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Ñòàöiîíàðíå äðîáîâå ðiâíÿííÿ àäâåêöi¨-äèñïåðñi¨ ìiñòèòü ïîõiäíi Ðiìàíà-Ëióâiëëÿ

äðîáîâîãî ïîðÿäêó. Òàêå ðiâíÿííÿ âèíèêà¹ ïiä ÷àñ ìîäåëþâàííÿ ôiçè÷íèõ ÿâèù ç àíî-

ìàëüíîþ äèôóçi¹þ, ÿêà ïîãàíî ìîäåëþ¹òüñÿ êëàñè÷íèì ðiâíÿííÿì àäâåêöi¨-äèñïåð-

ñi¨ ç ïîõiäíèìè öiëîãî ïîðÿäêó. Ìåòîä ñêií÷åííèõ åëåìåíòiâ, ÿêèé ¹ óíiâåðñàëüíèì

iíñòðóìåíòîì ðîçâ'ÿçàííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü, äëÿ ðiâíÿíü

ç ïîõiäíèìè äðîáîâîãî ïîðÿäêó âèêîðèñòîâóþòü ïîðiâíÿíî íåäàâíî. Òîìó ðiçíi

àñïåêòè çàñòîñóâàííÿ ìåòîäó äëÿ äðîáîâèõ ðiâíÿíü ïîòðåáóþòü ïîäàëüøîãî âèâ÷åííÿ.

Çàïðîïîíîâàíî íàäiéíèé òà åôåêòèâíèé àïîñòåðiîðíèé îöiíþâà÷ ïîõèáêè ñêií÷åí-

íî-åëåìåíòíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ îäíîâèìiðíîãî äðîáîâîãî ñòàöiîíàðíî-

ãî ðiâíÿííÿ àäâåêöi¨-äèñïåðñi¨. Àïîñòåðiîðíèé îöiíþâà÷ ïîáóäîâàíî ç âèêîðèñòàí-

íÿì òåõíiêè óñåðåäíåííÿ, ÿêà çâîäèòüñÿ äî çíàõîäæåííÿ ïðî¹êöi¨ ïîõiäíî¨ ñêií÷åííî-

åëåìåíòíîãî ðîçâ'ÿçêó íà ñêií÷åííî-åëåìåíòíèé ïðîñòið. Îá÷èñëåííÿ òàêî¨ ïðî¹ê-

öi¨ ó âèïàäêó êðàéîâèõ çàäà÷ ç ïîõiäíèìè öiëîãî ïîðÿäêó ¹ íàñòiëüêè æ çàòðàòíèì,

ÿê i çíàõîäæåííÿ ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó âèõiäíî¨ êðàéîâî¨ çàäà÷i. Òîìó

çàçâè÷àé äëÿ îá÷èñëåííÿ ñêàëÿðíîãî äîáóòêó ïiä ÷àñ îá÷èñëåííÿ ïðî¹êöi¨ âèêîðèñòî-

âóþòü ðiçíi àïðîêñèìàöi¨. Îäíàê ó âèïàäêó äðîáîâèõ ïîõiäíèõ îá÷èñëåííÿ ïðî¹êöi¨ ¹

íàáàãàòî ìåíø çàòðàòíèì, ïîðiâíÿíî çi çíàõîäæåííÿì ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿç-

êó, òîìó ¹ ñåíñ áóäóâàòè àïîñòåðiîðíèé îöiíþâà÷ ïîõèáêè ñêií÷åííî-åëåìåíòíîãî ðîç-

â'ÿçêó, âèêîðèñòîâóþ÷è ïðî¹êöiþ ïîõiäíî¨ ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó. Àíàëiç

ðåçóëüòàòiâ ïðîâåäåíîãî îá÷èñëþâàëüíîãî åêñïåðèìåíòó äà¹ çìîãó çðîáèòè âèñíîâîê,

ùî çi çìåíøåííÿì êðîêó ñêií÷åííî-åëåìåíòíî¨ ñiòêè åôåêòèâíiñòü i íàäiéíiñòü çàïðî-

ïîíîâàíîãî àïîñòåðiîðíîãî îöiíþâà÷à ñóòò¹âî çðîñòàþòü.

Êëþ÷îâi ñëîâà: äðîáîâå ñòàöiîíàðíå ðiâíÿííÿ àäâåêöi¨-äèñïåðñi¨, âàðiàöiéíå ôîðìó-

ëþâàííÿ äðîáîâî¨ êðàéîâî¨ çàäà÷i, åôåêòèâíèé i íàäiéíèé àïîñòåðiîðíèé îöiíþâà÷

ïîõèáêè ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó, òåõíiêà óñåðåäíåííÿ ïîáóäîâè àïîñòåðiîðíî-

ãî îöiíþâà÷à.

1. Âñòóï

Ñòàöiîíàðíå äðîáîâå ðiâíÿííÿ àäâåêöi¨-äèñïåðñi¨ ìà¹ âèãëÿä [3]

−Da
(
pD−β

0,x + qD−β
x,1

)
Du+ b(x)Du+ c(x)u = f, (1)

äå D � ïîõiäíà ïåðøîãî ïîðÿäêó; D−β
0,x , D

−β
x,1 � ëiâèé òà ïðàâèé äðîáîâi iíòåãðàëüíi

îïåðàòîðè [4, 5] ïîðÿäêà β, 0 ≤ β ≤ 1, 0 ≤ p, q ≤ 1 òà p+ q = 1.
Ðiâíÿííÿ (1) âèíèêà¹ ïiä ÷àñ ìîäåëþâàííÿ ôiçè÷íèõ ÿâèù, ùî äåìîíñòðóþòü

àíîìàëüíó äèôóçiþ, òîáòî äèôóçiþ, ÿêà íå òî÷íî ìîäåëþ¹òüñÿ çâè÷àéíèì ðiâíÿííÿì
àäâåêöi¨.

Ìåòîä ñêií÷åííèõ åëåìåíòiâ(ÌÑÅ) ¹ óíiâåðñàëüíèì iíñòðóìåíòîì äëÿ ðîçâ'ÿ-
çàííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè [1, 6].
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Ïðîòÿãîì îñòàííiõ ðîêiâ çíà÷íó óâàãó ïðèäiëÿþòü àäàïòèâíèì àëãîðèòìàì ÌÑÅ.
Òàêi àëãîðèòìè ðåàëiçóþòüñÿ ç âèêîðèñòàííÿì ëîêàëüíèõ àïîñòåðiîðíèõ îöiíîê
ïîõèáîê ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó [7].

Àíàëiç çáiæíîñòi ÌÑÅ äëÿ äðîáîâîãî ðiâíÿííÿ (1) âèêîíàíî â [3].
Ìè ïîáóäóâàëè àïîñòåðiîðíèé îöiíþâà÷ ïîõèáêè ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿç-

êó êðàéîâî¨ çàäà÷i äëÿ äðîáîâîãî ðiâíÿííÿ (1) ç âèêîðèñòàííÿì òåõíiêè óñåðåäíåí-
íÿ [2].

2. Âàðiàöiéíå ôîðìóëþâàííÿ êðàéîâî¨ çàäà÷i

Ëiâèé äðîáîâèé iíòåãðàë (àáî ëiâèé iíòåãðàë Ðiìàíà-Ëióâiëëÿ) òà ïðàâèé äðîáî-
âèé iíòåãðàë (àáî ïðàâèé iíòåãðàë Ðiìàíà-Ëióâiëëÿ) ïîðÿäêà α > 0 âiä ôóíêöi¨ f(t),
t ∈ (a, b) âèçíà÷àþòü òàê [5]:

D−α
a,t f(t) =

1

Γ(α)

t∫
a

(t− s)α−1f(s)ds,

òà

D−α
t,b f(t) =

1

Γ(α)

b∫
t

(s− t)α−1f(s)ds,

âiäïîâiäíî, äå Γ(·) � ãàììà-ôóíêöiÿ Åéëåðà.
Ëiâi òà ïðàâi ïîõiäíi Ðiìàíà-Ëióâiëëÿ ïîðÿäêà α > 0 âiä ôóíêöi¨ f(t), t ∈ (a, b)

âèçíà÷àþòüñÿ òàê [5]:

Dα
a,tf(t) =

dm

dtm

[
D

−(m−α)
a,t f(t)

]
,

òà

Dα
t,bf(t) = (−1)m

dm

dtm

[
D

−(m−α)
t,b f(t)

]
,

âiäïîâiäíî, äå m � äîäàòíå öiëå ÷èñëî, ùî çàäîâîëüíÿ¹ óìîâi m− 1 ≤ α < m.
Îçíà÷åííÿ 1. Íåõàé µ > 0 i Ω = (a, b). Âèçíà÷èìî íàïiâíîðìó

|u|Jµ
L(Ω) = ||Dµ

a,xu(x)||L2(Ω)

i íîðìó

||u||Jµ
L(Ω) =

(
||u(x)||2L2(Ω) + |u|2Jµ

L(Ω)

)1/2

i ïîçíà÷èìî ÷åðåç Jµ
L(Ω) (J

µ
L,0(Ω)) çàìèêàííÿ C∞(Ω) (C∞

0 (Ω))) çà íîðìîþ || · ||Jµ
L(Ω),

äå C∞
0 (Ω) � ïðîñòið ãëàäêèõ ôóíêöié ç êîìïàêòíèì íîñi¹ì ó Ω.
Îçíà÷åííÿ 2. Íåõàé µ > 0 i Ω = (a, b). Âèçíà÷èìî íàïiâíîðìó

|u|Jµ
R(Ω) = ||Dµ

x,bu(x)||L2(Ω)

i íîðìó

||u||Jµ
R(Ω) =

(
||u(x)||2L2(Ω) + |u|2Jµ

R(Ω)

)1/2

i ïîçíà÷èìî ÷åðåç Jµ
R(Ω) (J

µ
R,0(Ω)) çàìèêàííÿ C∞(Ω) (C∞

0 (Ω))) çà íîðìîþ || · ||Jµ
R(Ω),

äå C∞
0 (Ω) � ïðîñòið ãëàäêèõ ôóíêöié ç êîìïàêòíèì íîñi¹ì ó Ω.
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Îçíà÷åííÿ 3. Íåõàé µ > 0, µ ̸= n − 1/2, n ∈ N i Ω = (a, b). Âèçíà÷èìî
íàïiâíîðìó

|u|Jµ
S (Ω) = |(Dµ

a,xu(x), D
µ
x,bu(x))|

1
2

i íîðìó

||u||Jµ
S (Ω) =

(
||u(x)||2L2(Ω) + |u|2Jµ

S (Ω)

)1/2

i ïîçíà÷èìî ÷åðåç Jµ
S (Ω) (J

µ
S,0(Ω)) çàìèêàííÿ C∞(Ω) (C∞

0 (Ω))) çà íîðìîþ || · ||Jµ
S (Ω),

äå C∞
0 (Ω) � ïðîñòið ãëàäêèõ ôóíêöié ç êîìïàêòíèì íîñi¹ì ó Ω.
Ëåìà 1 ( [3]). Íåõàé µ > 0. Òîäi ïðîñòîðè Jµ

L,0(Ω), J
µ
R,0(Ω) i H

µ
0 (Ω) çáiãàþòüñÿ.

Òàêîæ, ÿêùî µ ̸= n − 1/2, n ∈ N , òî ïðîñòîðè Jµ
L,0(Ω), J

µ
R,0(Ω), J

µ
S,0(Ω) i Hµ

0 (Ω)
ìàþòü åêâiâàëåíòíi íàïiâíîðìè òà íîðìè.

Ðîçãëÿíåìî êðàéîâó äëÿ äðîáîâîãî ðiâíÿííÿ (1). Íåõàé Ω = (0, 1). Äëÿ çàäàíî¨
ôóíêöi¨ f : Ω → R òðåáà çíàéòè òàêó ôóíêöiþ u : Ω → R, ùî

−Da(pD−β
0,x + qD−β

x,1)Du+ b(x)Du+ c(x)u = f, â Ω, (2)

u = 0 íà ∂Ω, (3)

äå 0 ≤ β < 1, a > 0, b(x) ∈ C1(Ω), c(x) ∈ C(Ω) òà c− 1
2Db ≥ 0, p+ q = 1, 0 ≤ p, q ≤ 1.

Ùîá ñôîðìóëþâàòè êðàéîâó çàäà÷ó (2)�(3) ó âàðiàöiéíié ôîðìi, ïðèïóñòèìî,
ùî u � äîñòàòíüî ãëàäêèé ðîçâ'ÿçîê çàäà÷i (2)�(3). Ïîìíîæèâøè ðiâíÿííÿ (2) íà
äîâiëüíó ôóíêöiþ v ∈ C∞

0 (Ω) òà ïðîiíòåãðîâóâàâøè, ìà¹ìî∫
Ω

(
−Da(pD−β

0,x + qD−β
x,1)Du+ b(x)Du+ c(x)u

)
vdx =

∫
Ω

fvdx.

Iíòåãðóþ÷è ÷àñòèíàìè i âðàõîâóþ÷è, ùî v = 0 íà ∂Ω, îòðèìó¹ìî∫
Ω

[
a(pD−β

0,x + qD−β
x,1)DuDv + b(x)Duv + c(x)uv

]
dx =

∫
Ω

fvdx.

Äëÿ çðó÷íîñòi, áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ: (·, ·) = (·, ·)L2(Ω), || · || =
|| · ||L2(Ω), | · |r = | · |Hr(Ω) i || · ||r = || · ||Hr(Ω).

Äëÿ 0 ≤ β < 1 i u = 0 íà ∂Ω, ìàòèìåìî,

D−β
0,xDu = D1−β

0,x u, DD−β
0,xDu = D2−β

0,x u,

D−β
x,1Du = D1−β

x,1 u, DD−β
x,1Du = D2−β

x,1 u.

Íåõàé, α = 1 − β/2. Òîäi, 1/2 < α ≤ 1. Âðàõîâóþ÷è, ùî u = 0 íà ∂Ω, ìîæíà
ïðîäåìîíñòðóâàòè [3], ùî

(D−β
0,xDu,Du) = (D

−β/2
0,x Dα

0,xu,Du) = −(Dα
0,xu,D

α
x,1u),

(D−β
x,1Du,Du) = −(Dα

x,1u,D
α
0,xu).

Âèçíà÷èìî áiëiíiéíó ôîðìó A : Hα
0 (Ω)×Hα

0 (Ω) → R òàê:

A(u, v) = ap(D−β
0,xDu,Dv) + aq(D−β

x,1Du,Dv) + (bDu, v) + (cu, v).

Äëÿ çàäàíî¨ ôóíêöi¨ f ∈ H−α(Ω) âèçíà÷èìî àñîöiéîâàíèé ëiíiéíèé ôóíêöiîíàë F :
Hα

0 (Ω) → R òàê:
F (v) = (f, v). (4)
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Î÷åâèäíî, ùî âiäíîøåííÿ äâî¨ñòîñòi â (4) êîðåêòíî âèçíà÷åíî äëÿ u, v ∈ Hα
0 (Ω).

Îòæå, ïðèõîäèìî äî âàðiàöiéíî¨ çàäà÷i. Çíàéòè òàêå u ∈ Hα
0 (Ω), ùî

A(u, v) = F (v), ∀v ∈ Hα
0 (Ω). (5)

Âèêîðèñòîâóþ÷è òåîðåìó Ëàêñà-Ìiëüãðàìà, ìîæíà äîâåñòè [3], ùî âàðiàöiéíà
çàäà÷à (5) ìà¹ ¹äèíèé ðîçâ'ÿçîê u ∈ Hα

0 (Ω), äëÿ ÿêîãî âèêîíó¹òüñÿ îöiíêà

||u||Hα(Ω) ≤ C||f ||H−α(Ω).

3. Ñêií÷åííî-åëåìåíòíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i

Ïîçíà÷èìî ÷åðåç Pr(Ω) ïðîñòið áàãàòî÷ëåíiâ, âèçíà÷åíèõ íà Ω, ñòóïåíi ÿêèõ íå
âèùå r, r ∈ Z+. Íåõàé Sh � äåÿêå ðîçáèòòÿ îáëàñòi Ω,

xL = x0 < x1 < · · · < xN−1 < xN = xR, N ∈ Z+.

Ïîçíà÷èìî Ωi = [xi−1, xi] äëÿ i = 1, 2, · · · , N . Íà ñiòöi Sh âèçíà÷èìî ïðîñòið
ñêií÷åííèõ åëåìåíòiâ Xr

h ÿê ìíîæèíó êóñêîâî-ïîëiíîìiàëüíèõ ôóíêöié, ñòóïåíi
ïîëiíîìiâ ÿêèõ íå ïåðåâèùóþòü r (r ≥ 1),

Xr
h = {v : v|Ωi

∈ Pr(Ωi), v ∈ C(Ω)}.

Ââåäåìî îïåðàòîð êóñêîâî¨ iíòåðïîëÿöi¨

Ih : C(Ω̄) → Xr
h,

ó âèãëÿäi

Ihu|Ωi
=

r∑
k=0

u(xi
k)F

i
k(x), u ∈ C(Ω̄),

äå F i
k(x) � ëàãðàíæåâi áàçèñíi ôóíêöi¨, ùî âèçíà÷àþòüñÿ ôîðìóëîþ

F i
k(x) =

r∏
l=0,l ̸=k

x− xi
l

xi
k − xi

l

, i = 1, 2, · · · , N.

Òóò {xi
k, k = 0, 1, · · · , r} � âóçëè iíòåðïîëÿöi¨ íà iíòåðâàëi Ωi i x

i
0 = xi−1 i x

i
r = xi.

Âèçíà÷èìî φi (i = 0, 1, · · · , N) è φi
k (k = 1, 2, · · · , r − 1; i = 1, 2, · · · , N) òàê:

φi
k(x) =

{
F i
k(x), x ∈ [xi−1, xi], k = 1, 2, · · · , r − 1, i = 1, · · · , N,

0, iíàêøå,

φi(x) =


F i
r(x), x ∈ [xi−1, xi], i = 1, · · · , N − 1,

F i+1
r (x), x ∈ [xi, xi+1], i = 1, · · · , N − 1,

0, iíàêøå,

φ0(x) =

{
F 1
0 (x), x ∈ [x0, x1],

0, iíàêøå,

φN (x) =

{
FN
r (x), x ∈ [xN−1, xN ],

0, iíàêøå.
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Íåõàé Xr
h0 = Xr

h ∩H1
0 (Ω). Ïðîñòîðè Xr

h0 i X
r
h âèçíà÷àþòüñÿ òàê:

Xr
h0 = span

{
φi
k, k = 1, 2, · · · , r − 1, i = 1, 2, · · · , N

}
∪
{
φi, i = 1, 2, · · · , N − 1

}
,

Xr
h = span

{
φi
k, k = 1, 2, · · · , r − 1, i = 1, 2, · · · , N

}
∪
{
φi, i = 0, 2, · · · , N

}
.

Ïîçíà÷èìî

ϕj(x) =

{
φi
k(x), j = (i− 1)r + k, k = 1, 2, · · · , r − 1, i = 1, 2, · · · , N,

φi(x), j = ir, i = 0, 1, · · · , N.

Òîäi
Xr

h0 = span {ϕj , j = 1, 2, · · · , Nr − 1} ,

Xr
h = span {ϕj , j = 0, 1, · · · , Nr} .

Ñêií÷åííî-åëåìåíòíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2)�(3) ¹ ðîçâ'ÿçêîì íàñòóïíî¨
ñêií÷åííî-âèìiðíî¨ âàðiàöiéíî¨ çàäà÷i. Çíàéòè uh ∈ Xr

h0 òàê, ùî

A(uh, v) = F (v), ∀v ∈ Xr
h0. (6)

Ïðàâèëüíà òàêà òåîðåìà ùîäî çáiæíîñòi ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó.
Òåîðåìà 2 ( [3]). Íåõàé u ∈ Hα

0 (Ω)∩Hr(Ω), α ≤ r òà uh � ðîçâ'ÿçêè âàðiàöiéíèõ
çàäà÷ (5) òà (6), âiäïîâiäíî. Òîäi iñíó¹ òàêà, íåçàëåæíà âiä h, êîíñòàíòà C > 0, ùî

||u− uh||Hα(Ω) ≤ Chr−α||u||Hr(Ω).

4. Àïîñòåðiîðíèé îöiíþâà÷ ïîõèáêè

Äëÿ ïîáóäîâè àïîñòåðiîðíîãî îöiíþâà÷à ïîõèáêè ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿç-
êó âèêîðèñòàíà òåõíiêà óñåðåäíåííÿ, ùî áàçó¹òüñÿ íà òàêèõ iäåÿõ [2]. Ïîçíà÷èìî
÷åðåç u òà uh òî÷íi ðîçâ'ÿçêè çàäà÷ (5) òà (6), âiäïîâiäíî. Ïðèïóñòèìî, ùî
íàáëèæåííÿ Guh äî Duh ìîæíà ëåãêî îá÷èñëèòè, òà ó öüîìó âèïàäêó âèêîíó¹òüñÿ
íåðiâíiñòü

||Du−Guh|| ≤ γ||Du−Duh|| (7)

ç äåÿêîþ êîíñòàíòîþ 0 ≤ γ < 1. Òîäi ìà¹ìî

1

1 + γ
||Guh −Duh|| ≤ ||Du−Duh|| ≤

1

1− γ
||Guh −Duh|| (8)

Îòæå, ||Guh −Duh|| ¹� åôåêòèâíèé i íàäiéíèé îöiíþâà÷ ïîõèáêè.
Îñêiëüêè Duh ¹ êóñêîâî-ïîëiíîìiàëüíîþ ôóíêöi¹þ, ïîëiíîìiâ ñòóïåíÿ íå âèùå

r−1, òî ìîæíà ñïîäiâàòèñÿ, ùî L2-ïðî¹êöiÿDuh íà ïðîñòiðXr
h íåïåðåðâíèõ êóñêîâî-

ïîëiíîìiàëüíèõ ôóíêöié çàäîâîëüíèòü íåðiâíiñòü (7). Äëÿ çíàõîäæåííÿ òàêî¨ L2-
ïðî¹êöi¨ ìà¹ìî çàäà÷ó. Çíàéòè òàêå Guh ∈ Xr

h, ùî

(Guh, vh)L2(Ω) = (Duh, vh)L2(Ω) ∀vh ∈ Xr
h. (9)

Îá÷èñëåííÿ òàêî¨ ïðî¹êöi¨ ó âèïàäêó êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ
ðiâíÿíü ç öiëèìè ïîõiäíèìè ¹ íàñòiëüêè æ çàòðàòíèì, ÿê i ðîçâ'ÿçàííÿ çàäà÷i
(6). Òîìó çàçâè÷àé äëÿ îá÷èñëåííÿ ñêàëÿðíîãî äîáóòêó (·, ·)L2(Ω) ó çàäà÷i (9)
âèêîðèñòîâóþòü ðiçíi àïðîêñèìàöi¨, ùî ïðèâîäèòü äî ïðîñòiøî¨ äîïîìiæíî¨ çàäà÷i.
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Ïðîòå ó âèïàäêó äðîáîâèõ ïîõiäíèõ îá÷èñëåííÿ ðîçâ'ÿçêó çàäà÷i (9) íàáàãàòî
ìåíø çàòðàòíå íiæ çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i (6). Ñïðàâäi, çàâäÿêè òîìó, ùî
äðîáîâà ïîõiäíà íå ¹ ëîêàëüíîþ, ìàòðèöÿ ñèñòåìè (6) çàïîâíåíà (ó íàéêðàùîìó
âèïàäêó âåðõíüîþ àáî íèæíüîþ Õåññåíáåðãîâîþ). Ç iíøîãî áîêó, ìàòðèöÿ çàäà÷i
(9) ñèìåòðè÷íà, äîäàòíî âèçíà÷åíà òà ìà¹ ñòði÷êîâó ñòðóêòóðó.

Âðàõîâóþ÷è âèùåñêàçàíå, äëÿ îöiíêè ïîõèáêè ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó
uh ìà¹ ñåíñ çàñòîñîâóâàòè ëîêàëüíèé àïîñòåðiîðíèé îöiíþâà÷

ηi = ∥Guh −Duh∥L2(xi−1,xi)

òà ãëîáàëüíèé àïîñòåðiîðíèé îöiíþâà÷

η2 =

n∑
i=1

η2i .

5. Îá÷èñëþâàëüíèé åêñïåðèìåíò

Ðîçãëÿíåìî êðàéîâó çàäà÷ó (2)�(3) äå u = x5, p = 1, q = 0, β = 1/2, α = 3/4, a = 1
i b = c = 0, Ω = (0, 1). Òîäi u ¹ òî÷íèì ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

−DD
−1/2
0,x Du =

−Γ(6)x3.5

Γ(4.5)
,

u(0) = 0, u(1) = 1.

(10)

Äëÿ êðàéîâî¨ çàäà÷i (10) ïîáóäóâàíî ñêií÷åííî-åëåìåíòíi ðîçâ'ÿçêè uh ∈ X1
h äëÿ

ðiâíîìiðíèõ ñiòîê ç ðiçíèìè ïàðàìåòðàìè h. Íà ðèñ. 1 äëÿ ñiòêè ç êðîêîì h = 1
8

çîáðàæåíî ãðàôiêè ïîõiäíî¨ Du, ïîõiäíî¨ ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó Duh òà
¨¨ L2-ïðî¹êöi¨ Guh.

Ðèñ. 1. Ïîõiäíà Du (ñóöiëüíà ëiíiÿ), ïîõiäíà ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó Duh

(øòðèõïóíêòèðíà ëiíiÿ) òà ¨¨ L2-ïðî¹êöiÿ Guh (ïóíêòèðíà ëiíiÿ) (h = 1
8
)

Ó òàáë. 1 äëÿ ðiçíèõ ñiòîê íàâåäåíî ïîõèáêè ñêií÷åííî-åëåìåíòíèõ ðîçâ'ÿçêiâ
∥Du−Duh∥, çíà÷åííÿ ¨õ àïîñòåðiîðíèõ îöiíþâà÷iâ ∥Guh −Duh∥, òà ||Du−Guh||.
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Òàáëèöÿ 1

Ðåàëüíà ïîõèáêà ∥Du−Duh∥, ¨¨ àïîñòåðiîðíèé îöiíþâà÷ ∥Guh −Duh∥,
òà çíà÷åííÿ ||Du−Guh||

h ||Du−Guh|| ∥Du−Duh∥ ∥Guh −Duh∥ γ
1
4 0.368804 1.427510 0.372985 0.258355
1
8 0.136207 0.721200 0.233601 0.188862
1
16 0.0487236 0.360926 0.127131 0.134996
1
32 0.0172470 0.180448 0.0659549 0.0955787
1
64 0.00609026 0.0902163 0.0335471 0.0675073

Ðåçóëüòàòè ïðîâåäåíîãî åêñïåðèìåíòó ñâiä÷àòü, ùî íåðiâíiñòü (7) âèêîíó¹òüñÿ
äëÿ âñiõ ñiòîê. Áà áiëüøå, ÿêùî êîíñòàíòó γ îá÷èñëèòè äëÿ êîæíî¨ ñiòêè, âèêîðèñ-
òîâóþ÷è íåðiâíiñòü (7), òîáòî

γ =
||Du−Guh||
||Du−Duh||

,

òî ïîìiòèìî, ùî êîíñòàíòà γ çìåíøó¹òüñÿ çi çìåíøåííÿì êðîêó ñiòêè (äèâ. îñòàííié
ñòîâï÷èê òàáë. 1). Îòæå, çãiäíî ç îöiíêàìè (8) íàäiéíiñòü òà åôåêòèâíiñòü çàïðîïî-
íîâàíîãî àïîñòåðiîðíîãî îöiíþâà÷à çáiëüøóþòüñÿ.

6. Âèñíîâêè

Ìè çàïðîïîíóâàëè àïîñòåðiîðíèé îöiíþâà÷ ïîõèáêè ðîçâ'ÿçêó ñêií÷åííî-åëå-
ìåíòíî¨ àïðîêñèìàöi¨ êðàéîâî¨ çàäà÷i ñòàöiîíàðíîãî äðîáîâîãî ðiâíÿííÿ àäâåêöi¨-
äèñïåðñi¨. Îöiíþâà÷ ïîáóäîâàíî ç âèêîðèñòàííÿì òåõíiêè óñåðåäíåííÿ ïîõiäíî¨
ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêó. Çà ðåçóëüòàòàìè îá÷èñëþâàëüíîãî åêñïåðèìåíòó
åôåêòèâíiñòü i íàäiéíiñòü çàïðîïîíîâàíîãî îöiíþâà÷à ñóòò¹âî çðîñòàþòü çi çìåíøåí-
íÿì êðîêó ñiòêè.
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The stationary fractional advection-dispersion equation contains fractional-order Rie-

mann-Liouville derivatives. This equation arises when modeling physical phenomena with

anomalous di�usion, which is poorly modeled by the classical advection-dispersion equation

with integer-order derivatives. The �nite element method, which is a universal tool for

solving boundary value problems for di�erential equations, has been used for equations

with fractional derivatives relatively recently. Therefore, various aspects of the application

of the method to fractional equations require further study.

The paper proposes a reliable and e�cient a posteriori estimator of the error of the

�nite element solution of the boundary value problem for the one-dimensional fractional

stationary advection-dispersion equation. The a posteriori estimator is constructed using

the averaging technique, which reduces to �nding the projection of the derivative of the

�nite element solution onto the �nite element space. Computing this projection in the case

of boundary value problems with integer derivatives is as costly as �nding a �nite element

solution to the original boundary value problem. Therefore, various approximations are

usually used to calculate the scalar product when computing the projection. However,

in the case of fractional derivatives, calculating the projection is much less expensive than

�nding the �nite element solution, so it makes sense to build an a posteriori estimator of the

�nite element solution error using the projection of the �nite element solution derivative.

Analysis of the results of the computational experiment allows us to conclude that with

a decrease in the �nite element mesh step, the e�ciency and reliability of the proposed a

posteriori estimator increase signi�cantly.

Key words: fractional stationary advection-dispersion equation, variational formulation of

fractional boundary value problems, e�cient and reliable a posteriori estimator of the �nite

element solution error, averaging technique for constructing the a posteriori estimator.
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