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This study provides a comparative analysis of three sixth-order iterative methods for
solving nonlinear equations. Unlike many existing approaches that rely on higher-order
derivatives, this work develops an optimized local convergence analysis based on the op-
erator F' and its derivative F’/. More significantly, introduce a semi-local convergence
analysis for these methods using majorizing sequences, which provides a practical frame-
work for establishing convergence based on the conditions at the initial guess. Both local
and semi-local convergence analysis are performed within the context of Banach spaces.
This approach enhances the theoretical robustness and practical applicability of the meth-
ods. To validate the theoretical findings, a series of numerical experiments is conducted on
various standard benchmark problems, including small- to large-scale nonlinear systems.
The performance of the methods is compared against the classical Newton’s method. The
findings confirm that the sixth-order methods consistently outperform Newton’s method
in terms of the total number of iterations. We analyze the Computational Order of Con-
vergence (COC) and Approximate Computational Order of Convergence (ACOC), which
empirically confirm the high convergence order of the proposed methods. Furthermore,
we investigate the numerical stability and performance under high-precision requirements,
utilizing arbitrary-precision arithmetic to solve problems where standard double precision
fails. These results underscore the practical advantages and theoretical robustness of the
methods. The methodology presented can be applied to other similar iterative methods.

Key words: iterative methods, Banach space, Fréchet derivative, local convergence, semi-
local convergence, nonlinear equations.

1. INTRODUCTION

A wide range of problems arising in mathematics, computational science and vari-
ous applied fields can be effectively reformulated through mathematical modeling as a
nonlinear equation of the form

F(z) =0, (1)

where ' : D C X — Y is a Fréchet-differentiable operator. Here, X,Y represent
Banach spaces and the domain D is assumed to be an open, convex and nonempty
subset of X. The goal is to find a solution x* € D that satisfies the equation. In general,
obtaining an analytical solution is highly nontrivial and possible only in exceptional cases.
As aresult, considerable effort is dedicated to the design and analysis of iterative methods
that approximate the solution under suitable assumptions on the operator and the initial
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guess, ensuring convergence to the desired solution [1-7]. This problem provides a unified
framework for modeling and solving many real-world problems.

There are differences among certain types of convergence. In local convergence, the
conditions are imposed on the solution and a convergence ball is identified around it.
This reflects the difficulty in choosing a suitable initial approximation, especially since
the solution is usually unknown. On the other hand, in semi-local convergence, the
conditions are imposed on the initial approximation itself and the solution is then shown
to exist within a ball centered at o [16].

One of the most fundamental and widely studied iterative methods for solving non-
linear equations of the form F(x) = 0 is Newton’s method. Given an initial guess zg,
Newton’s method generates a sequence defined by

Tpy1 = Tp — F'(zy) ' F(zn), n=0,1,2,... , (2)

under the assumption that F” is invertible near the solution. Newton’s method is known
for its quadratic convergence when the initial approximation is sufficiently close to the
exact solution and F' is sufficiently smooth. However, it may fail to converge in certain
conditions, which motivates the development of higher-order or more robust variants
[8-13]. Several such methods have been proposed in [15, 17, 24, 25].

We now consider the following iterative methods, which generalize Newton’s approach.
These are defined for an initial approximation zg € D and for each iteration index
n=0,1,2,..., the sequences {z,} are generated as follows:

Yn = T — F'(x,) " F (),
= n = 5 (P ()™ 4 /() ) F (),

B = 20— 5 (F ()™ () F () F () F (), (3

Yn = Tp — Fl(mn)_lF(xn)a Ap = Fl(xn) + F/(yn>7
2y =T — 24, F(2,), (4)

Tpt1 = Zn — %(71 - 8F/($n)_1F/(yn) + 3<F/(xn)_1Fl(yn>)2>F/($n)_1F(zn)7

Yn = Tn — Fl(fn)ilF(xn)a E, = F/(mn) - 3Fl(yn)a

1
Zn = Yn + g(F/(xn)_l + 2E;1)F(.rn),

1 _ _
1',”_,'_1 = Zn + §(_1_71/(xn) 1 +4En1)F(Z”) (5)

High-order iterative methods were proposed in [14], [17], [23]. Despite the signifi-
cant progress in developing high-order iterative methods for solving nonlinear equations,
several theoretical and practical limitations remain:

(P1) Existing convergence results rely on Taylor series expansions and require higher-
order derivatives, in this case F(©) limiting their applicability to problems where
such derivatives are unavailable or costly to compute. In contrast, the methods
analyzed in this paper require only the operator F' and its first derivative F”.



Argyros I., Shakhno S., Havdiak M., Argyros M.
20 ISSN 2078-5097. Bicu. JIbsis. yu-ty. Cep. npuksa. marem. ta ind. 2025. Bun. 35

(P3) Computable a priori estimates for the error bounds ||z, — z*|| are not provided,
making it difficult to predict the number of iterations needed to achieve a desired
level of accuracy.

(P3) Traditional local convergence theory assumes knowledge of the exact solution z*,
which is typically unknown in practice. Moreover, the more important and chal-
lenging semi-local convergence, which has not been studied previously, is developed
using majorizing sequences. Both analyses are presented in a more general setting
of a Banach space and also rely on the concept of generalized continuity used to
control the derivative F’ and sharpen the error bounds ||z* — 2, || and ||Zn4+1 — 24 |-
The same technique can be used to extend the applicability of other methods using
the same schema.

In this paper, we present a comparative analysis of three sixth-order iterative methods
for solving nonlinear equations. Section 2 provides a local convergence analysis for each
method. In Section 3, we extend the analysis to the semi-local convergence framework.
Section 4 presents a series of numerical experiments that evaluate the performance of the
proposed methods in comparison with Newton’s method. Finally, Section 5 concludes
the study with a summary of findings and remarks.

2. LocAL CONVERGENCE

In this section, we analyze the local convergence behavior of the three sixth-order
iterative methods. For each method, we derive a sequence of error bounds using a
majorizing function approach, which allows us to establish convergence without requiring
higher-order derivatives. The convergence analysis is carried out in the setting of Banach
spaces.

2.1. ANALYSIS OF METHOD (3)

We begin by defining the majorant function g;(¢), which provides an upper bound on
the error at the first intermediate step vy,

3 w((1 - 6)t)do

0 =500

where wq, w are continuous and nondecreasing functions. Using this, define w that will
be used in subsequent steps

w((1+ g1(t))t)
w(t) = or
wo(t) + wo(g1(t)t).

Next, we derive the second majorant function go(t), which captures the error behavior
at the second intermediate step z,

Jo w((@ =0t W)L+ Jy wo(0r)do)
1—wo(t) 2(1 — wo(t))(1 — wo(ga(t)t))

92(t) =

The third majorant function gs(t) is then constructed to describe the error at the final
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Step Tn+1

w((1+ g2(t))t)
w(t) = or
wo(t) + wo(ga(t)t),

w((g1(t) + g2(¢))1)
(t) = or
wo(g1(t)t) + wo(ga(t)t),
) Jhw((1=0)ga(0)t)ds  TE)(1 + [} wo(Bgs(t)t)d6)
9 1— wo(ga(0)t) 2(1 — wo(#))(L — wolga(t)t))
)

glll

D) (1 + [y wo(Bga(t)t)de) w(t)(1 + [ wo(Bga(t)t)db)

+ ( ga(t).
2(1 = wo(g1(#)1))(1 — wo(g2(t)?))) 2(1 — wo(t))(1 — wo(g1(t)t))

The justification for these majorant functions is provided by the following step-by-step
error analysis. The error at each substep of the iterative method is bounded by a majorant
function of the error from the previous step. This process confirms that the method
systematically reduces the distance to the solution at each iteration. The analysis uses
properties of the Fréchet derivative, controlled by the functions wg and w, along with a
lemma on invertible operators to establish invertibility and bound operator norms.

We obtain the error for the first intermediate step, y, — x*, as:
Yp — 2% = —x* — F'(2,)  F(2),

The norm of this error is bounded by the majorant function g;

o < o (= Ol — 2" Ddblz, — o7

— X
o TR P——y

< gillzn — "Dl — 2™ < llen — 27| <

At the next step, we get

2y —x* =x, —aF — F'(2,)  F (2) — %(F’(yn)*1 — F'(z,) " ) F(2)

=2, —z" — F/(mn)_lF(xn) - %Fl(yn)_l(Fl(xn) - F/(yn))F'(mn)_lF(xn),

Jo w((@ = 0)|lzn — 2*|) d
1= wo(fzn — )

l2n — 2™ < [

T (1 + [ wo(8]an — 2*)) da)
2(1 —wo(llzn — z*[)) (1 — wo(llyn — z*[]))

[

_|_

< ga(llwn — 2*|)llzn — 27| < flwn — 27|.
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Finally, we analyze the error at the final step of the iteration, x,+; — *
Tpy1 — 25 =2, — 2% — F'(2,) ' F(2p) + F'(20) ' F(20)

_%F%xn)_lF(Zn) - 1F/(yn)_l(F/(xn) — F'(yn) +F/(yn))F/(yn)_1F(Zn)

2
= 2= — /() P F o) 5 (F () ™ = F () ™) F(z0)
5 (F ()™ = F )™ ) (an)

1 _ _
— S F ) T E @0) = F ) F () " F (z0).
The norm of this final error is bounded by the majorant function g3

fo 0)||zn — x*|)do
1 - wo(Hzn —z*|)
W (1+ [y wo(6]2n — 2*])d6)

2(1 = wo(flzn — 2*[))( — wo(llzn — 2*[]))
(1+ [, wo(0lz, — =*[|)dp)

(I =wo(llyn — =)L — wo(llzn — *))

wy(1+ fo wo (0|zn, — z*[|)d0)
2(1 — wo([lzn — 2*[))(1 — wo(llyn — x*[1))

< gs(llzn — 2" [Dllzn — "]

[€n41 — ™| <

+

W,

+

|z — 2|

These bounds demonstrate that the method reduces the distance to the solution at each
iteration.

2.2. ANALYSIS OF METHOD (4)

The first majorant function g¢;(¢) remains the same as defined in method (3). It
characterizes the behavior of the error at the intermediate step y,.
To proceed, we define an additional function

1
p(t) = 5 (wo(t) + wolg1(1)1)).
Using p(t), we construct the second majorant function go(t)

Jhw((1 =)o w(t)(1 + [ wo(0t)dd)
1 —wo(t) 2(1 —wo(t))(1 — p(t)

The third majorant function g3(t) estimates the error at the updated step 11

92(t) =

0)g2(t))d0  T(t)(1 + [y wo(Bgz(t)t)do)
92 (1)) (1 — wo(8)(T — wolga(0)1))

Jr% wlt) (3 w(t)(t) + 2) 1+ fo wol6 @ d@)] 92(t).

9a(t) = [fo 1—w0(

1—w0(t) l—wo 1—’LUO
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Analysis proceeds by estimating the distance between the current approximation x,, and
the exact solution z* through the intermediate points y, and z,. For example, the
difference z, — x* is expressed in terms of known z,,, v, and the derivative operator F’

2y —at = xp — " — F(2,)  F () + (F'(20) ' — 24, ) F(2,)
=T, — " — Fl(xn)_lF(xn) - A;l(F/(xn) - F/(yn))F/(xn)_lF(xn)-
The motivational calculations for functions g» and g3 are:

o — || < (0@ = Ollen — @I}t Wa(1+ fy wolBllen —a*lDdb), L
O w20 wo(fle 2 DT )

< ga(llzn — 27[]) - llzn — 2] < |l2n — 27|,

where we also used the estimate

(L7 EF" (@n) = DI+ L7 EF (yn) — D)

N | =

12L) " (A, —2L)]| <

< S(wolllzn — 2™[]) + wo(llyn — 2™[])) = pn < L.

N |

Therefore, according to Banach lemma [20]

1
AL € ——.

This leads to the following bound for the next iterate
Tpyr — 25 =2, — 2% — F'(2,) ' F(2n) + (F'(20) 7 = F'(2) V) F(2)
—%(51 = 8F" () F' (yn) + 3(F" (@) F' (yn))*) ' (wn) "' F(2)
=2y — " — F'(2,) 7 F(2) + (F'(2) 7" = F'(20) ") F(2,)

5 (F )™ F ) = DB )™ F (yn) = 1) = 2D)F () F (),

Jo w((1= )|z, — a*||)d6 W (1 + [y wo (8|20 — a*[|)db)

l'nl_x*_ 0
e =2l | T ) T wollen — @ D)L~ wolllzn — 2°1D)

+1 Wy, ( 3w, +2)
21 —wo(|lzn —z*[|) \1 —wo([|lzn —z*[)

(Lt Jy wollzn = DaO)]
1—wo([[zn —2*]) "

< gs(llen —27[) - llzn — 2] < ||2n — 27|
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2.3. ANALYSIS OF METHOD (5)

The function ¢(t) is defined and then used to construct the second and third majorant
functions g2 (t), g3(t)

oft) = 5 (Buo(gr (1)) + wo(1),

92(t) = g1(t) + é (1 _i}o(t) + 1_2C(t)> (1 +/01w0(9t)d9> :
g3(t) = [92(t)+:1,) (1 _;O(t) +1 _4c(t)> (1+/01 wo(ﬁgg(t)t)dﬁﬂ g2(t).

The underlying calculations are:

1
Zn — 2 =y, —x" + g(F/(xn)_l + 2E;1)F(acn),

1 1
_ o < _ ¥ -
oo =1 < fontlen = ) + 5 (=g

[Ea )

1 1
) (14 [l -y a9) |z - o]
— Cn 0

< ga(llen — 2" [Dllwn — 27| < [lzn — 27

+

Next, the error at the final step, x,+1 — 2*, is expressed as

1
Tn+1 — = Zn — "+ g(_F(xn) =+ 4E7:1)F(Zn)’

1 1
n -z < n " 3
l#ns1 — || < [gzﬂlx v |>+3(1w0<||znx*||>

2 1
o) (14 [ wntlen - aas) |z - o)
)]

< gs(llen — 2" Dllzn — 27| < [lzn — 27,

+

where we also used the estimates [20]:
- ]' * *
12L) " (B = 2L)]| < 5 Bwo(llyn — 27 [1) + wo(len —2"[)) = en < 1,

1
EJ'L| € ———.

3. SEMI-LOCAL CONVERGENCE

In this section, we analyze the semi-local convergence of the methods where conditions
are now imposed on the initial approximation. Consequently x*,wp,w are replaced by
Zg, Vg, v respectively.

3.1. ANALYSIS OF METHOD (3)

For this method, the majorant sequence {a,,} is defined for

ap = 0,bg > ||F(2z0) " F(zo)|
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as follows for each n = 0,1,2,... . First, we define a sequence v,, and an intermediate

sequence -y, as follows:

'U(bn - an)
Up = or
volam) + vo(by),
6n(bn - an)
7 201 — vo(by))

Next, we define \,,, which will serve as a bound for the norm of L™1F(z,)

Ao = / 0((1 = 8) (% — )} — ctn) + (1 + v0(cn))(n — bu),

+ L L + L + On A
Oy = Tn 5 ns
T\ T “volan) | T—wvo(bn) | (L —vo(bp))?

Hn+1 = /0 v((1 = 0)(ant1 — an))dO(ani1 — an) + (1 + vo(an))(@nt1 — bn),

Mn+1

b1 = an .
+1 Ant1 + 1-— ’l)()(Oén+1)

The motivational calculations are

= = (P = (@)™ 4 P o)) ) Fia)

= 3 F ) (P () = F () F )™ P,

6n(bn - an)
Zn = Yn|| S 50—y = Vn — bn
fon =0l o0 =) 7

Next, we analyze the function value at zy,

F(zn) = F(zn) = F(2n) = F'(20)(Yn — Tn)
= F(zn) = F(xn) — F/(xn)(zn —Tp) + F/(xn)(zn —Yn)-

The norm of L=1F(z,) is bounded by ),

|‘L71F(Zn)” < /0 v((1 = 0)(yn — an))dO(yn — an) + (1 + vo(an)) (Yn — bn) = An,

Tptl — Zn = _%Fl(xn)_lF(Zn) - %F/(yn)_l(F/(xn) - F/(yn))F/(yn)_lF(Zn)

S F () F ),

|xn+1zn|§1( : + : + o )An
2 \1—-wo(an) 1—=v9(Bn) (1 —2v0(Bn))?

= Onp+1 — Vn-
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Following this, we analyze the function value at the new iterate x,1

F(rp) = F(anrl) - F(*Tn) - F/(xn)(yn —Tp)
= F(zny1) — F(zn) — F/(mn)(xn+1 —Tp) + F/(xn)(xn+1 — Un)s
17 )l < [0l = 0)(anss = an)dblansn - )

+(1 + UO(an))(an+1 - bn) = Hn+41,
1ynt1 = Tprl| < |F'(@nga) T LI - |ILTHF (@04) ]

Mn+1
> - bn+1 — Op41-
1 = vo(an+1)

3.2. ANALYSIS OF METHOD (4)
The majorant sequence {ay,} is defined for
ag =0,by = [[F'(x0) ™ F ()|

and each n =0,1,2,... by

o = 5 (v0(an) +eo(b0)),

ﬁn(bn - an)

=b

s =t (145 3 Un o)) A
1 = Tn 21— vo(am) \"1 — vo(an) 1— vo(am)’
Hn41

b =« 4+ —
n+1 n+1 1 — Uo(an+1)

The motivational calculations supporting these definitions are as follows:

Zn = Yn = —A;l(F’(xn) - F’(yn))F’(xn)le(xn),
Jan = ynll < e =)

Tp41 — Zn = _F/(zn)ilF(Zn)

= Tn _bn;

5 (P ) ™ F () = DB (2) 7 F(9) — 1) = 20]F ()™ Fz0),
1 o, T A
lonss = zall < (1 HEEE <31 “oolan) T 2)) T wolan)
= Qp41 — Vn-

The computation for b,41 is the same as in method (3).
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3.3. ANALYSIS OF METHOD (5)

We define the majorant sequence {a,,} with initial value ap = 0 and
bo > ||F" (o)~ F(x0)]l,

such that for each n =0, 1,2, ..., the sequence satisfies:

dn - %(31}0(1)11) + ’U()(Oén)),

1+’U()(Oén) 1
n:bn /1 7\ o bn_ n)s
=t (g +3) e
— ot S . P
Upt+1 = Yn 3\1= UO(an) 1—d, ns

Mn+1

—— S s S
+1 @ +1 + ]. — ’l)()(Oén+1)

The motivational calculations are provided to justify the sequence:

2 1
Zn — Yn = 7E;1F(xn) + gF/(l‘n)ilF(xn);

3
1+Uo(an) 1
n— Ynl| < Py bn_ n:n_b'ru
oo =l < (el 4 ) (o= a) =2
1 _ _
Tpt+1 — Zn = g(_F/(xn) ! +4En1)F(Zn)7
H I<3 (s e ) An =
Tn4+l — 2n|| > 3 171)0(04”) 1—d, n = Qni41 — Yn,

where we also used the estimates

F(xn) = F/(xn)(yn - $n)a
1L E (@)l < 1L7H(F" (@) = L) + L)lllyn — ol < (14 vo(an)) (bn — au).

The iteration b,+1 and the rest of the convergence analysis are the same as in the
previous chapters.

4. NUMERICAL EXAMPLES

In this section, we present numerical experiments to demonstrate the performance
and effectiveness of the three sixth-order methods analyzed previously: Methods (3), (4)
and (5).

We apply the methods to several nonlinear systems of equations, commonly used as
benchmarks in the literature. The stopping criterion is set based on a fixed tolerance for
the residual norm or a maximum number of iterations. For all numerical experiments,
the iteration process was terminated when || F(z,)|| < &, with ¢ varying between 10~ to
10729, The number of iterations was limited to 100. All computations were performed
using Python 3.11.0 with the mpmath library for arbitrary-precision arithmetic. The
experiments ran on a machine with a 2.4 GHz 8-core Intel Core i9 processor.
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The following problems are used to evaluate the performance of the proposed methods
[14, 21]:

e System of 3 equations

10v; + sin(v; +v3) — 1 =0,
8vy — cos?(vg — vg) — 1 =0, (6)
1203 +sin(vz) — 1 =0,

where initial approximation vy = (v1,v2,v3)T = (0,1,0)7. Solution is in the
point v* = (0.069...,0.246...,0.0769...)7 .
e System of 200 nonlinear equations

200
filw)= Y wi—e =0, 1<i<200, (7)
J=1,j#4
with initial value (2,3,...,2)7 and solution v* = (0.0050..., ...,0.0050...)".
e System of 10 equations
10
filv) =tan"'(v;) +1-2 Y v}, 1<i<10. (8)

j=1,j#i

Solution is v* = (0.2644, ...,0.2644)" and initial approximation (0.7, ...,.0.7)%.
e A large-scale system with 500 nonlinear equations

U?’Ui_H—l:O, 1SZ§499, (9)
vZpov1 —1 =0, i=500.
Chosen initial value is vg = (1.8, ..., 1.8)7 and solution is v* = (1,...,1)7.
e Broyden tridiagonal function
fy(ll_}) == (3 - 21)1‘)1}1' — Vij—1 — 21)7;4_1 + ]., (10)
Vo = Un41 = O7
n = 20
with initial approximation vy = (—10, ..., —10)7.
e A large-scale exponential function:
fl(U) = 31);3 + 2Ui+1 -5+ Sin2(1}i) — SiIlQ(UH_l), 1= O7 n — 2, (11)
fro1(v) =303 _; +2vg — 5+ sin?(v,_1) — sin?(vy).
e Powell singular function:
f1 (’U) =1 + 10’02, (12)

fa(v) = 5Y2(v3 — vy),
f3(v) = (v2 — 2v3)?,
f4(1]) = 101/2(1}1 — ’04)2.

Initial approximation is v = (2,2,2,1)” and solution v* = (0,0,0,0)7.
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e Brown almost linear function:

n—1
filw)=vi+ Y vj—(n+1), i=0,n-2, (13)
j=0
n—1
foa@) = ]v | -1 v =@.,0"
j=0

e Chandrasekhar equation:

-1

filo)=uv— [1- 25 A% ) oo (14)

Example 1. Performance of methods with e = 107 and € = 10715,
Each method was applied to the list of problems and the corresponding iteration
counts are presented in Table 1 and Table 2.

Table 1
Tteration counts for various problems with tolerance e = 10~°
Iterations
Problem o D 13y (d) (5) Newton (2)
System of 3 equation (6) (0.0,1.0,0.0) 312 2 2 3
System of 10 equations (8) (0.7,...,0.7) 012 3 3 5
System of 200 equations (7) (1.5,...,1.5) 200 2 2 2 3
System of 500 equations (9) (1.8,...,1.8) 500 3 3 3 6
Broyden tridiagonal (10) (-10,...,—-10) 20 | 3 4 4 8
Large-scale exponential (11) (—10,...,—10) 20 | 8 15 16 13
Large-scale exponential (11)  (15,...,15) 2000 5 5 3 11
Powell singular (12) (2,2,2,1) 4 |7 8 1 17
Brown almost linear (13) (10,...,10) 5 |12 46 10 22
Chandrasekhar equation (14) (5,...,5) 07 6 7 9

Based on the results presented in Table 1, method (5) shows strong, consistent per-
formance across a variety of nonlinear systems, achieving the lowest iteration count in
most cases and demonstrating better scalability. Method (3) is competitive with (5).
Newton’s method often converges successfully and demonstrates solid performance, par-
ticularly on smaller or well-behaved systems, though it typically requires a higher number
of iterations compared to the newer methods.

Table 2 presents results that align closely with those observed in Table 1, reinforcing
the earlier conclusions about the efficiency of the methods. Nonetheless, in a few cases,
some methods failed to converge within the prescribed maximum of 100 iterations.

Example 2. Revisiting convergence using arbitrary-precision arithmetic.

In this example, higher tolerances of 1072° and 107%° were used, which led to an
increased number of cases where the methods failed to converge. To determine whether
the issue comes from rounding errors or the limitations of double-precision floating-
point arithmetic, the algorithm was reimplemented using arbitrary-precision arithmetic.
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Table 2

Iteration counts for various problems with tolerance e = 1071°

Problem - n Iterations
(3) (4) (5) Newton (2)

System of 3 equations (6) (0.0,1.0,0.0) 312 2 2 4
System of 10 equations (8) (0.7 0.7) 013 3 3 6
System of 200 equations (7) (1.5,...,1.5) 200 2 2 2 8
System of 500 equations (9) (1.8,...,1.8) 500 3 3 3 6
Broyden tridiagonal (10) (-10,...,—-10) 20 | - - - -
Large-scale exponential (11) (-10,...,—10) 20 | 9 15 16 14
Large-scale exponential (11)  (15,...,15) 2000 5 5 4 11
Powell singular (12) (2,2,2,1) 4 |11 13 1 27
Brown almost linear (13) (10,...,10) 5 | 13 47 10 -
Chandrasekhar equation (14) (5,...,5) o7 - - 10

Computations were performed with precision levels of 25 and 50 decimal places, and the
corresponding results are shown in Table 3.

Table 3
Comparison of the number of iterations required by different methods
under high-precision conditions. Results for double precision
are omitted, as convergence was not achieved

(a) Number of iterations for precision level p = 25, tolerance ¢ = 10~2°
Problem Method (3) Method (4) Method (5) Newton (2)
System of 10 equations 3 3 3 7
System of 200 equations 2 2 2 4
Broyden tridiagonal 4 4 4 9
Brown almost linear 13 - 10 24
Chandrasekhar equation 8 6 7 11

(b) Number of iterations for precision level p = 50, tolerance & = 10740
Problem Method (3) Method (4) Method (5) Newton (2)
System of 10 equations 3 3 3 8
System of 200 equations 2 2 2 5
Broyden tridiagonal 4 ) ) 10
Brown almost linear 13 47 11 25
Chandrasekhar equation 8 7 7 12

In all the problems presented in the Table 3, double precision fails to achieve con-
vergence, while higher arithmetic precision significantly improves convergence. Newton’s
method typically exhibits around twice the iteration count compared to the other meth-
ods. Methods (3), (4) and (5) generally perform better across both small and large-scale



Argyros I, Shakhno S., Havdiak M., Argyros M.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. mareMm. ta iud. 2025. Bun. 35 31

problems. An exception is method (4) applied to the Brown almost linear problem,
where convergence was achieved only with the highest precision setting after 47 itera-
tions. These observations underscore the importance of selecting an appropriate arith-
metic precision for reliable convergence. Moreover, increasing the number of decimal
places in arbitrary-precision arithmetic should be done with caution, as it can substan-
tially increase the cost of each iteration. Therefore, it is crucial to estimate the minimal
level of precision required to achieve convergence efficiently. In practice, techniques such
as ExBLAS or ReproBLAS can also be employed to enhance numerical accuracy and
performance [19, 22].

Example 3. Computational order of convergence and approximate computational
order of convergence. The computational order of convergence (COC) [18] was calculated
for the Brown almost linear problem (13). Methods (3), (4) and (5) show convergence
orders of 4.99, 5.32 and 5.59, respectively and Newton’s method showed an order of 1.99.
All computations were performed with a tolerance of e = 10729,

Additionally, the approximate computational order of convergence (ACOC) [18] was
used to compare method (3) and Newton’s method (2) across several problems: (8),
(10), (13) and (14). Method (3) demonstrated ACOC values: 5.78, 5.81, 5.06 and 6.95.
Newton’s method shows a consistent value of 2.00 in all cases.

Example 4. Comparison of execution times.

In this example, we compare the computational efficiency of method (5) with the clas-
sical Newton method (2) when solving a system of 200 nonlinear equations (7). Starting
point is (0 = (%, %, ceey %) The comparison is conducted under two numerical precision
settings: standard double precision and extended-precision arithmetic.

The total execution times required for each method to converge under these conditions
are illustrated in Figure 1.

Newton (2) ‘ Newton (2) |
Method (5) | Method (5) |
|
0 1-1072 2-1072 0 50 100 150 200
time in seconds time in seconds
(a) Double precision, ¢ = 10715 (b) Extended precision (p = 50),

e=10"%

Fig. 1. Comparison of execution times for method (5) and method (2)
in double and extended precision

As shown in Figure 1, method (5) outperforms method (2) in both precision settings.
These results confirm that method (5) provides a measurable computational benefit,
particularly for high-precision applications.

5. CONCLUSION

This work presented a comparative analysis of sixth-order iterative methods for solv-
ing nonlinear equations in Banach spaces. By focusing on the use of only the operator
F and its first derivative F’, we provided a refined local and semi-local convergence
analysis, moving beyond reliance on higher-order derivatives. Through the development
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of majorizing sequences, we established semi-local convergence results for each method,
extending their theoretical robustness. Numerical experiments were conducted across a
range of nonlinear systems, including both small and large-scale problems. These exper-
iments demonstrated that all three methods outperform the classical Newton’s method
in terms of convergence speed and number of iterations. The computational order of
convergence was computed for both methods, showing close to sixth-order behavior for
the proposed methods and second-order behavior for Newton’s method. Additionally, we
ran experiments using arbitrary-precision arithmetic for cases where double precision was
insufficient. This study shows that the proposed sixth-order methods are theoretically
and practically more effective than Newton’s method. The developed techniques also
provide a framework for analyzing other high-order methods for nonlinear equations.
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VY mi#t crarTi mpoBeseHO MOPIBHANBHUN aHAI3 TPHOX iTepalifHUX METOMIB IIOCTOrO
NOPSAJIKY JJIs1 PO3B’SI3yBaHHS HeJTiHIWHUX piBHAHB. Ha BigMiny Bimg migxosis, mo rpyHTYyIO-
THCsI HA BUKOPUCTAHHI TOXIJHAX BUINUX HOPSIAKIB, v miit poboTi anasi3 mokaasuol 36i2xku0CTI
BUKOPHCTOBY€ Juine indopmarito npo onepatop F Ta ioro nmoxigay F’. Taxox mpoBeaeHO
HamiBJIOKAAbHHUYE aHasi3 30iKHOCTI [t mUX METOAIB i3 BHKOPDHUCTAHHSAM MAaXKOPYIOUHX
IOCJIiIOBHOCTEH, 10 3a0e31evy€e IPaKTUIHY OCHOBY JJIs1 BCTAHOBJIEHHHA 3012KHOCTI B yMOBaXx
MOYATKOBOTO HAOJMMKEHHS. K JOKaJbHHUN, TaK 1 HANIBIOKAJbHHN aHaJi3 3612KHOCTI
BHKOHAHO B 0OaHaxoBuX mnpocropax. ILle#t migxig MOKpalye TeOpeTHdYHy CTifKicTh Ta
NPAaKTUYHY 3aCTOCOBHICTH MeTOAiB. Jj1s miATBepKEeHHS TEOPETHYHUX PE3YIbTAaTiB IPOBe-
JIeHO HU3KY YMCEJIbHUX eKCIIEPUMEHTIB Ha CTAHJAPTHUX TECTOBUX 3aJa9aX sK MaJIOi, Tak i
BeJIUKOI po3MipHOCTI. EdeKTUBHICTH 3aIPONOHOBAHUX METO/IB MOPIiBHIOETHCS 3 KJIACHIHIM
merogoMm Hpioroma. Pesysnpraté moka3yiorThb, MO0 METOAHM IIOCTOrO IOPSAKY 3aBXK/HU
nepeBepiyOTh MeTox HproTOHA 3a KinbKicTioO HeoOxigHux iTeparniit. Byno npoanasnizoBano
o6uncioBaabauit nopsiok 36ixkuocTi (COC) Ta alpOKCHMMOBAHMN O0YMCIIIOBAJIBHUEA 110-
psagok 36ixmocTi (ACOC), ski eMmipmvHO HigTBEpAMIM BHCOKHH HODPSAOK 301>KHOCTI
3aIpONOHOBAHUX MeTOAiB. KpiMm TOro, mociigkeHO 4uCenbHY CTidKiCTh Ta edeKTHBHICTH
MeTOAIB y 3ajadax i3 miaBUIEHHMH BHMOTaMHU g0 TOYHOCTI. Jlyst po3s’si3amus 3amad, y
SIKAX CTAHJAPTHA IMOJBiifHA TOYHICTH € HEJOCTATHHOK, BUKOPHCTOBYBAJIACI apU(MMETHKA
noBinbHOI TOuHOCTI. OtTpuMani pe3yabraTH HiATBEPKYIOTH IPAKTHUYIHI IEpeBard Ta
TEOPEeTUYHY CTiMKicTh MeroniB. Po3risanyTa MeTomosoris Moxke OyTH 3aCTOCOBaHA it 70
iHImMX 10Ai0HUX iTepauiifHuX MEeTO/iB.

Karowosi caosa: iTepaniiini metomu, 6anaxosi mpoctopu, noxigna ®permre, JoKaIbHA 3012XK-
HICTB, HANIBJIOKAJbHA 301KHICTB.



