2
21F0,2u,0Fx,0,0 +

1

2
g20α2γ

2
21Fx,0,2z + α1α2β21Fx,0,0Fx,u,0 + F0g0α2β21γ21Fx,u,z

+
1

2
F 2
0α2β

2
21Fx,2u,0 +

1

2
α2
1β21F0,u,0F2x,0,0 +

1

2
g0α

2
2γ21F2x,0,z +

1

2
F0α

2
2β21F2x,u,0

+
1

6
α3
2F3x,0,0 + g0γ

2
21F0,0,2z (c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)

+α2γ21Fx,0,z (c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)

+F0,u,z(g0α1β21γ21Fx,0,0 + F0β21γ21 (c11F0g0,0,u +m1g0,s,0 + l1gx,0,0))

+
1

2
γ21F0,0,z

(
2c11α1Fx,0,0g0,0,u + c211F

2
0 g0,0,2u + c11F0m1g0,s,u +m2

1g0,2s,0

+2c11F0l1gx,0,u + 2l1m1gx,s,0 + l21g2x,0,0
))

h3 +O(h4).

Ðîçãëÿíåìî ðiçíèöþ:

u(x0 + h)− u1 = (1− a1 − a2)F0h+

1

2

(
−g0(−1 + 2a2γ21)F0,0,z − F0(−1 + 2a2β21)F0,u,0 − (−1 + 2a1α1 + 2a2α2)Fx,0,0

)
h2

+
1

6

(
−g20(−1 + 3a2γ

2
21)F0,0,2z − F 2

0 (−1 + 3a2β
2
21)F0,2u,0 + F0,u,0Fx,0,0

−6a2α1β21F0,u,0Fx,0,0 + g0

(
F0,0,zF0,u,0 − 2F0(−1 + 3a2β21γ21)F0,u,z

−2(−1 + 3a2α2γ21)Fx,0,z

)
+ F2x,0,0 − 3a1α

2
1F2x,0,0 − 3a2α

2
2F2x,0,0

+F0

(
F 2
0,u,0 − 2(−1 + 3a2α2β21)Fx,u,0 − (−1 + 6c11a2γ21)F0,0,zg0,0,u

)
+F0,0,zg0,s,0 − 6a2m1γ21F0,0,zg0,s,0 − 2(−1 + 3a2l1γ21)F0,0,zgx,0,0

)
h3 +O(h4).

(8)

Ïðèðiâíÿâøè äî íóëÿ êîåôiöi¹íòè ïðè âiäïîâiäíèõ ñòåïåíÿõ çìiííî¨ h, îòðèìà¹ìî
ñèñòåìó àëãåáðè÷íèõ ðiâíÿíü:

a1 + a2 − 1 = 0,

a2γ21 − 1
2 = 0,

a1α1 + a2α2 − 1
2 = 0,

a2β21 − 1
2 = 0.

(9)
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Ðîçâ'ÿçêè ñèñòåìè (9) äàþòü âàðiàíòè çíà÷åíü ïàðàìåòðiâ äëÿ ìåòîäó äðóãîãî
ïîðÿäêó òî÷íîñòi, íàñòóïíîãî âàãëÿäó:

1. α1 = α2 =
1

2
, β21 = γ21 =

1

2
, a1 = 1− a2, a2 ̸= 0.

2. α1 ̸= α2, α1 ̸= 1
2 , β21 = γ21 =

α2 − α1

1− 2α1
, a1 =

α2 − 1
2

α2 − α1
, a2 =

1
2 − α1

α2 − α1
.

3. α1 = 0, α2 =
2

3
, β21 = γ21 =

2

3
, a1 =

1

4
, a2 =

3

4
.

3.2. Ïîáóäîâà äâîñòîðîííiõ ðîçðàõóíêîâèõ ôîðìóë

Ïîáóäó¹ìî ðîçðàõóíêîâi ôîðìóëè, ÿêi äàþòü äâîñòîðîííi íàáëèæåííÿ äî òî÷-
íîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ. Äëÿ öüîãî â
ñèñòåìi (9) ïðèðiâíÿ¹ìî äðóãå, òðåò¹ i ÷åòâåðòå ðiâíÿííÿ äî ω1, ω2, ω3, âiäïîâiäíî.

Òîäi ïîõèáêà â òî÷öi x = x1 ìà¹ âèãëÿä:

R1(ω1, ω2, ω3) =
{
ω1h

2(Fx)0 + ω2h
2(Fu)0 + ω3h

2(Fz)0(g)0
}
= O(h3).

Ïðè ðiçíèõ çíà÷åííÿõ ωi (i = 1, 2, 3) ïîáóäîâàíî äâîñòîðîííi íàáëèæåííÿ.
Çîêðåìà, äëÿ ïðèêëàäó, ÿêùî ïîêëàñòè ω1 = ω2 = ω3 = ω i

a1 = 1− a2, a2 =
1− 2ω

2α2
, α1 = 0, β21 = γ21 = α2,

(
ω ̸= 1

2

)
,

äå α2 � âiäìiííèé âiä íóëÿ ïàðàìåòð, òî

R1(ω) = ωh2u′′(x0) +O(h3) = ωh(k2 − k1) +O(h3).

Îòæå, îòðèìàíî ðîçðàõóíêîâi ôîðìóëè, ÿêi äîçâîëÿþòü çíàõîäèòè íå òiëüêè
äâîñòîðîííi íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1)�(2) â òî÷öi x1, à òàêîæ
îá÷èñëþâàòè ÿâíèé âèðàç ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè ìåòîäó áåç äîäàòêîâèõ
îá÷èñëåíü ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ.

3.3. Ìåòîä òðåòüîãî ïîðÿäêó òî÷íîñòi

Íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1), (2) â òî÷öi x1 = x0 + h øóêà¹ìî ó âèãëÿäi:

u1 = u(x0) + h

3∑
i=1

ai ki, (10)

äå

k1 = F [x0 + α1h, u0, 0] ,

k2 = F [x0 + α2h, u0 + β21hk1, γ21K1] ,

k3 = F [x0 + α3h, u0 + β31hk1 + β32hk2, γ31K1 + γ32K2] ,

K1 = hg[x0 + l1h, x0 +m1h, u0 + c11hk1] ,

K2 = hg[x0 + l2h, x0 +m2h, u0 + c21hk1 + c22hk2] .

Òóò ai, αi (i = 1, 2, 3), β21, β31, β32, γ21, γ31, γ32, l1, l2,m1,m2, c11, c21, c22 � ïàðàìåòðè,
ÿêi íåîáõiäíî çíàéòè, âèõîäÿ÷è ç óìîâè:

R1 = |u(x0 + h)− u1| = O(h4).
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Ðîçâèíóâøè ki (i = 1, 2, 3) ïî ñòåïåíÿõ çìiííî¨ h äî òðåòüîãî ïîðÿäêó âêëþ÷íî,
îòðèìà¹ìî k1, k2 (7) òà:

k3 = F0 +
(
(g0γ31 + g0γ32)F0,0,z + (F0β31 + F0β32)F0,u,0 + α3Fx,0,0

)
h

+
(1
2
(g0γ31 + g0γ32)

2F0,0,2z + (F0β31 + F0β32)(g0γ31 + g0γ32)F0,u,z

+
1

2
(F0β31 + F0β32)

2F0,2u,0 + F0,u,0(α1β31Fx,0,0 + β32(g0γ21F0,0,z

+F0β21F0,u,0 + α2Fx,0,0)) + α3(g0γ31 + g0γ32)Fx,0,z + α3(F0β31 + F0β32)Fx,u,0

+
1

2
α2
3F2x,0,0 + F0,0,z

(
γ31(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)

+γ32((c21F0 + c22F0)g0,0,u +m2g0,s,0 + l2gx,0,0)
))

h2

+
(1
6
(g0γ31 + g0γ32)

3F0,0,3z +
1

2
(F0β31 + F0β32)(g0γ31 + g0γ32)

2F0,u,2z

+
1

2
(F0β31 + F0β32)

2(g0γ31 + g0γ32)F0,2u,z +
1

6
(F0β31 + F0β32)

3F0,3u,0 + (F0β31

+F0β32)F0,2u,0(α1β31Fx,0,0 + β32(g0γ21F0,0,z + F0β21F0,u,0 + α2Fx,0,0))

+
1

2
α3(g0γ31 + g0γ32)

2Fx,0,2z + α3(α1β31Fx,0,0 + β32(g0γ21F0,0,z + F0β21F0,u,0

+α2Fx,0,0))Fx,u,0 + α3(F0β31 + F0β32)(g0γ31 + g0γ32)Fx,u,z

+
1

2
α3(F0β31 + F0β32)

2Fx,2u,0 +
1

2
α2
3(g0γ31 + g0γ32)F2x,0,z

+
1

2
α2
3(F0β31 + F0β32)F2x,u,0 +

1

6
α3
3F3x,0,0 + (g0γ31 + g0γ32)F0,0,2z×(

γ31(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0) + γ32((c21F0 + c22F0)g0,0,u +m2g0,s,0 + l2gx,0,0)
)

+α3Fx,0,z

(
γ31(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0) + γ32((c21F0 + c22F0)g0,0,u

+m2g0,s,0 + l2gx,0,0)
)
+ F0,u,0

(1
2
α2
1β31F2x,0,0 + β32

(
1

2
g20γ

2
21F0,0,2z + F0g0β21γ21F0,u,z

+
1

2
F 2
0 β

2
21F0,2u,0 + α1β21F0,u,0Fx,0,0 + g0α2γ21Fx,0,z + F0α2β21Fx,u,0 +

1

2
α2
2F2x,0,0

+γ21F0,0,z(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0))
)
+ F0,u,z

(
(g0γ31 + g0γ32)(α1β31Fx,0,0

+β32(g0γ21F0,0,z + F0β21F0,u,0 + α2Fx,0,0)) + (F0β31 + F0β32)
(
γ31(c11F0g0,0,u

+m1g0,s,0 + l1gx,0,0) + γ32((c21F0 + c22F0)g0,0,u +m2g0,s,0 + l2gx,0,0)
))

+F0,0,z

(1
2
γ31

(
2c11α1Fx,0,0g0,0,u + c211F

2
0 g0,0,2u + 2c11F0m1g0,s,um

2
1g0,2s,0

+2c11F0l1gx,0,u + 2l1m1gx,s,0 + l21g2x,0,0
)
+ γ32((c21α1Fx,0,0 + c22(g0γ21F0,0,z

+F0β21F0,u,0 + α2Fx,0,0))g0,0,u +
1

2
(c21F0 + c22F0)

2g0,0,2u + (c21F0 + c22F0)m2g0,s,u

+
1

2
m2

2g0,2s,0 +(c21F0 + c22F0)l2gx,0,u + l2m2gx,s,0 +
1

2
l22g2x,0,0

)))
h3 +O(h4).
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Ðîçãëÿíåìî ðiçíèöþ:

u(x0 + h)− u1 = (1− a1 − a2 − a3)F0h+
1

2

(
−g0(−1 + 2a2γ21 + 2a3(γ31 + γ32))F0,0,z

−F0(−1 + 2a2β21 + 2a3(β31 + β32))F0,u,0 − (−1 + 2a1α1 + 2a2α2 + 2a3α3)Fx,0,0

)
h2

+
1

6

(
−g20(−1 + 3a2γ

2
21 + 3a3(γ31 + γ32)

2)F0,0,2z − F 2
0 (−1 + 3a2β

2
21

+3a3(β31 + β32)
2)F0,2u,0 + F0,u,0Fx,0,0 − 6a2α1β21F0,u,0Fx,0,0 − 6a3α1β31F0,u,0Fx,0,0

−6a3α2β32F0,u,0Fx,0,0 + g0

(
(1− 6a3β32γ21)F0,0,zF0,u,0 − 2F0(−1 + 3a2β21γ21

+3a3(β31 + β32)(γ31 + γ32))F0,u,z − 2(−1 + 3a2α2γ21 + 3a3α3(γ31 + γ32))Fx,0,z

)
+F2x,0,0 − 3a1α

2
1F2x,0,0 − 3a2α

2
2F2x,0,0 − 3a3α

2
3F2x,0,0

+F0

(
(1− 6a3β21β32)F

2
0,u,0 − 2(−1 + 3a2α2β21 + 3a3α3(β31 + β32))Fx,u,0

−(−1 + 6c11(a2γ21 + a3γ31) + 6a3(c21 + c22)γ32)F0,0,zg0,0,u

)
+ F0,0,zg0,s,0

−6a2m1γ21F0,0,zg0,s,0 − 6a3m1γ31F0,0,zg0,s,0 − 6a3m2γ32F0,0,zg0,s,0

−2(−1 + 3a2l1γ21 + 3a3(l1γ31 + l2γ32))F0,0,zgx,0,0

)
h3 +O(h4).

(11)

Ïðèðiâíÿâøè äî íóëÿ êîåôiöi¹íòè ïðè âiäïîâiäíèõ ñòåïåíÿõ çìiííî¨ hi (i = 1, 2, 3)
îòðèìà¹ìî ñèñòåìó àëãåáðè÷íèõ ðiâíÿíü:

a1 + a2 + a3 − 1 = 0,

a2γ21 + a3γ31 + a3γ32 − 1
2 = 0,

a1α1 + a2α2 + a3α3 − 1
2 = 0,

a2β21 + a3β31 + a3β32 − 1
2 = 0,

a2α2γ21 + a3α3γ31 + a3α3γ32 − 1
3 = 0,

1
2a2γ

2
21 +

1
2a3γ

2
31 + a3γ31γ32 +

1
2a3γ

2
32 − 1

6 = 0,

1
2a1α

2
1 +

1
2a2α

2
2 +

1
2a3α

2
3 − 1

6 = 0,

a2m1γ21 + a3m1γ31 + a3m2γ32 − 1
6 = 0,

a2l1γ21 + a3l1γ31 + a3l2γ32 − 1
3 = 0,

a3β32γ21 − 1
6 = 0,

a2α1β21 + a3α1β31 + a3α2β32 − 1
6 = 0,

a2β21γ21 + a3β31γ31 + a3β32γ31 + a3β31γ32 + a3β32γ32 − 1
3 = 0,

a2α2β21 + a3α3β31 + a3α3β32 − 1
3 = 0,

a3β21β32 − 1
6 = 0,

a2c11γ21 + a3c11γ31 + a3c21γ32 + a3c22γ32 − 1
6 = 0,

1
2a2β

2
21 +

1
2a3β

2
31 + a3β31β32 +

1
2a3β

2
32 − 1

6 = 0.

(12)
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Ïîõèáêà ìà¹ âèãëÿä:

R1 =
(
− 1

6a1α
3
1F3x,0,0 − a2

(
1
6g

3
0γ

3
21F0,0,3z +

1
2F0g

2
0β21γ

2
21F0,u,2z +

1
2F

2
0 g0β

2
21γ21F0,2u,z

+ 1
6F

3
0 β

3
21F0,3u,0 + F0α1β

2
21F0,2u,0Fx,0,0 +

1
2g

2
0α2γ

2
21Fx,0,2z + α1α2β21Fx,0,0Fx,u,0

+F0g0α2β21γ21Fx,u,z +
1
2F

2
0α2β

2
21Fx,2u,0 +

1
2α

2
1β21F0,u,0F2x,0,0 +

1
2g0α

2
2γ21F2x,0,z

+ 1
2F0α

2
2β21F2x,u,0 +

1
6α

3
2F3x,0,0 + g0γ

2
21F0,0,2z (c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)

+α2γ21Fx,0,z (c11F0g0,0,u +m1g0,s,0 + l1gx,0,0) + F0,u,z(g0α1β21γ21Fx,0,0

+F0β21γ21 (c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)) +
1
2γ21F0,0,z (2c11α1Fx,0,0g0,0,u

+c211F
2
0 g0,0,2u + 2c11F0m1g0,s,u +m2

1g0,2s,0 + 2c11F0l1gx,0,u + 2l1m1gx,s,0 +l21g2x,0,0
))

−a3

(
1
6 (g0γ31 + g0γ32)

3F0,0,3z +
1
2 (F0β31 + F0β32)(g0γ31 + g0γ32)

2F0,u,2z

+ 1
2 (F0β31 + F0β32)

2(g0γ31 + g0γ32)F0,2u,z +
1
6 (F0β31 + F0β32)

3F0,3u,0

+(F0β31 + F0β32)F0,2u,0(α1β31Fx,0,0 + β32(g0γ21F0,0,z + F0β21F0,u,0 + α2Fx,0,0))

+ 1
2α3(g0γ31 + g0γ32)

2Fx,0,2z + α3(α1β31Fx,0,0 + β32(g0γ21F0,0,z + F0β21F0,u,0

+α2Fx,0,0))Fx,u,0 + α3(F0β31 + F0β32)(g0γ31 + g0γ32)Fx,u,z

+ 1
2α3(F0β31 + F0β32)

2Fx,2u,0 +
1
2α

2
3(g0γ31 + g0γ32)F2x,0,z +

1
2α

2
3(F0β31 + F0β32)F2x,u,0

+ 1
6α

3
3F3x,0,0 + (g0γ31 + g0γ32)F0,0,2z

(
γ31(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0)

+γ32((c21F0 + c22F0)g0,0,u +m2g0,s,0 + l2gx,0,0)
)

+α3Fx,0,z

(
γ31(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0) + γ32((c21F0 + c22F0)g0,0,u +m2g0,s,0

+l2gx,0,0)
)
+ F0,u,0

(
1
2α

2
1β31F2x,0,0 + β32

(
1
2g

2
0γ

2
21F0,0,2z + F0g0β21γ21F0,u,z

+ 1
2F

2
0 β

2
21F0,2u,0 + α1β21F0,u,0Fx,0,0 + g0α2γ21Fx,0,z + F0α2β21Fx,u,0 +

1
2α

2
2F2x,0,0

+γ21F0,0,z(c11F0g0,0,u +m1g0,s,0 + l1gx,0,0))
)
+ F0,u,z

(
(g0γ31 + g0γ32)(α1β31Fx,0,0

+β32(g0γ21F0,0,z +F0β21F0,u,0 + α2Fx,0,0)) + (F0β31 + F0β32)
(
γ31(c11F0g0,0,u

+m1g0,s,0 + l1gx,0,0) + γ32((c21F0 + c22F0)g0,0,u +m2g0,s,0 + l2gx,0,0)
))

+F0,0,z

(
1
2γ31(2c11α1Fx,0,0g0,0,u + c211F

2
0 g0,0,2u + 2c11F0m1g0,s,u +m2

1g0,2s,0

+2c11F0l1gx,0,u + 2l1m1gx,s,0 + l21g2x,0,0
)

+γ32((c21α1Fx,0,0 + c22(g0γ21F0,0,z + F0β21F0,u,0 + α2Fx,0,0)) g0,0,u

+ 1
2 (c21F0 + c22F0)

2g0,0,2u + (c21F0 + c22F0)m2g0,s,u + 1
2m

2
2g0,2s,0

+(c21F0 + c22F0)l2gx,0,u + l2m2gx,s,0 +
1
2 l

2
2g2x,0,0

))))
h4 +O(h5).

(13)

Âèïèøåìî êiëüêà ìíîæèí ðîçâ'ÿçêiâ ñèñòåìè (12) ïðè α2 = 2/3 (íå âèçíà÷åíi
ïàðàìåòðè ¹ äîâiëüíèìè):



Ïåëåõß., ÔiëüÁ., ÏàõîëîêÁ.

14 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2026. Âèï. 36

Ðîçâ'ÿçîê 1:

α3 = 2
3 , α1 = 0, a1 = 1

4 , a3 = 1
4 (3− 4a2), β21 = 2

3 , −3 + 4a2 ̸= 0,

β31 =
−3 + 8a2
−9 + 12a2

, β32 = 1
3 (2− 3β31), γ21 = 2

3 , γ32 = 1
3 (2− 3γ31), −2 + 3γ31 ̸= 0,

l2 =
−8 + 6l1 + 12β31 − 18l1β31 + 9l1γ31

−6 + 9γ31
, −2 + 3l1 ̸= 0, m2 =

l1 − l2 − 2m1 + 3l2m1

−2 + 3l1
,

−1 + 3m1 ̸= 0, c22 =
−c11 + c21 +m1 − 3c21m1 −m2 + 3c11m2

−1 + 3m1
.

Ðîçâ'ÿçîê 2:

α3 = 0, α1 = 0, a2 = 3
4 , a3 = 1

4 (1− 4a1),

β21 = 2
3 , −1 + 4a1 ̸= 0, β31 =

1

−1 + 4a1
, β32 = −β31,

γ21 = 2
3 , γ32 = −γ31, l1 = 2

3 , l2 = 2
3 , m1 = 1

3 , m2 = 1
3 , γ31 ̸= 0,

c22 =
2β31 − 6c11β31 + 3c11γ31 − 3c21γ31

3γ31
.

Ðîçâ'ÿçîê 3:

α3 = 2
3 , α1 = 0, a1 = 1

4 , a2 = 0, a3 = 3
4 , β21 = α2, α2 ̸= 0, β31 =

2(−1 + 3α2)

9α2
,

β32 = 1
3 (2− 3β31), γ21 = α2, γ32 = 1

3 (2− 3γ31), l2 =
−4 + 9l1γ31
−6 + 9γ31

,

m1 = 1
3 , m2 = 1

3 , −2 + 3l1 ̸= 0,

c22 =
−2c11 + 2c21 + l1 − 3c21l1 − l2 + 3c11l2

−2 + 3l1
, −2 + 3α2 ̸= 0.

Ðîçâ'ÿçîê 4:

α3 = 1, α1 = 0, α2 ≠ 0, a1 =
−1 + 3α2

6α2
, −1 + α2 ̸= 0, a2 =

−4 + 6a1 + 3α2 − 6a1α2

6(−1 + α2)
,

a3 = 1− a1 − a2, β21 = α2, −2 + 3α2 ≠ 0, β31 =
1− 6a1 + 6a1α2

−2 + 3α2
,

β32 = −2 + 12a1 + 3α2 − 18a1α2 − 5β31 + 6α2β31, γ21 = α2, γ32 = 0,

γ31 = −2 + 12a1 + 3α2 − 18a1α2 − 4β31 + 6α2β31,

l1 = 2
3 , m1 = 1

3 , c11 = 1
3 , −1 + 3α2 ̸= 0.

Ðîçâ'ÿçîê 5:

α1 = 0, α2α3 ̸= 0, a1 =
2− 3α2 − 3α3 + 6α2α3

6α2α3
, −1 + 3α3 − 3α2

3 + 3a1α
2
3 ̸= 0,

a2 = − 3(1− 2α3 + 2a1α3)
2

4(−1 + 3α3 − 3α2
3 + 3a1α2

3)
,

a3 = 1− a1 − a2, β21 = α2, (−1 + 4a1)(−2 + 3α3) ̸= 0,
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β31 =
−2 + 12α3 − 12a1α3 − 21α2

3 + 30a1α
2
3 + 12α3

3 − 24a1α
3
3 + 12a21α

3
3

(−1 + 4a1)(−2 + 3α3)
,

β32 = α3 − β31,

γ21 = α2, γ32 = α3 − γ31, l1 = 2
3 , l2 = 2

3 , m1 = 1
3 , m2 = 1

3 , −α3 + γ31 ̸= 0,

c22 =
−c11α3 + c21α3 − α2α3 + 3c11α2α3 + α2β31 − 3c11α2β31 + c11γ31 − c21γ31

−α3 + γ31
,

−1 + α3 ̸= 0.

3.4. Ìåòîä ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi

Äëÿ ìåòîäó ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi îòðèìàíî çíà÷åííÿ ïàðàìåòðiâ (÷åðåç
ãðîìiçäêiñòü íå íàâîäèìî âèêëàäîê):

a1 = a2 = a3 = a4 = 1
8 , α1 = 0, α2 = 1

3 , α3 = 2
3 , α4 = 1,

β21 = 1
3 , β31 = − 1

3 , β32 = β41 = β43 = 1, β42 = −1,

γ21 = 1
3 , γ31 = 1

3 (2− 3γ32),

γ41 = 1− γ42 − γ43, l3 =
8− 12l1 + 9(l1 − l2)γ32 + 3(l1 − l2)γ42 + 3l1γ43

3γ43
,

m3 =
4− 12m1 + 9(m1 −m2)γ32 + 3(m1 −m2)γ42 + 3m1γ43

3γ43
,

c33 =
1

3γ43

(
4− 12c11 + (9c11 − 9c21 − 9c22)γ32+

(3c11 − 3c12 − 3c22)γ42 + (3c11 − 3c31 − 3c32)γ43
)
,

(14)

äå γ32, γ42, γ43, l1, l2,m1,m2, c11, c12, c21, c22, c31, c32 � äîâiëüíi ïàðàìåòðè.
Äëÿ çíàõîäæåííÿ íàáëèæåíü ó íàñòóïíèõ òî÷êàõ xn (n ≥ 2) êîðèñòó¹ìîñÿ

ñïîñîáîì ðóõîìîãî ïî÷àòêó. Çàïèñàâøè ðiâíÿííÿ (1) ó âèãëÿäi:

u′(x) = F [x, u(x), wn(x) +W (x)] ,

äå

wn(x) =

∫ xn

x0

g(x, s, u(s)) ds, W (x) =

∫ x

xn

g(x, s, u(s)) ds,

îòðèìà¹ìî çàäà÷ó ç íîâèì ïî÷àòêîì iíòåãðóâàííÿ (xn), äëÿ ðîçâ'ÿçóâàííÿ ÿêî¨
âèêîðèñòîâóþòüñÿ ôîðìóëè (4)�(10), ïðè÷îìó íàáëèæåííÿ äî wn(x) çíàõîäèìî çà
äîïîìîãîþ ôîðìóë âèäó (4).

4. Îöiíêà ïîõèáêè i âèáið êðîêó iíòåãðóâàííÿ

Çàïðîïîíîâàíi îá÷èñëþâàëüíi ôîðìóëè ïåðøîãî, äðóãîãî, òðåòüîãî òà ÷åòâåðòîãî
ïîðÿäêó òî÷íîñòi âèêîðèñòîâóþòü âiäïîâiäíî îäíå, äâà, òðè òà ÷îòèðè îá÷èñëåííÿ
(çâåðòàííÿ) äî ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ. Òàêèé àëãîðèòì
íàçèâà¹òüñÿ m-ñòàäiéíèì ìåòîäîì (m = 1, 4).

Ëîêàëüíó ïîõèáêó àïðîêñèìàöi¨ m-ñòàäiéíîãî ìåòîäó â òî÷öi xn îá÷èñëþ¹ìî çà
ôîðìóëîþ

δu[m]
n = max

m<i≤3

∣∣∣u[i]
n − u[m]

n

∣∣∣ , m = 1, 2, 3, 4, (15)
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äå ∥·∥ � ìàêñèìàëüíà íîðìà âåêòîðó. Ðîçìið êðîêó âèáèðà¹ìî òàê, ùîá âèêîíóâàëàñü
íåðiâíiñòü

ε[m]
n <

εh

X − x0
, (16)

äå ε � íåîáõiäíà òî÷íiñòü îá÷èñëåíü â êiíöi iíòåðâàëó.

Ãîëîâíèé ÷ëåí àñèìïòîòè÷íîãî ðîçêëàäó ëîêàëüíî¨ ïîõèáêè àïðîêñèìàöi¨ ìåòîäó
p-ãî ïîðÿäêó òî÷íîñòi ìà¹ âèãëÿä:

Rp
n+1 = hp+1Ψ

(
un, u

′
n, . . . , u

(p)
n

)
.

Ïðè çìiíi êðîêó iíòåãðóâàííÿ â gi ðàçiâ, äå i � äîäàòíå àáî âiä'¹ìíå öiëå ÷èñëî,
äëÿ íîâîãî êðîêó hnew = gih îòðèìó¹ìî:

Rp
n+1 = hp+1

newΨ
(
un, . . . , u

(p)
n

)
= gi(p+1)hp+1Ψ

(
un, . . . , u

(p)
n

)
.

Çâiäñè, ïðèïóñêàþ÷è, ùî ïîâåäiíêà ëîêàëüíî¨ ïîõèáêè âèçíà÷à¹òüñÿ ¨¨ ãîëîâíèì
÷ëåíîì, ìîæíà ïðîãíîçóâàòè ðîçìið êðîêó, ïåðåâiðÿþ÷è íåðiâíiñòü:

δu[m]
n <

εh

(X − x0) gi(m+1)
. (17)

Ïðè öüîìó, äëÿ îá÷èñëåíü íà íàñòóïíîìó êðîöi âèêîðèñòîâó¹òüñÿ òîé m-ñòàäié-
íèé ìåòîä, äëÿ ÿêîãî ïðîãíîçîâàíèé êðîê ìàêñèìàëüíèé. ßêùî íåðiâíiñòü (16)
âèêîíó¹òüñÿ, òî yn+1 ïðèéìà¹òüñÿ çà íàáëèæåíèé ðîçâ'ÿçîê ó òî÷öi xn+1 = xn+ gih;
ÿêùî íå âèêîíó¹òüñÿ, òî êðîê iíòåãðóâàííÿ çìåíøó¹òüñÿ äîòè, ïîêè íå âèêîíà¹òüñÿ
íåðiâíiñòü (17), i âåñü öèêë ïîâòîðþ¹òüñÿ çi çìåíøåíèì êðîêîì.

Çàçíà÷èìî, ùî çàïðîïîíîâàíi ìåòîäè ëåãêî âèêîðèñòîâóâàòè äëÿ åôåêòèâíî¨
îðãàíiçàöi¨ êîíòðîëþ ÷èñåëüíîãî ðîçâ'ÿçàííÿ ñèñòåì iíòåãðî-äèôåðåíöiàëüíèõ ðiâ-
íÿíü.

5. Âèñíîâêè

Â öié ïðàöi:

1. Ïîáóäîâàíî ìåòîäè äðóãîãî, òðåòüîãî òà ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi äëÿ
íàáëèæåíîãî ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i äëÿ íåëiíiéíèõ iíòåãðî-äèôåðåí-
öiàëüíèõ ðiâíÿíü.

2. Íàâåäåíî çíà÷åííÿ ïàðàìåòðiâ, ïðè ÿêèõ, íå âèêîðèñòîâóþ÷è äîäàòêîâèõ
çâåðòàíü äî ïðàâî¨ ÷àñòèíè iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ, îäåðæàíî
äâîñòîðîííi ðîçðàõóíêîâi ôîðìóëè. Ïiâñóìó äâîñòîðîííiõ íàáëèæåíü äî òî÷-
íîãî ðîçâ'ÿçêó ïðèéìà¹ìî çà íàáëèæåíèé ðîçâ'ÿçîê, à àáñîëþòíà âåëè÷èíà
ïiâðiçíèöi âèçíà÷à¹ ïîõèáêó îòðèìàíîãî ðåçóëüòàòó.

3. Âèïèñàíî ÿâíèé âèðàç ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè ðåçóëüòàòó, ÿêèé
îá÷èñëþ¹òüñÿ ç âèêîðèñòàííÿì ðàíiøå îòðèìàíèõ çíà÷åíü ïðàâî¨ ÷àñòèíè
iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ.

4. Çàïðîïîíîâàíî m-ñòàäiéíèé ìåòîä (m = 1, 4) p-ãî ïîðÿäêó òî÷íîñòi (p = 1, 4)
ç àâòîìàòè÷íèì âèáîðîì êðîêó iíòåãðóâàííÿ i ïîðÿäêó òî÷íîñòi ìåòîäó.
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Ìîäóëüíèé õàðàêòåð çàïðîïîíîâàíèõ àëãîðèòìiâ äà¹ ìîæëèâiñòü â êîæíié òî÷öi
iíòåãðóâàííÿ îòðèìàòè êiëüêà íàáëèæåíü äî òî÷íîãî ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i.
Ñïiâñòàâëåííÿ öèõ íàáëèæåíü äà¹ âàæëèâó iíôîðìàöiþ äëÿ âèáîðó êðîêó iíòåãðó-
âàííÿ òà îöiíêè òî÷íîñòi ðåçóëüòàòó.

Ïðèêëàäíèì àñïåêòîì âèêîðèñòàííÿ îòðèìàíîãî íàóêîâîãî ðåçóëüòàòó ¹ ìîæëè-
âiñòü, âèêîðèñòîâóþ÷è ëèøå ÷îòèðè çâåðòàííÿ äî ïðàâî¨ ÷àñòèíè ðiâíÿííÿ, îòðèìà-
òè ìåòîäè âiäïîâiäíî ïåðøîãî, äðóãîãî, òðåòüîãî òà ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi. Öå
ñêëàäà¹ ïåðåäóìîâè äëÿ âèêîðèñòàííÿ çàïðîïîíîâàíèõ îá÷èñëþâàëüíèõ àëãîðèòìiâ
ïðè äîñëiäæåííi ïðèêëàäíèõ çàäà÷.

Çàïðîïîíîâàíó ìåòîäèêó çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ìîæíà çàñòîñóâàòè äëÿ ïîáóäîâè ÷èñëîâèõ ìåòîäiâ
âèùèõ ïîðÿäêiâ òî÷íîñòi.
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VARIABLE-ORDER ACCURACY METHOD

FOR SOLVING SECOND-ORDER VOLTERRA

INTEGRO-DIFFERENTIAL EQUATIONS
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When calculating modern applied problems, there is a need to �nd not only approxi-
mate solutions to the mathematical models under study, but also to obtain a guaranteed
estimate of the error of the result. In this work, explicit Runge-Kutta-type calculation
formulas for solving the initial problem for nonlinear Volterra integro-di�erential equations
(IDEs) of the second kind are derived. A set of parameters is found for which two-sided
approximations of the exact solution are obtained without using additional calculations of
the right-hand side of the integro-di�erential equation. A pair of formulas corresponding
to two values of the two-sidedness parameter, which di�er only in sign, constitute the cal-
culation formulas of the two-sided method. One of them gives an upper approximation,
and the other a lower approximation to the exact solution of the Cauchy problem for the
integro-di�erential equation. We take the half-sum of the two-sided approximations as the
approximate solution, and the modulus of the half-di�erence gives the error of the calcu-
lation result. An explicit expression of the main (leading) term of the local error of the
result is written, which is calculated using the previously obtained values of the right-hand
side of the integro-di�erential equation.

The values of the parameters at which numerical methods of the �rst, second, third
and fourth order of accuracy were obtained are found. For the m-stage (m = 1, 4) method
of the Runge-Kutta type a method is proposed for �nding the approximation error value
at each nodal point, choosing the integration step and changing the order of accuracy of
the approximate method.

The modular nature of the proposed algorithms makes it possible to obtain several ap-
proximations to the exact solution of the initial problem for the integro-di�erential equation
at each integration point. Comparison of these approximations provides important infor-
mation for choosing the integration step and assessing the accuracy of the result.

Key words: Cauchy problem, Initial Value Problem � IVP, Integro-di�erential equation,
Numerical methods, Approximate methods, Order of accuracy, Local truncation error.


