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Silent duels are a class of timing games that model competitive interaction among
a group of participants through a given time span under informational uncertainty and
reward limitation. The circumstances of the interaction are such that the participant does
not learn about actions of the other participants until the duel end, and the participant
bene�ts from acting as late as possible but only by acting �rst. The �nite 1-bullet silent
duel is considered, in which the duel time span is equidistantly quantized, and each of
the two duelists has a generalized exponentially-convex reward function. In this paper,
optimality of penultimate and �nal time moments is investigated, which are of particular
interest in modeling systems, where actions (decisions) are forced to be made as late as
possible. The duel is a symmetric matrix game whose optimal value is 0, and each of the
duelists has the same optimal behavior, whether it is in pure or mixed strategies. It is
proved that the �nal time moment is single optimal in 3 × 3 duels, whichever the factor
of reward steepness is. It is also ascertained that in bigger duels the �nal time moment
is single optimal if the factor of reward steepness is higher than the unique root of an
exponential equation. If the factor is the root, both penultimate and �nal time moments
become optimal.

Key words: 1-bullet silent duel, exponentially-convex reward, matrix game, optimal time
moment, penultimate moment, �nal moment.

1. Silent duels with exponentially-convex reward

Silent duels are a class of timing games that model competitive interaction among
a group of participants through a given time span under informational uncertainty and
reward limitation [1, 5, 12, 13]. The circumstances of the interaction are such that the
participant does not learn about actions of the other participants until the duel end, and
the participant bene�ts from acting as late as possible but only by acting �rst [8, 10, 11,
20]. The duel time span is standardized being commonly quantized into a �nite set [6,
9, 14]

TN = {tq}Nq=1 =

{
q − 1

N − 1

}N

q=1

⊂ [0; 1] for N ∈ N\ {1, 2} (1)

of N successive time moments of possible acting [7, 15, 16, 18]. The latter is also
metaphorically spoken as shooting bullets, where having the bullet is a metaphor of the
possibility to make a de�nite decision or an action. A �nite 1-bullet silent duel is a
special timing game

⟨XN , YN , UN ⟩ =
〈
{xi}Ni=1 , {yj}

N
j=1 , UN

〉
(2)
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that models one-decision-making competition between two identical participants (du-
elists) through time span (1) whose pure strategy sets are

XN = {xi}Ni=1 =

{
i− 1

N − 1

}N

i=1

= TN , YN = {yj}Nj=1 =

{
j − 1

N − 1

}N

j=1

= TN (3)

by a skew-symmetric payo� (reward) matrix

UN = [uij ]N×N = [−uji]N×N = −UT

N . (4)

Game (2) by (3), (1), (4) is a symmetric matrix game whose optimal game value is 0, and
each of the duelists has the same optimal behavior [7, 13]. The structure of the optimal
behavior depends on how reward matrix (4) is built [13, 14, 16, 19, 21]. Generally
speaking, the matrix entry

uij = g (xi)− g (yj) + g (xi) g (yj) sign (yj − xi) for i = 1, N and j = 1, N (5)

by some discrete increasing accuracy functions g (xi) and g (yj) of the �rst and second
duelists, respectively, where

g (x1) = g (y1) = g (0) = 0 and g (xN ) = g (yN ) = g (1) = 1. (6)

Accuracy functions g (xi) and g (yj) can also be called reward functions [3, 17, 23]. If
the duelist's reward is considered apart from the other duelist's reward, then it must
exponentially increase with time. So, instead of (5), entry uij of reward matrix (4) is
calculated as

uij = g (eµxi)− g (eµyj ) + g (eµxi) g (eµyj ) sign (yj − xi)

for i = 1, N and j = 1, N (7)

with some factor of steepness µ > 0 and by still obeying requirements similar to (6):

g (eµx1) = g (eµy1) = g
(
e0
)
= g (1) = 0 and g (eµxN ) = g (eµyN ) = g (eµ) = 1. (8)

The primary general objective is to determine a subset T ∗
N (µ) ⊂ TN of optimal time

moments in duel (2) by (3), (1), (4) for (7) and any given µ. Obviously, it is quite
plausible that for some integers N and some positives µ this subset can turn out to be
empty:

T ∗
N (µ) = ∅ for N ∈ N∅ ⊂ N\ {1, 2} and µ ∈ M ⊂ R>0, (9)

where

R>0 = {µ ∈ R : µ > 0} .

So, the secondary general objective is to determine subsets N∅ and M such that (9) holds.
In this paper, we will investigate optimality of penultimate and �nal time moments, which
are of particular interest in modeling systems, where actions (decisions) are forced to be
made as late as possible [3, 6, 12, 17, 23].
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2. Explicit reward function

In accordance with the abovementioned, an exponentially-increasing reward function
of the duelist is

g (eµz) = aeµz + b for z ∈ TN (10)

and some real numbers a and b, where, obviously, a ̸= 0. As function (10) of variable z
must obey requirements (8), then

g
(
e0
)
= g (1) = a+ b = 0,

g (eµ) = aeµ + b = 1,

whence
b = −a = 1− aeµ,

a (eµ − 1) = 1 or eµ =
1 + a

a
,

and

a =
1

eµ − 1
> 0, b =

1

1− eµ
< 0. (11)

Hence, function (10) is

g (eµz) =
eµz

eµ − 1
− 1

eµ − 1
=

eµz − 1

eµ − 1
. (12)

Then, upon plugging (12) into (7), entry uij of reward matrix (4) is calculated as

uij =
eµxi − 1

eµ − 1
− eµyj − 1

eµ − 1
+

eµxi − 1

eµ − 1
· e

µyj − 1

eµ − 1
· sign (yj − xi) =

=
eµxi − eµyj

eµ − 1
+

(eµxi − 1) (eµyj − 1)

(eµ − 1)
2 · sign (yj − xi)

for i = 1, N and j = 1, N. (13)

Owing to eµ > 1 and eµyj > 1 ∀ j = 2, N , it is easy to see that

u1j =
1− eµyj

eµ − 1
+

(1− 1) · (eµyj − 1)

(eµ − 1)
2 =

1− eµyj

eµ − 1
< 0 ∀ j = 2, N

and thus the starting moment t1 = 0 is never optimal in duel (2) by (3), (1), (4) for (13)
and any given µ > 0, whichever the number of time moments is.

3. The fewest number of moments to shoot

Theorem 1. In 1-bullet silent duel (2) by (3), (1), (4) for (13) with the fewest number
of moments to shoot, which is

⟨X3, Y3, U3⟩ =
〈{

0,
1

2
, 1

}
,

{
0,

1

2
, 1

}
, U3

〉
, (14)

the duelist has the single optimal time moment t3 = 1.
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Proof. Upon plugging elements of set T3 into (13) for N = 3, the entries of the
respective reward matrix (4) are:

u12 =
e0 − e

µ
2

eµ − 1
+

(
e0 − 1

) (
e

µ
2 − 1

)
(eµ − 1)

2 =
1− e

µ
2

eµ − 1
= −u21 < 0, (15)

u13 =
e0 − eµ

eµ − 1
+

(
e0 − 1

)
(eµ − 1)

(eµ − 1)
2 =

1− eµ

eµ − 1
= −1 = −u31, (16)

u23 =
e

µ
2 − eµ

eµ − 1
+

(
e

µ
2 − 1

)
(eµ − 1)

(eµ − 1)
2 =

2e
µ
2 − eµ − 1

eµ − 1
. (17)

Hence, with (15)�(17) reward matrix (4) here is

U3 = [uij ]3×3 =


0

1− e
µ
2

eµ − 1
−1

1− e
µ
2

1− eµ
0

2e
µ
2 − eµ − 1

eµ − 1

1
2e

µ
2 − eµ − 1

1− eµ
0

 . (18)

If entry (17) is negative, then the third row of matrix (18) is positive except for entry
u33 = 0, and the �nal time moment t3 = 1 is single optimal. The sign of entry (17) is
determined by the numerator of the fraction in (17). Denote β = e

µ
2 , where always β > 1

due to µ > 0. Then the numerator of the fraction in (17) is

2β − β2 − 1 = − (β − 1)
2
< 0,

and thus time moment t3 = 1 is single optimal. □

4. Optimal time moment in bigger duels

Lemma 2. Entry unj by (13), considered as a discrete function of index j = 1, n− 1
by n ∈

{
2, N

}
, strictly decreases as index j is increased.

Proof. Plugging i = n into (13) for n ∈
{
2, N

}
, entry

unj =
eµxn − eµyj

eµ − 1
− (eµxn − 1) (eµyj − 1)

(eµ − 1)
2 =

=
eµxn − 1

eµ − 1
−
(
1 +

eµxn − 1

eµ − 1

)
· e

µyj − 1

eµ − 1

for j = 1, n− 1 at n ∈
{
2, N

}
. (19)

Due to eµxn > 1 and eµyj ⩾ 1 by xn > 0 and yj ⩾ 0, respectively, entry (19) is
a negatively-sloped line with respect to exponent eµyj . Therefore, entry (19) strictly
decreases as index j is increased o� 1 up to n− 1. □
Lemma 3. Entry unj by (13), considered as a discrete function of index j = n+ 1, N

by n ∈
{
2, N − 1

}
, strictly decreases as index j is increased.



RomanukeV.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2026. Âèï. 36 243

Proof. Plugging i = n into (13) for n ∈
{
2, N − 1

}
, entry

unj =
eµxn − eµyj

eµ − 1
+

(eµxn − 1) (eµyj − 1)

(eµ − 1)
2 =

=
eµxn − 1

eµ − 1
−
(
1− eµxn − 1

eµ − 1

)
· e

µyj − 1

eµ − 1

for j = n+ 1, N at n ∈
{
2, N − 1

}
. (20)

Inasmuch as

µ > µxn ∀µ > 0 and ∀xn ∈
{

i− 1

N − 1

}N−1

i=2

⊂
[

1

N − 1
;
N − 2

N − 1

]
,

then eµxn < eµ and, consequently,

1 >
eµxn − 1

eµ − 1
,

whence entry (20) is a negatively-sloped line with respect to exponent eµyj . Therefore,
entry (20) strictly decreases as index j is increased o� n+ 1 up to N . □
Theorem 4. In 1-bullet silent duel (2) by (3), (1), (4) for (13) the �nal time moment

tN = 1 is single optimal by µ > µ0 for N ∈ N\ {1, 2, 3}, where µ0 is the unique root of
equation

eµ − 2eµ·
N−2
N−1 + 1 = 0 (21)

and, in addition,

µ0 > (N − 1) ln

(
2 · N − 2

N − 1

)
. (22)

Proof. The �nal moment in the duel is single optimal if only the last row of matrix
(4) is positive except for entry uNN = 0:

uNj =
eµxN − eµyj

eµ − 1
− (eµxN − 1) (eµyj − 1)

(eµ − 1)
2 > 0 ∀ yj < xN = 1 by j = 1, N − 1. (23)

Inequality (23) is simpli�ed to inequality

uNj =
eµ − eµyj

eµ − 1
− (eµ − 1) (eµyj − 1)

(eµ − 1)
2 =

=
eµ − 2eµyj + 1

eµ − 1
> 0 ∀ yj < xN = 1 by j = 1, N − 1. (24)

Owing to Lemma 1, function uNj is decreasing with respect to index j = 1, N − 1, and
hence inequality (24) is equivalent to inequality

uN,N−1 =
eµ − 2eµyN−1 + 1

eµ − 1
> 0,

whence
eµ − 2eµ·

N−2
N−1 + 1 > 0. (25)
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To solve inequality (25), denote

f (µ) = eµ − 2eµ·
N−2
N−1 + 1. (26)

The �rst derivative of function (26) is

df

dµ
= eµ − 2 · N − 2

N − 1
· eµ·

N−2
N−1 . (27)

First derivative (27) turns into zero if

eµ = 2 · N − 2

N − 1
· eµ·

N−2
N−1 ,

whence

µ = ln

(
2 · N − 2

N − 1
· eµ·

N−2
N−1

)
=

= ln

(
2 · N − 2

N − 1

)
+ ln

(
eµ·

N−2
N−1

)
= ln

(
2 · N − 2

N − 1

)
+ µ · N − 2

N − 1
,

µ · 1

N − 1
= ln

(
2 · N − 2

N − 1

)
,

and thus

µ = µ∗ = (N − 1) ln

(
2 · N − 2

N − 1

)
(28)

is the unique critical point of function (26). The second derivative of function (26) is

d2f

dµ2
= eµ − 2 ·

(
N − 2

N − 1

)2

· eµ·
N−2
N−1 . (29)

Second derivative (29) at critical point (28) is

d2f

dµ2

∣∣∣∣
µ=µ∗

= e(N−1) ln(2·N−2
N−1 ) − 2 ·

(
N − 2

N − 1

)2

· e(N−1) ln(2·N−2
N−1 )·

N−2
N−1 =

= eln(2·
N−2
N−1 )

N−1

− 2 ·
(
N − 2

N − 1

)2

· eln(2·
N−2
N−1 )

N−2

=

=

(
2 · N − 2

N − 1

)N−1

− 2N−1 ·
(
N − 2

N − 1

)N

=

= 2N−1 ·
(
N − 2

N − 1

)N−1(
1− N − 2

N − 1

)
=

= 2N−1 · (N − 2)
N−1

(N − 1)
N

> 0,
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and therefore critical point (28) is the unique minimum point of function (26). This
function at minimum point (28) drops to value

f (µ∗) = e(N−1) ln(2·N−2
N−1 ) − 2e(N−1) ln(2·N−2

N−1 )·
N−2
N−1 + 1 =

= eln(2·
N−2
N−1 )

N−1

− 2eln(2·
N−2
N−1 )

N−2

+ 1 =

=

(
2 · N − 2

N − 1

)N−1

− 2 ·
(
2 · N − 2

N − 1

)N−2

+ 1 =

= 2N−1 ·
(
N − 2

N − 1

)N−1

− 2N−1 ·
(
N − 2

N − 1

)N−2

+ 1 =

= 2N−1 ·
(
N − 2

N − 1

)N−2

·
(
N − 2

N − 1
− 1

)
+ 1 =

= 2N−1 ·
(
N − 2

N − 1

)N−2

·
(
− 1

N − 1

)
+ 1 =

= 1− 2N−1 · (N − 2)
N−2

(N − 1)
N−1

. (30)

Value (30) is a function of N , so denote it by

ρ (N) = 1− 2N−1 · (N − 2)
N−2

(N − 1)
N−1

. (31)

Note that

ρ (3) = 1− 22 · 1
1

22
= 0. (32)

The �rst derivative of function (31) is

dρ

dN
=

2N−1 (ln 2) ·
(
N − 2

N − 1

)N−2

1−N
+

+

2N−1 ·
(
N − 2

N − 1

)N−2

1−N
·

(
ln

N − 2

N − 1
+

(
1

N − 1
− N − 2

(N − 1)
2

)
(N − 1)

)
+

+

2N−1 ·
(
N − 2

N − 1

)N−2

(1−N)
2 =

=

2N−1 ·
(
N − 2

N − 1

)N−2

1−N
·
(
ln 2 + ln

N − 2

N − 1
+

1

N − 1
+

1

1−N

)
=

=

2N−1 ·
(
N − 2

N − 1

)N−2

1−N
· ln
(
2 · N − 2

N − 1

)
< 0 (33)



RomanukeV.

246 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2026. Âèï. 36

due to
N − 2

N − 1
>

1

2
,

2 · N − 2

N − 1
> 1,

and thus

ln

(
2 · N − 2

N − 1

)
> 0.

Inequality (33) means that function (31) decreases as N increases. Furthermore, due to
(32), this function is negative beyond N = 3:

ρ (N) < 0 by N > 3.

Therefore, f (µ∗) < 0. Meanwhile, f (0) = 0 and

lim
µ→∞

f (µ) = lim
µ→∞

(
eµ − 2eµ·

N−2
N−1 + 1

)
= +∞. (34)

Equality (34) is true because, for instance, inequality

eµ > 2eµ·
N−2
N−1 (35)

holds for a su�ciently great µ: indeed, it follows from (35) that

µ > ln
(
2eµ·

N−2
N−1

)
,

µ > ln 2 + µ · N − 2

N − 1
,

whence
µ > (N − 1) ln 2. (36)

Whichever N is, µ can always be taken great enough to satisfy inequality (36), and this
con�rms inequality (35) for a su�ciently great µ. Hence, function (26) being negative at
its unique minimum point (28) and positive at su�ciently great values of µ, must have
the unique zero point µ0 beyond minimum point (28), i. e. equation (21) has a unique
root µ0 that satis�es inequality (22). □
Theorem 5. An estimation for the unique root of equation (21) is

µ0 ∈ (µ∗; µ1) =

(
(N − 1) ln

(
2 · N − 2

N − 1

)
; (N − 1) ln 2

)
. (37)

Proof. The left endpoint in membership (37) is taken straightforwardly from (22) in
Theorem 2. The right endpoint in membership (37) means that

µ0 < (N − 1) ln 2. (38)

If some µ = µ1 is taken such that

eµ1 = 2eµ1·N−2
N−1 ,
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then
µ1 = (N − 1) ln 2 (39)

and inequality (25) still holds, which means that inequality µ0 < µ1 holds. This con�rms
(38) and estimation (37) overall. □

It is noteworthy that at the upper bound (39) function (26) is constant not depending
on N :

f (µ1) = e(N−1) ln 2 − 2e((N−1) ln 2)·N−2
N−1 + 1 = 2N−1 − 2 · 2N−2 + 1 = 1. (40)

Owing to f (µ∗) < 0 and (40), the unique root (37) of equation (21) can be approximated
with any desired accuracy by the bisection method [22, 24] applied to function (26) with
endpoints (28) and (39).
Theorem 6. In 1-bullet silent duel (2) by (3), (1), (4) for (13) both the penultimate

and �nal time moments tN−1 =
N − 2

N − 1
and tN = 1 are only optimal by µ = µ0 for

N ∈ N\ {1, 2, 3}, where µ0 is the unique root of equation (21).
Proof. It follows from Theorem 2 that at µ = µ0, where µ0 is the unique root of

equation (21),
uN,N−1 = uN−1,N = uN−1,N−1 = uNN = 0. (41)

Owing to (41) and to Lemma 1, according to which function uNj is decreasing with
respect to index j = 1, N − 1, entry uN,N−2 > 0 and thus the last row of matrix (4) is
positive except for entries uN,N−1 = 0 and uNN = 0. This means that the �nal moment
tN = 1 in the duel is optimal. Due to Lemma 1, function uN−1,j is decreasing as well

with respect to index j = 1, N − 2, so the penultimate moment tN−1 =
N − 2

N − 1
here is

optimal along with the �nal moment tN = 1 if inequality

uN−1,N−2 =
eµ0xN−1 − eµ0yN−2

eµ0 − 1
− (eµ0xN−1 − 1) (eµ0yN−2 − 1)

(eµ0 − 1)
2 > 0 (42)

holds, by which the penultimate row of matrix (4) is positive except for entries
uN−1,N−1 = 0 and uN−1,N = 0. Inequality (42) is rewritten as

uN−1,N−2 =
eµ0xN−1 − eµ0yN−2

eµ0 − 1
− (eµ0xN−1 − 1) (eµ0yN−2 − 1)

(eµ0 − 1)2
=

=
eµ0xN−1eµ0 − eµ0xN−1 − eµ0yN−2eµ0 + eµ0yN−2 − eµ0xN−1eµ0yN−2 + eµ0yN−2 + eµ0xN−1 − 1

(eµ0 − 1)2
=

=
eµ0xN−1eµ0 − eµ0yN−2eµ0 + 2eµ0yN−2 − eµ0xN−1eµ0yN−2 − 1

(eµ0 − 1)2
> 0. (43)

Inequality (43) is simpli�ed to inequality

eµ0xN−1eµ0 − eµ0yN−2eµ0 + 2eµ0yN−2 − eµ0xN−1eµ0yN−2 − 1 > 0 (44)

written with respect to integer variable N . To solve inequality (44), denote

h (µ, N) = eµxN−1eµ − eµyN−2eµ + 2eµyN−2 − eµxN−1eµyN−2 − 1 =

= eµ·
N−2
N−1 eµ − eµ·

N−3
N−1 eµ + 2eµ·

N−3
N−1 − eµ·

N−2
N−1 eµ·

N−3
N−1 − 1 =

= eµ·
2N−3
N−1 − eµ·

2N−4
N−1 + 2eµ·

N−3
N−1 − eµ·

2N−5
N−1 − 1. (45)
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With using the bisection method for approximating value µ0, inequality (44) is easily
con�rmed for N = 4 and N = 5:

0.21 < h (µ0, 4) < 0.22 by 1.4436354 < µ0 < 1.4436355, (46)

0.15 < h (µ0, 5) < 0.16 by 2.4375114 < µ0 < 2.4375115, (47)

i. e. in the duels with four and �ve shooting moments by µ = µ0 the penultimate and
�nal time moments are only optimal. Next,

h (0, N) = e0e0 − e0e0 + 2e0 − e0e0 − 1 = 1− 1 + 2− 1− 1 = 0 (48)

and

h (N − 1, N) = e(N−1)·N−2
N−1 eN−1 − e(N−1)·N−3

N−1 eN−1 +

+2e(N−1)·N−3
N−1 − e(N−1)·N−2

N−1 e(N−1)·N−3
N−1 − 1 =

= e2N−3 − e2N−4 + 2eN−3 − e2N−5 − 1 =

= eN−3 ·
(
eN − eN−1 + 2− eN−2

)
− 1 =

= eN−3 ·
(
eN−2 ·

(
e2 − e− 1

)
+ 2
)
− 1 > 0, (49)

and will show that
h (1, N) < 0 ∀ N ⩾ 6. (50)

Consider function

h (1, N) = exN−1e− eyN−2e+ 2eyN−2 − exN−1eyN−2 − 1 =

= e
2N−3
N−1 − e

2N−4
N−1 + 2e

N−3
N−1 − e

2N−5
N−1 − 1. (51)

The �rst derivative of function (51) is

dh (1, N)

dN
=

(
2

N − 1
− 2N − 3

(N − 1)
2

)
e

2N−3
N−1 −

(
2

N − 1
− 2N − 4

(N − 1)
2

)
e

2N−4
N−1 +

+2 ·

(
1

N − 1
− N − 3

(N − 1)
2

)
e

N−3
N−1 −

(
2

N − 1
− 2N − 5

(N − 1)
2

)
e

2N−5
N−1 =

=
1

(N − 1)
2 e

2N−3
N−1 − 2

(N − 1)
2 e

2N−4
N−1 +

4

(N − 1)
2 e

N−3
N−1 − 3

(N − 1)
2 e

2N−5
N−1 =

=
1

(N − 1)
2

(
e

2N−3
N−1 − 2e

2N−4
N−1 + 4e

N−3
N−1 − 3e

2N−5
N−1

)
. (52)

In the numerator of (52), denote functions

φ1 (N) = e
2N−3
N−1 − 2e

2N−4
N−1 (53)

and
φ2 (N) = 4e

N−3
N−1 − 3e

2N−5
N−1 . (54)
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First, φ1 (N) = 0 when

e
2N−3
N−1 = 2e

2N−4
N−1 ,

whence
2N − 3

N − 1
= ln 2 +

2N − 4

N − 1
,

1

N − 1
= ln 2,

N =
ln 2 + 1

ln 2
, (55)

where

2 <
ln 2 + 1

ln 2
< 3. (56)

Besides,
φ1 (2) = e− 2 > 0 (57)

and
φ1 (3) = e

3
2 − 2e = e

(√
e− 2

)
< 0. (58)

Therefore, inasmuch as function (53) has only one zero at (55) by (56) and it changes its
sign from positive to negative due to (57) and (58),

φ1 (N) < 0 ∀ N ⩾ 3. (59)

Second, φ2 (N) = 0 when

4e
N−3
N−1 = 3e

2N−5
N−1 ,

whence

ln 4 +
N − 3

N − 1
= ln 3 +

2N − 5

N − 1
,

ln 4− ln 3 =
N − 2

N − 1
,

N =
2− ln 4 + ln 3

1− ln 4 + ln 3
, (60)

where

2 <
2− ln 4 + ln 3

1− ln 4 + ln 3
< 3. (61)

Besides,
φ2 (2) = 4e−1 − 3e−1 = e−1 > 0 (62)

and
φ2 (3) = 4− 3

√
e < 0. (63)

Therefore, inasmuch as function (54) has only one zero at (60) by (61) and it changes its
sign from positive to negative due to (62) and (63),

φ2 (N) < 0 ∀ N ⩾ 3. (64)

Inequalities (59) and (64) imply that �rst derivative (52) of function (51) is negative for
any integer N starting o� 3. So, function (51) decreases ∀ N ⩾ 3. Meanwhile,

h (1, 6) = e
9
5 − e

8
5 + 2e

3
5 − e

7
5 − 1 < 0,
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i. e. inequality (50) is true. Hence, (48), (50), and (49) mean that function (45), con-
sidered for integer N starting o� 6, must have at least a local minimum between µ = 0
and µ = N − 1. Generally speaking, function (45), considered as a function of µ at a
�xed integer N , is a sum of four exponential functions and, therefore, according to the
theorem of summing exponential functions [2, 4], it can have at most three extrema. One
of those, being a local minimum, has just been widely localized. For estimating other
possible extrema, the �rst partial derivative of function (45) with respect to variable µ
is:

∂h

∂µ
=

2N − 3

N − 1
eµ·

2N−3
N−1 − 2N − 4

N − 1
eµ·

2N−4
N−1 +

2N − 6

N − 1
eµ·

N−3
N−1 − 2N − 5

N − 1
eµ·

2N−5
N−1 . (65)

First partial derivative (65) at point µ = 0 is

∂h

∂µ

∣∣∣∣
µ=0

=
2N − 3

N − 1
− 2N − 4

N − 1
+

2N − 6

N − 1
− 2N − 5

N − 1
= 0,

and thus µ = 0 is a critical point of function (45) as a function of variable µ. The second
partial derivative of function (45) with respect to variable µ is:

∂2h

∂µ2
=

(
2N − 3

N − 1

)2

eµ·
2N−3
N−1 −

(
2N − 4

N − 1

)2

eµ·
2N−4
N−1 +

+2 ·
(
N − 3

N − 1

)2

eµ·
N−3
N−1 −

(
2N − 5

N − 1

)2

eµ·
2N−5
N−1 . (66)

Second partial derivative (66) at point µ = 0 is

∂2h

∂µ2

∣∣∣∣
µ=0

=

(
2N − 3

N − 1

)2

−
(
2N − 4

N − 1

)2

+
2 · (N − 3)

2

(N − 1)
2 −

(
2N − 5

N − 1

)2

=

=
4N2 − 12N + 9− 4N2 + 16N − 16 + 2N2 − 12N + 18− 4N2 + 20N − 25

(N − 1)
2 =

=
−2N2 + 12N − 14

(N − 1)
2 = −

2 ·
(
N − 3−

√
2
) (

N − 3 +
√
2
)

(N − 1)
2 < 0, ∀ N ⩾ 5,

and thus µ = 0 is a maximum point of function (45) as a function of variable µ.
At the lower bound of the unique root of equation (21) function (45) is:

h (µ∗, N) = h

(
(N − 1) ln

(
2 · N − 2

N − 1

)
, N

)
=

= eln(2·
N−2
N−1 )·(2N−3) − eln(2·

N−2
N−1 )·(2N−4)+

+2eln(2·
N−2
N−1 )·(N−3) − eln(2·

N−2
N−1 )·(2N−5) − 1 =

=

(
2 · N − 2

N − 1

)2N−3

−
(
2 · N − 2

N − 1

)2N−4

+

+2 ·
(
2 · N − 2

N − 1

)N−3

−
(
2 · N − 2

N − 1

)2N−5

− 1 =
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=

(
2 · N − 2

N − 1

)N−3
[(

2 · N − 2

N − 1

)N

−
(
2 · N − 2

N − 1

)N−1

+ 2−
(
2 · N − 2

N − 1

)N−2
]
− 1 =

=

(
2 · N − 2

N − 1

)N−3
[(

2 · N − 2

N − 1

)N−2
((

2 · N − 2

N − 1

)2

− 2 · N − 2

N − 1
− 1

)
+ 2

]
− 1 =

=

(
2 · N − 2

N − 1

)N−3
[(

2 · N − 2

N − 1

)N−2

· 2 · (N − 2) (N − 3)− (N − 1)
2

(N − 1)
2 + 2

]
− 1 =

=

(
2 · N − 2

N − 1

)N−3
[(

2 · N − 2

N − 1

)N−2

· N
2 − 8N + 11

(N − 1)
2 + 2

]
− 1. (67)

As
N2 − 8N + 11 ⩾ 0 by N ∈

(
−∞; 4−

√
5
]
∪
[
4 +

√
5; ∞

)
and

6 < 4 +
√
5 < 7,

where

2 · N − 2

N − 1
> 1 ∀ N ⩾ 4,

function (67) of variable N is positive ∀ N ⩾ 7. In addition,

h (µ∗, 6) =

(
2 · 4

5

)3
[(

2 · 4
5

)4

· 36− 48 + 11

52
+ 2

]
− 1 =

=
29

53
·
(
−212

56
+ 2

)
− 1 =

11949723

1953125
.

So,
h (µ∗, N) > 0 ∀ N ⩾ 6. (68)

Hence, (48), (50), and (68) mean that function (45), considered for integer N starting
o� 6, must have at least a local minimum µ∗∗ between points µ = 0 and (28). But
suppose that this function has another local extremum µ(∗) by µ > 0. If µ(∗) ∈ (0; µ∗∗)
then µ(∗) must be a local minimum, and there must be another local extremum (a local
maximum) between points µ(∗) and µ∗∗. However, the case with such four local extrema
is impossible due to function (45) of variable µ for N ⩾ 4 can have at most three extrema.
Then suppose that this function, apart from local maximum µ = 0 and local minimum
µ∗∗, has another local extremum µ(∗) by µ(∗) > µ∗∗. Then it must be a local maximum.
But

lim
µ→∞

h (µ, N) = lim
µ→∞

(
eµ·

2N−3
N−1 − eµ·

2N−4
N−1 + 2eµ·

N−3
N−1 − eµ·

2N−5
N−1 − 1

)
= +∞,

and hence local maximum µ(∗) must be followed by a local minimum, which is again
impossible. Therefore, function (45) of variable µ for N ⩾ 4 has only two local extrema
� the unique local maximum µ = 0 with local maximum value (48) and the unique local
minimum

µ∗∗ ∈ (0; µ∗) =

(
0; (N − 1) ln

(
2 · N − 2

N − 1

))
,
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at which h (µ∗∗, N) < 0. Owing to this and to (68), function (45) of variable µ > 0 for
N ⩾ 6 has the single zero point between µ∗∗ and µ∗. This, in its turn, implies that

h (µ0, N) > 0 ∀ N ⩾ 6,

where the latter along with (46) and (47) implies that inequality (44) holds for integer
N starting o� 4. Therefore, inequality (42) holds for N ∈ N\ {1, 2, 3}. □

5. Conclusion

In 1-bullet silent duel (2) by (3), (1), (4) for (13), the starting moment is never
optimal, and a subset of optimal time moments is:

T ∗
3 (µ) = {1} ∀µ > 0 (Theorem 1),

T ∗
N (µ) = {1} for N ∈ N\ {1, 2} and ∀µ > µ0 (Theorem 2),

T ∗
N (µ0) =

{
N − 2

N − 1
, 1

}
for N ∈ N\ {1, 2, 3} (Theorem 4),

where optimality or non-optimality of other time moments is yet to be determined in
subsequent investigations. Optimality of penultimate and �nal time moments in 1-bullet
silent duels with generalized exponentially-convex rewards is a result of steeper reward
curve (12), which becomes more curvilinear as the number of shooting moments is in-
creased. This ensues from estimation (37), according to which a greater N implies a
higher factor of reward steepness, by which the �nal time moment is optimal. Compared
to the linear-reward 1-bullet silent duel [14], which is solved in pure strategies only when

N ∈ {3, 4, 5, 7} and the duelist's best decision is to shoot at the duel span middle
1

2

by the only exception of the 4 × 4 duel and its optimal third moment t3 =
2

3
, 1-bullet

silent duels with generalized exponentially-convex rewards can always have an optimal
time moment by just setting a su�ciently high factor of reward steepness. At least, this
is true for the �nal time moment and, by exactly hitting value µ0 as the unique root of
equation (21), for the penultimate time moment.
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ÎÏÒÈÌÀËÜÍIÑÒÜ ÏÅÐÅÄÎÑÒÀÍÍÜÎÃÎ ÒÀ ÊIÍÖÅÂÎÃÎ
ÌÎÌÅÍÒIÂ ×ÀÑÓ Â ÎÄÍÎÏÎÑÒÐIËÎÂIÉ ÁÅÇØÓÌÍIÉ
ÄÓÅËI Ç ÓÇÀÃÀËÜÍÅÍÈÌÈ ÅÊÑÏÎÍÅÍÖIÀËÜÍÎ-

ÎÏÓÊËÈÌÈ ÂÈÍÀÃÎÐÎÄÀÌÈ

Â.Ðîìàíþê

Âiííèöüêèé òîðãîâåëüíî-åêîíîìi÷íèé iíñòèòóò

Äåðæàâíîãî òîðãîâåëüíî-åêîíîìi÷íîãî óíiâåðñèòåòó,

âóë. Ñîáîðíà, 87, Âiííèöÿ, 21050, Óêðà¨íà,

e-mail: romanukevadimv@gmail.com

Áåçøóìíi äóåëi � öå êëàñ iãîð íà âèáið ìîìåíòó äi¨, ÿêi ìîäåëþþòü êîíêóðåíòíó
âçà¹ìîäiþ ìiæ ó÷àñíèêàìè ïðîòÿãîì çàäàíîãî iíòåðâàëó ÷àñó çà óìîâà iíôîðìàöiéíî¨
íåâèçíà÷åíîñòi òà îáìåæåíîñòi âèíàãîðîäè. Îáñòàâèíè âçà¹ìîäi¨ òàêi, ùî ó÷àñíèê íå
äiçíà¹òüñÿ ïðî äi¨ iíøèõ äî çàâåðøåííÿ äóåëi òà îòðèìó¹ âèãîäó âiä ÿêíàéïiçíiøî¨
äi¨, àëå ëèøå çà óìîâè, ùî äi¹ ïåðøèì. Ðîçãëÿäà¹òüñÿ ñêií÷åííà îäíîïîñòðiëîâà
áåçøóìíà äóåëü, ó ÿêié ÷àñîâèé iíòåðâàë ðiâíîâiääàëåíî êâàíòèçîâàíèé, à êîæåí
iç äâîõ äóåëÿíòiâ ìà¹ óçàãàëüíåíó åêñïîíåíöiàëüíî-îïóêëó ôóíêöiþ âèíàãîðîäè. Ó
ñòàòòi äîñëiäæó¹òüñÿ îïòèìàëüíiñòü ïåðåäîñòàííüîãî òà êiíöåâîãî ìîìåíòiâ ÷àñó,
ùî ¹ îñîáëèâî âàæëèâèìè äëÿ ìîäåëþâàííÿ ñèñòåì, ó ÿêèõ äi¨ (ðiøåííÿ) çìóøåíî
ïðèéìàþòüñÿ ÿêîìîãà ïiçíiøå. Äóåëü ¹ ñèìåòðè÷íîþ ìàòðè÷íîþ ãðîþ ç íóëüîâèì
çíà÷åííÿì, ïðè÷îìó îáèäâà äóåëÿíòè ìàþòü îäíàêîâó îïòèìàëüíó ïîâåäiíêó ÿê
ó ÷èñòèõ, òàê i â çìiøàíèõ ñòðàòåãiÿõ. Äîâåäåíî, ùî â 3 × 3-äóåëÿõ êiíöåâèé
ìîìåíò ÷àñó ¹ ¹äèíèì îïòèìàëüíèì íåçàëåæíî âiä çíà÷åííÿ ïàðàìåòðà êðóòèçíè
âèíàãîðîäè. Òàêîæ âñòàíîâëåíî, ùî â äóåëÿõ áiëüøî¨ ðîçìiðíîñòi êiíöåâèé ìîìåíò
÷àñó ¹ ¹äèíèì îïòèìàëüíèì, ÿêùî ïàðàìåòð êðóòèçíè âèíàãîðîäè ïåðåâèùó¹ ¹äèíèé
êîðiíü ïåâíîãî åêñïîíåíöiàëüíîãî ðiâíÿííÿ. ßêùî æ ïàðàìåòð äîðiâíþ¹ öüîìó
êîðåíþ, îïòèìàëüíèìè ñòàþòü ÿê ïåðåäîñòàííié, òàê i êiíöåâèé ìîìåíòè ÷àñó.

Êëþ÷îâi ñëîâà: îäíîïîñòðiëîâà áåçøóìíà äóåëü, åêñïîíåíöiàëüíî-îïóêëà âèíàãîðîäà,
ìàòðè÷íà ãðà, îïòèìàëüíèé ìîìåíò ÷àñó, ïåðåäîñòàííié ìîìåíò, êiíöåâèé ìîìåíò.


