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This study provides a comparative analysis of three sixth-order iterative methods for
solving nonlinear equations. Unlike many existing approaches that rely on higher-order
derivatives, this work develops an optimized local convergence analysis based on the op-
erator F and its derivative F ′. More signi�cantly, introduce a semi-local convergence
analysis for these methods using majorizing sequences, which provides a practical frame-
work for establishing convergence based on the conditions at the initial guess. Both local
and semi-local convergence analysis are performed within the context of Banach spaces.
This approach enhances the theoretical robustness and practical applicability of the meth-
ods. To validate the theoretical �ndings, a series of numerical experiments is conducted on
various standard benchmark problems, including small- to large-scale nonlinear systems.
The performance of the methods is compared against the classical Newton's method. The
�ndings con�rm that the sixth-order methods consistently outperform Newton's method
in terms of the total number of iterations. We analyze the Computational Order of Con-
vergence (COC) and Approximate Computational Order of Convergence (ACOC), which
empirically con�rm the high convergence order of the proposed methods. Furthermore,
we investigate the numerical stability and performance under high-precision requirements,
utilizing arbitrary-precision arithmetic to solve problems where standard double precision
fails. These results underscore the practical advantages and theoretical robustness of the
methods. The methodology presented can be applied to other similar iterative methods.

Key words: iterative methods, Banach space, Fr�echet derivative, local convergence, semi-
local convergence, nonlinear equations.

1. Introduction

A wide range of problems arising in mathematics, computational science and vari-
ous applied �elds can be e�ectively reformulated through mathematical modeling as a
nonlinear equation of the form

F (x) = 0, (1)

where F : D ⊂ X −→ Y is a Fr�echet-di�erentiable operator. Here, X,Y represent
Banach spaces and the domain D is assumed to be an open, convex and nonempty
subset of X. The goal is to �nd a solution x∗ ∈ D that satis�es the equation. In general,
obtaining an analytical solution is highly nontrivial and possible only in exceptional cases.
As a result, considerable e�ort is dedicated to the design and analysis of iterative methods
that approximate the solution under suitable assumptions on the operator and the initial
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guess, ensuring convergence to the desired solution [1�7]. This problem provides a uni�ed
framework for modeling and solving many real-world problems.

There are di�erences among certain types of convergence. In local convergence, the
conditions are imposed on the solution and a convergence ball is identi�ed around it.
This re�ects the di�culty in choosing a suitable initial approximation, especially since
the solution is usually unknown. On the other hand, in semi-local convergence, the
conditions are imposed on the initial approximation itself and the solution is then shown
to exist within a ball centered at x0 [16].

One of the most fundamental and widely studied iterative methods for solving non-
linear equations of the form F (x) = 0 is Newton's method. Given an initial guess x0,
Newton's method generates a sequence de�ned by

xn+1 = xn − F ′(xn)
−1F (xn), n = 0, 1, 2, ... , (2)

under the assumption that F ′ is invertible near the solution. Newton's method is known
for its quadratic convergence when the initial approximation is su�ciently close to the
exact solution and F is su�ciently smooth. However, it may fail to converge in certain
conditions, which motivates the development of higher-order or more robust variants
[8�13]. Several such methods have been proposed in [15, 17, 24, 25].

We now consider the following iterative methods, which generalize Newton's approach.
These are de�ned for an initial approximation x0 ∈ D and for each iteration index
n = 0, 1, 2, ..., the sequences {xn} are generated as follows:

yn = xn − F ′(xn)
−1F (xn),

zn = xn − 1

2
(F ′(xn)

−1 + F ′(yn)
−1)F (xn),

xn+1 = zn − 1

2
(F ′(xn)

−1 + F ′(yn)
−1F ′(xn)F

′(yn)
−1)F (zn), (3)

yn = xn − F ′(xn)
−1F (xn), An = F ′(xn) + F ′(yn),

zn = xn − 2A−1
n F (xn), (4)

xn+1 = zn − 1

2
(7I − 8F ′(xn)

−1F ′(yn) + 3(F ′(xn)
−1F ′(yn))

2)F ′(xn)
−1F (zn),

yn = xn − F ′(xn)
−1F (xn), En = F ′(xn)− 3F ′(yn),

zn = yn +
1

3
(F ′(xn)

−1 + 2E−1
n )F (xn),

xn+1 = zn +
1

3
(−F ′(xn)

−1 + 4E−1
n )F (zn). (5)

High-order iterative methods were proposed in [14], [17], [23]. Despite the signi�-
cant progress in developing high-order iterative methods for solving nonlinear equations,
several theoretical and practical limitations remain:

(P1) Existing convergence results rely on Taylor series expansions and require higher-
order derivatives, in this case F (6), limiting their applicability to problems where
such derivatives are unavailable or costly to compute. In contrast, the methods
analyzed in this paper require only the operator F and its �rst derivative F ′.
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(P2) Computable a priori estimates for the error bounds ∥xn − x∗∥ are not provided,
making it di�cult to predict the number of iterations needed to achieve a desired
level of accuracy.

(P3) Traditional local convergence theory assumes knowledge of the exact solution x∗,
which is typically unknown in practice. Moreover, the more important and chal-
lenging semi-local convergence, which has not been studied previously, is developed
using majorizing sequences. Both analyses are presented in a more general setting
of a Banach space and also rely on the concept of generalized continuity used to
control the derivative F ′ and sharpen the error bounds ∥x∗−xn∥ and ∥xn+1−xn∥.
The same technique can be used to extend the applicability of other methods using
the same schema.

In this paper, we present a comparative analysis of three sixth-order iterative methods
for solving nonlinear equations. Section 2 provides a local convergence analysis for each
method. In Section 3, we extend the analysis to the semi-local convergence framework.
Section 4 presents a series of numerical experiments that evaluate the performance of the
proposed methods in comparison with Newton's method. Finally, Section 5 concludes
the study with a summary of �ndings and remarks.

2. Local Convergence
In this section, we analyze the local convergence behavior of the three sixth-order

iterative methods. For each method, we derive a sequence of error bounds using a
majorizing function approach, which allows us to establish convergence without requiring
higher-order derivatives. The convergence analysis is carried out in the setting of Banach
spaces.

2.1. Analysis of method (3)
We begin by de�ning the majorant function g1(t), which provides an upper bound on

the error at the �rst intermediate step yn

g1(t) =

∫ 1

0
w((1− θ)t)dθ

1− w0(t)
,

where w0, w are continuous and nondecreasing functions. Using this, de�ne w that will
be used in subsequent steps

w(t) =


w((1 + g1(t))t)

or

w0(t) + w0(g1(t)t).

Next, we derive the second majorant function g2(t), which captures the error behavior
at the second intermediate step zn

g2(t) =

∫ 1

0
w((1− θ)t)dθ

1− w0(t)
+

w(t)(1 +
∫ 1

0
w0(θt)dθ)

2(1− w0(t))(1− w0(g1(t)t))
.

The third majorant function g3(t) is then constructed to describe the error at the �nal
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step xn+1

w(t) =


w((1 + g2(t))t)

or

w0(t) + w0(g2(t)t),

w(t) =


w((g1(t) + g2(t))t)

or

w0(g1(t)t) + w0(g2(t)t),

g3(t) =

[∫ 1

0
w((1− θ)g2(t)t)dθ

1− w0(g2(t)t)
+

w(t)(1 +
∫ 1

0
w0(θg2(t)t)dθ)

2(1− w0(t))(1− w0(g2(t)t))

+
w(t)(1 +

∫ 1

0
w0(θg2(t)t)dθ)

2(1− w0(g1(t)t))(1− w0(g2(t)t)))
+

w(t)(1 +
∫ 1

0
w0(θg2(t)t)dθ)

2(1− w0(t))(1− w0(g1(t)t))

]
g2(t).

The justi�cation for these majorant functions is provided by the following step-by-step
error analysis. The error at each substep of the iterative method is bounded by a majorant
function of the error from the previous step. This process con�rms that the method
systematically reduces the distance to the solution at each iteration. The analysis uses
properties of the Fr�echet derivative, controlled by the functions w0 and w, along with a
lemma on invertible operators to establish invertibility and bound operator norms.

We obtain the error for the �rst intermediate step, yn − x∗, as:

yn − x∗ = xn − x∗ − F ′(xn)
−1F (xn),

The norm of this error is bounded by the majorant function g1

∥yn − x∗∥ ≤
∫ 1

0
w((1− θ)∥xn − x∗∥)dθ∥xn − x∗∥

1− w0(∥xn − x∗∥)
≤ g1(∥xn − x∗∥)∥xn − x∗∥ ≤ ∥xn − x∗∥ < r.

At the next step, we get

zn − x∗ = xn − x∗ − F ′(xn)
−1F (xn)−

1

2
(F ′(yn)

−1 − F ′(xn)
−1)F (xn)

= xn − x∗ − F ′(xn)
−1F (xn)−

1

2
F ′(yn)

−1(F ′(xn)− F ′(yn))F
′(xn)

−1F (xn),

∥zn − x∗∥ ≤

[∫ 1

0
w((1− θ)∥xn − x∗∥) dθ
1− w0(∥xn − x∗∥)

+
wn

(
1 +

∫ 1

0
w0(θ∥xn − x∗∥) dθ

)
2(1− w0(∥xn − x∗∥))(1− w0(∥yn − x∗∥))

 ∥xn − x∗∥

≤ g2(∥xn − x∗∥)∥xn − x∗∥ ≤ ∥xn − x∗∥.
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Finally, we analyze the error at the �nal step of the iteration, xn+1 − x∗

xn+1 − x∗ = zn − x∗ − F ′(zn)
−1F (zn) + F ′(zn)

−1F (zn)

−1

2
F ′(xn)

−1F (zn)−
1

2
F ′(yn)

−1(F ′(xn)− F ′(yn) + F ′(yn))F
′(yn)

−1F (zn)

= zn − x∗ − F ′(zn)
−1F (zn) +

1

2
(F ′(zn)

−1 − F ′(xn)
−1)F (zn)

+
1

2
(F ′(zn)

−1 − F ′(yn)
−1)F (zn)

−1

2
F ′(yn)

−1(F ′(xn)− F ′(yn))F
′(yn)

−1F (zn).

The norm of this �nal error is bounded by the majorant function g3

∥xn+1 − x∗∥ ≤

[∫ 1

0
w((1− θ)∥zn − x∗∥)dθ
1− w0(∥zn − x∗∥)

+
wn(1 +

∫ 1

0
w0(θ∥zn − x∗∥)dθ)

2(1− w0(∥xn − x∗∥))(1− w0(∥zn − x∗∥))

+
wn(1 +

∫ 1

0
w0(θ∥zn − x∗∥)dθ)

(1− w0(∥yn − x∗∥))(1− w0(∥zn − x∗))

+
wn(1 +

∫ 1

0
w0(θ∥zn − x∗∥)dθ)

2(1− w0(∥xn − x∗∥))(1− w0(∥yn − x∗∥))

]
∥zn − x∗∥

≤ g3(∥xn − x∗∥)∥xn − x∗∥.

These bounds demonstrate that the method reduces the distance to the solution at each
iteration.

2.2. Analysis of method (4)
The �rst majorant function g1(t) remains the same as de�ned in method (3). It

characterizes the behavior of the error at the intermediate step yn.
To proceed, we de�ne an additional function

p(t) =
1

2
(w0(t) + w0(g1(t)t)).

Using p(t), we construct the second majorant function g2(t)

g2(t) =

∫ 1

0
w((1− θ)t)dθ

1− w0(t)
+

w(t)(1 +
∫ 1

0
w0(θt)dθ)

2(1− w0(t))(1− p(t))
.

The third majorant function g3(t) estimates the error at the updated step xn+1

g3(t) =

[∫ 1

0
w((1− θ)g2(t)t)dθ

1− w0(g2(t)t)
+

w(t)(1 +
∫ 1

0
w0(θg2(t)t)dθ)

(1− w0(t))(1− w0(g2(t)t))

+
1

2

w(t)

1− w0(t)

(
3

w(t)

1− w0(t)
+ 2

)
(1 +

∫ 1

0
w0(θt)dθ)

1− w0(t)

]
g2(t).
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Analysis proceeds by estimating the distance between the current approximation xn and
the exact solution x∗ through the intermediate points yn and zn. For example, the
di�erence zn − x∗ is expressed in terms of known xn, yn and the derivative operator F ′

zn − x∗ = xn − x∗ − F ′(xn)
−1F (xn) + (F ′(xn)

−1 − 2A−1
n )F (xn)

= xn − x∗ − F ′(xn)
−1F (xn)−A−1

n (F ′(xn)− F ′(yn))F
′(xn)

−1F (xn).

The motivational calculations for functions g2 and g3 are:

||zn − x∗|| ≤ [

∫ 1

0
w((1− θ)||xn − x∗||)dθ
1− w0(||xn − x∗||)

+
wn(1 +

∫ 1

0
w0(θ||xn − x∗||)dθ)

2(1− w0(||xn − x∗||))(1− pn)
]∥xn − x∗∥

≤ g2(||xn − x∗||) · ||xn − x∗|| ≤ ||xn − x∗||,

where we also used the estimate

||(2L)−1(An − 2L)|| ≤ 1

2
(||L−1(F ′(xn)− L)||+ ||L−1(F ′(yn)− L)||)

≤ 1

2
(w0(||xn − x∗||) + w0(||yn − x∗||)) = pn < 1.

Therefore, according to Banach lemma [20]

||A−1
n L|| ≤ 1

2(1− pn)
.

This leads to the following bound for the next iterate

xn+1 − x∗ = zn − x∗ − F ′(zn)
−1F (zn) + (F ′(zn)

−1 − F ′(xn)
−1)F (zn)

−1

2
(5I − 8F ′(xn)

−1F ′(yn) + 3(F ′(xn)
−1F ′(yn))

2)F ′(xn)
−1F (zn)

= zn − x∗ − F ′(zn)
−1F (zn) + (F ′(zn)

−1 − F ′(xn)
−1)F (zn)

−1

2
(F ′(xn)

−1F ′(yn)− I)(3(F ′(xn)
−1F ′(yn)− I)− 2I)F ′(xn)

−1F (zn),

||xn+1 − x∗|| ≤

[∫ 1

0
w((1− θ)||zn − x∗||)dθ
1− w0(||zn − x∗||)

+
wn(1 +

∫ 1

0
w0(θ||zn − x∗||)dθ)

(1− w0(||xn − x∗||))(1− w0(||zn − x∗||))

+
1

2

wn

1− w0(||xn − x∗||)

(
3wn

1− w0(||xn − x∗||)
+ 2

)

×
(1 +

∫ 1

0
w0(θ||zn − x∗||)dθ)

1− w0(||zn − x∗||)

]
· ||zn − x∗||

≤ g3(||xn − x∗||) · ||xn − x∗|| ≤ ||xn − x∗||.
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2.3. Analysis of method (5)
The function c(t) is de�ned and then used to construct the second and third majorant

functions g2(t), g3(t)

c(t) =
1

2
(3w0(g1(t)t) + w0(t)),

g2(t) = g1(t) +
1

3

(
1

1− w0(t)
+

2

1− c(t)

)(
1 +

∫ 1

0

w0(θt)dθ

)
,

g3(t) =

[
g2(t) +

1

3

(
1

1− w0(t)
+

4

1− c(t)

)(
1 +

∫ 1

0

w0(θg2(t)t)dθ

)]
g2(t).

The underlying calculations are:

zn − x∗ = yn − x∗ +
1

3
(F ′(xn)

−1 + 2E−1
n )F (xn),

∥zn − x∗∥ ≤
[
g1(∥xn − x∗∥) + 1

3

(
1

1− w0(∥xn − x∗∥)

+
1

1− cn

)(
1 +

∫ 1

0

w0(θ∥xn − x∗∥) dθ
)]

∥xn − x∗∥

≤ g2(∥xn − x∗∥)∥xn − x∗∥ ≤ ∥xn − x∗∥.

Next, the error at the �nal step, xn+1 − x∗, is expressed as

xn+1 − x∗ = zn − x∗ +
1

3
(−F (xn) + 4E−1

n )F (zn),

∥xn+1 − x∗∥ ≤
[
g2(∥xn − x∗∥) + 1

3

(
1

1− w0(∥xn − x∗∥)

+
2

1− cn

)(
1 +

∫ 1

0

w0(θ∥zn − x∗∥) dθ
)]

∥zn − x∗∥

≤ g3(∥xn − x∗∥)∥xn − x∗∥ ≤ ∥xn − x∗∥,

where we also used the estimates [20]:

∥(2L)−1(En − 2L)∥ ≤ 1

3
(3w0(∥yn − x∗∥) + w0(∥xn − x∗∥)) = cn < 1,

∥E−1
n L∥ ≤ 1

2(1− cn)
.

3. Semi-local convergence
In this section, we analyze the semi-local convergence of the methods where conditions

are now imposed on the initial approximation. Consequently x∗, w0, w are replaced by
x0, v0, v respectively.

3.1. Analysis of method (3)
For this method, the majorant sequence {αn} is de�ned for

α0 = 0, b0 ≥ ∥F ′(x0)
−1F (x0)∥
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as follows for each n = 0, 1, 2, ... . First, we de�ne a sequence vn and an intermediate
sequence γn as follows:

vn =


v(bn − αn)

or

v0(αn) + v0(bn),

γn = bn +
vn(bn − αn)

2(1− v0(bn))
.

Next, we de�ne λn, which will serve as a bound for the norm of L−1F (zn)

λn =

∫ 1

0

v((1− θ)(γn − αn))dθ(γn − αn) + (1 + v0(αn))(γn − bn),

αn+1 = γn +
1

2

(
1

1− v0(αn)
+

1

1− v0(bn)
+

vn
(1− v0(bn))2

)
λn,

µn+1 =

∫ 1

0

v((1− θ)(αn+1 − αn))dθ(αn+1 − αn) + (1 + v0(αn))(αn+1 − bn),

bn+1 = αn+1 +
µn+1

1− v0(αn+1)
.

The motivational calculations are

zn − yn =

(
F ′(xn)

−1 − 1

2
(F ′(xn)

−1 + F ′(yn)
−1)

)
F (xn)

= −1

2
F ′(yn)

−1(F ′(xn)− F ′(yn))F
′(xn)

−1F (xn),

||zn − yn|| ≤
vn(bn − αn)

2(1− v0(bn))
= γn − bn.

Next, we analyze the function value at zn

F (zn) = F (zn)− F (xn)− F ′(xn)(yn − xn)

= F (zn)− F (xn)− F ′(xn)(zn − xn) + F ′(xn)(zn − yn).

The norm of L−1F (zn) is bounded by λn

||L−1F (zn)|| ≤
∫ 1

0

v((1− θ)(γn − αn))dθ(γn − αn) + (1 + v0(αn))(γn − bn) = λn,

xn+1 − zn = −1

2
F ′(xn)

−1F (zn)−
1

2
F ′(yn)

−1(F ′(xn)− F ′(yn))F
′(yn)

−1F (zn)

−1

2
F ′(yn)

−1F (zn),

||xn+1 − zn|| ≤
1

2

(
1

1− v0(αn)
+

1

1− v0(βn)
+

vn
(1− v0(βn))2

)
λn

= αn+1 − γn.
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Following this, we analyze the function value at the new iterate xn+1

F (xn+1) = F (xn+1)− F (xn)− F ′(xn)(yn − xn)

= F (xn+1)− F (xn)− F ′(xn)(xn+1 − xn) + F ′(xn)(xn+1 − yn),

||L−1F (xn+1)|| ≤
∫ 1

0

v((1− θ)(αn+1 − αn))dθ(αn+1 − αn)

+(1 + v0(αn))(αn+1 − bn) = µn+1,

||yn+1 − xn+1|| ≤ ||F ′(xn+1)
−1L|| · ||L−1F (xn+1)||

≤ µn+1

1− v0(αn+1)
= bn+1 − αn+1.

3.2. Analysis of method (4)

The majorant sequence {αn} is de�ned for

α0 = 0, b0 ≥ ||F ′(x0)
−1F (x0)||

and each n = 0, 1, 2, ... by

qn =
1

2
(v0(αn) + v0(bn)),

γn = bn +
vn(bn − αn)

2(1− qn)
,

αn+1 = γn +

(
1 +

1

2

vn
1− v0(αn)

(
3

vn
1− v0(αn)

+ 2

))
λn

1− v0(αn)
,

bn+1 = αn+1 +
µn+1

1− v0(αn+1)
.

The motivational calculations supporting these de�nitions are as follows:

zn − yn = −A−1
n (F ′(xn)− F ′(yn))F

′(xn)
−1F (xn),

∥zn − yn∥ ≤ vn(bn − αn)

2(1− qn)
= γn − bn,

xn+1 − zn = −F ′(xn)
−1F (zn)

−1

2
(F ′(xn)

−1F ′(yn)− I)[3(F ′(xn)
−1F ′(yn)− I)− 2I]F ′(xn)

−1F (zn),

∥xn+1 − zn∥ ≤
(
1 +

1

2

vn
1− v0(αn)

(
3

vn
1− v0(αn)

+ 2

))
λn

1− v0(αn)

= αn+1 − γn.

The computation for bn+1 is the same as in method (3).
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3.3. Analysis of method (5)
We de�ne the majorant sequence {αn} with initial value α0 = 0 and

b0 ≥ ||F ′(x0)
−1F (x0)||,

such that for each n = 0, 1, 2, ..., the sequence satis�es:

dn =
1

2
(3v0(bn) + v0(αn)),

γn = bn +

(
1 + v0(αn)

3(1− dn)
+

1

3

)
(bn − αn),

αn+1 = γn +
1

3

(
1

1− v0(αn)
+

2

1− dn

)
λn,

bn+1 = αn+1 +
µn+1

1− v0(αn+1)
.

The motivational calculations are provided to justify the sequence:

zn − yn =
2

3
E−1

n F (xn) +
1

3
F ′(xn)

−1F (xn),

∥zn − yn∥ ≤
(
1 + v0(αn)

3(1− dn)
+

1

3

)
(bn − αn) = γn − bn,

xn+1 − zn =
1

3
(−F ′(xn)

−1 + 4E−1
n )F (zn),

∥xn+1 − zn∥ ≤ 1

3

(
1

1− v0(αn)
+

2

1− dn

)
λn = αn+1 − γn,

where we also used the estimates

F (xn) = F ′(xn)(yn − xn),

∥L−1F (xn)∥ ≤ ∥L−1((F ′(xn)− L) + L)∥∥yn − xn∥ ≤ (1 + v0(αn))(bn − αn).

The iteration bn+1 and the rest of the convergence analysis are the same as in the
previous chapters.

4. Numerical Examples
In this section, we present numerical experiments to demonstrate the performance

and e�ectiveness of the three sixth-order methods analyzed previously: Methods (3), (4)
and (5).

We apply the methods to several nonlinear systems of equations, commonly used as
benchmarks in the literature. The stopping criterion is set based on a �xed tolerance for
the residual norm or a maximum number of iterations. For all numerical experiments,
the iteration process was terminated when ∥F (xn)∥ < ε, with ε varying between 10−9 to
10−20. The number of iterations was limited to 100. All computations were performed
using Python 3.11.0 with the mpmath library for arbitrary-precision arithmetic. The
experiments ran on a machine with a 2.4 GHz 8-core Intel Core i9 processor.
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The following problems are used to evaluate the performance of the proposed methods
[14, 21]:

• System of 3 equations 
10v1 + sin(v1 + v2)− 1 = 0,

8v2 − cos2(v3 − v2)− 1 = 0,

12v3 + sin(v3)− 1 = 0,

(6)

where initial approximation v0 = (v1, v2, v3)
T = (0, 1, 0)T . Solution is in the

point v∗ = (0.069..., 0.246..., 0.0769...)T .
• System of 200 nonlinear equations

fi(v) =

200∑
j=1,j ̸=i

vj − e−vi = 0, 1 ≤ i ≤ 200, (7)

with initial value ( 32 ,
3
2 , . . . ,

3
2 )

T and solution v∗ = (0.0050..., ..., 0.0050...)T .
• System of 10 equations

fi(v) = tan−1(vi) + 1− 2

10∑
j=1,j ̸=i

v2j , 1 ≤ i ≤ 10. (8)

Solution is v∗ = (0.2644, ..., 0.2644)T and initial approximation (0.7, ..., .0.7)T .
• A large-scale system with 500 nonlinear equations{

v2i vi+1 − 1 = 0, 1 ≤ i ≤ 499,

v2500v1 − 1 = 0, i = 500.
(9)

Chosen initial value is v0 = (1.8, ..., 1.8)T and solution is v∗ = (1, ..., 1)T .
• Broyden tridiagonal function

fi(v) = (3− 2vi)vi − vi−1 − 2vi+1 + 1, (10)

v0 = vn+1 = 0,

n = 20

with initial approximation v0 = (−10, ...,−10)T .
• A large-scale exponential function:{

fi(v) = 3v3i + 2vi+1 − 5 + sin2(vi)− sin2(vi+1), i = 0, n− 2,

fn−1(v) = 3v3n−1 + 2v0 − 5 + sin2(vn−1)− sin2(v0).
(11)

• Powell singular function:

f1(v) = v1 + 10v2, (12)

f2(v) = 51/2(v3 − v4),

f3(v) = (v2 − 2v3)
2,

f4(v) = 101/2(v1 − v4)
2.

Initial approximation is v0 = (2, 2, 2, 1)T and solution v∗ = (0, 0, 0, 0)T .
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• Brown almost linear function:

fi(v) = vi +

n−1∑
j=0

vj − (n+ 1), i = 0, n− 2, (13)

fn−1(v) =

n−1∏
j=0

vj

− 1, v∗ = (1, ..., 1)T .

• Chandrasekhar equation:

fi(v) = vi −

1− c

2n

n−1∑
j=0

µjvj
µi + µj

−1

, c = 0.9. (14)

Example 1. Performance of methods with ε = 10−9 and ε = 10−15.
Each method was applied to the list of problems and the corresponding iteration

counts are presented in Table 1 and Table 2.

Table 1

Iteration counts for various problems with tolerance ε = 10−9

Problem x0 n
Iterations

(3) (4) (5) Newton (2)
System of 3 equation (6) (0.0, 1.0, 0.0) 3 2 2 2 3
System of 10 equations (8) (0.7, . . . , 0.7) 10 2 3 3 5
System of 200 equations (7) (1.5, . . . , 1.5) 200 2 2 2 3
System of 500 equations (9) (1.8, . . . , 1.8) 500 3 3 3 6
Broyden tridiagonal (10) (−10, . . . ,−10) 20 3 4 4 8
Large-scale exponential (11) (−10, . . . ,−10) 20 8 15 16 13
Large-scale exponential (11) (15, . . . , 15) 200 5 5 3 11
Powell singular (12) (2, 2, 2, 1) 4 7 8 1 17
Brown almost linear (13) (10, . . . , 10) 5 12 46 10 22
Chandrasekhar equation (14) (5, . . . , 5) 10 7 6 7 9

Based on the results presented in Table 1, method (5) shows strong, consistent per-
formance across a variety of nonlinear systems, achieving the lowest iteration count in
most cases and demonstrating better scalability. Method (3) is competitive with (5).
Newton's method often converges successfully and demonstrates solid performance, par-
ticularly on smaller or well-behaved systems, though it typically requires a higher number
of iterations compared to the newer methods.

Table 2 presents results that align closely with those observed in Table 1, reinforcing
the earlier conclusions about the e�ciency of the methods. Nonetheless, in a few cases,
some methods failed to converge within the prescribed maximum of 100 iterations.

Example 2. Revisiting convergence using arbitrary-precision arithmetic.
In this example, higher tolerances of 10−20 and 10−40 were used, which led to an

increased number of cases where the methods failed to converge. To determine whether
the issue comes from rounding errors or the limitations of double-precision �oating-
point arithmetic, the algorithm was reimplemented using arbitrary-precision arithmetic.
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Table 2

Iteration counts for various problems with tolerance ε = 10−15

Problem x0 n
Iterations

(3) (4) (5) Newton (2)
System of 3 equations (6) (0.0, 1.0, 0.0) 3 2 2 2 4
System of 10 equations (8) (0.7, . . . , 0.7) 10 3 3 3 6
System of 200 equations (7) (1.5, . . . , 1.5) 200 2 2 2 8
System of 500 equations (9) (1.8, . . . , 1.8) 500 3 3 3 6
Broyden tridiagonal (10) (−10, . . . ,−10) 20 - - - -
Large-scale exponential (11) (−10, . . . ,−10) 20 9 15 16 14
Large-scale exponential (11) (15, . . . , 15) 200 5 5 4 11
Powell singular (12) (2, 2, 2, 1) 4 11 13 1 27
Brown almost linear (13) (10, . . . , 10) 5 13 47 10 -
Chandrasekhar equation (14) (5, . . . , 5) 10 7 - - 10

Computations were performed with precision levels of 25 and 50 decimal places, and the
corresponding results are shown in Table 3.

Table 3

Comparison of the number of iterations required by di�erent methods
under high-precision conditions. Results for double precision

are omitted, as convergence was not achieved

(a) Number of iterations for precision level p = 25, tolerance ε = 10−20

Problem Method (3) Method (4) Method (5) Newton (2)
System of 10 equations 3 3 3 7
System of 200 equations 2 2 2 4
Broyden tridiagonal 4 4 4 9
Brown almost linear 13 � 10 24
Chandrasekhar equation 8 6 7 11

(b) Number of iterations for precision level p = 50, tolerance ε = 10−40

Problem Method (3) Method (4) Method (5) Newton (2)
System of 10 equations 3 3 3 8
System of 200 equations 2 2 2 5
Broyden tridiagonal 4 5 5 10
Brown almost linear 13 47 11 25
Chandrasekhar equation 8 7 7 12

In all the problems presented in the Table 3, double precision fails to achieve con-
vergence, while higher arithmetic precision signi�cantly improves convergence. Newton's
method typically exhibits around twice the iteration count compared to the other meth-
ods. Methods (3), (4) and (5) generally perform better across both small and large-scale
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problems. An exception is method (4) applied to the Brown almost linear problem,
where convergence was achieved only with the highest precision setting after 47 itera-
tions. These observations underscore the importance of selecting an appropriate arith-
metic precision for reliable convergence. Moreover, increasing the number of decimal
places in arbitrary-precision arithmetic should be done with caution, as it can substan-
tially increase the cost of each iteration. Therefore, it is crucial to estimate the minimal
level of precision required to achieve convergence e�ciently. In practice, techniques such
as ExBLAS or ReproBLAS can also be employed to enhance numerical accuracy and
performance [19, 22].

Example 3. Computational order of convergence and approximate computational
order of convergence. The computational order of convergence (COC) [18] was calculated
for the Brown almost linear problem (13). Methods (3), (4) and (5) show convergence
orders of 4.99, 5.32 and 5.59, respectively and Newton's method showed an order of 1.99.
All computations were performed with a tolerance of ε = 10−20.

Additionally, the approximate computational order of convergence (ACOC) [18] was
used to compare method (3) and Newton's method (2) across several problems: (8),
(10), (13) and (14). Method (3) demonstrated ACOC values: 5.78, 5.81, 5.06 and 6.95.
Newton's method shows a consistent value of 2.00 in all cases.

Example 4. Comparison of execution times.

In this example, we compare the computational e�ciency of method (5) with the clas-
sical Newton method (2) when solving a system of 200 nonlinear equations (7). Starting
point is x(0) = ( 32 ,

3
2 , . . . ,

3
2 ). The comparison is conducted under two numerical precision

settings: standard double precision and extended-precision arithmetic.

The total execution times required for each method to converge under these conditions
are illustrated in Figure 1.

(a)Double precision, ε = 10−15 (b)Extended precision (p = 50),
ε = 10−20

Fig. 1. Comparison of execution times for method (5) and method (2)
in double and extended precision

As shown in Figure 1, method (5) outperforms method (2) in both precision settings.
These results con�rm that method (5) provides a measurable computational bene�t,
particularly for high-precision applications.

5. Conclusion

This work presented a comparative analysis of sixth-order iterative methods for solv-
ing nonlinear equations in Banach spaces. By focusing on the use of only the operator
F and its �rst derivative F ′, we provided a re�ned local and semi-local convergence
analysis, moving beyond reliance on higher-order derivatives. Through the development
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of majorizing sequences, we established semi-local convergence results for each method,
extending their theoretical robustness. Numerical experiments were conducted across a
range of nonlinear systems, including both small and large-scale problems. These exper-
iments demonstrated that all three methods outperform the classical Newton's method
in terms of convergence speed and number of iterations. The computational order of
convergence was computed for both methods, showing close to sixth-order behavior for
the proposed methods and second-order behavior for Newton's method. Additionally, we
ran experiments using arbitrary-precision arithmetic for cases where double precision was
insu�cient. This study shows that the proposed sixth-order methods are theoretically
and practically more e�ective than Newton's method. The developed techniques also
provide a framework for analyzing other high-order methods for nonlinear equations.
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Ó öié ñòàòòi ïðîâåäåíî ïîðiâíÿëüíèé àíàëiç òðüîõ iòåðàöiéíèõ ìåòîäiâ øîñòîãî
ïîðÿäêó äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ ðiâíÿíü. Íà âiäìiíó âiä ïiäõîäiâ, ùî  ðóíòóþ-
òüñÿ íà âèêîðèñòàííi ïîõiäíèõ âèùèõ ïîðÿäêiâ, ó öié ðîáîòi àíàëiç ëîêàëüíî¨ çáiæíîñòi
âèêîðèñòîâó¹ ëèøå iíôîðìàöiþ ïðî îïåðàòîð F òà éîãî ïîõiäíó F ′. Òàêîæ ïðîâåäåíî
íàïiâëîêàëüíèé àíàëiç çáiæíîñòi äëÿ öèõ ìåòîäiâ iç âèêîðèñòàííÿì ìàæîðóþ÷èõ
ïîñëiäîâíîñòåé, ùî çàáåçïå÷ó¹ ïðàêòè÷íó îñíîâó äëÿ âñòàíîâëåííÿ çáiæíîñòi â óìîâàõ
ïî÷àòêîâîãî íàáëèæåííÿ. ßê ëîêàëüíèé, òàê i íàïiâëîêàëüíèé àíàëiç çáiæíîñòi
âèêîíàíî â áàíàõîâèõ ïðîñòîðàõ. Öåé ïiäõiä ïîêðàùó¹ òåîðåòè÷íó ñòiéêiñòü òà
ïðàêòè÷íó çàñòîñîâíiñòü ìåòîäiâ. Äëÿ ïiäòâåðäæåííÿ òåîðåòè÷íèõ ðåçóëüòàòiâ ïðîâå-
äåíî íèçêó ÷èñåëüíèõ åêñïåðèìåíòiâ íà ñòàíäàðòíèõ òåñòîâèõ çàäà÷àõ ÿê ìàëî¨, òàê i
âåëèêî¨ ðîçìiðíîñòi. Åôåêòèâíiñòü çàïðîïîíîâàíèõ ìåòîäiâ ïîðiâíþ¹òüñÿ ç êëàñè÷íèì
ìåòîäîì Íüþòîíà. Ðåçóëüòàòè ïîêàçóþòü, ùî ìåòîäè øîñòîãî ïîðÿäêó çàâæäè
ïåðåâåðøóþòü ìåòîä Íüþòîíà çà êiëüêiñòþ íåîáõiäíèõ iòåðàöié. Áóëî ïðîàíàëiçîâàíî
îá÷èñëþâàëüíèé ïîðÿäîê çáiæíîñòi (COC) òà àïðîêñèìîâàíèé îá÷èñëþâàëüíèé ïî-
ðÿäîê çáiæíîñòi (ACOC), ÿêi åìïiðè÷íî ïiäòâåðäèëè âèñîêèé ïîðÿäîê çáiæíîñòi
çàïðîïîíîâàíèõ ìåòîäiâ. Êðiì òîãî, äîñëiäæåíî ÷èñåëüíó ñòiéêiñòü òà åôåêòèâíiñòü
ìåòîäiâ ó çàäà÷àõ iç ïiäâèùåíèìè âèìîãàìè äî òî÷íîñòi. Äëÿ ðîçâ'ÿçàííÿ çàäà÷, ó
ÿêèõ ñòàíäàðòíà ïîäâiéíà òî÷íiñòü ¹ íåäîñòàòíüîþ, âèêîðèñòîâóâàëàñÿ àðèôìåòèêà
äîâiëüíî¨ òî÷íîñòi. Îòðèìàíi ðåçóëüòàòè ïiäòâåðäæóþòü ïðàêòè÷íi ïåðåâàãè òà
òåîðåòè÷íó ñòiéêiñòü ìåòîäiâ. Ðîçãëÿíóòà ìåòîäîëîãiÿ ìîæå áóòè çàñòîñîâàíà é äî
iíøèõ ïîäiáíèõ iòåðàöiéíèõ ìåòîäiâ.

Êëþ÷îâi ñëîâà: iòåðàöiéíi ìåòîäè, áàíàõîâi ïðîñòîðè, ïîõiäíà Ôðåøå, ëîêàëüíà çáiæ-
íiñòü, íàïiâëîêàëüíà çáiæíiñòü.


