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Ëàíöþãîâi äðîáè âæå òðèâàëèé ÷àñ âiäîìi ÿê íàäçâè÷àéíî ãíó÷êèé i ïîòóæíèé
iíñòðóìåíò ó ìàòåìàòè÷íîìó ìîäåëþâàííi, òåîði¨ ÷èñåë òà ÷èñåëüíèõ ìåòîäàõ. Âîíè
âiäiãðàþòü âàæëèâó ðîëü ó ðîçâèòêó ÿê ôóíäàìåíòàëüíî¨, òàê i ïðèêëàäíî¨ ìàòåìàòè-
êè. �õ âèêîðèñòàííÿ ìîæíà ïðîñòåæèòè â ðiçíîìàíiòíèõ ãàëóçÿõ íàóêè òà òåõíiêè: âiä
ïîáóäîâè êàëåíäàðíèõ ñèñòåì i ðîçðîáêè ìåòîäiâ àïðîêñèìàöi¨ äî ñêëàäíèõ îá÷èñëþ-
âàëüíèõ àëãîðèòìiâ. Çîêðåìà, ëàíöþãîâi äðîáè çàñòîñîâóþòüñÿ ïðè ñòâîðåííi ñîíÿ÷-
íîãî êàëåíäàðÿ, ó äîâåäåííi iððàöiîíàëüíîñòi ÷èñåë (òàê, ñàìå çàâäÿêè íèì áóëî
ïîêàçàíî iððàöiîíàëüíiñòü äåÿêèõ çíà÷åíü çåò-ôóíêöi¨ Ðiìàíà ζ òà ÷èñëà π), â àëãîðèò-
ìi Ëàíöîøà, ÿêèé ñüîãîäíi àêòèâíî âèêîðèñòîâó¹òüñÿ äëÿ çíàõîäæåííÿ âëàñíèõ çíà-
÷åíü âåëèêèõ ðîçðiäæåíèõ ìàòðèöü, à òàêîæ ó ïåâíèõ àëãîðèòìàõ ôàêòîðèçàöi¨
é êðèïòîãðàôi÷íèõ çàñòîñóâàííÿõ. Êðiì òîãî, ¨õ âëàñòèâîñòi ÷àñòî âèÿâëÿþòüñÿ
êîðèñíèìè ïðè ïîáóäîâi åôåêòèâíèõ ìåòîäiâ àïðîêñèìàöi¨, iíòåðïîëÿöi¨ òà ïðè àíàëiçi
çáiæíîñòi ðÿäiâ.

Îñîáëèâî¨ óâàãè çàñëóãîâó¹ âèêîðèñòàííÿ ëàíöþãîâèõ äðîáiâ ó ðîçâ'ÿçóâàííi
ñèñòåì ðiâíÿíü. Çàâäÿêè ñâî¨é ñòðóêòóði âîíè âèÿâëÿþòü ñåáå ÿê åôåêòèâíèé i
íàäiéíèé iíñòðóìåíò ÷èñåëüíîãî àíàëiçó, ùî ïî¹äíó¹ ïðîñòîòó ðåàëiçàöi¨ ç âèñîêîþ
òî÷íiñòþ ðåçóëüòàòiâ. Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ ñèñòåìè íåëiíiéíèõ ðiâíÿíü,
äëÿ ÿêèõ çàñòîñîâó¹òüñÿ âiäíîñíî ïðîñòà ñõåìà, çàïðîïîíîâàíà ðàíiøå. Ðîçâ'ÿçîê
ôîðìó¹òüñÿ ó âèãëÿäi ìàòðè÷íîãî ëàíöþãîâîãî äðîáó, ùî äîçâîëÿ¹ óçàãàëüíèòè ïiäõiä
íà áiëüø ñêëàäíi çàäà÷i òà ðîáèòü ìåòîä ïðèäàòíèì äëÿ ÷èñåëüíî¨ ðåàëiçàöi¨. Äîäàòêîâî
ôîðìóëþ¹òüñÿ äîñòàòíÿ óìîâà çáiæíîñòi öüîãî ìåòîäó, ùî ¹ êëþ÷îâèì äëÿ éîãî
ïðàêòè÷íîãî çàñòîñóâàííÿ. Ùå îäíi¹þ ïåðåâàãîþ äàíèõ îá÷èñëþâàëüíèõ ñõåì ¹ òå, ùî
âîíè âèêîðèñòîâóþòü äðóãèé òà òðåòié åëåìåíò ðÿäó Òåéëîðà äëÿ N çìiííèõ i äàþòü
ðîçâèíåííÿ ðîçâ'ÿçêó ñèñòåìè â ìàòðè÷íèé ëàíöþãîâèé äðiá.

Íàâåäåíi ðåçóëüòàòè îá÷èñëþâàëüíèõ åêñïåðèìåíòiâ iç òåñòîâèìè çàäà÷àìè ïiäòâåð-
äæóþòü ÿê çáiæíiñòü, òàê i åôåêòèâíiñòü çàïðîïîíîâàíîãî ïiäõîäó. Áiëüøå òîãî,
îòðèìàíi äàíi ñâiä÷àòü ïðî ìîæëèâiñòü ïîäàëüøîãî ðîçøèðåííÿ çàñòîñóâàííÿ ìåòîäó
íà øèðøi êëàñè íåëiíiéíèõ ñèñòåì. Òàêèì ÷èíîì, ñòàòòÿ ðîáèòü âíåñîê i ó ðîçâèòîê
òåîðåòè÷íî¨ áàçè âèêîðèñòàííÿ ëàíöþãîâèõ äðîáiâ, i ó âäîñêîíàëåííÿ ìåòîäiâ ïðè-
êëàäíîãî ÷èñåëüíîãî àíàëiçó.

Êëþ÷îâi ñëîâà: Iòåðàöiéíèé ìåòîä, ñèñòåìè íåëiíiéíèõ ðiâíÿíü, ëàíöþãîâi äðîáè,
ìàòðè÷íi ðiâíÿííÿ.

1. Âñòóï

Âàæëèâiñòü ðîçðîáêè ìåòîäiâ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ ñèñòåì îáóìîâëåíà ¨õ
øèðîêèì ïðàêòè÷íèì çàñòîñóâàííÿì [4], [5], [6]. Ñåðåä íàéïîìiòíiøèõ ãàëóçåé �
áàëiñòèêà ðàêåòíèõ äâèãóíiâ òà ¨õ óòèëiçàöiÿ, à òàêîæ ñó÷àñíi äîñëiäæåííÿ ó ñôåði
âiðóñîëîãi¨ òà iìóíîëîãi¨. Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ ñèñòåìè íåëiíiéíèõ ðiâíÿíü,
äëÿ ÿêèõ çàñòîñîâó¹òüñÿ âiäíîñíî ïðîñòà ñõåìà, çàïðîïîíîâàíà ðàíiøå â [2].
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Ïåðåä òèì ÿê ïåðåéòè äî îïèñó àëãîðèòìó çóïèíèìîñÿ íà áàçîâîìó àïàðàòi [3],
ÿêèé áóäå âèêîðèñòàíî ó ôîðìóëi Òåéëîðà äëÿ ôóíêöié iç áàãàòüìà çìiííèìè.

Òåîðåìà 1. ßêùî ôóíêöiÿ n çìiííèõ y = f(x1, x2, ...., xn) âèçíà÷åíà i íåïåðåðâíà
ðàçîì ç óñiìà ñâî¨ìè ÷àñòèííèìè ïîõiäíèìè äî ïîðÿäêó m,m ≥ 1, âêëþ÷íî â
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(0)
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0 < θ < 1,∆x = (∆x1, ..,∆xn),
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äå rm(∆x) ìîæíà çàïèñàòè êîæíèì iç íàñòóïíèõ ñïîñîáiâ

rm (∆x) =
∑
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εm1...mn
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1 . . .∆xmn
n ,

äå limρ→0 εm1...mn
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i , àáî
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òîáòî

rm(∆x) = o(ρm), ρ → 0.

Íàðåøòi, ÷åðåç äèôåðåíöiàëè ôîðìóëó ìîæíà çàïèñàòè ó âèãëÿäi

∆y =
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+ rm (∆x) .

Äëÿ âèïàäêó ôóíêöi¨ äâîõ çìiííèõ ôîðìóëà (1) ìîæå áóòè çàïèñàíà íàñòóïíèì
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Ðîçãëÿíåìî ñèñòåìó n íåëiíiéíèõ ðiâíÿíü ç n íåâiäîìèìè:

fi (x1, x2, . . . , xn) = 0, (3)

äå fi (i = 1, n) ¹ ôóíêöiÿìè âiä äiéñíèõ çìiííèõ x1, x2, . . . , xn.

Íåõàé ôóíêöi¨ n çìiííèõ, yi = fi(x1, x2, . . . , xn), (i = 1, n) âèçíà÷åíi òà íåïåðåðâíi
ðàçîì ç óñiìà ¨õíiìè ÷àñòêîâèìè ïîõiäíèìè äî äðóãîãî ïîðÿäêó âêëþ÷íî â äåÿêîìó

δ-îêîëi òî÷êè x(0) = fi

(
x
(0)
1 , x

(0)
2 . . . , x

(0)
n

)
.

Ïðèïóñòèìî, ùî x
(k)
1 , x

(k)
2 . . . , x

(k)
n , (k = 0, 1, . . . ) ¹ íàáëèæåíèìè ðîçâ'ÿçêàìè

ñèñòåìè ðiâíÿíü (3). I íåõàé äëÿ êðîêó k, òîáòî äëÿ íàáëèæåíü x
(k)
1 , x

(k)
2 . . . , x

(k)
n ,

ðiâíÿííÿ ñèñòåìè (3) íå âèêîíó¹òüñÿ. Òîäi áóäåìî øóêàòè ïîïðàâêè hj , (j = 1, n),

ïðè ÿêèõ â ðåçóëüòàòi ïiäñòàíîâêè x
(k+1)
j = x

(k)
j +hj ðiâíÿííÿ áóäóòü âèêîíóâàòèñÿ:
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)
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)
. (4)

Çàïèøåìî òåïåð ôîðìóëó Òåéëîðà äëÿ ôóíêöi¨ çìiííèõ n :

fi

(
x
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= f1
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1
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q=1
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n
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q

hjhq


+o(h3), h =

√
h1 + h2 + . . .+ hn , i = 1, 2, . . . , n.

(5)

Òîäi íà îñíîâi ñèñòåìè (3) òà ôîðìóëè Òåéëîðà (5) äëÿ âèçíà÷åííÿ ïîïðàâîê
h1, h2, . . . , hn ç òî÷íiñòþ äî o(h3) ìîæíà çàïèñàòè íàñòóïíó ñèñòåìó ðiâíÿíü:

fi

(
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1 , x
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+
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∂fi
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n
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(k)
j ∂x
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+ o(h3) = 0, i = 1, 2, . . . , n.

(6)

Òàêèì ÷èíîì, çàäà÷à ðîçâ'ÿçàííÿ ñèñòåìè (4) çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ ñèñòåì
àëãåáðè÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç áàãàòüìà íåâiäîìèìè.

2. Îá÷èñëþâàëüíà ñõåìà äðóãîãî ïîðÿäêó äëÿ ôóíêöié

n çìiííèõ

Iäåÿ ïðîïîíîâàíîãî ìåòîäó ïîëÿãà¹ ó âèêîðèñòàííi ïåðiîäè÷íèõ ìàòðè÷íèõ ëàí-
öþãîâèõ äðîáiâ äëÿ îá÷èñëåííÿ ðîçâ'ÿçêiâ âèõiäíî¨ ñèñòåìè ïiñëÿ ïåâíèõ åëåìåíòàð-
íèõ ïåðåòâîðåíü, ÿêi ïðèâîäÿòü äî çàñòîñóâàííÿ ðåêóðåíòíèõ ñïiââiäíîøåíü.

Çàñòîñó¹ìî öåé ïiäõiä äî (4).
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Ñèñòåìà (4) ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi:

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
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∂
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2 . . . , x

(k)
n

)
, i = 1, n .

(7)

Ó ìàòðè÷íié ôîðìi (5) ìîæå áóòè çàïèñàíà òàê
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i = 1, n .

Ââåäåìî äî ðîçãëÿäó òàêi ïîçíà÷åííÿ:

A1 =
1

2



∂2f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2 . . .
∂2f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n

...
. . .

...

∂2fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2 . . .
∂2fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n


,
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A2 =
1

2



∂2f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)2 . . .
∂2f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
n

...
. . .

...

∂2fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)2 . . .
∂2fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
n


,

. . .

An =
1

2



∂2f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)2 . . .
∂2f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
n−1∂x

(k)
n

...
. . .

...

∂2fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)2 . . .
∂2fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
n−1∂x

(k)
n


,

Ah =



∂f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
1

. . .
∂f1

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
n

...
. . .

...

∂fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
1

. . .
∂fn

(
x
(k)
1 , . . . , x

(k)
n

)
∂x

(k)
n


, (9)

b =


−f1

(
x
(k)
1 , . . . , x

(k)
n

)
...

−fn

(
x
(k)
1 , . . . , x

(k)
n

)
 .

Òîäi (6) ìîæíà çàïèñàòè òàê:

(A1h1 + . . .+Anhn +Ah) (h1 . . . hn)
T
= b (10)

ßêùî çàïèñàòè ÿê (A1 . . . An)◦(h1 . . . hn)
T
ñóìó

n∑
i=1

Aihi , òî (10) ìîæíà ïðåäñòàâèòè

òàê: (
(A1 . . . An) ◦ (h1 . . . hn)

T
+Ah

)
(h1 . . . hn)

T
= b. (11)

Ïðèïóñòèìî òåïåð, ùî
(
(A1 . . . An) ◦ (h1 . . . hn)

T
+Ah

)
íå ¹ âèðîäæåíîþ ìàòðèöåþ.

Ç âiäíîøåííÿ (8) îäåðæó¹ìî:

(h1 . . . hn)
T
=
(
(A1 . . . An) ◦ (h1 . . . hn)

T
+Ah

)−1

b. (12)
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Êðiì òîãî, ìîæíà íà îñíîâi (12) çàïèñàòè äëÿ (h1 . . . hn)
T
ðîçâèíåííÿ ó ìàòðè÷íèé

ëàíöþãîâèé äðiá

(h1 . . . hn)
T
=

b

Ah + (A1 . . . An) ◦
b

Ah + (A1 . . . An) ◦
b

Ah + . . .

.

àáî ó ôîðìi çàïèñó Ðîäæåðñà

(h1 . . . hn)
T
=

b

Ah +
(A1 . . . An) ◦

b

Ah +
(A1 . . . An) ◦

b

Ah +
. . . . (13)

Îòæå, ìè ìîæåìî çàïèñàòè ðåêóðåíòíó ôîðìóëó äëÿ îá÷èñëåííÿ íàáëèæåíîãî
ðîçâ'ÿçêó ñèñòåìè (3) ç âèêîðèñòàííÿì ìàòðè÷íèõ ïðîäîâæåíü äðîáiâ:


h
(k+1)
1

...

h
(k+1)
n

 = −

(A1, A2, . . . , An) ◦


h
(k)
1

...

h
(k)
n

+Ah


−1


f1

(
x
(k)
1 , . . . , x

(k)
n

)
...

fn

(
x
(k)
1 , . . . , x

(k)
n

)

 ,

(14)
k = 1, 2... .

Òàêèì ÷èíîì, äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (3) ìîæíà ïîáóäóâàòè
íàñòóïíèé àëãîðèòì íà îñíîâi (4):

1. Çàäà¹ìî ïîõèáêó ε > 0;

2. Ïîêëàäà¹ìî ïî÷àòêîâå íàáëèæåííÿ, x
(0)
1 , . . . , x

(0)
n ∈ R , h

(0)
1 , . . . , h

(0)
n ∈ R;

3. Âèçíà÷à¹ìî ëi÷èëüíèê r k = 1;

4. Çíàõîäèìî íàñòóïíó ïîïðàâêó çà ôîðìóëîþ (14):


h
(k+1)
1

...

h
(k+1)
n

 = −

A1, . . . , An) ◦


h
(k)
1

...

h
(k)
n

+Ah


−1


f1

(
x
(k)
1 , . . . , x

(k)
n

)
...

fn

(
x
(k)
1 , . . . , x

(k)
n

)

 ,

k = 1, 2...

5. Îá÷èñëþ¹ìî íîâå íàáëèæåííÿ x
(k+1)
1 = x

(k)
1 + h

(k)
1 , . . . , x

(k+1)
n = x

(k)
n + h

(k)
n ;

6. Ïðîâîäèìî ïåðåâiðêó óìîâó
∥∥∥x(k+1)

i − x
(k)
i

∥∥∥ ≤ ε (i = 1, 2, . . . , n) . ßêùî óìîâà

íå âèêîíó¹òüñÿ, âñòàíîâëþ¹ìî ëi÷èëüíèê k = k + 1, ïðèñâîþ¹ìî çíà÷åííÿ

x
(k+1)
i (i = 1, 2, . . . , n) åëåìåíòàì x

(k)
i i ïåðåõîäèìî äî êðîêó 4, iíàêøå ïîâåðòà-

¹ìî x
(k)
i (i = 1, 2, . . . , n).
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3. Ñõåìà òðåòüîãî ïîðÿäêó äëÿ ôóíêöié n çìiííèõ

Ôîðìóëó Òåéëîðà äëÿ ôóíêöié n-õ çìiííèõ ç òî÷íiñòþ äî O(h3) ìîæíà çàïèñàòè
ó âèãëÿäi

fi

(
x
(k)
1 + h1, x

(k)
2 + h2, . . . , x

(k)
n + hn

)
= fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
+

n∑
j=1

∂fi
(
x
(k)
1 ,x

(k)
2 ...,x(k)

n

)
∂x

(k)
j

hj +
1
2!

( n∑
j=1

n∑
q=1

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
q

hjhq

)
+ 1

3!

( n∑
j=1

n∑
p=1

n∑
q=1

∂3fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
p ∂x

(k)
q

hjhphq

)
+o(h4), h =

√
h2
1 + h2

2 + . . .+ h2
n , i = 1, 2, . . . , n.

(15)

Òîäi íà îñíîâi ñèñòåìè (4) çà ôîðìóëîþ Òåéëîðà äëÿ âèçíà÷åííÿ h1, h2, . . . , hn iç
òî÷íiñòþ äî o(h3) ìîæåìî çàïèñàòè íàñòóïíó ñèñòåìó ðiâíÿíü

fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
+

n∑
j=1

∂fi
(
x
(k)
1 ,x

(k)
2 ...,x(k)

n

)
∂x

(k)
j

hj+

+ 1
2!

( n∑
j=1

n∑
q=1

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
q

hjhq

)
+

1
3!

( n∑
j=1

n∑
p=1

n∑
q=1

∂3fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
p ∂x

(k)
q

hjhphq

)
= 0

+o(h4), h =
√
h2
1 + h2

2 + . . .+ h2
n , i = 1, 2, . . . , n.

(16)

Çâiäêè

n∑
j=1

∂fi
(
x
(k)
1 ,x

(k)
2 ...,x(k)

n

)
∂x

(k)
j

hj +
1
2!

( n∑
j=1

n∑
q=1

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
q

hjhq

)
+ 1

3!

( n∑
j=1

n∑
p=1

n∑
q=1

∂3fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
p ∂x

(k)
q

hjhphq

)
= −f1

(
x
(k)
1 , . . . , x

(k)
n

)
+o(h4), h =

√
h2
1 + h2

2 + . . .+ h2
n , i = 1, 2, . . . , n.

(17)

Òàêèì ÷èíîì, ó äàíîìó âèïàäêó çàäà÷à ðîçâ'ÿçàííÿ ñèñòåìè (4) çâîäèòüñÿ äî
ðîçâ'ÿçóâàííÿ ñèñòåì àëãåáðà¨÷íèõ ðiâíÿíü òðåòüîãî ïîðÿäêó ç áàãàòüìà íåâiäîìèìè.

Ñõåìà ìåòîäó çíîâó ïîëÿãà¹ ó âèêîðèñòàííi ïåðiîäè÷íèõ ìàòðè÷íèõ ëàíöþãîâèõ
äðîáiâ äëÿ îá÷èñëåííÿ ðîçâ'ÿçêiâ âèõiäíî¨ ñèñòåìè ïiñëÿ ïåâíèõ åëåìåíòàðíèõ
ïåðåòâîðåíü, ÿêi ïðèâîäÿòü äî çàñòîñóâàííÿ ðåêóðåíòíèõ ñïiââiäíîøåíü. Çàñòîñó¹ìî
öåé ïiäõiä äî (4).
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Ñèñòåìà (17) ìîæå áóòè ó òàêîìó âèïàäêó ïðåäñòàâëåíà ó âèãëÿäi:(
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)3 h2
1 +

1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2
∂x

(k)
2

h1h2 +

+
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2
∂x

(k)
3

h1h3 + · · ·+
1

6

∂3fi

(
x
(k)
1 , x

(k)
n−1, . . . , x

(k)
n

)
∂
(
x
(k)
1

)2
∂x

(k)
n−1

h1hn−1 +

+
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂

(
x
(k)
n

)2 h2
n +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2 h1 + . . .+

+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n

hn +
∂fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1

)
h1 +

+

(
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2
∂
(
x
(k)
2

) h2
1 +

1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂

(
x
(k)
2

)2 h1h2 + . . .+

+
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)2
∂x

(k)
3

h2h3 + · · ·+
1

6

∂3fi

(
x
(k)
2 , x

(k)
n−1, . . . , x

(k)
n

)
∂
(
x
(k)
2

)2
∂x

(k)
n−1

h2hn−1 +

+
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 ∂

(
x
(k)
n

)2 h2
n +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂ x

(k)
2

h1 + . . .+

+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
n

hn +
∂fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2

)
h2 + . . .

+

(
1

6

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2
∂x

(k)
n

h2
1 +

1

6

∂2fi

(
x
(k)
1 , x

(k)
n , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
2 ∂x

(k)
n

h1h2

+
1

6

∂3fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
3 ∂x

(k)
n

h1h3 + · · ·+
1

6

∂3fi

(
x
(k)
n−1, x

(k)
n , . . . , x

(k)
n

)
∂x

(k)
n−1

(
∂x

(k)
n

)2 hn−1hn +

+ . . .+
1

6

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)3 h2
n +

1

2

∂2fi

(
x
(k)
1 , x

(k)
n , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n

h1 +
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+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
n−1∂x

(k)
n

hn−1 +
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
(x

(k)
n

)2 hn+

+
∂fi

(
x
(k)
1 ,x

(k)
2 ...,x(k)

n

)
∂x

(k)
n

)
hn = −fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
, i = 1, n .

(18)

ßêùî òåïåð ââåñòè ïîçíà÷åííÿ

A
h2
1
=

1

6



∂3f1
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

)3

∂3f1
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n
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Ahn =
1

2



∂2f1
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

)
∂
(
x
(k)
n

) ∂2f1
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
2

)
∂
(
x
(k)
n

) . . .
∂2f1

(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
n

)2

∂2f2
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

)
∂
(
x
(k)
n

) ∂2f2
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
2

)
∂
(
x
(k)
n

) . . .
∂2f2

(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
n

)2

.

.

.

.

.

.

.

.

.

.

.

.

∂2fn
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

)
∂
(
x
(k)
n

) ∂2fn
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
2

)
∂
(
x
(k)
n

) . . .
∂2fn

(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
n

)2



,

Ah =
1

2



∂f1
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

) ∂f1
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
2

) . . .
∂f1

(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
n

)
. . . . . . . . . . . .

∂f2
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

) ∂f2
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
2

) . . .
∂f2

(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
n

)
.

.

.

.

.

.

.

.

.

.

.

.

∂fn
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
1

) ∂fn
(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
2

) . . .
∂fn

(
x
(k)
1 , x

(k)
2 , . . . , x(k)

n

)
∂
(
x
(k)
n

)



,
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b =
1

2



−f1
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
−f2

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
...

−fn
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)


,

òî ñèñòåìó ðiâíÿíü (17) ìîæíà çàïèñàòè ó ìàòðè÷íîìó âèãëÿäi

(
Ah2

1
h2
1 +Ah2

2
h2
2 + · · ·+Ah2

n
h2
n +Ah1h2

h1h2 +Ah1h3
h1h3 + · · ·+

+Ahn−1hn
hn−1hn +Ah1

h1 +Ah2
h2 +Ahn

hn +Ah

)
◦ (h1h2 . . . hn)

T = b.

Ïåðåãðóïó¹ìî äîäàíêè i îòðèìà¹ìî((
n∑

i=1

Ah1hikih1hi +Ah1h1

)
+

(
n∑

i=1

Ah2hikih2hi +Ah2h2

)
+ . . .+

+

(
n∑

i=1

Ahnhi
kihnhi +Ahn

hn

)
+Ah

)
◦ (h1h2 . . . hn)

T
= b,

(19)

äå kj = 1 ÿêùî i = j òà kj =
1

n− 1
â iíøîìó âèïàäêó. Äàëi, äëÿ âèçíà÷åííÿ âåêòîðà

(h1h2 . . . hn)
T îäåðæó¹ìî

(h1h2 . . . hn)
T
=

((
n∑

i=1

Ah1hi
kih1hi +Ah1

h1

)
+

(
n∑

i=1

Ah2hi
kih2hi +Ah2

h2

)
+

+ . . .+

(
n∑

i=1

Ahnhi
kihnhi +Ahn

hn

)
+Ah

)−1

◦ b.
(20)

Àáî
h1

...

hh

 =
E( n∑

i=1

Ah1hikih1hi +Ah1h1

)
+ . . .+

( n∑
i=1

Ahnhikihnhi +Ahnhn

)
+Ah

· b

(21)
Çâiäêè

h1

...

hh

 =
E( n∑

i=1

Ah1hi
kihi +Ah1

)
h1 + . . .+

( n∑
i=1

Ahnhi
kihi +Ahn

)
hn +Ah

· b (22)
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Â ñâîþ ÷åðãó äëÿ

(
n∑

i=1

Ahjhi
kihi +Ahj

)
hj ïiñëÿ ïåðåòâîðåíü îòðèìó¹ìî

(
n∑

i=1
Ahjhi

kihi +Ahj

)
hj =

(
n∑

i=1
Ahjhi

kihi +Ahj

)
A−1

hj
Ahj

hj =

=

(( n∑
i=1

Ahjhi
kihi +Ahj

)−1
)−1

A−1
hj

Ahj
hj =

(
Ahj

( n∑
i=1

Ahjhi
kihi +Ahj

)−1
)−1

Ahj
hj =

=

(( n∑
i=1

Ahjhi
kihi +Ahj

−
n∑

i=1
Ahjhi

kihi

)( n∑
i=1

Ahjhi
kihi +Ahj

)−1
)−1

Ahj
hj =

=
E

E −
( n∑
i=1

Ahjhi
kihi

) E
n∑

i=1
Ahjhi

kihi +Ahj

·Ahj
hj =

=
E

E −
(( n∑

i=1
Ahjhi

kihi

)−1
)−1 E

n∑
i=1

Ahjhi
kihi +Ahj

·Ahj
hj =

=
E

E −
E( n∑

i=1
Ahjhi

kihi +Ahj

)( n∑
i=1

Ahjhi
kihi

)−1

·Ahj
hj =

E

E −
E

E +Ahj
·

E
n∑

i=1
Ahjhi

kihi

·Ahj
hj .

(23)
Îòæå

( n∑
i=1

Ahjhikihi +Ahj

)
hj =

E

E −
E

E +Ahj ·
E

n∑
i=1

Ahjhi
kihi

·Ahj
hj . (24)

Iç âðàõóâàííÿì (24) ðiâíiñòü (22) ìîæíà ïåðåïèñàòè òàê

(
h1h2 . . . hn

)T
=

=
E

Ah +Ah1
h1

E

E −
E

E +
E

n∑
i=1

Ah1hikihi

Ah1

+ . . .+Ahn
hn

E

E −
E

E +
E

n∑
i=1

Ahnhikihi

Ahn

· b

(25)
Îäåðæàíà ôîðìóëà ìîæå áóòè âèêîðèñòàíà äëÿ îðãàíiçàöi¨ iòåðàöiéíîãî ïðîöåñó äëÿ
ðîçâ'ÿçàííÿ ñèñòåìè ðiâíÿíü (17)
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(
h
(j+1)
1 h

(j+1)
2 . . . h

(j+1)
n

)T
=

=
E

Ah +Ah1
h
(j)
1

E

E −
E

E +
E

n∑
i=1

Ah1hi
kih

(j)
i

Ah1

+ . . .+Ahnh
(j)
n

E

E −
E

E +
E

n∑
i=1

Ahnhi
kih

(j)
n

Ahn

b

(26)
Òàêèì ÷èíîì, äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (18) ìîæíà ïîáóäóâàòè

íàñòóïíèé àëãîðèòì íà îñíîâi (26):
1. Çàäà¹ìî ïîõèáêó ε > 0;

2. Ïîêëàäà¹ìî ïî÷àòêîâå íàáëèæåííÿ, x
(0)
1 , . . . , x

(0)
n ∈ R, h(0)

1 , . . . , h
(0)
n ∈ R;

3. Âèçíà÷à¹ìî ëi÷èëüíèê r j = 1;

4. Çíàõîäèìî íàñòóïíó ïîïðàâêó çà ôîðìóëîþ (26):

(
h
(j+1)
1 h

(j+1)
2 . . . h

(j+1)
n

)T
=

=
E

Ah +Ah1
h
(j)
1

E

E −
E

E +
E

n∑
i=1

Ah1hi
kih

(j)
i

Ah1

+ . . .+Ahnh
(j)
n

E

E −
E

E +
E

n∑
i=1

Ahnhi
kih

(j)
n

Ahn

b.

5. Îá÷èñëþ¹ìî íîâå íàáëèæåííÿ x
(j+1)
1 = x

(j)
1 + h

(j)
1 , . . . , x

(j+1)
n = x

(j)
n + h

(j)
n ;

6. Ïðîâîäèìî ïåðåâiðêó óìîâó
∥∥∥x(j+1)

i − x
(j)
i

∥∥∥ ≤ ε (i = 1, 2, . . . , n) . ßêùî óìîâà

íå âèêîíó¹òüñÿ, âñòàíîâëþ¹ìî ëi÷èëüíèê j = j + 1, ïðèñâîþ¹ìî çíà÷åííÿ

x
(j+1)
i (i = 1, 2, . . . , n) åëåìåíòàì x

(j)
i i ïåðåõîäèìî äî êðîêó 4, iíàêøå ïîâåðòà¹ìî

x
(j)
i (i = 1, 2, . . . , n).

4. Ïðî çáiæíiñòü îá÷èñëþâàëüíèõ ñõåì

Çáiæíiñòü ïåðiîäè÷íîãî íåïåðåðâíîãî ìàòðè÷íîãî äðîáó ìàòðèöi (13) ¹ íåîáõiäíîþ
óìîâîþ äëÿ çáiæíîñòi íàïðèêëàä iòåðàöiéíîãî ïðîöåñó (14).

Äëÿ âèâ÷åííÿ ïðîáëåìè çáiæíîñòi äî ðîçâ'ÿçêó ïîäiáíèõ ðîçâèíåíü ðîçãëÿíåìî
äàëi çàãàëüíèé ÌÃËÄ íåêàíîíi÷íî¨ ôîðìè

D = b0 +
∞
D
s=1

n∑
k(s)=1

Ak(s)
·

E

Bk(s)

· Ck(s)
, (27)

äå ìàòðèöi Ak(s)
, Bk(s)

∈ Rp×p, òà âñòàíîâèìî ¨õ âëàñòèâîñòi, ÿêi ïîòðiáíi äëÿ
îòðèìàííÿ íàäiéíèõ êðèòåði¨â äëÿ óõâàëåííÿ ðiøåííÿ ïðî çàêií÷åííÿ iòåðàöié òà
çáiæíîñòi ïðîöåñó ñàìå äî ðîçâ'ÿçêó êîíêðåòíèõ ðiâíÿíü.

Ïðèïóñòèìî òåïåð, ùî ðîçâ'ÿçîê îäíîãî iç ìàòðè÷íèõ ðiâíÿíü iñíó¹ òà íàëåæèòü
äî äåÿêîãî ñêií÷åíîãî iíòåðâàëó. À îá÷èñëþ¹òüñÿ âií çà âiäïîâiäíîþ iòåðàöiéíîþ
ïðîöåäóðîþ, ÿêà äà¹ ðîçâèíåííÿ âèäó (27). Óñòàíîâèìî òåïåð, ÷è ìîæíà âèêîðèñòàòè
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óìîâè çáiæíîñòi ìàòðè÷íîãî ãiëëÿñòîãî äðîáó ÿê êðèòåðié çàêií÷åííÿ iòåðàöiéíîãî
ïðîöåñó.

Ó ðîáîòi [1] áóëî óçàãàëüíåíî äîñòàòíþ óìîâó äëÿ çáiæíîñòi Âîðïèöüêîãî. Öÿ
îñîáëèâiñòü ìîæå áóòè âèêîðèñòàíà ïðè àíàëiçi çáiæíîñòi ìàòðèöi ç íåïåðåðâíèì
äðîáîì (10):

Òåîðåìà 2. ßêùî äëÿ ∥X∥ ∈ (0, 2/3) iñíó¹, ïðè÷îìó ëèøå îäèí ðîçâ'ÿçîê

ïîëiíîìiàëüíîãî ìàòðè÷íîãî ðiâíÿííÿ, òî éîãî ðîçâèíåííÿ çà iòåðàöiéíîþ ïðîöå-

äóðîþ ó ÌÃËÄ ç åëåìåíòàìè, ùî çàäîâîëüíÿþòü óìîâè

n∑
k1=1

Ak1

E +

n∑
k2=1

Ak1k2

E + . . .+

n∑
kl=1

Ak1k2...kl

E + . . .

âèêîíó¹òüñÿ óìîâà∥∥A−1
k1k2...kl

∥∥ ≥ 1

4n
(i = 1, 2, 3, . . . ; kl = 1, 2, . . . , n)

òî âií ¹ àáñîëþòíî çáiæíèì äî öüîãî ðîçâ'ÿçêó .

Çàñòîñó¹ìî òåîðåìó (2) äî íåïåðåðâíîãî äðîáó (13). Î÷åâèäíî, ùî öåé íåïåðåð-
âíèé äðiá áóäå àáñîëþòíî çáiæíèì, ÿêùî óìîâà∥∥∥(A1 A2 . . . An) ◦ (Ah)

−1
b
∥∥∥ ≤ 1

4
. (28)

âèêîíó¹òüñÿ.
Ïiäñòàâëÿ¹ìî çíà÷åííÿ A1, A2, . . . , An+1, b ó íåðiâíiñòü (12) i îòðèìó¹ìî äîñòàòíþ

óìîâó äëÿ çáiæíîñòi ïåðiîäè÷íîãî ëàíöþãîâîãî äðîáó (10).
Òåîðåìà 3. ßêùî äëÿ ∥X∥ ∈ (0, n) iñíó¹, ïðè÷îìó ëèøå îäèí ðîçâ'ÿçîê ïîëiíî-

ìiàëüíîãî ìàòðè÷íîãî ðiâíÿííÿ, òî éîãî ðîçâèíåííÿ çà iòåðàöiéíîþ ïðîöåäóðîþ ó

ÌÃËÄ ç åëåìåíòàìè, ùî çàäîâîëüíÿþòü óìîâè∥∥∥b−1
k(s)

∥∥∥ <
1∥∥Ak(s)

∥∥ ∥∥Ck(s)

∥∥+ n
(1 ≤ ks ≤ n; s = 1, 2, 3, ...), (29)

çáiãà¹òüñÿ äî öüîãî ðîçâ'ÿçêó.

Òåîðåìà 4. ßêùî äëÿ ∥X∥ ∈ (0,
n∑

k1=1

∥Ak1
∥ ∥Ck1

∥] iñíó¹, ïðè÷îìó ëèøå îäèí

ðîçâ'ÿçîê ïîëiíîìiàëüíîãî ìàòðè÷íîãî ðiâíÿííÿ, òî ðîçâèíåííÿ éîãî çà iòåðàöiéíîþ

ïðîöåäóðîþ ó ÌÃËÄ ç åëåìåíòàìè, ùî çàäîâîëüíÿþòü óìîâè∥∥∥B−1
k(s)

∥∥∥ ≤
1

1 +
n∑

ks+1=1

∥∥Ak(s+1)

∥∥ ∥∥Ck(s+1)

∥∥ (s = 1, 2, 3...), (30)

çáiãà¹òüñÿ äî öüîãî ðîçâ'ÿçêó

Íàâåäåíi îçíàêè çáiæíîñòi âêàçóþòü íà ìîæëèâiñòü îá÷èñëþâàòè Xm iç çàäàíîþ
òî÷íiñòþ ϵ íà îñíîâi ïåðåâiðêè íåðiâíîñòi

∥Xm −Xm−1∥ ≤ ϵ,

ÿêùî âèêîíó¹òüñÿ îäíà iç íàâåäåíèõ äîñòàòíiõ îçíàê çáiæíîñòi äî ðîçâ'ÿçêó.
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Ó öüîìó ðàçi
∥Xm −X∥ < ∥Xm −Xm−1∥

à îòæå, X ⊂ (∥Xm −Xm−1∥).
Ñëiä çàóâàæèòè, ùî íà ïðàêòèöi iòåðàöiéíi ïðîöåñè îá÷èñëåííÿ Xk íåðiäêî ¹

çáiæíèìè çà çíà÷íî ìåíø ñóâîðèõ óìîâ. I íàâåäåíi ðåçóëüòàòè ÷èñëîâèõ åêñïåðè-
ìåíòiâ ïåðåêîíëèâî ïiäòâåðäæóþòü öåé ôàêò.

5. Îá÷èñëþâàëüíi åêñïåðèìåíòè

Çàïðîïîíîâàíà ñõåìà áóëà ðåàëiçîâàíà íà ìîâi Python çà äîïîìîãîþ IDE Py-
Scripter, ùî ¹ çðó÷íèì äîäàòêîì ç âiäêðèòèì âèõiäíèì êîäîì. Äëÿ îá÷èñëåííÿ
ìàòðèöü Ah, Ah1 , Ah2 , Ah1h2 , Ah1h1 .Ah2h2 â ñèìâîëüíîìó âèäi âèêîðèñòàíî áiáëiîòåêó
sympy. Äëÿ ÷èñëîâèõ îá÷èñëåíü çàñòîñîâàíî çàñîáè áiáëiîòåêè numpy. Âèìiðþâàííÿ
÷àñó ðîáîòè ïðîâîäèëîñÿ åëåìåíòàìè áiáëiîòåêè time. Ùîá ïðîäåìîíñòðóâàòè çàñ-
òîñîâíiñòü îá÷èñëþâàëüíî¨ ñõåìè òà ¨¨ åôåêòèâíiñòü, ðîçãëÿíåìî íàñòóïíi ïðèêëàäè:

Ïðèêëàä 1. Ðîçãëÿíåìî íàñòóïíó ñèñòåìó ïîëiíîìiàëüíèõ ðiâíÿíü
x4 + 2x2y − 3x2 − 4xy2 + 3y3 + 2xy − y2 + 7x− 8y + 1 = 0;

3x4 − 4xy + 3x2 − 2xy2 − 4y3 + 3xy + 2y2 − 9x+ 6y + 2 = 0.
(31)

Ïî÷àòêîâi íàáëèæåííÿ äëÿ ñèñòåìè (31) i ó âèïàäêó ñõåì 2-ãî i 3-ãî ïîðÿäêiâ, à
òàêîæ äëÿ ìåòîäó Íüþòîíà ìàþòü íàñòóïíi çíà÷åííÿ:

� x(0) = −11.34 and y(0) = −2.47;

� h
(0)
x = 0.2 and h

(0)
y = 0.2.

îäåðæèìî ðåçóëüòàòè ïîäàíi â òàáëèöi 1.

Òàáëèöÿ 1

Ïî÷àòêîâi íàáëèæåííÿ äëÿ ñèñòåìè (31)

Íîðìà íåâ'ÿçêè Íîðìà íåâ'ÿçêè Íîðìà íåâ'ÿçêè
Iòð ñõåìè Íüþòîíà tc ñõåìè 2-ãî ï-êó tc ñõåìè 3-ãî ï-êó tc
6 172.8878 0.394 ñ 38.50 0.391c 3.7380 0.51c
8 19.0642 0.521 ñ 1.826221 0.536c 0.0467456 0.77c
10 1.93790 0.667 ñ 0.0020 0.681c 0.0000015 1.02c
12 0.001837 0.841 c 8.0701 · 10−10 0.86c 2.51 · 10−15 1.36c
13 2.35419 · 10−7 0.931 ñ 1.7763 · 10−15 0.954c
14 3.66205 · 10−15 1.025 ñ

Îá÷èñëåíî ðîçâ'ÿçîê x = −0.249649623132121; y = 1.72403290850136
Ïðèêëàä 2. Ðîçãëÿíåìî òàêó ñèñòåìó íåëiíiéíèõ ðiâíÿíü{

tg(x)x3 + 2x2y − 3x2 − 4xy2 + 3y3 + 2xy − y2 + 7x− 8y + sin(y) = 0

ex3x3 − 4x2y + 3x2 − 2xe2 − 4y3 + 3xy + 2y2 − 9x+ 6y + coc(x) = 0.
(32)

Ïî÷àòêîâi íàáëèæåííÿ äëÿ ñèñòåìè (32) i ó âèïàäêó ñõåì 2-ãî i 3-ãî ïîðÿäêiâ, à
òàêîæ äëÿ ìåòîäó Íüþòîíà ìàþòü íàñòóïíi çíà÷åííÿ:
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� x(0) = −11.34 and y(0) = −2.47;

� h
(0)
x = 0.2 and h

(0)
y = 0.2.

îäåðæèìî ðåçóëüòàòè ïîäàíi â òàáëèöi 2.

Òàáëèöÿ 2

Ïî÷àòêîâi íàáëèæåííÿ äëÿ ñèñòåìè (31)

Íîðìà íåâ'ÿçêè Íîðìà íåâ'ÿçêà Íîðìà íåâ'ÿçêè
Iòð ñõåìè Íüþòîíà ÷àñ ñõåìè 2-ãî ï-êó ÷àñ ñõåìè 3-ãî ï-êó ×àñ
4 9461.93 0.407 ñ 1545.0451 0.411c 4.0664818 0.458c
6 1140.731 0.544 ñ 2.608940 0.565c 0.000167 0.671c
8 0.962697 0.721 ñ 1.87238 · 10−7 0.740c 1.25643 · 10−12 1.02c
10 1.2051 · 10−12 0.894 c 1.33293 · 10−12 0.927c

Îá÷èñëåíî ðîçâ'ÿçîê x = −12.6930546287040; y = 0.914037338956290

Ïðèêëàä 3. Ðîçãëÿíåìî íàñòóïíó ñèñòåìó íåëiíiéíèõ ðiâíÿíü{
exx−3 + 2.0x2y − 3.0x2 − 4xy2 + 3y3 + 2xy − y2 + 7x− 8y = 0;

3.03sin(x)x−4 − 4x2y + 3x2 − 2xy2 − 4y3 + 3.0xy + 2.0e2 − 9x+ 6y + 2 = 0.
(33)

Ïî÷àòêîâi íàáëèæåííÿ äëÿ ñèñòåìè (33) ó âèïàäêó ñõåì 2-ãî i 3-ãî ïîðÿäêiâ, à
òàêîæ äëÿ ìåòîäó Íüþòîíà ìàþòü íàñòóïíi çíà÷åííÿ:

� x(0) = −11.34 and y(0) = −2.47;

� h
(0)
x = 0.2 and h

(0)
y = 0.2.

îäåðæèìî ðåçóëüòàòè ïîäàíi â òàáëèöi 3.

Òàáëèöÿ 3

Ïî÷àòêîâi íàáëèæåííÿ äëÿ ñèñòåìè (33)

Íîðìà íåâ'ÿçêè Íîðìà íåâ'ÿçêè Íîðìà íåâ'ÿçêè
Iòð ñõåìè Íüþòîíà tc ñõåìè 2-ãî ï-êó tc ñõåìè 3-ãî ï-êó tc
6 17.1279 0.54 ñ 11.70 0.54c 1.373259 0.65c
8 0.94910 0.716 ñ 0.027605 0.71c 0.063617 0.93c
10 0.001062 0.89 ñ 0.000001225 0.91c 7.83029 · 10−7 1.25c
12 1.1580 · 10−14 1.12 c 6.601860 · 10−15 1.10c 3.552713 · 10−15 1.62c
13 2.2204 · 10−15 1.19 ñ

Îá÷èñëåíî ðîçâ'ÿçîê x = −0.657148248817474; y = −0.896195298565902

Íàâåäåíi ïðèêëàäè iëþñòðóþòü åôåêòèâíiñòü ñõåì 2-ãî i 3-ãî ïîðÿäêiâ ó ïîðiâíÿííi
ç êëàñè÷íèì ìåòîäîì Íüþòîíà. Îñîáëèâî íà ñòàðòi îá÷èñëþâàëüíîãî ïðîöåñó.
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6. Âèñíîâêè

Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ ñèñòåìè íåëiíiéíèõ ðiâíÿíü íàä ïîëåì äiéñíèõ
÷èñåë. Çàïðîïîíîâàíî ñõåìó ðîçâ'ÿçàííÿ öèõ ñèñòåì òà îòðèìàíî ðåêóðåíòíi ñïiâ-
âiäíîøåííÿ äëÿ çíàõîäæåííÿ ¨õ íàáëèæåíèõ ðîçâ'ÿçêiâ. Äîñëiäæåíî çáiæíiñòü
íåïåðåðâíèõ äðîáiâ, ùî âèêîðèñòîâóþòüñÿ â ðîçðàõóíêîâié ñõåìi. Áóëè ïðîâåäåíi
÷èñëåííi åêñïåðèìåíòè, ùî ïiäòâåðäæóþòü çàñòîñîâíiñòü i åôåêòèâíiñòü çàïðîïîíî-
âàíîãî ïiäõîäó.
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Continued fractions have long been recognized as a highly �exible and powerful tool in
mathematical modeling, number theory, and numerical methods. They play an important
role in the development of both fundamental and applied mathematics. Their use can
be traced across a wide range of scienti�c and technical �elds: from the construction of
calendar systems and the development of approximation methods to sophisticated compu-
tational algorithms. In particular, continued fractions are applied in the creation of solar
calendars, in proving the irrationality of numbers (indeed, it was through their use that
the irrationality of certain values of the Riemann zeta function ζ and the number π was
established), in the Lanczos algorithm�widely used today for computing eigenvalues of
large sparse matrices�as well as in certain factorization algorithms and cryptographic ap-
plications. Moreover, their properties are often found to be useful in constructing e�cient
approximation and interpolation methods, as well as in analyzing the convergence of series.
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Special attention should be given to the application of continued fractions in solving
systems of equations. Owing to their structure, they prove to be an e�ective and reliable
tool of numerical analysis, combining implementation simplicity with high accuracy of
results. This work focuses on systems of nonlinear equations, for which a relatively simple
scheme, proposed earlier, is applied. The solution is expressed in the form of a matrix
continued fraction, which makes it possible to generalize the approach to more complex
problems and ensures the method's suitability for numerical implementation. In addition,
a su�cient condition for the convergence of this method is formulated, which is essential
for its practical applicability. Another advantage of these computational schemes is that
they employ the second and third terms of the Taylor series for N variables and provide
an expansion of the solution of the system into a matrix continued fraction.

The results of computational experiments with test problems con�rm both the con-
vergence and the e�ciency of the proposed approach. Furthermore, the obtained data
indicate the potential for extending the method's applicability to broader classes of non-
linear systems. Thus, the paper contributes not only to the advancement of the theoretical
foundations of continued fractions but also to the improvement of methods in applied nu-
merical analysis.

Key words: Iterative method, systems of nonlinear equations, continued fractions, matrix
equations.


