
ShynkarenkoH., TanchynetsV., VovkO.

36 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2026. Âèï. 36

UDC 519.6 http://dx.doi.org/10.30970/vam.2026.36.00000

ELEMENT-WISE EXPONENTIAL A POSTERIORI ERROR
ESTIMATOR FOR SINGULARLY PERTURBED

CONVECTION-DIFFUSION BOUNDARY VALUE PROBLEMS

H. Shynkarenko, V.Tanchynets, O.Vovk

Ivan Franko National University of Lviv,

1, Universytetska str., 79000, Lviv, Ukraine,

e-mail: heorhiy.shynkarenko@lnu.edu.ua,

vasyl.tanchynets@lnu.edu.ua, oleksandr.vovk@lnu.edu.ua

This paper is devoted to the development of an a posteriori error estimator (AEE)
based on exponential basis functions for piecewise-linear �nite element approximations
on triangular elements. The proposed AEE reliably computes an upper bound for the
norm of the approximation error for convection-di�usion boundary value problems. The
indicator function of the AEE for each �nite element is derived as an analytical solution
to an auxiliary boundary value problem, using averaged values of the coe�cients of the
original di�erential equation and Dirichlet boundary conditions de�ned at the nodal values
of the computed approximation. Due to its element-wise nature, the computations of the
AEE can be e�ciently parallelized and adapted for GPGPU computing. The upper error
bounds calculated by the proposed AEE in model problems with known exact solutions on
uniformly re�ned meshes demonstrate better e�ciency indices compared to a residual-type
estimator constructed by polynomial basis function.
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1. Introduction

Ñonvection-di�usion boundary value problems play a crucial role in modern scienti�c
modeling, particularly for processes such as the spread of pollutants in the atmosphere
and surface waters, tissue mass transfer, and population migration, among others. In real-
world problems, the structure of solutions to the convection-di�usion model is profoundly
in�uenced by the relative rates of the underlying processes: di�usion and convection. For
instance, when convection signi�cantly dominates over di�usion, the second-order di�er-
ential equation e�ectively degenerates into a �rst-order equation. This, combined with
two boundary conditions, leads to the emergence of regions with very large gradients
� boundary or internal layers within the solutions. These problems are referred to as
singular perturbations, and their approximate solutions often exhibit signi�cant oscil-
lations near these layers, preventing an accurate approximation of the exact solution.
In such cases, the Finite Element Method (FEM) approximation error [12] is unevenly
distributed across the nodes of the grid, most of it concentrated around the boundary or
internal layer [5]. To avoid excessive computational costs, h-adaptive FEM schemes are
currently widely used for solving such singularly perturbed problems. Owing to reliable
and e�cient a posteriori error estimators, these schemes are able to accurately detect the
aforementioned layers and enable local re�nement of the mesh structure in these regions;
see, for example, the monographs [1], [2], [8], [11], [12] and the recent survey [3]. In the
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present paper, we develop the ideas of [9] and complement the polynomial a posteriori er-
ror estimators proposed in [6], [7], [10] by constructing an estimator based on exponential
basis functions.

In recent years, the development of general-purpose computing on graphics process-
ing units (GPGPU) has signi�cantly advanced the implementation of parallel numerical
algorithms. Algorithms and computational procedures that can be parallelized, including
those used in FEM and AEE computations, have demonstrated remarkable performance
improvements when executed on modern GPUs. The proposed element-wise computa-
tion scheme for the AEE is particularly well-suited for GPU acceleration, making it a
promising direction for further research.

The paper is organized as follows. In Section 2, the boundary value problem of
convection-di�usion and its corresponding variational formulation are presented. In Sec-
tion 3, a brief description of the FEM scheme for obtaining an approximate solution
of the variational problem is given. Section 4 introduces linear FEM approximations
on triangular �nite elements. Section 5 describes the application of the exponential a
posteriori error estimator for two-dimensional convection-di�usion problems. In Section
6, a residual-type estimator is presented. Section 7 is devoted to the analysis of the
results of numerical experiments for a model boundary value problem whose solution is
complicated by the presence of singular perturbation.

2. Problem statement

Consider the boundary value problem of convection-di�usion in a bounded domain
Ω ⊂ R2 with a Lipschitz boundary Γ = ∂Ω.

�nd u = u(x) such that

−∇.(µ∇u) + β.∇u = f in Ω,

u = 0 on Γu ⊂ Γ, mes(Γu) > 0,

−(µ∇u).n = αu+ g on Γq := Γ \ Γu,

(1)

and its corresponding variational formulation�nd u ∈ V := {v ∈ H1(Ω) : v = 0 on Γu} such that

a(u, v) = ⟨l, v⟩ ∀v ∈ V,
(2)

where a(u, v) :=
∫
Ω
[(µ∇u).∇v + vβ.∇u]dx+

∫
Γq
αuvdγ,

⟨l, v⟩ :=
∫
Ω
fvdx+

∫
Γq
gvdγ ∀v ∈ V

(3)

Throughout the paper we assume that µ = µ(x) > 0, β = {βi(x)}2i=1, f = f(x),
α = α(x) ≥ 0 and g = g(x) x ∈ Ω are su�ciently regular functions that guarantee the
conditions of the Lax-Milgram theorem [11] regarding the well-posedness of the varia-
tional problem (2)�(3).
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3. Galerkin Discretization

We cover the domain Ω by a mesh Th = {K} of �nite elements K with the following
properties: (i) Ω = ∪K∈Th

K;, (ii) K1 ∩K2 = ∅ ∀K1,K2 ∈ Th, K1 ̸= K2;, (iii)

(iii) K1 ∩K2 =


S := {common edge of elements K1 and K2},

A := {common vertex of elements K1 and K2},

∅.

(4)

and transfer problem (2) to a �nite-dimensional approximation subspace Vh ⊂ V , whose
basis functions {φi(x)}Nh

i=1 are constructed as follows. De�ne Ih = {Ai}Nh
i=1 as the set of all

vertices Ai = (x1i, x2i), Ai /∈ Γu, of the triangles from triangulation Th, and associate
with each point (node) Ai a piecewise-de�ned continuous function φi = φi(x1, x2) such
that 

Ωi ≡ suppφi :=
⋃

K∈Th,Ai∈K
K,

φi(Aj) = δij ∀Aj ∈ Ih,

φi ∈ P1(K) ∀K ∈ Ωi.

(5)

where P1(K) denotes the space of �rst-order polynomials de�ned on the triangle K.
Finally, we de�ne the approximation subspace Vh as

Vh := span{φ1, . . . , φNh
}, h = max

K∈Th

hK , hK = diam(K). (6)

Then the Galerkin procedure for transferring the solution of problem(2) to the approxi-
mation subspace Vh ⊂ V leads to the following problem:

given Th = {K} and Vh = span{φi}Nh
i=1 ⊂ V, dimVh = Nh < +∞,

�nd uh =
∑Nh

i=1 qiφi ∈ Vh such that

a(uh, v) = ⟨l, v⟩ ∀ v ∈ Vh.

(7)

A more detailed analysis of this procedure shows that, in fact, problem (7) is a system
of linear algebraic equations to determine the coe�cients of the following expansion

uh(x) =
∑Nh

j=1
qjφj(x), ∀x ∈ Ω. (8)

which is written in expanded form as follows:

Nh∑
j=1

a(φj , φi)qj = ⟨l, φi⟩, i = 1, 2, . . . , Nh. (9)

The matrix M = {a(φj , φi)}Nh
i,j=1 of this system is sparse and, under the assumptions of

the Lax-Milgram theorem, is positive de�nite, which guarantees unique solvability of the
system (9).
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It is well known that, under an additional assumption on the choice of approximation
spaces,

dimVh = Nh = N(h) → ∞ as h→ 0, ∪
h>0

Vh = V, (10)

the sequence of �nite element approximations {uh}h>0 ⊂ V converges to the exact so-
lution u ∈ V of the original variational problem (2)�(3) as h → 0. Moreover, the con-
vergence of the approximate solutions is characterized by the following a priori estimate:
there exists a constant C = C(Ω) > 0 such that

∥u− uh∥H1(Ω) ≤ C(Ω)h |u|H2(Ω). (11)

4. Piecewise Linear Finite Element Approximations on

Triangular Mesh Elements

Considering the approximation uh ∈ Vh on an arbitrary triangle K = △AiAjAm ∈
Th, we introduce the following convenient local representation:

uh(x)
∣∣
K

≡ uK(x) :=
∑

k=i,j,m
qkφk(x) ≡

∑
k=i,j,m

qkLk(x). (12)

Here Li(x), Lj(x), Lm(x) denote the system of barycentric coordinates on the triangle
K.

5. Exponential A Posteriori Error Estimator

The a priori error estimate (11) with a constant C = C(Ω) > 0 (the value of which is
di�cult or impossible to determine) provides only a general characterization of the entire
class of �nite element approximations and serves merely as a guideline for assessing the
quality of a particular representative of this class. To obtain a meaningful error estimate,

eh := u− uh ∈ E := {w ∈ V : a(w, vh) = 0 ∀vh ∈ Vh}, dimE = +∞, (13)

consider its approximations, so-called a posteriori error estimators (AEE), constructed
by various approaches.

The �rst of them is based on the following de�nition.
De�nition 1. Elementwise-de�ned exponential-type AEE.
Let uK(x) =

∑
k=i,j,m qkφk(x) be the local representation of the computed piecewise

linear approximation uh ∈ Vh to the triangle K = △AiAjAm ∈ Th. We call the function

εExp
K = εExp

K (x) the element-wise component of the exponential a posteriori error estima-

tor εExp
h to the �nite element triangle K ∈ Th if and only if it possesses the following

properties:
(i) εExp

K (x) := uK(x)− ũK(x), ∀x ∈ K; (14)

(ii) ũK(x) = C0 +
∑2

i=1
Ci exp

[
µ−1(xK)βi(x

K)(xi − xKi )
]

+ f(xK)
β1(x

K)x1 + β2(x
K)x2

β2
1(x

K) + β2
2(x

K)
;

(15)

where xK denotes the barycenter of the triangle K = △AiAjAm ∈ Th;
(iii) {Ci}2i=0 are the solutions of a system of linear algebraic equations of the form

ũK(Ak) = uK(Ak), k = i, j,m, ∀K = △AiAjAm ∈ Th. (16)
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The construction of the proposed a posteriori error estimator consists in the sequential
computation of its indicators on each �nite element K of the partition Th = {K} as
follows.

On a �nite element K we compute

∥εExp
K ∥1,K =

√∫
K

(
(εExp

K )2 + |∇εExp
K |2

)
dx. (17)

The global error indicator is de�ned by

∥εExp
h ∥1,Ω =

√∑
K∈Th

∥εExp
K ∥21,K . (18)

6. Residual-Type a Posteriori Error Estimator

An alternative approach to constructing a posteriori error estimators is based on an
approximate solution on each �nite element K of the triangulation Th of the discretized
error problem:

given Th, uh ∈ Vh and Eh ⊂ E, dimEh =M(h) < +∞,

�nd the error eh ∈ Eh such that

a(eh, v) = ⟨ρ(uh), v⟩ ∀ v ∈ Eh.

(19)

Here the linear functional

⟨ρ(uh), v⟩ = ⟨l, v⟩ − a(uh, v), ∀ v ∈ V, (20)

is called the residual functional of the approximation.
De�nition 2. Elementwise-de�ned polynomial-type AEE.
Let uK(x) =

∑
k=i,j,m qkφk(x) be the local representation of the computed piecewise

linear approximation uh ∈ Vh on the triangle K = △AiAjAm ∈ Th. We call the function
εPolK = εPolK (x) the localization of the polynomial-type a posteriori error estimator εPolh =
εPolh (x) to the �nite element K ∈ Th if and only if it is de�ned as follows:

εPolK (x) := λKψK(x), ∀K ∈ Th. (21)

where
λK = ⟨ρ(uh), ψK⟩/a(ψK , ψK), (22)suppψK := K = △AiAjAm,

ψK(x) := 3
[
Li(x)Lj(x) + Lj(x)Lm(x) + Lm(x)Li(x)

]
, ∀K ∈ Th.

(23)

Remark 1. In view of de�nition (22), the computation of the coe�cient λK requires
integration only on a single �nite element K.

Remark 2. By choosing di�erent basis functions ψK(x) with local support suppψK =
K, ∀K ∈ Th, one can construct various element-wise �nite element approximation error
estimators providing both lower and upper bounds for the true error. For example, the
estimator (21) with basis functions

ψK(x) := 27Li(x)Lj(x)Lm(x), ∀K = △AiAjAm ∈ Th, (24)

calculates a lower bound for the energy norm of the true error.
More detailed results on two-sided error estimates for the �nite element method can

be found in [4]. We shall choose ψK(x) in the form given in [6].
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7. Numerical results

Below we present the numerical results of the computational experiments we per-
formed, which allow us to draw conclusions regarding the reliability and e�ciency of the
exponential error estimator for �nite element approximations computed on a sequence of
uniformly re�ned meshes of triangular �nite elements.

Example 1. Consider the following boundary value problem of convection-di�usion
[13]:

−µ∆u+ (β1, β2).∇u = f in Ω = (0, 1)2, u = 0 on Γ,

µ = 10−2, β = (1, 1),

f(x) = (x1 + x2)
[
1− χ1(x)χ2(x)

]
− (x1 − x2)

[
χ1(x)− χ2(x)

]
,

χi(x) = exp(−(1− xi)/µ) .

(25)

The exact solution of this problem is the function

u(x) = x1x2
[
1− χ1(x)

][
1− χ2(x)

]
,

whose graph is shown in Fig. 1.
In the neighborhood of the boundary parts x1 = 1 and x2 = 1, boundary layers can

be observed in the solution caused by the singularly perturbed nature of the problem
with the Peclet number Pe ≈ 140. A more detailed characterization of these layers is
illustrated in Fig. 2 by the graph of |∇u(x)|.

Fig. 1. Graph of the exact solution u = u(x) Fig. 2. Graph of the gradient
magnitude |∇u(x)|

Consider several numerical characteristics of the �nite element approximations com-
puted on a sequence of uniformly re�ned meshes until the prescribed accuracy with
tolerance TOL = 3% is achieved, as presented in Tabl. 1 and 2. Here Tn denotes
the triangulation used at the n-th re�nement step; Nh(Tn) is the number of nodes
of the triangulation Tn; Cardn = Card(Tn) is the number of �nite elements in Tn;
δAEE
n = ∥εAEE

h,n ∥∥un∥−1 · 100% are the relative approximation errors computed in the
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Table 1

Convergence of piecewise linear FEM approximations on uniformly re�ned meshes

n Nh(Tn) Card(Tn) δn,% δExp
n ,% δPoln ,% p pExp pPol

1 221 400 95.9 123.6 314.2
2 841 1 600 75.9 85.2 157.2 0.3 0.5 1.0
3 3 281 6 400 50.8 55.2 78.6 0.6 0.6 1.0
4 12 961 25 600 28.6 30.4 39.3 0.8 0.9 1.0
5 51 521 102 400 14.8 15.6 19.6 1.0 1.0 1.0
6 205 441 409 600 7.5 7.9 9.8 1.0 1.0 1.0
7 820 481 1 638 400 3.8 3.9 4.9 1.0 1.0 1.0
8 3 279 361 6 553 600 1.9 2.0 2.5 1.0 1.0 1.0

Table 2

Convergence of error norms of FEM approximations and their
a posteriori estimators on uniformly re�ned meshes

i Nh(Tn) Card(Tn) ∥en∥ ∥εExp
n ∥ ∥εPoln ∥ kExp kPol ∥un∥

1 221 400 5.396 6.950 17.667 1.29 3.27 5.624
2 841 1 600 4.272 4.795 8.843 1.12 2.07 5.627
3 3 281 6 400 2.860 3.104 4.422 1.09 1.55 5.627
4 12 961 25 600 1.612 1.709 2.210 1.06 1.37 5.626
5 51 521 102 400 0.835 0.878 1.105 1.05 1.32 5.626
6 205 441 409 600 0.422 0.442 0.552 1.05 1.31 5.626
7 820 481 1 638 400 0.211 0.221 0.276 1.05 1.31 5.626
8 3 279 361 6 553 600 0.106 0.111 0.138 1.05 1.31 5.626

H1(Tn) norm for the exponential and polynomial a posteriori estimators, respectively,
with AEE = {Exp,Pol}. The quantities

p = 2 ln
(
∥en∥ · ∥en+1∥−1

)
/ ln

(
Cardn+1Card

−1
n

)
,

pAEE = 2 ln
(
∥εAEE

n ∥ · ∥εAEE
n+1 ∥−1

)
/ ln

(
Cardn+1Card

−1
n

)
represent the convergence rates

of the a posteriori estimators and of the true error, computed using the current and the
previous meshes; kExp = ∥εExp

n ∥∥en∥−1 is the e�ciency index of the estimator; ∥un∥2 =∫
Ω

(
u2n + |∇un|2

)
dx is the approximation norm computed in the space H1(Tn).

As can be seen from Tabl. 1 and 2, both error estimators provide an upper bound for
the true error while achieving the theoretically expected convergence rates.

However, the e�ciency index of the exponential a posteriori estimator deviates less
from unity, which indicates a more accurate reproduction of the true error and, conse-
quently, higher e�ciency when used in h-adaptive schemes.

Example 2. The data in problem (25) are taken as µ = 1, β1(x) = −75x2, β2(x) =
−75x1, f(x) = 16×104x21x

2
2, u = 0 on Γ, and Ω = (0, 1)2. This problem is also singularly

perturbed, since the Peclet similarity criterion is Pe ≈ 105. Fig. 3 shows the piecewise
linear approximation obtained at the second step of uniform mesh re�nement with 1600
�nite elements, and Fig. 4 presents the magnitude of its gradient. In Tabl. 3, we report
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the convergence characteristics of the approximations computed on uniformly re�ned
triangulations with accuracy TOL = 3%.

Fig. 3. Graph of the approximation
uh|K ∈ P1(K), n = 2

Fig. 4. Graph of the gradient
magnitude |∇uh|, n = 2

Table 3

Convergence of piecewise linear FEM approximations on uniformly re�ned meshes

i Nh(Tn) Card(Tn) δExp
n ,% δPoln ,% pExp pPol ∥εExp

n ∥ ∥εPoln ∥ ∥un∥
1 221 400 71.4 94.3 1181.51 1560.88 1654.87
2 841 1 600 43.0 50.0 0.7 0.9 717.43 833.22 1667.22
3 3 281 6 400 23.2 25.6 0.9 1.0 387.44 427.10 1671.57
4 12 961 25 600 11.8 12.9 1.0 1.0 198.13 215.07 1672.83
5 51 521 102 400 6.0 6.4 1.0 1.0 99.65 107.73 1673.16
6 205 441 409 600 3.0 3.2 1.0 1.0 49.90 53.89 1673.24
7 820 481 1 638 400 1.5 1.6 1.0 1.0 24.96 26.95 1673.27

We observe that the theoretically expected convergence rates are achieved. The values
of the exponential error estimator are smaller than those of the residual estimator, as in
the previous example.

8. Conclusions

In this paper, an exponential a posteriori error estimator for linear �nite element
approximations on triangular elements has been constructed. Based on the conducted
numerical experiments, the possibility of obtaining an upper bound for the true error of
the convection-di�usion boundary value problem has been demonstrated.

The upper error bounds computed by the exponential a posteriori estimator in model
problems with known exact solutions demonstrate better e�ciency indices on uniformly
re�ned meshes compared with the residual-type estimator constructed using polynomial
basis functions.
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Öÿ ñòàòòÿ ïðèñâÿ÷åíà ðîçðîáöi àïîñòåðiîðíîãî îöiíþâà÷à ïîõèáêè (ÀÎÏ), ùî
áàçó¹òüñÿ íà åêñïîíåíöiàëüíèõ áàçèñíèõ ôóíêöiÿõ, äëÿ êóñêîâî-ëiíiéíèõ àïðîêñèìàöié
ìåòîäó ñêií÷åííèõ åëåìåíòiâ íà òðèêóòíèõ åëåìåíòàõ. Çàïðîïîíîâàíèé ÀÎÏ íàäiéíî
îá÷èñëþ¹ âåðõíþ ìåæó íîðìè ïîõèáêè àïðîêñèìàöi¨ äëÿ êðàéîâèõ çàäà÷ àäâåêöi¨-
äèôóçi¨. Iíäèêàòîðíà ôóíêöiÿ ÀÎÏ êîæíîãî ñêií÷åííîãî åëåìåíòà ¹ àíàëiòè÷íèì
ðîçâ'ÿçêîì äîïîìiæíî¨ êðàéîâî¨ çàäà÷i ç óñåðåäíåíèìè íà íüîìó çíà÷åííÿìè äàíèõ
âèõiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ òà êðàéîâèõ óìîâàõ Äiðiõëå, âèçíà÷åíèõ âóç-
ëîâèìè çíà÷åííÿìè îá÷èñëåíî¨ àïðîêñèìàöi¨. Çàâäÿêè ïîåëåìåíòíîìó õàðàêòåðó
îá÷èñëåííÿ ÀÎÏ ìîæóòü áóòè åôåêòèâíî ðîçïàðàëåëåíi òà àäàïòîâàíi äëÿ îá÷èñ-
ëåíü íà GPGPU. Âåðõíi îöiíêè ïîõèáêè, îòðèìàíi çàïðîïîíîâàíèì ÀÎÏ ó ìîäåëüíèõ
çàäà÷àõ ç âiäîìèìè òî÷íèìè ðîçâ'ÿçêàìè íà ðiâíîìiðíî çãóùåíèõ ñiòêàõ, äåìîíñòðó-
þòü êðàùi iíäåêñè åôåêòèâíîñòi ïîðiâíÿíî ç îöiíþâà÷åì çàëèøêîâîãî òèïó, ïîáóäîâà-
íèì íà ïîëiíîìiàëüíèõ áàçèñíèõ ôóíêöiÿõ.
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