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Cranjionapse apoboBe piBHsSIHHS ajBekil-aucnepcii micturs noxigui Pimana-Jliysimis
Ipo60BOTO MOPAAKY. Take piBHAHHS BUHUKAE IIiJT YaC MOJETIOBAHHS (DI3UIHUX SBUII 3 AHO-
MaJIbHOIO JAudy3i€r0, siKa MOTaHO MOJIEJIOETHCS KJIACUYHUM DPIBHSHHSIM a/BEKIlii-Jucrep-
cif 3 mOXiZHUMHE IJIOr0 MOpsAAKY. MeTosn CKiHYEeHHUX eJIEMEHTIB, SKUU € YHiBepCaJbHUM
iHCTPYMEHTOM PO3B’sS3aHHS KPAHOBHX 33434 /i AU(EPEHIaJbHUX PIBHAHD, /ISl PIBHAHD
3 moxigHUMH APOOOBOrO MOPSIAKY BHKOPHUCTOBYIOTH IMOPIBHSIHO HENABHO. 'Tomy pi3mi
ACMEKTH 3aCTOCYBAHHS METOY JJisl APOOOBUX PIBHSIHB MOTPEOYIOTH MOJAIBINIOT0 BUBIEHHS .

3ampononoBaHo HagiiHEI Ta edeKTUBHEI amocTepiopHMiL OIiHIOBAY MOXUOKK CKIHYEH-
HO-€JIEMEHTHOI'0 PO3B’s3Ky Kpa¥oBOiI 3a/7a4i 1 OJHOBUMIPHOTO APOOOBOTO CTAlliOHAPHO-
ro piBHsiHHs ajBekIii-gucnepcii. AnocrepiopHuii OniHOBa4Y MoOYAO0BAHO 3 BUKOPHUCTAH-
HSIM TEXHIKH yCepeJHeHHs, sKa 3BOJUTHCS J0 3HAXO/KEHH: MPOEKIi TOXigHOI CKiHYeHHO-
€JIEMEHTHOIO0 PO3B’s3Ky HA CKiHYeHHO-ejgeMeHTHu# npocrtip. OOdncieHHs Takol IPOEK-
mil y BUIAAKY KPalOBHUX 33/a4 3 HOXIJTHHMU IIiJIOTO IOPAJIKY € HACTIIBKU 2K 3aTPATHUM,
K 1 3HAXO/KEHHSI CKiHYeHHO-eJIEMEHTHOTO DO3B’sI3Ky BHUXIJHOI KpaiioBoi 3amadi. Towmy
3a3BUTAl s O0YHUCIEHHs CKAJISIPHOTO JOOYTKY Iij 9ac OOUHCIIEHHST IPOEKITl BHKOPUCTO-
BYIOTH pi3Hi ampokcuMarii. OJHaK y BUIAAKY APOOOBUX MOXiTHUX OOUUCIEHHS IPOEKIII €
HabaraTo MEHII 3aTPATHUM, [TOPIBHSHO 31 3HAXO/AKEHHSIM CKiHY€HHO-EJIEMEHTHOTIO PO3B’si3-
Ky, TOMY € CeHC OYyIyBaTH alOCTEPIOPHUI OIiHIOBAY MOXUOKH CKIHUEeHHO-€JIEMEHTHOIO PO3-
B’SI3KYy, BUKOPHUCTOBYIOYIH MIPOEKINIO MOXigHOI CKIHYEHHO-€JIEMEHTHOrO PO3B’s3Ky. AHaui3
pPe3yJIbTATIB IPOBEIEHOTO OOUHNCIIOBAIILHOIO €KCIEPUMEHTY 1a€ 3MOTY 3POOUTH BHCHOBOK,
[0 3i 3MEHIIEHHAM KPOKY CKiHYE€HHO-e/J€eMeHTHOI ciTku edeKTuBHICTE 1 HaaiftHiCTH 3ampo-
IIOHOBAHOTO AIIOCTEPIOPHOrO OIiHIOBAYA CYTTEBO 3POCTAIOTh.

Katouo06i caosa: npoboBe cTaljioHapHE PIBHsIHHS aJBeKIil-aucnepcii, Bapiamiiine dopmy-
moBaHHS ApobOBOI KpaiioBoi 3amadi, edeKTuBHUM i HamifiHWil amocTepiopHHil OIiHIOBAY
nOXUOKYM CKiHYE€HHO-eJIEMEHTHOTO PO3B’si3KY, TEXHIKA yCepeJHEeHHsI 1100y I0BH all0CTEPIOPHO-
rO OIiIHIOBA4a.

1. BcryIn

CranjonapHe TpoboBe PIBHSIHHS aJBeKIi-aucepcil mae Burisa [3]
—Da (pDoif + qD;@ Du+b(z)Du + c(z)u = f, (1)

ae D — moxinna nepmoro nopsaaky; Dy 57 D, /13 — miBmit Ta mpaBmit APOOOBI iHTErpaIbHi
oneparopu [4, 5] nopsaaka 5,0 < <1, 0<p,g<lrap+g=1.

Pisusinus (1) Bunukae nij gac mozesoBanus (Bi3MUHUX sBUILL, 10O JEMOHCIPYIOTH
anoMabHy audy3ito, To6To nudys3it0, sika He TOYHO MOJETIOETHCS 3BUYIaHUM PIBHIHHIM
aJIBEKIIii.

Meron, ckinyennux enementis(MCE) € yniBepcajibHUM IHCTPYMEHTOM [jisi PO3B’si-
3aHHs KpaoBux 3a1ad /s audepeniiajibHuX piBHAHBb 3 YacTuHHUME 1oXigHumu 1, 6].
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IIporsirom ocramHix POKiB 3HAYHY yBary MpUIASIOThH agantusHuM ajaroputmam MCE.
Taki anropuT™Mu peasizyloThCd 3 BUKOPUCTAHHAM JIOKAJIBHUX AllOCTEPIOPHUX OIIHOK
MOXMOOK CKiHYEHHO-eIEMEHTHOTO PO3B’sA3KY [7].

Ananiz 36i>knocti MCE nyist apo6osoro pisusiast (1) BUKoHAHO B [3].

Mu mobyayBaiu amocTepiopHuil OMiHIOBAY MTOXUOKN CKiHIEHHO-EIEMEHTHOIO PO3B’a3-
Ky Kpaiiool 3azau4i jis 1pobosoro pisusnus (1) 3 BUKOPUCTAHHAM TEXHIKHM yCEPEHEH-
Hs [2].

2. BAPIAIINHE ®OPMYJIIOBAHHST KPATIOBOT 3AIAYI

JliBuii npo6osuit inrerpan (abo siBuit inrerpan Pimana-Jliysinuis) ta npasuii 1po6o-
Buit inTerpan (abo npasuii inTerpan Pimanma-Jliysinns) mopsaka « > 0 Bin dbyskmil f(t),
t € (a,b) Bu3nauators rax [5|:

t
1
D~ a 1
a,t F(O[ / f )
Ta

b
D) = i [ = 0" (s)ds

Bignosiguo, e I'(-) — ramma-dyuknia Eiirepa.
JIiei Ta mpasi noximmi Pimana-Jliysinng nopsaka o« > 0 six dbysknil f(t), ¢ € (a,b)
BU3HAYAIOTHCA TaK [5]:
dm

atf() dtm

(Do r)]
Ta

D) = (-1 [ )]

BiIMOBiIHO, 16 M — JOAATHE Iije YUCTI0, M0 3aI0BOIbHAE yMOBI m — 1 < a < m.
Osnauennst 1. Hexait > 01 ) = (a,b). Buzraunmo HamiBHODMY

[ul i) = [1Dg cu(@)|22(0)
i HOpMY
) ) 1/2
lull @) = (1622 + 00
i mosnarmmo wepes Ji (Q) (J1 4()) samnxamnns C* () (C5°(2))) 3a mopmoro || - || sz (qy,

ae C§°(Q) — mpocrip rmaakux GyHKIif 3 KOMIAKTHAM HOCiEM y €).
Osnauennst 2. Hexait > 01§ = (a,b). Busraunmo HamiBHODMY

lul i) = 1D pu(@)l| L2 (o)
1 HOpMY
) ) 1/2
lull sz = (@) 32y + 030 )
i moznawmmo wepes Jp(Q) (Jg o(Q)) savmrarmms C(Q) (C5°(2))) 3a mopmoro || - PR

ae C§°(Q) — npocrip raaakux GyHKIIH 3 KOMIAKTHAM HOCIEM y €).
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Osnavenns 3. Hexaii p > 0, p #n—1/2, n € NiQ = (a,b). Busaagumo
HaIIBHODMY

N

ul s2@) = [(Df gu(z), DY yu(@))]

i HOpMY 2
lull sz = (@) 22y + 0l

i mosmasmmo wepes Jg () (Jg () zammxammsa C>(Q) (C5°(2))) 3a mopmoro || - |
age C§°(Q) — npocrip raaakux GyHKLi 3 KOMIAKTHHM HOCIEM y €).

Jlema 1 ( [3]). Hexaii > 0. Toxi mpocropu Jp ,(Q), Ji o(Q) i H () s6irarorses.
Taxox, sxmo pi # n —1/2, n € N, To npocropu Ji (Q), Jp o(Q), Jgo() i Hy'(Q)
MalOTh €KBIBaJICHTHI HAIIIBHOPMH Ta HOPMH.

Posrnsuemo kpaiiosy mst mpo6osoro pisasaEs (1). Hexait Q = (0,1). dna 3amanol
byukuil f : Q — R tpeba 3HaiiTi Taky dyuKmo v : ) — R, mo

Jg(ﬂ):

—Da(pD(;f + qD;f)Du +b(x)Du+c(x)u=f, B, (2)
u=0 Ha O0f2, (3)

1e0<B<1,a>0,bx)eC(Q),c(z) eC( Q) rac—3Db>0,p+q=1,0<p,qg<1.

ITo6 cdopmysioBaru kpaiioBy 3anady (2)—(3) y sapiauiiiniit dbopwmi, upumycrumo,
0 ¥ — JOCTATHLO DIaJAKHA Po3B’#30K 3aja4i (2)—(3). IlomuoxkuBmiu piBHaAnng (2) Ha
noBinbHy dyskuito v € C§°(2) Ta mpoiHTErpoByBaBIIH, MAEMO

/ (—Da(pD(;f + qD;’f)Du + b(x)Du + c(m)u) vdr = / fudx.
Q Q
Turerpytoun wactuaamu i BpaxoByioun, 1mo v = 0 Ha J§2, orpuMyemMo
/ [a(pDOif + qD;f)DuDv + b(x)Duv + c(x)uv} dx = / fuodz.
Q Q

Hns 3pyanocti, Gyzemo BEKOpHUCTOByBaTH mo3uadeHHs: (-,-) = ()2, ||| =
Mz [l =1 lar@ 1l = a9
Hna 0 < < 1iu=0 mna df), maTumeMo,

Dy Du= Dy Pu, DDy Du= Dj fu,
D.iDu=D}"u, DD,}Du= D u.

Hexait, « = 1 — 3/2. Toni, 1/2 < o < 1. Bpaxosywouwm, mo v = 0 ma JS), MoxKHA
pojeMoHcTpyBaTu [3], o

(Do Du, Du) = (Dg > Dfu, Du) = —(D§ yu, D3 yu),
(D, Du, Du) = —(D2 yu, D§ ,u).
Busuaunmo Gininifiny dopmy A : H§(Q) x H§(Q) — R Tak:

A(u,v) = ap(D(;fDu, Do) + aq(D;’[fDu, Dv) 4+ (bDu,v) + (cu,v).
s samanol Gyskuii f € H~%(Q) Busnaunmo acouifiopanuii ninifiunit Gynkumionan F :
H§(2) — R rak:
F(v) = (f,v). (4)
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OueBngHo, o BigHONEeHHS ABoicToCcTi B (4) KOpEKTHO BU3HAYeHO mis u,v € HE ().
Orke, npuxoauMo 10 Bapiariiinoi 3aqaqi. 3uaiitn Take u € H§ (), mo

A(u,v) = F(v), Yve H§(Q). (5)
Bukopucrosytouu reopemy Jlakca-Minbrpama, moxua gosectu [3], mwo Bapiauiiina
samada (5) mae enunuii po3s’s30k u € HE (€)), 10s sKOro BUKOHYETHCS OIIHKA

[ull o) < Clflla-o)-

3. CKIHYEHHO-EJIEMEHTHUI PO3B’ 130K KPAHOBOI 3AJAYI
IMozuaaumo gepes3 P,.(§2) npocrip 6ararousiedis, BusHadeHnx Ha {2, CTyIeH] SKUX He
Bume 7, 7 € Z 7. Hexait S), — neake po3burta obnacti €2,

rr=x90<x1 < - -<ay_1<azy=xr NEIT.

IMosuauumo Q; = [zi—1,x;] ana ¢ = 1,2,--- /N. Ha citui S, BU3HaYMMO wmpoCTip
CKiHYeHHUX eseMenTiB X AK MHOXKWHY KYCKOBO-MOJiHOMianmpHmMX QyHKIii, cTymneni
MOTIHOMIB SIKUX He MepeBuInyoTs r (1 > 1),

X, ={v : v|g, € P (%), ve C(M)}.

Bsenemo omeparop KycKOBOI iHTEPITOISIIT

I : C(Q) = XTI,

y BUTJIAL
”

o, =Y u(z})Fi(z), ueC(Q),

k=0

Ihu

ne Fi(z) — narpamkesi 6a3uchi GyHKIT, M0 BU3HAIAOTHCA HOPMYIIO0

r i
. r —X 3
Fi@)= [ ——5 i=12 N
1=0,l#£k ~ K l

Tyt {z}, k=0,1,--- ,r} — By3:au inrepnonsanii va inteppami Q; i x) = z;,_1 i 2. = ;.
Busnaanmo ¢' (i =0,1,--- ,N)u ¢} (k=1,2,---,r—1;i=1,2,---  N) Tak:

Fi(z), z€ri—1,2z), k=12,---,r—1,i=1,--- N,
0, inakie,

{ Fi(z), x€ri_1,2), i=1,---,N—1,

Fitl(x), z€lry,via], i=1,---,N—1,

0, inakre,

Fol(x), x € [xo, x1),

0, iHaKIIe,

FN(x), x€lzy_1,7N],

k(@)
¢'(x)
" (2)
o™ (@)

0, iHaKIIIe.
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Hexait X], = X} N Hy(2). Ipocropn X}, i X} BASHAYAIOTHCS TaK:
Xpo=span{y}, k=1,2,---,r—1,i=1,2,--- ,N}U{y' i=1,2,--- ,N—1},

Xj =span{g,, k=12, ,r—1,i=12--- Nju{¢', i=0,2,--- ,N}.
ITozraanmo
oi(@), j=(—1r+k k=12 r—1i=12-- N,
#s0) = { ©oi(x), j=ir,i=0,1,---,N.
Toni
Xy =span{¢;,j=1,2,--- ,Nr—1},
Xj, =span{¢;,j=0,1,--- ,Nr}.
CkiHYeHHO-eleMeHTHHI PO3B’sI30K Kpaitooi 3a1avi (2)—(3) € po3B’s3KOM HACTYIHOT
CKiHYeHHO-BUMIpHOI Bapiarifinol 3amaqi. 3naiitn u, € X} Tak, mo

A(up,v) = F(v), Yve Xj,. (6)

[IpaBuipHA Taka Teopema om0 30iKHOCTI CKiHYEHHO-€JIEMEHTHOTO PO3B’SI3KY.
Teopema 2 ( [3]). Hexaiiu € HF(Q)NH"(Q), o < r Ta up — po3B’sa3KH BapialiiiHux
sagad (5) ra (6), Biquosigno. Toxi icaye Taka, HezajexHna Big h, koucranra C > 0, mo

lJu — up || o) < CH™~||ul| gr(q)-

4. ATTOCTEPIOPHUN OIIHIOBAY MMOXUBKU

15t OOy I0BY AMOCTEPIOPHOrO OIIHIOBAYA MOXUOKYM CKIiHUEHHO-EJIEMEHTHOTO PO3B’s3-
Ky BHKODHCTaHa TEXHIKa ycepeHeHHs, 10 6a3yerbcs Ha Takux ifedx [2]. ITozmaummo
yepe3 u Ta up TOYHI po3B’a3ku 3azadu (5) ra (6), sBiamosigmo. Ilpunycrumo, mo
nabmmkenas Gup 10 Duj, MOXKHA JIETKO OOYUCJIUTH, TA Y [bOMY BHIIAJIKY BUKOHYETHCS
HepPiBHICTH

1Du — Guy|| < 7]|Du — Duy| (7)
3 mesikoro KoHcTauToo 0 < v < 1. Toxi maemo
—||Gun — Dun| < ||Du— Duy|| < ——||Gun — Du| ®)
up — Dup|| < u— oy > Up — VU
T+~ h h h 1—~ I h

Orxe, ||Gup, — Duyl|| e edexrusauii i naaiiinuii oniHIOBaY MOXUOKH.

Ockinmbku Duyj, € KyCKOBO-TTOTIHOMIaIbHOIO (DYHKITIEIO, TOJJIHOMIB CTYIEHST HE BHUIIE
r—1, To MmozkHa cromiBarucs, mo L*-mpoextisa Duy, 5a mpocTip X HelmepepBHIX KyCKOBO-
noinoMianbHIX GYHKIIH 3a10B0MbHETE HepiBHicTs (7). Jlaa 3maxomxkennsa taxoi L2-
upoekuil Maemo 3azady. 3uaiitu rake Gup € Xj,, mo

(Guh,vh)Lz(Q) = (Duh,vh)Lz(Q) Yoy, € X]Z (9)

Obuncnennst Takol TPOEKIHT y BUMAAKY KpafloBux 3a1ad i JudepeHiaibHux
PiBHSHDb 3 TUIUMK TOXiTHAMH € HACTLIBKKA 2K 3aTPATHUM, SK i PO3B’SI3aHHA 3a1a4i
(6). Tomy zaspmuail a1a OOUMCIEHHS CKaTapHOro J00yTKY (-,-)r2(q) Yy 3amadqi (9)
BUKOPUCTOBYIOTH Pi3HI allpOKCHMATIII, 0 TPUBOAUTH IO MPOCTIIIOl JOMOMIXKHOI 3a7ai.
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IMpore y BUmaaKy ApoOOBAX TOXiTHUX OOYUCIEHHS PO3B’a3Ky 3azadi (9) mabararo
MEHIII 3aTpaTHE HiXK 3HAXOIKEHHs PO3B’a3Ky 3azadi (6). Cunpasii, 3aBIgKd TOMY, L0
poboBa MOXijHA HE € JOKAJIbHOW0, Marpuls cucremu (6) 3anoshena (y Halikpamomy
BUIIAJIKY BEPXHBOIO ab0 HUKHBOK XecceHOepropow). 3 iHmoro 6oKy, Marpuisd 3ajadi
(9) cumerpuuna, JOHATHO BU3HAYEHA T4 MAE CTPIYKOBY CTPYKTYDY.

BpaxoBytoun BuIeckasane, [Ijisi OMIHKYA TTOXUOKYW CKiHYEHHO-€JIEMEHTHOTO PO3B’SI3KY
Up, MAE CEHC 3aCTOCOBYBATH JIOKAJBLHWI AlTOCTEPIOPHUIA OIiHIOBAY

i = [Gun — Dun|| 2

Ti—1,T7)

Ta TJI00AJTbHAN AIIOCTEPIOPHHI OIiHIOBAY
n
2 _ 2
n = E -
i=1

5. OBUNCJIIOBAJIBHUM EKCIIEPUMEHT
Posrianemo kpaiiosy 3amady (2)-(3) neu=a25p=1,¢=0,8=1/2,a=3/4,a =1
ib=c=0,2=(0,1). Toxi u € TOYHUM PO3B’A3KOM KpaiioBol 3amadi

_ —T(6)z%5
DDy = THO
T'(4.5) (10)

w(0) =0, wu(l)=1.

T kpaitosoi 3amaqi (10) mobyayBaHo CKiHUeHHO-eIeMeHTH PO3B a3K: Uy, € X} s
piBHOMIpHMX CiTOK 3 pisHumu napamerpamu h. Ha puc.1 mus citkm 3 Kpokom h = %
300paxkeHo rpadiku moxigHol Du, MOXiTHOI CKIHYeHHO-€JIEMEHTHOTO PO3B’sa3Ky Dujp Ta

i1 L2-mpoexmii Guy,.

5 T

v} o2

Puc. 1. IToxigaa Du (cynisbaa jiHisn), moXioHA CKIHIEHHO-€IEMEHTHOTO PO3B’a3Ky Dup,
.. e T2 . .. 1
(mrTpuxmyHKTHpHA MiHisT) Ta i1 L°-mpoexmis Guy, (mynkTupHa mixis) (b = g)

Y Tabn.1 gga pisHUX CITOK HABEIEHO MOXMOKW CKIHYEHHO-CJIEMEHTHWX PO3B’SI3KiB
|Duw — Duy ||, 3Hauenns ix amocrepiopuux ouinoBauis ||Gup, — Duy||, Ta ||[Du — Guy||.
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ta 3Hadenns ||[Du — Guy|

h | ||Du— Gupl| | ||Du— Dupl|| | ||Gun, — Dug|| o

i 0.368804 1.427510 0.372985 0.258355
5 0.136207 0.721200 0.233601 0.188862
%6 0.0487236 0.360926 0.127131 0.134996
= 0.0172470 0.180448 0.0659549 0.0955787
a1 | 0.00609026 0.0902163 0.0335471 0.0675073

Tabauys 1

Peanpra moxubka ||Du — Duy||, Ti anocrepioprnii ouinoBad ||Gup — Dup||,

Pesysbraru 1poBeJeHOrO eKCIEepUMEHTY CBiadarhb, 1o HepiBuicTb (7) BUKOHYETHCs
JJIST BCiX CiTOK. Ba GijibIie, KO KOHCTAHTY Y OOYUCIUTH JJIsi KOXKHOI CITKU, BUKOPUC-
TOBYyIOUH HepiBHicTb (7), TOOTO

_ [|[Du — Guy|
1Du— Dun|

TO HOMITHMO, 1[0 KOHCTAHTA, Y 3MEHIIYETbCs 31 3MEHIIEHHAM KPOKY citku (AuB. ocraHHiit
crosmunk Tab. 1). Orxke, 3rigHo 3 orinkamu (8) HaAiHICTL Ta edeKTUBHICTL 3amPOTo-
HOBAHOTO ArMOCTEPIOPHOTO OINIHIOBAYA, 301IBITYIOTHCS.

6. BUCHOBKU

Mu 3ampomoHyBaIu amOCTEPIOpHUil OIIHIOBAY MOXUOKH PO3B’S3KY CKIHYEHHO-€J1e-
MEHTHOI aIpPOKCHMAaIlii KpaioBol 3a7adi CTalioOHAPHOTO JPOOOBOrO PIBHAHHS ATBEKIIi-
gucrepcii.  OmniHoBad TOOYIOBAHO 3 BUKOPUCTAHHSIM TEXHIKH YCEPEIHEHHS TMOXiTHOT
CKiHYEHHO-eJIEMEHTHOTO PO3B’sA3KYy. 3a pe3yJbTaTaM¥ OOYHMCIIOBAJIBHOIO EKCIEPUMEHTY
ebeKTUBHICTH 1 HAIITHICTD 3AMTPOIOHOBAHOIO OIIIHIOBAYA CYTTEBO 3POCTAIOTH 31 3MEHITIEH-
HAM KPOKY CITKH.
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A POSTERIOR ESTIMATOR OF THE FINITE
ELEMENT SOLUTION OF THE FRACTIONAL
ADVECTION-DISPERSION EQUATION

V. Verbitskyi, I. Shpinareva
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2, Zmienko Vsevolod str., 65082, Odesa, Ukraine,
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The stationary fractional advection-dispersion equation contains fractional-order Rie-
mann-Liouville derivatives. This equation arises when modeling physical phenomena with
anomalous diffusion, which is poorly modeled by the classical advection-dispersion equation
with integer-order derivatives. The finite element method, which is a universal tool for
solving boundary value problems for differential equations, has been used for equations
with fractional derivatives relatively recently. Therefore, various aspects of the application
of the method to fractional equations require further study.

The paper proposes a reliable and efficient a posteriori estimator of the error of the
finite element solution of the boundary value problem for the one-dimensional fractional
stationary advection-dispersion equation. The a posteriori estimator is constructed using
the averaging technique, which reduces to finding the projection of the derivative of the
finite element solution onto the finite element space. Computing this projection in the case
of boundary value problems with integer derivatives is as costly as finding a finite element
solution to the original boundary value problem. Therefore, various approximations are
usually used to calculate the scalar product when computing the projection. However,
in the case of fractional derivatives, calculating the projection is much less expensive than
finding the finite element solution, so it makes sense to build an a posteriori estimator of the
finite element solution error using the projection of the finite element solution derivative.
Analysis of the results of the computational experiment allows us to conclude that with
a decrease in the finite element mesh step, the efficiency and reliability of the proposed a
posteriori estimator increase significantly.

Key words: fractional stationary advection-dispersion equation, variational formulation of
fractional boundary value problems, efficient and reliable a posteriori estimator of the finite
element solution error, averaging technique for constructing the a posteriori estimator.
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