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Silent duels are a class of timing games that model competitive interaction among
a group of participants through a given time span under informational uncertainty and
reward limitation. The circumstances of the interaction are such that the participant does
not learn about actions of the other participants until the duel end, and the participant
benefits from acting as late as possible but only by acting first. The finite 1-bullet silent
duel is considered, in which the duel time span is equidistantly quantized, and each of
the two duelists has a generalized exponentially-convex reward function. In this paper,
optimality of penultimate and final time moments is investigated, which are of particular
interest in modeling systems, where actions (decisions) are forced to be made as late as
possible. The duel is a symmetric matrix game whose optimal value is 0, and each of the
duelists has the same optimal behavior, whether it is in pure or mixed strategies. It is
proved that the final time moment is single optimal in 3 x 3 duels, whichever the factor
of reward steepness is. It is also ascertained that in bigger duels the final time moment
is single optimal if the factor of reward steepness is higher than the unique root of an
exponential equation. If the factor is the root, both penultimate and final time moments
become optimal.

Key words: 1-bullet silent duel, exponentially-convex reward, matrix game, optimal time
moment, penultimate moment, final moment.

1. SILENT DUELS WITH EXPONENTIALLY-CONVEX REWARD

Silent duels are a class of timing games that model competitive interaction among
a group of participants through a given time span under informational uncertainty and
reward limitation [1, 5, 12, 13]. The circumstances of the interaction are such that the
participant does not learn about actions of the other participants until the duel end, and
the participant benefits from acting as late as possible but only by acting first [8, 10, 11,
20]. The duel time span is standardized being commonly quantized into a finite set [6,
9, 14]

N

N g—1
q:

of N successive time moments of possible acting [7, 15, 16, 18]. The latter is also

metaphorically spoken as shooting bullets, where having the bullet is a metaphor of the

possibility to make a definite decision or an action. A finite 1-bullet silent duel is a

special timing game

(Xn, Yoo, Un) = ({2}, {3}y Un) 2)
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that models one-decision-making competition between two identical participants (du-
elists) through time span (1) whose pure strategy sets are

N i—1 Y N j—1 "
XN:{xi}i_lz{Nl} =Tn, YNZ{yj}j—1:{N1} =Tn  (3)

i=1 j=1

by a skew-symmetric payoff (reward) matrix

Uy = [wijlyon = [“ilyen = _U%' (4)

Game (2) by (3), (1), (4) is a symmetric matrix game whose optimal game value is 0, and
each of the duelists has the same optimal behavior [7, 13]. The structure of the optimal
behavior depends on how reward matrix (4) is built [13, 14, 16, 19, 21]. Generally
speaking, the matrix entry

uij =g () —g(y;) + 9 (@) g (y;)sign (y; —x;) for i=1, N and j=1, N ()

by some discrete increasing accuracy functions g (z;) and g (y;) of the first and second
duelists, respectively, where

g(1)=9g(1)=9(0)=0 and g(zn)=g(yn)=g(1)=1. (6)

Accuracy functions g (z;) and g (y;) can also be called reward functions [3, 17, 23|. If
the duelist’s reward is considered apart from the other duelist’s reward, then it must
exponentially increase with time. So, instead of (5), entry w;; of reward matrix (4) is
calculated as

uij = g (") — g (") + g (e'**) g (') sign (y; — @;)
for i=1, N and j=1, N (7

with some factor of steepness > 0 and by still obeying requirements similar to (6):
g(e"™) =g () =g (") =g(1) =0 and g(e"™) =g (") =g(e") =1 (8)

The primary general objective is to determine a subset Tx (1) C Ty of optimal time
moments in duel (2) by (3), (1), (4) for (7) and any given p. Obviously, it is quite
plausible that for some integers N and some positives p this subset can turn out to be
empty:

Ty (u) =0 for N € Ng € N\{1, 2} and g€ M C Ry, 9)

where
Reog={pneR:u>0}.

So, the secondary general objective is to determine subsets Ny and M such that (9) holds.
In this paper, we will investigate optimality of penultimate and final time moments, which
are of particular interest in modeling systems, where actions (decisions) are forced to be
made as late as possible [3, 6, 12, 17, 23].
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2. EXPLICIT REWARD FUNCTION

In accordance with the abovementioned, an exponentially-increasing reward function
of the duelist is
g(e*?)=aet* +b for z€ Ty (10)

and some real numbers a and b, where, obviously, a # 0. As function (10) of variable z
must obey requirements (8), then

g () =g(l)=a+b=0,

g(e’)=ae’ +b=1,

whence
b=—a=1-ae",
1
aled—1)=1 or e = —&—a,
a
and 1
= 0, b= 0. 11
o1 1 —er © (11)
Hence, function (10) is
e 1 err—1
Hey = - -~ : 12
9(e") et —1 et —1 et —1 (12)
Then, upon plugging (12) into (7), entry u;; of reward matrix (4) is calculated as
CeMmi 1 e —1 el el -1 B
Yij = eh—1  er—1 * et —1  en—1 'blgn(yj_xl)_
enTi — ehi  (ehmi 1) (eM¥i — 1)
et —1 * (er —1)? “slen (y; — @)
for i=1, N and j=1, N. (13)

Owing to e > 1 and e*¥ > 1Vj =2, N, it is easy to see that

1— et (1—-1)-(et¥ —1) 1— et
U1, = =
13 et —1 (er — 1)2 et —1

<0Vj=2 N

and thus the starting moment ¢; = 0 is never optimal in duel (2) by (3), (1), (4) for (13)
and any given p > 0, whichever the number of time moments is.

3. THE FEWEST NUMBER OF MOMENTS TO SHOOT

Theorem 1. In 1-bullet silent duel (2) by (3), (1), (4) for (13) with the fewest number
of moments to shoot, which is

(X3, Y3, Us) = <{0, %, 1}, {0, %, 1}, U3>7 (14)

the duelist has the single optimal time moment t3 = 1.
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Proof. Upon plugging elements of set T3 into (13) for N = 3, the entries of the
respective reward matrix (4) are:

60—6%+(€O—1)(€%—1) _1—6%

= = =— <0, 15
W2 = (e — 1)2 1 U21 (15)
e —et (" —1)(et—1) 1—e
= = =—1=—ug, 16
e T | (er —1)° et —1 sl (16)
es —eh er —1) (et —1 2¢z —et —1
U23 = + ( ) ( ) = . (].7)

et —1 (er —1)? et —1

Hence, with (15)—(17) reward matrix (4) here is

1—ec%
0 -1
22 e” - 1 123
1—e2 2ez —et —1
Us = [ugjl, 53 = g 0 — | (18)
1 2e7 —et —1 0
1—er

If entry (17) is negative, then the third row of matrix (18) is positive except for entry
uzz = 0, and the final time moment t3 = 1 is single optimal. The sign of entry (17) is
determined by the numerator of the fraction in (17). Denote 8 = ¢, where always § > 1
due to > 0. Then the numerator of the fraction in (17) is

26— ~1=~(6-1) <0,
and thus time moment t3 = 1 is single optimal. ]

4. OPTIMAL TIME MOMENT IN BIGGER DUELS

Lemma 2. Entry u,; by (13), considered as a discrete function of index j =1, n —1
by n € {2, N}, strictly decreases as index j is increased.

Proof. Plugging i = n into (13) for n € {2, N}, entry

eﬂwn — eﬂyj (eﬂwn — 1) (e//’/yj —_ ]_)

unj =

et —1 (er —1)°
ettn —1 1 etrn — 1\ et¥i —1
Toer—1 + et —1 e —1
for j=T,n—1at ne{2, N}. (19)

Due to e#*» > 1 and e*¥ > 1 by 2, > 0 and y; > 0, respectively, entry (19) is
a negatively-sloped line with respect to exponent e”¥s. Therefore, entry (19) strictly
decreases as index j is increased off 1 up to n — 1. |

Lemma 3. Entry u,; by (13), considered as a discrete function of index j =n +1, N
by n € {2, N — 1}, strictly decreases as index j is increased.
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Proof. Plugging i = n into (13) for n € {2, N — 1}, entry

elrn —et¥i  (ehTn — 1) (et¥i — 1)

u’ﬂj = 6'“‘71 (6“-1)2
_ e/t.rn -1 1 e/tIn -1 e/LUj -1
T oen—1 et —1 et —1
for j=n+1, N at ne€ {2, N-1}. (20)

Inasmuch as

. N-1
-1 1 N -2
p>,u:chu>Oanden€{]i[ } C{ ],

then e#*» < e* and, consequently,

etrn — 1
1> 1
whence entry (20) is a negatively-sloped line with respect to exponent e*¥i. Therefore,
entry (20) strictly decreases as index j is increased off n + 1 up to N. (]
Theorem 4. In I-bullet silent duel (2) by (3), (1), (4) for (13) the final time moment
ty = 1 is single optimal by y1 > pg for N € N\ {1, 2, 3}, where po is the unique root of
equation

el —2eM N 41 =0 (21)
and, in addition,
N -2
N-1)n({2-——|. 22
o> (V=i (2 =3 ) (22)

Proof. The final moment in the duel is single optimal if only the last row of matrix
(4) is positive except for entry uyy = 0:
eHIN _ oMY (e/wN _ 1) (euy;‘ _ 1)

_ — ; =1 =1, N—1. (2
UN 1 o 1) >0 Vy; <zn by j , (23)

Inequality (23) is simplified to inequality

e/’b — elu’yj (e/"' — 1) (el"yj — ]_)
UN; = — =
N et —1 (er —1)?

B 9ehYi 11
=%>0Vyj<a:N:1byj:1,N—l. (24)
-

Owing to Lemma 1, function uy; is decreasing with respect to index j =1, N — 1, and
hence inequality (24) is equivalent to inequality

et — 2eHYN -1 + 1
et —1

UN,N-1 = >0,

whence

N—

et — 2eMN=T 41> 0. (25)
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To solve inequality (25), denote

Fu) = el —2eM N 4 1. (26)
The first derivative of function (26) is
d N -2 -
%ZBH—2'W'6'M-%_?. (27)
First derivative (27) turns into zero if
6N72.]]§_3 e“'%j,
whence
N -2 -
'u,_ln<2.]\7—1 6”%—%)_
N -2 N-2 N -2 N -2
= Jp— HN= = RS JER—
ln<2 N_l)Jrln(e Nl) ln(2 N—1>+M N1
Ly N2
A A
and thus
N -2
—p=(N-1Dn(2 == 2
p=pe = (V=1 (2 T=5) (29)

is the unique critical point of function (26). The second derivative of function (26) is

d? N —2\? -
f€u2'(1\7—1> el N (29)

Second derivative (29) at critical point (28) is

a2 f

du?

2
_m(2¥=2) 5 (N 2N\ (N2 N=2) N2
N -1

M=

2
(A=) (N =2\ 2=V
N -1

(. N2\ v (N2

N -1 N -1
g (N=2\TT N2
a N-1 N-1)

v (V=2
-7 ~-_n¥
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and therefore critical point (28) is the unique minimum point of function (26). This
function at minimum point (28) drops to value

Flp) = eN"DW(2R=0) _ 9o(W-Dn(25=5) 8= 41 =

— 2T (2823 1=

N _2 N-1 N _2 N-2
=(2.2—= —2.(2.2—= 1=

N-1 N-2
gy (N2 v (NN
N1 N1

N—-2
:2N—1.<N_2> .(N_2—1>+1:
N -1 N -1

N—-2
N-1 N -1

:1_2N*1.%. (30)
(N -1)

Value (30) is a function of N, so denote it by

N_2)N72
N ::172N*1-( 31
P( ) (N_l)N—l ( )
Note that 1
p@)zl—zlﬁgzo. (32)
The first derivative of function (31) is
N-2
N —2
oN-1(1p2). [ ——=
o P (55
AN 1-N
N-2
2N1.(N’2)
N -1 N -2 1 N —2
1 — N -1
+ 1—-N (nN—1+<N—1 (N_1ﬁ>( )>+
N-2
vt (N2
N -1
+ 5 =
(1-N)
N-2
9N-1 . E
N-1 m2tmy—2, 1 1
= <[ In n =
1—-N N-1 N-1 1-N
N-2
oN-1, (N_2>
N -1 N -2
P .1 2.7
N n< N—1)<0 (33)



Romanuke V.

246 ISSN 2078-5097. Bicu. JIbsis. yu-ty. Cep. npuksa. marem. ta ind. 2026. Bun. 36
due to
N-2 1
N-1~ 2
g N22 oy
N-1 ’
and thus

m(2-Y=2) 5
n T .
N -1
Inequality (33) means that function (31) decreases as N increases. Furthermore, due to
(32), this function is negative beyond N = 3:

p(N)<0 by N>3.

Therefore, f (p«) < 0. Meanwhile, f (0) = 0 and

lim f(u) = lim (e“ — 2eM N 4 1) = +o0. (34)

pH—00 H—00

Equality (34) is true because, for instance, inequality

N—

et > 2et V=1 (35)

M)

holds for a sufficiently great p: indeed, it follows from (35) that
u>1n (26“'%) ,

uw>n24+p- NZ2
N-1’
whence
uw>(N—1)ln2. (36)

Whichever N is, 1 can always be taken great enough to satisfy inequality (36), and this

confirms inequality (35) for a sufficiently great u. Hence, function (26) being negative at

its unique minimum point (28) and positive at sufficiently great values of p, must have

the unique zero point po beyond minimum point (28), i.e. equation (21) has a unique

root po that satisfies inequality (22). O
Theorem 5. An estimation for the unique root of equation (21) is

po € (s i) = (V= D1 (20 =2 )5 (8= D) (37)

Proof. The left endpoint in membership (37) is taken straightforwardly from (22) in
Theorem 2. The right endpoint in membership (37) means that

o < (N —=1)In2. (38)
If some p = 1 is taken such that

N—2
eHl = Qeh1 N=

-
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then
= (N—-1)In2 (39)

and inequality (25) still holds, which means that inequality o < g1 holds. This confirms
(38) and estimation (37) overall. O

It is noteworthy that at the upper bound (39) function (26) is constant not depending
on N:

N

Flun) =eW-Dm2 _ 2e((N-1)In2) F=F | | _oN-1 _ o 9N-2 4 _ 1 (40)

Owing to f (u«) < 0 and (40), the unique root (37) of equation (21) can be approximated
with any desired accuracy by the bisection method [22, 24] applied to function (26) with
endpoints (28) and (39).
Theorem 6. In 1-bullet silent duel (2) by (3), (1), (4) for (13) both the penultimate
-2

and final time moments ty_1 = and ty = 1 are only optimal by u = ug for

N -1
N e N\ {1, 2, 3}, where p is the unique root of equation (21).
Proof. It follows from Theorem 2 that at u = ug, where ug is the unique root of
equation (21),
UN,N—1 = UN—1,N = UN—1,N—1 = unn = 0. (41)

Owing to (41) and to Lemma 1, according to which function uy; is decreasing with

respect to index j =1, N — 1, entry uny nv—2 > 0 and thus the last row of matrix (4) is
positive except for entries uy ny—1 = 0 and uyny = 0. This means that the final moment

ty = 1 in the duel is optimal. Due to Lemma 1, function ux_; ; is decreasing as well
N -2
with respect to index j = 1, N — 2, so the penultimate moment ty_1 = N_1 here is

optimal along with the final moment ¢ = 1 if inequality

eHOTN -1 _ oHOYN -2 (euofﬂN—1 _ 1) (eﬂoyz\f—z _ 1)
_1N—2= — >0 42
UN—-1,N—2 oo — 1 (euo _ 1)2 ( )

holds, by which the penultimate row of matrix (4) is positive except for entries
un—1,8—1 = 0 and uny_1,n = 0. Inequality (42) is rewritten as

eHOTN -1 _ oHOYN -2 (equN—l _ 1) (euoyz\uz _ 1) _

UN— —_2 = — —
N-1,N-2 ero — 1 (6“0—1)2

eMOTN—1gH0 — gHOTN—1 _ gHOYN—2¢H0 4 eHOYN—2 _ cHOTN—1cHOYN -2 4 cHOYN—2 4 cHOTN—-1 _ ]

(ero —1)°
_ e/»“OZN—lel‘LO — el"OyN—Qe:U‘U + 26/»“0y1\;—2 — e“‘OIN—le)u'OyN—2 — 1 > O (43)
(em0 — 1)
Inequality (43) is simplified to inequality
eHOTN -1 oHO __ oHOYN -2 oHO + QeHOYN—2 _ oHOTN—-1oH0YN-2 _ 1 ~ () (44)

written with respect to integer variable N. To solve inequality (44), denote

h('u7 N) = eMTN-1pl _ oMYN-2p/ | QoHYN-2 _ oHTN-1pHYN-2 _ | =

N-2 N-3 N-3 N—2  N-3
— et NoTet — et N1t 4 2eH N1 — e NIt NI — 1 =

2N-3 2N-—4 N-3 2N-5
= et N —eHNTT 4 2e NI — N — (45)
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With using the bisection method for approximating value po, inequality (44) is easily
confirmed for N =4 and N = 5:

0.21 < h (o, 4) < 0.22 by 1.4436354 < po < 1.4436355, (46)

0.15 < h (o, 5) < 0.16 by 2.4375114 < po < 2.4375115, (47)

i.e. in the duels with four and five shooting moments by p = pg the penultimate and
final time moments are only optimal. Next,

h(0, N)=¢e"" —e%" + 2" — €%’ —1=1-14+2-1-1=0 (48)

and

h(N —1, N) = N r=1N-1 _ o(N=1)- =t N-1

426N R=F _ ((N=1) 5= ((N=1) 77 _ | —

— ¢2N=3 _ (2N—4 4 9 N-3 _ 2N-5 _ | _

=N 3. (N —eN 1 42-eN"2) - 1=
=N 3. (N2 (e?—e—1)4+2)—1>0, (49)

and will show that
h(l, N)<0 VN >6. (50)

Consider function

h(l, N)=e"N-te —eVN-2¢ 4 2e¥N-2 — PN-1e¥N-2 — ] =

2N-—-3 2N—4 N—-3 2N-—5

| MR R oM W gy

The first derivative of function (51) is

dh(1, N) 2 2N -3 2N-3 2 2N —4 et
N \N-1 v-o1)2)f N-1 (n-1?)°

4o 1 B N -3 6%7 2 _ 2N —5 62]{]\!7—157
N-1 (N-1)? N-1 (N-1)?

1 2N-3 2 2N -4 4 N-3 3 2N_5
726 N—-1 726 N-1 4 7261\771 — N—-1 —
(N-1) (N—1) (N-1) (N-1)
1 2N -3 2N-—4 N-3 2N-5
:72<e N=T —2eN-T 4+ 4eN-1 — 3¢ N71>. (52)
(N-1)
In the numerator of (52), denote functions
o1 (N) = eF 1 —2e51 (53)

and




Romanuke V.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. mareMm. ta iud. 2026. Bun. 36 249

First, 1 (V) = 0 when

whence
2N — 3 2+ 2N —4
N -1 N-1’
1
ﬁ = ln 2,
In2+1
N =
In2 ’ (55)
where m2
n
3.
o < (56)
Besides,
p1(2)=e—2>0 (57)
and s
1 (3)=e> —2e=¢c(ve—2) <0. (58)

Therefore, inasmuch as function (53) has only one zero at (55) by (56) and it changes its
sign from positive to negative due to (57) and (58),

w1 (N) <0 VN >3. (59)
Second, @2 (N) = 0 when

N-—-3 2N -5
4eN-1 = 3e ~N-1 ,

whence N—3 9N 5
nmd+—°2 = k.
SRR T R
N -2
In4—-In3=——
n n N1
2—In4+1In3
N =T hizms (60)
where 9 Ind+In3
—1In n
<1—ln4+1n3< ' (61)
Besides,
02 (2) =de ™t —3et=e1>0 (62)
and
w2 (3)=4—-3Ve<0. (63)

Therefore, inasmuch as function (54) has only one zero at (60) by (61) and it changes its
sign from positive to negative due to (62) and (63),

w2 (N)<0 VN >3. (64)

Inequalities (59) and (64) imply that first derivative (52) of function (51) is negative for
any integer N starting off 3. So, function (51) decreases V N > 3. Meanwhile,

h(l, 6) =e5 —e5 +2e5 —es —1 <0,
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i.e. inequality (50) is true. Hence, (48), (50), and (49) mean that function (45), con-
sidered for integer N starting off 6, must have at least a local minimum between p = 0
and p = N — 1. Generally speaking, function (45), considered as a function of u at a
fixed integer N, is a sum of four exponential functions and, therefore, according to the
theorem of summing exponential functions [2, 4], it can have at most three extrema. One
of those, being a local minimum, has just been widely localized. For estimating other
possible extrema, the first partial derivative of function (45) with respect to variable

18:

oh 2N —3 e 2N=8 2N — 4 2N =4 2N -6 ~n-3 2N —5  2n-5
— et NTT — et N1 4 el N= el N=T |

ou  N-1 N -1 N -1 N -1

-

First partial derivative (65) at point =0 is

oh
o

2N -3 2N—4+2N—6 2N—5_0
T N-1 N-1 N-1 N—1 7

n=0

(65)

and thus p = 0 is a critical point of function (45) as a function of variable y. The second

partial derivative of function (45) with respect to variable p is:

0*h <2N—3>2 2N <2N—4>2 2N
— e N-1 — e N-1 4

op2  \ N -1 N -1
N-3\%  xs [2N-5\% v
+2. () et N1 _< ) el N=T |
N -1 N—-1

Second partial derivative (66) at point p = 0 is

?h| (2N -3\ [(2N-4\® 2.(N-3)° [2N-5\*
WM_O(N—l) <N—1> AT (N—1> a
AN? — 12N +9 — 4N? + 16N — 16 + 2N — 12N + 18 — 4N? 4+ 20N — 25
B (N—1)? B
:—2N2+122\72—14:_2-(N—3—\/§)(J;7—3+\/§) <0 YN 5,
(N —1) (N 1)

and thus g = 0 is a maximum point of function (45) as a function of variable p.
At the lower bound of the unique root of equation (21) function (45) is:

h (s, N)zh((N—l)ln(Q-%ii), N) =

_ n(2Rx=1)(2N-3) _ In 2%:?).(21\1—4)_’_

(&
+2€1n(2.%;f)'(1v—3) _m(2R=2)@N-5) g

N _9\2N-3 N 9\ 2N-4
=(2.—°= (2. =
5) —va) -

N-3 2N -5
42. Q.H — Q.E 1=
N -1 N -1

(66)
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N-3 N N-1 N-2
= Q.E 2.N72 _ Q.B +2— 2.N72 1=
N-—-1 N-—-1 N -1 N-—-1

N-3 N-2 2
= Q.E Q.N_2 Q.H _Q.H_l +2 —1=
N -1 N -1 N-1 N -1
N -2\ N-2\""2 2. (N-2)(N-3)— (N -1)?
_ (5. 5. 2+ ) ( 3)2 ( )+2 -
N-1 N -1 (N —1)
N-3 N-2 2
N-—2 N -2 N2 —8N +11
=(2.——= 2. N 1
( N—1> l( N—l) (N —1) +] (67)
As
N2 8N +11>0 by Ne(—oo;4—\/5}u[4+\/5; oo)
and
6<4+V5<7,
where N—39
2. 1VN>4
N—1> A4 ,
function (67) of variable N is positive V N > 7. In addition,
4\* A\" 3648+ 11
h(p,, 6)= (2= 2. ) T 4ol 1=
woor= (25) ()
2 72712+2 | 11949723
E 56 -~ 1953125
So,
h (i, N)>0 VYN >6. (68)

Hence, (48), (50), and (68) mean that function (45), considered for integer N starting
off 6, must have at least a local minimum p.. between points ¢ = 0 and (28). But
suppose that this function has another local extremum ) by g > 0. If 50 € (0; fras)
then £*) must be a local minimum, and there must be another local extremum (a local
maximum) between points 1™ and p.. However, the case with such four local extrema
is impossible due to function (45) of variable p for N > 4 can have at most three extrema.
Then suppose that this function, apart from local maximum g = 0 and local minimum
[tsx, has another local extremum p*) by p*) > p1,,. Then it must be a local maximum.
But

2

lim h (g, N) = lim (e“‘fgfvv—‘f — MR 4 26 NTT — PR 1) — fo0,

p—00 pH—00

and hence local maximum ) must be followed by a local minimum, which is again
impossible. Therefore, function (45) of variable o for N > 4 has only two local extrema
— the unique local maximum g = 0 with local maximum value (48) and the unique local

minimum N9
e €0 ) =(0; (N=1DIn(2-—2)),
pow € 0w = (05 (V- (2. 377 )



Romanuke V.
252 ISSN 2078-5097. Bicu. JIbsis. yu-ty. Cep. npuksa. marem. ta ind. 2026. Bun. 36

at which h (pi4s, N) < 0. Owing to this and to (68), function (45) of variable p > 0 for
N > 6 has the single zero point between .. and p.. This, in its turn, implies that

h(po, N)>0 VN >6,

where the latter along with (46) and (47) implies that inequality (44) holds for integer
N starting off 4. Therefore, inequality (42) holds for N € N\ {1, 2, 3}. O

5. CONCLUSION

In 1-bullet silent duel (2) by (3), (1), (4) for (13), the starting moment is never
optimal, and a subset of optimal time moments is:

T35 () = {1} Yu >0 (Theorem 1),

Ty () ={1} for N e N\{1, 2} and Vu > puo (Theorem 2),

Tx (o) = {JZH’ 1} for N € N\{1, 2, 3} (Theorem 4),
where optimality or non-optimality of other time moments is yet to be determined in
subsequent investigations. Optimality of penultimate and final time moments in 1-bullet
silent duels with generalized exponentially-convex rewards is a result of steeper reward
curve (12), which becomes more curvilinear as the number of shooting moments is in-
creased. This ensues from estimation (37), according to which a greater N implies a
higher factor of reward steepness, by which the final time moment is optimal. Compared
to the linear-reward 1-bullet silent duel [14], which is solved in pure strategies only when

1
N € {3, 4, 5, 7} and the duelist’s best decision is to shoot at the duel span middle 3

2
by the only exception of the 4 x 4 duel and its optimal third moment t3 = 3’ 1-bullet

silent duels with generalized exponentially-convex rewards can always have an optimal
time moment by just setting a sufficiently high factor of reward steepness. At least, this
is true for the final time moment and, by exactly hitting value po as the unique root of
equation (21), for the penultimate time moment.
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OIITUMAJIBHICTD IIEPEJOCTAHHBOT'O TA KIHITEBOT O
MOMEHTIB YACY B OJJHOIIOCTPLJIOBIN BE3IIIY MHIN
JAYEJII 3 Y3ATAJIBHEHNMU EKCIIOHEHIIIAJIBHO-
OIIYKJINMU BUHATOPOAJAMMN

B. Pomanrok

Binnuuyvbrut mopaosesbro-eKoHOMINHUT THCMUMym
Llepotcasrozo mopz06eavHO-eKOHOMIWHO20 YHIBEPCUMEMY,
eya. Cobopna, 87, Binnuys, 21050, Yepaina,
e-mail: romanukevadimv@gmail.com

Besmymui gyesi — 1me kjac irop Ha BUOIp MOMeHTY Aii, Ki MOJETOIOTH KOHKYDEHTHY
B3a€MOJII0 MiXK yJaCHHKAMH IPOTATrOM 33/aHOr0 iHTEepBaJy Yacy 3a yMmoBa indopmariitnol
HEeBU3HA4YEHOCTI Ta oOMexkeHOCTI BuHaropoau. OOCTaBUHH B3a€MOJIl Taki, IO yYaCHUK HE
Ii3HAETBCH HPO Ail iHIIMX [0 3aBepIIEHHS Ayesii Ta OTPUMYE BUIOAY Bij skHaWmizmimol
nif, ajge Jsmmre 3a yMoBH, [0 i€ mepmuM. PoO3rIsigaeThcsl CKiHYeHHA OJHOIOCTPIIOBA
6e3IIyMHa Jyesb, y SKill dacoBUU iHTepBaJ DPIBHOBiJJaTeHO KBAHTHU30BAHUU, a KOXKEH
i3 JBOX JyeJISHTIB Ma€ y3araJilbHEHY €KCIIOHEHI[IaJbHO-OMYKJY (DYHKI[IF0 BUHArOpomu. Y
CTATTi JIOCTIKYEThCS ONTHUMAJIBHICTh I[E€PeJOCTAHHBOIO Ta KIiHI[EBOI'O MOMEHTIB dacy,
IO € 0COOJIMBO BAK/IMBUMH JUIS MOJEJIOBAHHS CHCTEM, y SKHX Ail (pimenHs) 3MymeHo
NpUHMAIOTECS AKOMOra mi3Hime. Jlyenb € CHMETPUYHOI MATPUIHOIO I'POI0 3 HYJIHOBHM
3HAYEHHSIM, [PUYOMY OOMBA JYEJSIHTA MAIOTh OJHAKOBY OITHMAJIbHY IOBEIIHKY SIK
y YHCTHX, Tak i B 3Mmimanwmx crparerisx. Jlosemeno, mo B 3 X 3-ayessx KiHIeBui
MOMEHT YaCy € €JUHUM ONTUMAJILHUM HE3AJIEKHO BiJ] 3HAUEHHS MapaMeTpa KpYTU3HU
BHHAropoju. Tako>K BCTAHOBJIEHO, IO B JyeJisix 6ibmrol po3mMipHOCTI KiHIEBHIT MOMEHT
qacy € €IUHUM ONTHUMAJILHUM, SIKIIO TApAMETp KPYTU3HU BUHATOPOIU MEPEBUILYE €IUHUAN
KOpiHb II€BHOI'0 EKCIIOHEHIAJIbHOTO DIBHsIHHSI.  SIKINO K [apamMerp JJAOPIBHIOE IBOMY
KOPEHIO, OITUMAJIbHAMHE CTAIOTh sIK IEePEeJOCTAHHIM, TaK i KiHI[€BHI MOMEHTH TacCy.

Knat0v061 ca06a: OJHONIOCTPiIOBA Oe3IyMHA Jyesb, eKCIIOHEHIIaJIbHO-0IIyKJ/Ia BUHAIOPO/a,
MAaTpHUYHA Ipa, ONTUMAIBLHAN MOMEHT YaCy, MepeJIOCTAHHIN MOMEHT, KiHI[€BUH MOMEHT.



