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Ñêëàäíi ÿâèùà òà ïðîöåñè ÷àñòî îïèñóþòüñÿ íåëiíiéíèìè ðiâíÿííÿìè, îá÷èñëèòè

òî÷íèé ðîçâ'ÿçîê ÿêèõ ¹ äîñèòü ñêëàäíî àáî íåìîæëèâî. Òîìó ÷èñåëüíå ðîçâ'ÿçóâàííÿ

íåëiíiéíèõ îïåðàòîðíèõ ðiâíÿíü çàëèøà¹òüñÿ àêòóàëüíîþ ïðîáëåìîþ îá÷èñëþâàëüíî¨

ìàòåìàòèêè. Óíiâåðñàëüíèõ ìåòîäiâ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ òàêèõ çàäà÷ íå

iñíó¹. Äóæå ÷àñòî ïîòðiáíî âðàõîâóâàòè ñïåöèôiêó êîæíî¨ íåëiíiéíî¨ çàäà÷i, ÿêó

ðîçâ'ÿçóþòü, çîêðåìà ìîæëèâiñòü îá÷èñëåííÿ ïîõiäíèõ ïåâíîãî ïîðÿäêó. Â öié ðîáîòi

ïðîâåäåíî äîñëiäæåííÿ ìåòîäiâ äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ ðiâíÿíü ç äåêîìïîçèöi¹þ

îïåðàòîðà. Îïåðàòîð òàêèõ çàäà÷ ìîæíà ïîäàòè ÿê ñóìó äèôåðåíöiéîâíîãî òà

íåïåðåðâíîãî îïåðàòîðiâ. Âiäîìî, ùî íåïåðåðâíèé îïåðàòîð ¹ íåäèôåðåíöiéîâíèì â

äåÿêèõ òî÷êàõ îáëàñòi âèçíà÷åííÿ. Çà òàêèõ óìîâ êëàñè÷íèé ìåòîä Íüþòîíà íåçàñòî-

ñîâíèé äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ öèõ çàäà÷. Îäíàê ìîæíà çàñòîñóâàòè ðiçíèöåâi

ìåòîäè, ÿêi çàìiñòü ïîõiäíî¨ âèêîðèñòîâóþòü ïîäiëåíi ðiçíèöi. Åôåêòèâíiøèì ïiäõîäîì

¹ äèôåðåíöiàëüíî-ðiçíèöåâi ìåòîäè, iòåðàöiéíi ôîðìóëè ÿêèõ ìiñòÿòü ïîõiäíó âiä

äèôåðåíöiéîâíî¨ ÷àñòèíè òà ïîäiëåíó ðiçíèöþ âiä íåïåðåðâíî¨ ÷àñòèíè íåëiíiéíîãî

îïåðàòîðà. Â ðîáîòi äîñëiäæåíî çáiæíiñòü îäíî òà äâîêðîêîâîãî äâîïàðàìåòðè÷íèõ

ìåòîäiâ. ×àñòêîâèìè âèïàäêàìè öèõ ìåòîäiâ ¹ âiäîìi iòåðàöiéíi ïðîöåñè. Àíàëiç

ëîêàëüíî¨ çáiæíîñòi çäiéñíåíî çà ñëàáêèõ ω-óìîâ. Îòðèìàíî îöiíêè ïîõèáîê òà

ðiâíÿííÿ äëÿ âèçíà÷åííÿ ðàäióñiâ îáëàñòåé çáiæíîñòi ìåòîäiâ. Íà òåñòîâèõ ïðèêëàäàõ

ïðîâåäåíî ÷èñåëüíi åêñïåðèìåíòè òà ïiäòâåðäæåíî òåîðåòè÷íi ðåçóëüòàòè.

Êëþ÷îâi ñëîâà: íåëiíiéíå îïåðàòîðíå ðiâíÿííÿ, ëîêàëüíà çáiæíiñòü, äèôåðåíöiàëüíî-

ðiçíèöåâèé ìåòîä.

1. Âñòóï

Ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó x∗ íåëiíiéíîãî îïåðà-
òîðíîãî ðiâíÿííÿ [2]

H(x) ≡ F (x) +G(x) = 0, (1)

äå F � äèôåðåíöiéîâíèé çà Ôðåøå îïåðàòîð, âèçíà÷åíèé ó âiäêðèòié îïóêëié
ìíîæèíi D áàíàõîâîãî ïðîñòîðó X çi çíà÷åííÿìè â áàíàõîâîìó ïðîñòîði Y , G
� íåïåðåðâíèé îïåðàòîð ç òi¹þ æ îáëàñòþ âèçíà÷åííÿ òà çíà÷åíü. Îñêiëüêè, â
çàãàëüíîìó âèïàäêó, îïåðàòîðH ìîæå áóòè íåäèôåðåíöiéîâíèì, òî äëÿ ðîçâ'ÿçóâàí-
íÿ (1) êëàñè÷íèé ìåòîä Íüþòîíà íå çàñòîñîâóþòü. Äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàí-
íÿ òàêîãî êëàñó çàäà÷ ìîæíà çàñòîñóâàòè ìåòîäè ç ïîäiëåíèìè ðiçíèöÿìè. Òàêîæ
õîðîøèì ïiäõîäîì ¹ äèôåðåíöiàëüíî-ðiçíèöåâi iòåðàöiéíi ïðîöåñè (ìåòîäè ç äåêîì-
ïîçèöi¹þ îïåðàòîðà). Ôîðìóëè öèõ ìåòîäiâ ìiñòÿòü ïîõiäíó âiä äèôåðåíöiéîâíî¨
÷àñòèíè òà ïîäiëåíó ðiçíèöþ âiä íåïåðåðâíî¨ ÷àñòèíè.
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Íåõàé x−1, x0 ∈ D. Äëÿ çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó x∗ çàäà÷i (1) ÷àñòî
çàñòîñîâóþòü îäíîêðîêîâèé äâîòî÷êîâèé ìåòîä [1, 2, 5]

xk+1 = xk −A−1
k H(xk), k = 0, 1, 2, . . . . (2)

Òóò Ak � ëiíiéíèé îïåðàòîð, ÿêèé ìîæíà âèçíà÷èòè ðiçíèìè ñïîñîáàìè. Ðîçãëÿíåìî
âàðiàíòè, ÿêi íàé÷àñòiøå çàñòîñîâóþòüñÿ íà ïðàêòèöi:

1. Ak = F ′(xk) (ìåòîä òèïó Íüþòîíà [1, 2, 5]);

2. Ak = H(xk−1;xk) (ìåòîä õîðä [7]);

3. Ak = H(λxk + (1 − λ)xk−1;xk), λ ∈ [0, 1] (îäíîïàðàìåòðè÷íèé ìåòîä òèïó
õîðä [6]);

4. Ak = F ′(xk) +G(xk−1;xk) (êîìáiíîâàíèé ìåòîä Íüþòîíà i õîðä [1, 4, 5]);

5. Ak = F ′(xk) + G(2xk − xk−1;xk−1) (êîìáiíîâàíèé ìåòîä Íüþòîíà i Êóð÷àòî-
âà [8]);

6. Ak = F ′(xk) + G(xk;xk−1) + G(xk−2;xk) − G(xk−2;xk−1) (êîìáiíîâàíèé ìåòîä
Íüþòîíà i Ïîòðà [3]).

Òàêîæ ó ïðàöi [9] áóëî äîñëiäæåíî äâîêðîêîâèé ìåòîä

xk+1 = xk −
(
F ′

(
xk+yk

2

)
+G(xk; yk)

)−1

H(xk),

yk+1 = xk+1 −
(
F ′

(
xk+yk

2

)
+G(xk; yk)

)−1

H(xk+1), k = 0, 1, 2, . . . .

Òóò G(x; y) � öå ïîäiëåíà ðiçíèöÿ ïåðøîãî ïîðÿäêó îïåðàòîðà G çà òî÷êàìè x òà
y. Âiäïîâiäíî äî îçíà÷åííÿ [2, 5], öåé îïåðàòîð çàäîâîëüíÿ¹ óìîâó

G(x; y)(x− y) = G(x)−G(y) ∀x, y ∈ D, x ̸= y.

ßêùî G ¹ äèôåðåíöiéîâíèì îïåðàòîðîì, òî G(x;x) = G′(x) i òàêîæ ñïðàâäæó¹òüñÿ
ðiâíiñòü

G(x; y) =

∫ 1

0

G′(y + θ(x− y))dθ(x− y).

Â öié ñòàòòi ïðîâåäåíî äîñëiäæåííÿ êëàñó îäíîêðîêîâèõ

xk+1 = xk − (F ′(xk) +G(uk; vk))
−1

H(xk), k = 0, 1, 2, . . . , (3)

äå uk = xk + ak(xk−1 − xk), vk = xk + bk(xk−1 − xk), ak ∈ [−1, 1], bk ∈ [0, 1], ak ̸= bk,
x−1, x0 ∈ D òà äâîêðîêîâèõ ìåòîäiâ

xk+1 = xk −
(
F ′

(
xk+yk

2

)
+G(uk; vk)

)−1

H(xk),

yk+1 = xk+1 −
(
F ′

(
xk+yk

2

)
+G(uk; vk)

)−1

H(xk+1), k = 0, 1, 2, . . . ,

(4)

äå uk = xk + ak(yk − xk), vk = xk + bk(yk − xk), ak ∈ [−1, 1], bk ∈ [0, 1], ak ̸= bk,
y0, x0 ∈ D. Çàóâàæèìî, ùî ÷àñòêîâèìè âèïàäêàìè ìåòîäó (3) ¹ ìåòîä Íüòîíà-õîðä,
ÿêùî ak = 1 i bk = 0, òà Íüþòîíà-Êóð÷àòîâà, ÿêùî ak = −1 i bk = 1. Ïîêëàâøè
ak = 0 i bk = 1 â (4), îòðèìà¹ìî äâîêðîêîâèé ìåòîä [9].
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2. Ëîêàëüíà çáiæíiñòü ìåòîäiâ

Àíàëiç ëîêàëüíî¨ çáiæíîñòi ïðîâåäåíî çà ω-óìîâ òà ôiêñîâàíèõ ïàðàìåòðiâ, òîáòî,
ak = a òà bk = b. Òàêîæ áóäåìî ââàæàòè, ùî îïåðàòîð H ¹ äèôåðåíöiéîâíèì â òî÷öi
ðîçâ'ÿçêó x∗. ×åðåç B(x∗, r) ïîçíà÷èìî âiäêðèòó êóëþ ç öåíòðîì â òî÷öi x∗ òà
ðàäióñîì r.

Îñêiëüêè ïîäiëåíà ðiçíèöÿ ïåðøîãî ïîðÿäêó âèçíà÷åíà â îáëàñòi D × D i äëÿ
âñiõ xk−1, xk ∈ B(x∗, r), äå r � ðàäióñ îáëàñòi çáiæíîñòi îäíîêðîêîâîãî ìåòîäó (3),
âèêîíó¹òüñÿ

∥uk − x∗∥ = ∥xk + a(xk−1 − xk)− x∗∥ ≤ (1− a)∥xk − x∗∥+ |a|∥xk−1 − x∗∥

< (1− a+ |a|)r,

∥vk − x∗∥ = ∥xk + b(xk−1 − xk)− x∗∥ ≤ (1− b)∥xk − x∗∥+ b∥xk−1 − x∗∥ < r,

òî êóëÿ B(x∗, (1 − a + |a|)r) òàêîæ ïîâèííà ìiñòèòèñÿ â îáëàñòi D. Àíàëîãi÷íî äëÿ
âñiõ yk, xk ∈ B(x∗, r), äå r � ðàäióñ îáëàñòi çáiæíîñòi äâîêðîêîâîãî ìåòîäó (4), ìà¹ìî

∥uk − x∗∥ = ∥xk + a(yk − xk)− x∗∥ ≤ (1− a)∥xk − x∗∥+ |a|∥yk − x∗∥

< (1− a+ |a|)r,

∥vk − x∗∥ = ∥xk + b(yk − xk)− x∗∥ ≤ (1− b)∥xk − x∗∥+ |b|∥yk − x∗∥ < r.

Ñôîðìóëþ¹ìî òåîðåìó ïðî ëîêàëüíó çáiæíiñòü îäíîêðîêîâîãî ìåòîäó (3).
Òåîðåìà 1. Íåõàé H � íåëiíiéíèé îïåðàòîð, âèçíà÷åíèé ó âiäêðèòié îïóêëié

ìíîæèíi D áàíàõîâîãî ïðîñòîðó X çi çíà÷åííÿìè â áàíàõîâîìó ïðîñòîði Y , ïðè÷îìó
H ≡ F +G, äå F � äèôåðåíöiéîâíèé çà Ôðåøå îïåðàòîð, G � íåïåðåðâíèé îïåðàòîð.
Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:

1) ðiâíÿííÿ (1) ìà¹ ðîçâ'ÿçîê x∗ ∈ D, iñíó¹ ïîõiäíà ÔðåøåH ′(x∗) i âîíà îáîðîòíà;
2) â D ïîõiäíà F ′ çàäîâîëüíÿ¹ óìîâó∥∥H ′(x∗)−1[F ′(x)− F ′(y)]

∥∥ ≤ ω1 (∥x− y∥) ∀x, y ∈ D, (5)

äå ω1 : R+ → R+ � äîäàòíà, íåñïàäíà òà iíòåãðîâíà ôóíêöiÿ;
3) â D × D îïåðàòîð G ìà¹ ïîäiëåíi ðiçíèöi ïåðøîãî ïîðÿäêó G(x; y), ÿêi çàäî-

âîëüíÿþòü óìîâó∥∥H ′(x∗)−1[G(x; y)−G(u; v)]
∥∥ ≤ ω2 (∥x− u∥, ∥y − v∥) ∀x, y, u, v ∈ D, (6)

äå ω2 : R+ × R+ → R+ � äîäàòíà òà íåñïàäíà ôóíêöiÿ çà îáîìà àðãóìåíòàìè.
Òîäi ïîñëiäîâíiñòü {xk}k≥0, îòðèìàíà îäíîêðîêîâèì ìåòîäîì (3), ¹ êîðåêòíî âèç-

íà÷åíà, ìiñòèòüñÿ â êóëi B(x∗, r) i çáiãà¹òüñÿ äî x∗ äëÿ âñiõ ïî÷àòêîâèõ íàáëèæåíü
x−1, x0 ∈ B(x∗, r). Êðiì öüîãî, ñïðàâäæó¹òüñÿ îöiíêà ïîõèáêè

∥xk+1 − x∗∥ ≤ g1(r)∥xk − x∗∥, k ≥ 0, (7)

äå

g1(r) =

1∫
0

ω1

(
(1− θ)r

)
dθ + ω2(2|a|r, r)

1− ω1(r)− ω2((1− a+ |a|)r, r)
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i ðàäióñ r ¹ íàéìåíøèì äîäàòíèì êîðåíåì ðiâíÿííÿ

g1(r) = 1,

ïðè÷îìó ω1(r) + ω2((1− a+ |a|)r, r) < 1.
Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.
Íåõàé xk−1, xk ∈ B(x∗, r), òîäi

∥uk − xk∥ = ∥xk + a(xk−1 − xk)− xk∥ ≤ |a|(∥xk − x∗∥+ ∥xk−1 − x∗∥) < 2|a|r.

Ïîçíà÷èìî Ak = F ′(xk) +G(uk; vk). Âðàõóâàâøè óìîâè (5) i (6), îòðèìà¹ìî

∥I −H ′(x∗)−1Ak∥ = ∥H ′(x∗)−1[H ′(x∗)−Ak]∥ ≤
∥∥∥H ′(x∗)−1

[
F ′(x∗)− F ′(xk)

]∥∥∥
+∥H ′(x∗)−1[G(x∗;x∗)−G(uk; vk)]∥

≤ ω1(∥xk − x∗∥) + ω2(∥uk − x∗∥, ∥vk − x∗∥)

≤ ω1(r) + ω2((1− a+ |a|)r, r) < 1.

Çà òåîðåìîþ Áàíàõà ïðî îáåðíåíèé îïåðàòîð [2], ìà¹ìî, ùî Ak îáîðîòíèé i

∥A−1
k H ′(x∗)∥ ≤ 1

1− ω1(∥xk − x∗∥)− ω2(∥uk − x∗∥, ∥vk − x∗∥)

≤ 1

1− ω1(r)− ω2((1− a+ |a|)r, r)
.

Âðàõóâàâøè ôîðìóëó ìåòîäó (3), îçíà÷åííÿ ïîäiëåíî¨ ðiçíèöi i òå, ùî H(x∗) = 0,
ìîæíà çàïèñàòè

xk+1 − x∗ = xk − x∗ −A−1
k H(xk) = A−1

k H ′(x∗)

×H ′(x∗)−1

Ak −
1∫

0

F ′(x∗ + θ(xk − x∗))dθ −G(xk;x
∗)

 (xk − x∗).

Âðàõóâàâøè îñòàííþ ðiâíiñòü, à òàêîæ óìîâè (5) i (6), îòðèìà¹ìî îöiíêó (7)

∥xk+1 − x∗∥ ≤

1∫
0

ω1

(
(1− θ)∥xk − x∗∥

)
dθ

1− ω1(∥xk − x∗∥)− ω2(∥uk − x∗∥, ∥vk − x∗∥)
∥xk − x∗∥

+
ω2(|a|(∥xk − x∗∥+ ∥xk−1 − x∗∥), (1− b)∥xk − x∗∥+ b∥xk−1 − x∗∥)

1− ω1(∥xk − x∗∥)− ω2(∥uk − x∗∥, ∥vk − x∗∥)
∥xk − x∗∥

≤

1∫
0

ω1

(
(1− θ)r

)
dθ + ω2(2|a|r, r)

1− ω1(r)− ω2((1− a+ |a|)r, r)
∥xk − x∗∥ = g1(r)∥xk − x∗∥.
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Îñêiëüêè âèêîíó¹òüñÿ îöiíêà (7), òî

∥xk+1 − x∗∥ ≤ ∥xk − x∗∥ < r.

Îòæå, xk+1 ∈ B(x∗, r). □
Òåïåð ñôîðìóëþ¹ìî òåîðåìó ïðî ëîêàëüíó çáiæíiñòü äâîêðîêîâîãî ìåòîäó (4).
Òåîðåìà 2. Íåõàé H � íåëiíiéíèé îïåðàòîð, âèçíà÷åíèé ó âiäêðèòié îïóêëié

ìíîæèíi D áàíàõîâîãî ïðîñòîðó X çi çíà÷åííÿìè â áàíàõîâîìó ïðîñòîði Y , ïðè÷îìó
H ≡ F +G, äå F � äèôåðåíöiéîâíèé çà Ôðåøå îïåðàòîð, G � íåïåðåðâíèé îïåðàòîð.
Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:

1) ðiâíÿííÿ (1) ìà¹ ðîçâ'ÿçîê x∗ ∈ D, iñíó¹ ïîõiäíà ÔðåøåH ′(x∗) i âîíà îáîðîòíà;
2) â D ïîõiäíà F ′ çàäîâîëüíÿ¹ óìîâó∥∥H ′(x∗)−1[F ′(x)− F ′(y)]

∥∥ ≤ ω1 (∥x− y∥) ∀x, y ∈ D, (8)

äå ω1 : R+ → R+ � äîäàòíà, íåñïàäíà òà iíòåãðîâíà ôóíêöiÿ;
3) â D × D îïåðàòîð G ìà¹ ïîäiëåíi ðiçíèöi ïåðøîãî ïîðÿäêó G(x; y), ÿêi çàäî-

âîëüíÿþòü óìîâó∥∥H ′(x∗)−1[G(x; y)−G(u; v)]
∥∥ ≤ ω2 (∥x− u∥, ∥y − v∥) ∀x, y, u, v ∈ D, (9)

äå ω2 : R+ × R+ → R+ � äîäàòíà òà íåñïàäíà ôóíêöiÿ çà îáîìà àðãóìåíòàìè.
Òîäi ïîñëiäîâíîñòi {xk}k≥0 i {yk}k≥0, îòðèìàíi äâîêðîêîâèì ìåòîäîì (4), ¹

êîðåêòíî âèçíà÷åíi, ìiñòÿòüñÿ â êóëi B(x∗, r) i çáiãàþòüñÿ äî x∗ äëÿ âñiõ ïî÷àòêîâèõ
íàáëèæåíü y0, x0 ∈ B(x∗, r). Êðiì òîãî, ñïðàâäæóþòüñÿ îöiíêè ïîõèáîê

∥xk+1 − x∗∥ ≤ g1(r)∥xk − x∗∥, k ≥ 0, (10)

∥yk+1 − x∗∥ ≤ g2(r)∥xk+1 − x∗∥, k ≥ 0, (11)

äå

g1(r) =

∫ 1

0
ω1 ((1− θ)r) dθ + ω2(2|a|r, r)

1− ω1(r)− ω2((1− a+ |a|)r, r)
,

g2(r) =

∫ 1

0
ω1

(
r + θg1(r)r

)
dθ + ω2(g1(r)r + (1− a+ |a|)r, r)

1− ω1(r)− ω2((1− a+ |a|)r, r)

i ðàäióñ r ¹ íàéìåíøèì äîäàòíèì êîðåíåì ðiâíÿíü

g1(r) = 1, g2(r)g1(r) = 1,

ïðè÷îìó ω1(r) + ω2((1− a+ |a|)r, r) < 1.
Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.
Íåõàé xk, yk ∈ B(x∗, r), òîäi

∥uk − xk∥ = ∥xk + a(yk − xk)− xk∥ ≤ |a|(∥xk − x∗∥+ ∥yk − x∗∥) < 2|a|r,

∥uk − xk+1∥ = ∥xk + a(yk − xk)− xk+1∥ ≤ ∥xk+1 − x∗∥+ (1− a)∥xk − x∗∥

+|a|∥yk − x∗∥ < (g1(r) + 1− a+ |a|)r.
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Ïîçíà÷èìî

Ak = F ′
(xk + yk

2

)
+G(uk; vk).

Âðàõóâàâøè óìîâè (8) i (9), îòðèìà¹ìî

∥I −H ′(x∗)−1Ak∥ = ∥H ′(x∗)−1[H ′(x∗)−Ak]∥

≤
∥∥∥H ′(x∗)−1

[
F ′(x∗)− F ′

(xk + yk
2

)]∥∥∥
+ ∥H ′(x∗)−1[G(x∗;x∗)−G(uk; vk)]∥

≤ ω1

(∥xk − x∗∥
2

+
∥yk − x∗∥

2

)
+ ω2(∥uk − x∗∥, ∥vk − x∗∥)

≤ ω1(r) + ω2((1− a+ |a|)r, r) < 1.

Çà òåîðåìîþ Áàíàõà ïðî îáåðíåíèé îïåðàòîð [2], ìà¹ìî, ùî Ak îáîðîòíèé i

∥A−1
k H ′(x∗)∥ ≤

[
1− ω1

(∥xk − x∗∥
2

+
∥yk − x∗∥

2

)
− ω2(∥uk − x∗∥, ∥vk − x∗∥)

]−1

≤ 1

1− ω1(r)− ω2((1− a+ |a|)r, r)
.

Âðàõóâàâøè ôîðìóëó ìåòîäó (4), îçíà÷åííÿ ïîäiëåíî¨ ðiçíèöi i òå, ùî H(x∗) = 0,
ìîæíà çàïèñàòè

xk+1 − x∗ = xk − x∗ −A−1
k H(xk) = A−1

k H ′(x∗)

×H ′(x∗)−1

Ak −
1∫

0

F ′(x∗ + θ(xk − x∗))dθ −G(xk;x
∗)

 (xk − x∗),

yk+1 − x∗ = xk+1 − x∗ −A−1
k H(xk+1) = A−1

k H ′(x∗)

×H ′(x∗)−1

Ak −
1∫

0

F ′(x∗ + θ(xk+1 − x∗))dθ −G(xk+1;x
∗)

 (xk+1 − x∗).

Âðàõóâàâøè îñòàííi ðiâíîñòi, à òàêîæ óìîâè (8) i (9), îòðèìà¹ìî îöiíêè (10) i (11)

∥xk+1 − x∗∥ ≤

∫ 1

0
ω1

(
(0.5− θ)∥xk − x∗∥+ 0.5∥yk − x∗∥

)
dθ

1− ω1

(∥xk − x∗∥
2

+
∥yk − x∗∥

2

)
− ω2(∥uk − x∗∥, ∥vk − x∗∥)

∥xk − x∗∥

+
ω2(|a|(∥xk − x∗∥+ ∥yk − x∗∥), (1− b)∥xk − x∗∥+ b∥yk − x∗∥)

1− ω1

(∥xk − x∗∥
2

+
∥yk − x∗∥

2

)
− ω2(∥uk − x∗∥, ∥vk − x∗∥)

∥xk − x∗∥

≤ g1(r)∥xk − x∗∥,



ßðìîëàÃ.

38 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2025. Âèï. 34

∥yk+1 − x∗∥ ≤

∫ 1

0
ω1

(
0.5(∥xk − x∗∥+ ∥yk − x∗∥) + θ∥xk+1 − x∗∥

)
dθ

1− ω1

(∥xk − x∗∥
2

+
∥yk − x∗∥

2

)
− ω2(∥uk − x∗∥, ∥vk − x∗∥)

∥xk+1 − x∗∥

+
ω2(∥xk+1 − x∗∥+ (1− a)∥xk − x∗∥+ |a|∥yk − x∗∥, (1− b)∥xk − x∗∥+ b∥yk − x∗∥)

1− ω1

(∥xk − x∗∥
2

+
∥yk − x∗∥

2

)
− ω2(∥uk − x∗∥, ∥vk − x∗∥)

×∥xk+1 − x∗∥ ≤ g2(r)∥xk+1 − x∗∥.

Îñêiëüêè âèêîíóþòüñÿ îöiíêè (10) i (11), òî

∥xk+1 − x∗∥ ≤ ∥xk − x∗∥ < r,

∥yk+1 − x∗∥ ≤ ∥xk+1 − x∗∥ < r.

Îòæå, xk+1, yk+1 ∈ B(x∗, r).
□

Çàóâàæåííÿ 1. ßêùî ôóíêöiÿ ω2 çàäîâîëüíÿ¹ óìîâó

ω2(0, 0) = 0,

òî G ¹ äèôåðåíöiéîâíèì îïåðàòîðîì i G(x;x) = G′(x) [6].
×àñòêîâèì âèïàäêîì ω-óìîâ ¹ êëàñè÷íi óìîâè Ëiïøèöÿ:

ω1(∥x− y∥) = L1∥x− y∥, ω2(∥x− u∥, ∥y − v∥) = L2(∥x− u∥+ ∥y − v∥). (12)

Êðiì òîãî, çàìiñòü äèôåðåíöiéîâíîñòi îïåðàòîðà H â òî÷öi ðîçâ'ÿçêó x∗ ìîæíà
ïðèïóñêàòè, ùî äëÿ âñiõ x, y, z ∈ D, y ̸= z iñíó¹ îïåðàòîð [F ′(x) + G(y; z)]−1 i
∥[F ′(x) +G(y; z)]−1∥ ≤ α.

3. ×èñåëüíi åêñïåðèìåíòè

Ó öüîìó ðîçäiëi íàâåäåìî ðåçóëüòàòè çàñòîñîâíîñòi òåîðåì ïðî çáiæíiñòü ìåòîäiâ
(3) òà (4). Äëÿ öüîãî ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ ðiâíÿíü. Íåõàé x = (ξ1; . . . ; ξm),

m∑
j=1

ξj + eξi − 1.2 + 0.2|ξi + 1| = 0, i = 1, . . . ,m. (13)

Òóò Fi(x) =
m∑
j=1

ξj + eξi − 1.2, Gi(x) = 0.2|ξi + 1|, i = 1, . . . ,m, F,G : Rm → Rm.

Òî÷íèì ðîçâ'ÿçêîì ñèñòåìè (13) ¹ âåêòîð x∗ = (0; . . . ; 0). Áà÷èìî, ùî âåêòîð-ôóíêöiÿ
H ¹ äèôåðåíöiéîâíîþ â òî÷öi x∗, à åëåìåíòè ãîëîâíî¨ äiàãîíàëi ìàòðèöi ïîäiëåíèõ
ðiçíèöü íàëåæàòü âiäðiçêó [−0.2; 0.2]. HexaéD = {x ∈ Rm : ξi ∈ (−1.5, 1)}. Îñêiëüêè

F ′(x) =


eξ1 + 1 1 . . . 1

1 eξ2 + 1 . . . 1

. . .

1 1 . . . eξm + 1

 , H ′(x∗) =


2.2 1 . . . 1

1 2.2 . . . 1

. . .

1 1 . . . 2.2

 ,
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G(x; y) = 0.2diag

{
|ξ1 + 1| − |η1 + 1|

ξ1 − η1
, . . . ,

|ξm + 1| − |ηm + 1|
ξm − ηm

}
, y = (η1; . . . ; ηm),

òî îòðèìà¹ìî, ùî

ω1(∥x− y∥) = A∥x− y∥, ω2(∥x− u∥, ∥y − v∥) = B,

äå A = e∥H ′(x∗)−1∥, B = 0.4∥H ′(x∗)−1∥. Âðàõóâàâøè öå, îäåðæèìî òàêe ðiâíÿííÿ
äëÿ îá÷èñëåííÿ ðàäióñó îáëàñòi çáiæíîñòi îäíîêðîêîâîãî ìåòîäó (3):

0.5Ar +B

1−Ar −B
= 1 ⇒ r =

1− 2B

1.5A
, r ̸= 1−B

A
.

Àíàëîãi÷íî äëÿ äâîêðîêîâîãî ìåòîäó (4) îòðèìà¹ìî òàêi ðiâíÿííÿ:

g1(r) =
0.5Ar +B

1−Ar −B
= 1,

(0.5Ar +B)((1 + 0.5g1(r))Ar +B)

(1−Ar −B)2
= 1.

Â òàáëèöi 1 íàâåäåìî ðåçóëüòàòè äëÿ ðiçíî¨ êiëüêîñòi ðiâíÿíü m. Îñêiëüêè
ôóíêöiÿ ω2 ¹ êîíñòàíòîþ, òî ðàäióñè áóäóòü îäíàêîâèìè äëÿ ðiçíèõ çíà÷åíü ïàðà-
ìåòðiâ ak i bk. Â îá÷èñëåííÿõ âèêîðèñòàíî íîðìó ∥ · ∥∞.

Òàáëèöÿ 1

Ðàäióñè îáëàñòåé çáiæíîñòi

Ìåòîä m = 1 m = 3 m = 5
ìåòîä (3) 0.3434 0.0415 0.0021
ìåòîä (4) 0.2756 0.0318 0.0016

Â òàáëèöi 2 ïîêàçàíî çíà÷åííÿ ïîõèáîê íà êîæíié iòåðàöi¨ äëÿ ak = 0 i bk = 1.
Ðåçóëüòàòè îòðèìàíî äëÿ m = 3. Ïî÷àòêîâi íàáëèæåííÿ x0 = (0.03; 0.03; 0.03),
x−1 = y0 = (0.031; 0.031; 0.031). Iòåðàöiéíèé ïðîöåñ çóïèíÿâñÿ çà óìîâè, ùî

∥xk+1 − xk∥ ≤ 10−8.

Â òàáëèöi 2 íå âêàçàíî çíà÷åííÿ ïðàâî¨ ÷àñòèíè îöiíêè (7), îñêiëüêè âîíà äîðiâíþ¹
∥xk − x∗∥, áî g1(r) = 1.

Òàáëèöÿ 2

Çíà÷åííÿ ïîõèáîê

k ∥xk+1 − x∗∥ ∥xk+1 − x∗∥ g1(r)∥xk − x∗∥ ∥yk+1 − x∗∥ g2(r)∥xk+1 − x∗∥
0 1.0852e-04 1.1216e-04 2.7537e-02 8.1953e-07 1.2220e-04
1 1.4021e-09 1.0930e-11 1.0295e-04 1.7058e-16 1.1907e-11
2 6.1175e-17 1.5973e-17 1.0032e-11 1.0832e-17 1.7402e-17

Òåïåð ðîçãëÿíåìî íåëiíiéíå ðiâíÿííÿ íà iíòåðâàëi (1, 3.5)

5x2 + x|x− 2.5| − 29.04 = 0. (14)
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Ðîçâ'ÿçêîì ðiâíÿííÿ (14) ¹ x∗ = 2.4. Ôóíêöiÿ H ¹ äèôåðåíöiéîâíîþ â öié òî÷öi i

F ′(x) = 10x, H ′(x∗) = 19.2, G(x; y) =
x|x− 2.5| − y|y − 2.5|

x− y
.

Äëÿ ïîäiëåíî¨ ðiçíèöi âèêîíó¹òüñÿ ðiâíiñòü

G(x; y) =
x|x− 2.5| ∓ y|x− 2.5| − y|y − 2.5|

x− y
=

= |x− 2.5|+ y
|x− 2.5| − |y − 2.5|

x− y
.

Òîäi ìîæåìî çàïèñàòè

|G(x; y)−G(u; v)| ≤
∣∣∣|x− 2.5| − |u− 2.5|

∣∣∣+
+

∣∣∣∣y |x− 2.5| − |y − 2.5|
x− y

− v
|u− 2.5| − |v − 2.5|

u− v

∣∣∣∣
≤ |x− u|+ |y − v|

∣∣∣∣ |x− 2.5| − |y − 2.5|
x− y

∣∣∣∣+
+ |v|

∣∣∣∣ |x− 2.5| − |y − 2.5|
x− y

− |u− 2.5| − |u− 2.5|
u− v

∣∣∣∣
≤ |x− u|+ |y − v|+ 2|v|,

îñêiëüêè
|x− 2.5| − |y − 2.5|

x− y
∈ [−1; 1] ∀x, y ∈ (1, 3.5).

Â ðåçóëüòàòi îòðèìà¹ìî, ùî

ω1(∥x− y∥) = A∥x− y∥,

ω2(∥x− u∥, ∥y − v∥) = B∥x− u∥+ C∥y − v∥+D,

äå A = 10∥H ′(x∗)−1∥, B = C = ∥H ′(x∗)−1∥, D = 7∥H ′(x∗)−1∥.
Â òàáëèöi 3 ïîäàíî çíà÷åííÿ ðàäióñiâ îáëàñòåé çáiæíîñòi äëÿ ðiçíèõ çíà÷åíü

ïàðàìåòðiâ ak i bk.

Òàáëèöÿ 3

Ðàäióñè îáëàñòåé çáiæíîñòi

Ìåòîä ak = 0, bk = 1 ak = −1, bk = 1 ak = 0.5, bk = 0
ìåòîä (3) 0.2889 0.2364 0.2737
ìåòîä (4) 0.2236 0.1901 0.2179

Â òàáëèöi 4 ïîêàçàíî çíà÷åííÿ ïîõèáîê íà êîæíié iòåðàöi¨ äëÿ ak = −1 i bk = 1.
Ïî÷àòêîâi íàáëèæåííÿ x0 = 2.5, x−1 = y0 = 2.51.

Ç îòðèìàíèõ ðåçóëüòàòiâ áà÷èìî, ùî îáëàñòü çáiæíîñòi îäíîêðîêîâèõ ìåòîäiâ ¹
øèðøà çà îáëàñòü çáiæíîñòi äâîêðîêîâèõ ìåòîäiâ.
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Òàáëèöÿ 4

Çíà÷åííÿ ïîõèáîê

k ∥xk+1 − x∗∥ ∥xk+1 − x∗∥ g1(r)∥xk − x∗∥ ∥yk+1 − x∗∥ g2(r)∥xk+1 − x∗∥
0 1.1635e-02 1.1812e-02 8.9322e-02 1.5614e-03 1.3224e-02
1 2.4848e-05 2.1754e-06 1.0550e-02 4.3272e-09 2.4355e-06
2 1.1381e-10 2.1583e-13 1.9431e-06 0 2.4163e-13
3 0 0 1.9278e-13 0 0

4. Âèñíîâêè

Â öié ñòàòòi äîñëiäæåíî ëîêàëüíó çáiæíiñòü äâîïàðàìåòðè÷íèõ äèôåðåíöiàëüíî-
ðiçíèöåâèõ ìåòîäiâ çà ñëàáêèõ ω-óìîâ äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ ðiâíÿíü ç
äåêîìïîçèöi¹þ îïåðàòîðà. Ïðîâåäåíi ÷èñåëüíi åêñïåðèìåíòè äåìîíñòðóþòü çàñòî-
ñîâíiñòü îòðèìàíèõ òåîðåòè÷íèõ ðåçóëüòàòiâ.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Argyros I.K. A unifying local-semilocal convergence analysis and applications for two-point
Newton-like methods in Banach space / I.K.Argyros // J. Math. Anal. Appl. � 2004. �
Vol. 298. � P. 374�397.

2. Argyros I.K. Convergence and applications of Newton's-type iterations / I.K.Argyros. �
New-York: Springer-Verlag, 2008. � 506 p.

3. Argyros I.K. Extended convergence analysis of the Newton-Potra method under weak condi-
tions / I.K.Argyros, S. Shakhno, Y. Shunkin, H.Yarmola //Applicationes Mathematicae. �
2021. � Vol. 48(1). � P. 101�110.

4. Argyros I.K. Semilocal convergence of a Newton-secant solver for equations with a decompo-
sition of operator / I.K.Argyros, S.M. Shakhno, H.P.Yarmola // Journal of Computational
Analysis and Applications. � 2021. � Vol. 29, �2. � P. 279�289.

5. C�atina�sE. On some iterative methods for solving nonlinear equations /E.C�atina�s //Rev.
Anal. Num�er. Th�eor. Approx. � 1994. � Vol. 23, �1. � P. 47�53.

6. Hern�andezM.A. A uniparametric family of iterative processes for solving nondi�erentiable
equations /M.A.Hern�andez, M.J.Rubio // J. Math. Anal. Appl. � 2002. � Vol. 275. � P. 821�
834.

7. RenH. New su�cient convergence conditions of the secant method for nondi�erentiable
operators /H.Ren //Appl. Math. Comput. � 2006. � Vol. 182, Iss. 2. � P. 1255�1259.

8. Shakhno S.M. Convergence of the Newton-Kurchatov method under weak conditions
/ S.M. Shakhno, H.P.Yarmola // Journal of Mathematical Sciences. � 2019. � Vol. 243, �1. �
P. 1�10.

9. Shakhno S.M. Two-step combined method for solving nonlinear operator equations
/ S.M. Shakhno, H.P.Yarmola //Æóðíàë îá÷èñëþâàëüíî¨ òà ïðèêëàäíî¨ ìàòåìàòèêè. �
2014. � �. 2(116). � P. 130�140.

Còàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 14.07.2025
äîîïðàöüîâàíà 07.09.2025

ïðèéíÿòà äî äðóêó 17.09.2025



ßðìîëàÃ.

42 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2025. Âèï. 34

CONVERGENCE ANALYSIS OF METHODS
FOR SOLVING NONLINEAR EQUATIONS
WITH OPERATOR DECOMPOSITION

H.Yarmola

Ivan Franko National University of Lviv,

1, Universytetska str., 79000, Lviv, Ukraine,

e-mail: halyna.yarmola@lnu.edu.ua

Complex phenomena and processes are often described by nonlinear equations, the

exact solution of which is quite di�cult or impossible to calculate. Therefore, the numer-

ical solution of nonlinear operator equations remains an urgent problem of computational

mathematics. There are no universal methods for the approximate solution of such prob-

lems. Very often, it is necessary to take into account the speci�cs of each nonlinear problem

being solved, in particular, the possibility of calculating derivatives of a certain order. The

paper studies methods for solving nonlinear equations with operator decomposition. The

operator of such problems can be represented as the sum of a di�erential and a continuous

operator, which is non-di�erentiable at some points in the domain of de�nition. Taking into

account this feature, the classical Newton method is not applicable for numerically solving

these problems. However, di�erence methods can be used, which use divided di�erences

instead of the derivative. A more e�ective approach is di�erential-di�erence methods, the

iteration formulas of which contain the derivative of the di�erential part and the divided

di�erence of the continuous part of the nonlinear operator. In this paper, the convergence

of the one- and two-step two-parametric methods are investigated. Partial cases of these

methods are well-known iterative processes. The analysis of local convergence is carried

out under weak ω-conditions. Error estimates and equations for determining the radii of

the convergence regions of the methods are obtained. Numerical experiments are carried

out on test examples and theoretical results are con�rmed.
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