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This paper introduces difference method for the numerical solution of nonlinear least
squares problems. Classical algorithms for nonlinear least squares, such as the Gauss-
Newton method, are often hindered by the need to solve a dense linear system of normal
equations at each iteration, a step that becomes a significant computational bottleneck for
large-scale problems. To overcome this limitation, the proposed algorithm synergistically
combines two powerful techniques. First, it employs a Potra-type iterative update, which
achieves a convergence rate of 1.839... using only first-order divided differences, making the
method applicable even to problems with non-differentiable operators. Second, to eliminate
the matrix inversion bottleneck, the algorithm integrates a successive approximation of the
inverse operator, replacing the costly linear system solve with more efficient matrix-matrix
multiplications. We provide a local convergence analysis for this new method under stan-
dard Lipschitz conditions, formally establishing sufficient conditions for its convergence and
confirming its high-order properties. The practical performance of the algorithm is then
evaluated through numerical experiments on a suite of standard nonlinear least squares
test problems of different types and complexity. A comparative analysis against a baseline
secant-type method that utilizes inverse operator approximation. The results empirically
validate our central hypothesis — while the proposed algorithm may require slightly more
iterations, it consistently achieves a lower total computation time by reducing the cost per
iteration. This advantage is particularly pronounced for larger-scale problems, highlight-
ing the method’s potential as a robust and efficient tool for computationally demanding
nonlinear least squares challenges.

Key words: nonlinear least squares problem; approximation of the inverse operator; Potra-
type method; divided difference.

1. INTRODUCTION

The nonlinear least squares problem is a fundamental task in computational science
and engineering, arising frequently in statistical analysis, data fitting, and parameter
estimation. The objective is to find a vector of parameters that best fits a model to a
set of observations. Formally, the problem is defined as finding a minimizer z, for the
objective function f(x) [1]

1
i = -F(x)TF
Qoin J(@) = o F(a)” F(x), (1)
where the residual function F' : D C RP — R™ is a continuously differentiable and
nonlinear operator on an open convex set D, with m > p. The vector . € D is sought
such that f(z,) = mig f(x).
e

One of the most effective and widely used algorithms for solving the nonlinear least
squares problem is the Gauss-Newton method, first proposed by Gauss in 1809 [1]. It is
an iterative procedure defined by the iterative scheme

T+l = Tk — (F/(.’tk)TFI(I'k))_lF/(.’Ek)TF((Ek)7 k:071,..., (2)
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where F'(z},) is the Jacobian matrix of F' at the iterate xy. This method can be viewed
as a modification of Newton’s method for optimization that avoids the computation of
second-order derivatives [1, 3]. Despite its effectiveness, the Gauss-Newton method has
two significant drawbacks. First, it requires the explicit computation of the Jacobian
matrix, which may be analytically complex or computationally expensive. Second, each
iteration involves forming and solving a p X p system of linear equations (the normal
equations), an operation that can become the computational bottleneck for problems
with a large number of parameters p [1, 4].

To address the first issue, derivative-free methods have been developed. These meth-
ods replace the Jacobian matrix with an approximation that does not require derivative
information. A prominent example is the Secant method, which approximates the Ja-
cobian using a first-order divided difference, denoted [z, zr—1; F] [1]. This makes the
method applicable to a broader class of problems, including those where the operator F
contains non-differentiable parts [1].

A persistent challenge in both Gauss-Newton and its derivative-free variants is the
requirement to solve a linear system at each iteration [1]. This step, corresponding
to the inversion of the matrix (F’(zx)T F'(x)) or its divided-difference analogue, often
dominates the computational cost of the entire algorithm.

To mitigate this expense, methods incorporating successive approximation of the
inverse operator have been studied [2, 7, 10]. This technique is based on applying
Newton’s method to find the inverse of a matrix A, given by the iterative formula
Apt1 = Ar(2E — AAy), where E is the identity matrix [1]. By integrating this up-
date rule into the main iterative loop, one can replace a costly direct matrix inversion
or system solve with a sequence of matrix-matrix multiplications, which can be more
efficient.

This paper introduces and analyzes a iterative method for the nonlinear least squares
problem that combines the high convergence order of the Potra-type scheme [6] with the
computational efficiency of successive inverse operator approximation. The goal is to
develop an algorithm that is both fast in terms of convergence rate and efficient in terms
of computational cost per iteration.

The primary hypothesis is that this combination will yield a method that, while po-
tentially requiring a few more iterations than a version with direct matrix inversion, will
achieve a significantly lower total computation time for large-scale problems. This trade-
off between iteration count and per-iteration cost is the central performance characteristic
under investigation. The structure of this work is as follows: Section 2 provides a local
convergence analysis under standard Lipschitz conditions. Section 3 presents numeri-
cal results from a series of experiments on benchmark nonlinear least squares problems.
Finally, Section 4 offers concluding remarks.

To establish a basis for comparison, we first adapt the Potra method, originally
formulated for solving F'(z) = 0, to the nonlinear least squares problem. This adaptation
follows the same principle as the transition from Newton’s method to the Gauss-Newton
method [8]. We define the Potra operator at step k as a linear operator constructed from
first-order divided differences of F

Py = [xp, xp—1; F] + [xp—2, v F] = [Tp—2, T—1; F, (3)

where [z, y; F'] denotes the divided difference of F' at points = and y [1]. This operator
replaces the Jacobian F'(zx) in the Gauss-Newton formulation. The resulting baseline
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Potra-type method for nonlinear least squares is defined by the iterative formula
Tpi1 = x — (PEP) ' PIF(2y), k=0,1,2,....

This method requires three initial points, x_s,z_1, g, to begin the iteration. While it
is expected to inherit the 1.839... convergence order of the original Potra scheme [6], it
still necessitates the solution of a linear system involving the matrix P P, at each step.

To eliminate the computationally intensive step of solving the normal equations, we
integrate the successive inverse operator approximation technique, as demonstrated for
a secant-type method in [9]. This leads to a two-part iterative algorithm.

Let z_o,2_1,20 € D be given initial approximations to the solution x,, and let Ag
be an initial approximation to the inverse matrix (P Py)~!. A practical choice is to
compute the initial inverse directly Ag = (P{ Py)~1 [9]. For k = 0,1,2, ..., the proposed
method is defined by the following iterative scheme

Tk+1 — Tk — AkPkTF((Ek),

T (4)
App1 = Ap(2E — Py Pop1 Ag),
where E is the identity matrix of appropriate dimension.
The structure of this algorithm is notable. The update for the inverse matrix, Agy1,
depends on the Potra operator at the next step, Px41. The operator Py is defined as
[®kt1, 2k F] + [2r-1, Zk+1; F] — [£r—1, xk; F], which in turn depends on the new iterate
Zr4+1 computed in the first step. This sequential dependency is analogous to the struc-
ture used in similar methods for secant-based updates [9]. However, the Potra operator
Pr41 has a more complex structure, depending on three distinct points xx+1, Tk, Tp—1,
compared to the two points used in the secant operator. This increased complexity in
the operator could influence error propagation in both the solution sequence {z;} and
the inverse approximation sequence {A}. The convergence analysis in the next section
must therefore carefully account for the contributions of all three terms within the Potra
operator when deriving error bounds.

2. LocAL CONVERGENCE ANALYSIS

This section presents the main theoretical result of the paper, a proof of local con-
vergence for the proposed method. It defines convergence for initial points within a
specific radius of the solution, where distances and operator norms are measured using
the Euclidean norm, denoted by || - ||. The theorem and its proof are structured in a
manner analogous to the analysis of the secant-type method with inverse approximation
presented in [9].

Theorem 1. Let F' be a nonlinear operator defined on an open convex set D C R?
with values in R™. Assume that:

1. The nonlinear least squares problem has a solution x, € D such that F(z.) = 0.

The operator A, = (F'(x.)T F'(x,)) ! exists and its norm is bounded by || A.| < B.

2. In a closed ball U(z,,79) = {x : || — x.|| <70} C D, the following conditions are
satisfied for constants C, L > 0:
= max{||F"(z.)|, | F"(z) ||} < Co;
— the first-order divided difference of F' satisfies the Lipschitz condition || F"(z.)—
[z, y; Fl| < L(||lx — 24| + |y — z]) for all z,y € U(x,70).
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3. The initial approximations x_o,x_1,x9 and Ag are chosen sufficiently close to x.
and A, respectively, such that

ro = max{||zo — x|, |21 = zul; [J2—2 — 2], [ Ao — Au[l}

satisfies ¢ < 1, where ¢ = max{vy1ro, 727‘3, v3} for constants 71, 72,73 dependent on
3,C, L.
Then, the sequences {z1} and {Ay} generated by the proposed method converge to .
and A, respectively. Moreover, the following error estimates hold

||Ik - ‘T*H < qtkr(h

||Ak - A*H S qSkT07

where {1} is a sequence defined by the third-order linear recurrence ty11 =ty + tp—1 +
ty—o with initial values to = 1,t_1 = 1,t_o = 1, and {s;} is a related sequence.

Proof. The proof proceeds by mathematical induction. The base case for k¥ = 0 holds
by the definition of 7y and the condition ¢ < 1. We assume that the error estimates are
valid for all indices up to a given k > 0.

First, we bound the norm of Aj. Using the triangle inequality and the inductive
hypothesis

[Akll < [|Axll + | Ax — Asll < B+ ro.
Next, we analyze the error in the solution update, xx11
Ty — Tpa1l = Ty — Tk + AkP,;‘FF(xk).

Since F'(z.) = 0, we can write F(xg) = F(z;)—F(24) = [2k, 24; F](2—x). Substituting
this gives
Ty — Tpp1 = (B — APl [y, s F])(x) — ).

The core of the proof is to bound the norm of the operator My = E — Ay Pl [zy, x.; F).
We decompose My, as follows

My = Au(A7Y = PP lag, @ FI) + (As — Ag) P ar, 2.: F).
Taking norms, we get
1Ml < A 1F () TF (22) = Py g, 2 FIll + A = Adl - 1P g, 2 FL

M|l < B - | F' ()T F' (@) = Py [, 25 FI|| + | Ax = Au]l - (1B [, 245 F)-
The main challenge is to bound the term || F’(z,)T F'(x.) — PL F(zg, 2.)||. We use the
definition of P, and add and subtract terms
F(@a) ' (2,) — P o, 22 F] = F'(2) " F'(z)
— ([wks Th—1; F) + [Tp—2, 7k; F] — [w—2, Tp—1; F)) T [k, 245 F]
= (F'(z.)" = POF (24) + By (F'(2:) — [2x, 2. F]).
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We bound the norm of the first part, ||F’(z.)? — PL]||

IF (z:) = Pl = [1F'(zs) = ([wn, @p—1; F] + [25-2, 243 F] = 252, 2515 F]) |

SNF' () = [ow, miey; FI 4 1F' (22) = [2h-2, 205 FI| 4 |[@k-2, 2015 F] = F' ()|
< Lz =zl + w1 — zal)) + Lllzp—2 = 2] + [l — 24])

+ Lllzp—2 — 2l + l2p -1 — 2.])

= LQ@llwn = wull + 2llwn—1 — 2l + 2w — 2.]).

Using the inductive hypothesis, this is bounded by L(2r¢ + 2rg + 2r9) = 6Lrg. Similarly,
we can bound || Pg|| < ||[F'(z:)|| + [|Px — F'(z4)]] < C + 6Lrg. Combining these bounds,
we find that || F'(z.)T F'(z.) — PL[zy, z«; F]|| is bounded by a linear combination of the
errors ||zx — x|, [|Tk—1 — Z«||, and ||xg—2 — 2.||. This leads to an estimate of the form

[eh i = 2l < (01]| Ak — Aull + 02l — 2ull + Osl|k1 — Zull + Gal|lwr—2 — 2l l2r — 2],

for some constants ;. This structure gives rise to the third-order recurrence relation for
the convergence rate.
Next, we analyze the error in the inverse approximation, Ay 1.

A, — Ajp1 = A — A(2E — PL P Ay).
This can be rewritten as
A = Appr = (Ae = AR)(ATY)(As = Ag) = Ag(ATY = P Py A

Taking norms and applying the bounds derived previously for terms like
A7t — PL Pyj1l|, we obtain an estimate for ||Ax11 — A.|| in terms of squares of pre-
vious errors and the errors in the new solution iterates xy41, %k, zr—1. By choosing 7
sufficiently small, we ensure that the contraction factor ¢ is less than 1. The constants
Y1, Y2, vs in the theorem statement are the coefficients that arise from these two separate
error analyses. Specifically, v; and 79 originate from the bound on the solution error,
while -3 comes from the bound on the inverse matrix error. This completes the inductive
step, showing that the error estimates hold for k 4+ 1. The convergence of the sequences
{zr} and {Ay} to z, and A, follows from these estimates as k — oo. O

3. NUMERICAL RESULTS

To comprehensively evaluate the performance and robustness of the proposed Potra-
type method with successive inverse approximation, we present five numerical examples
of varying complexity and dimensionality. These test problems, many of which originate
from the standard collection in [5], have been selected to include systems with diverse
nonlinear characteristics, such as polynomial, exponential, and large-scale structures,
allowing for a thorough assessment of the method’s accuracy, convergence speed, and
stability.

In all numerical experiments, the stopping criterion was a combination of the residual
norm, ||[F(xy)|l2 < 1072, and the norm of the difference between successive iterates,
|lzk — zk—1ll2 < 1072, A maximum of 50 iterations was imposed to handle cases of
divergence. To ensure the initial points for the iterative methods were distinct but close,
for a given starting point xg, the required historical points z_; and x_o were generated
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by adding small perturbations x_; = xg + ;1 and x_s = z¢ + d2, where d; and Jo are
small, non-collinear vectors.

All simulations were conducted in a standard Python 3 environment for numerical
computations. To ensure reliable performance metrics, CPU execution times were aver-
aged over 50 independent runs, thus mitigating the influence of background system noise
and transient operational conditions.

We compare our proposed Potra-type method with a secant-type method that also
uses successive inverse approximation. The key difference lies in the construction of the
Jacobian approximation. The secant-type method is defined by the update rules

Tht1 = Tk — A;CP}?F(.%‘;C), Agy1 = Ak(QE — PE+1P;€+1A]€), (5)

where the operator Py is simply the first-order divided difference, Py = [zk, zk—1; F].
This comparison highlights the trade-offs between the higher computational cost per
iteration of the Potra-type operator and its potentially faster convergence rate. The
results are demonstrated in Table 1.

Example 1 (Rosenbrock function). This is a simple polynomial system in R?. The
residual function is given by:

Fi(x) = 10(zo — 3),
Fy(z)=1—1x.
The solution is z, = (1,1)T. The initial approximation was chosen as x¢ = (2,2)7.

Example 2 (Freudenstein and Roth function). A standard benchmark problem in
R? with polynomial nonlinearities.

Fy (l‘) =—-13+x1+ ((5 — .Z‘Q)l‘g — 2)$2,
Fy(z) = =294+ 21 + ((z2 + 1)zg — 14) 2.
The solution is z,. = (5,4)T. The initial approximation was chosen as o = (6,3)".

Example 3 (Box Three-Dimensional function). This is a data-fitting problem in-
volving exponential functions in R®. The system components are

Fi(x) = e ti™ —e "2 _po(e ™t — e 104, =0.14, fori=1,...,250.

The initial approximation was chosen as xo = (0,20,0)7.
Example 4 (System of Nonlinear Equations). A large-scale problem in
cyclic structure. The components of the residual function are

R390 with a

Fi(x) = 22z, — 1, fori=1,...,p.

The solution is a vector of all ones, x, = (1,1,...,1)T. The initial approximation was
chosen as x¢ = (0.96,0.96,...,0.96)7.

Example 5 (Large-Scale Exponential System). A large-scale problem in R?%° with
exponential and summation terms.

P
Fi(x)=e" — Z xzj, fori=1,...,p.
J=1g#i

The solution is a vector where all components are equal to x, = (0.005,0.005, .. .,0.005)T.
The initial approximation was chosen as xo = (1.5,1.5,...,1.5)T.
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Table 1

Comparison of Potra-type and secant-type methods

Example Method CPU Time (s) | Iterations
Rosenbrock function Potra-Type 0.001 4
(p=2, m=2) Secant-Type 0.001 3
Freudenstein & Roth function | Potra-Type 0.002 13
(p=2, m=2) Secant-Type 0.003 13
Box three-dimentional Potra-Type 0.006 9
(p=3, m=250) Secant-Type 0.009 12
SNE Potra-Type 2.679 4
(p=300, m=300) Secant-Type 2.336 6
Large-scale exponential system | Potra-Type 0.970 22
(p=200, m—=300) Secant-Type N/A 12

The performance of the Potra-type and secant-type methods on the five test problems
is summarized in Table 1. The table reports the CPU time in seconds and the number
of iterations required to meet the stopping criterion.

To further investigate the stability and convergence behavior of the methods, we
generated basins of convergence for the Freudenstein and Roth function (Example 2). A
250 x 250 grid of initial points was created in the domain z; € [0,16] and x5 € [2.5,7.5].
Each point on the grid was used as an initial guess x(, and the number of iterations
required for convergence was recorded.

Convergence Basin of Potra-Type Method

— — Solution (5.0, 4.0)

1

Initial Guess xz

Initial Guess x;.

Fig. 1. Basin of convergence for the Potra-type method on the Freudenstein and Roth problem

The results are visualized in Figures 1 and 2. In these plots, darker colors indicate
faster convergence (fewer iterations), while white regions represent initial guesses from
which the method failed to converge within the maximum 50 iterations. The red star
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marks the location of the true solution. The wider and more contiguous the colored
region, the more robust the method is to the choice of initial approximation.

Convergence Basin of Secant-Type Method

— — Solution (5.0, 4.0)

12

Initial Guess x2
@
lterations

Initial Guess x;.

Fig. 2. Basin of convergence for the secant-type method on the Freudenstein and Roth problem.
The convergence basin appears smaller and more fractured compared to the Potra-type method

The results in Table 1 empirically confirm the central hypothesis of this work. For
some test problem, the proposed method (3)-(4) requires a slightly higher number of
iterations to converge compared to the baseline method (5). This is an expected con-
sequence of introducing an approximation for the inverse operator, which can modestly
slow the rate of convergence.

However, the crucial result is observed in the computation times. For all problems,
(3)-(4) is faster than (5). The time savings are modest for the small-scale problems
(Rosenbrock, Beale, etc.) but become substantial for the problems with higher dimen-
sions or more function evaluations. For the Box three-dimensional function (m = 250)
and the SNE problem (m = 300) the proposed method shows a reduction in CPU time.
This demonstrates that the computational cost saved by avoiding the direct solution of
the p x p linear system at each step outweighs the cost of the extra iterations required.

4. CONCLUSIONS

This paper has introduced and analyzed a new Potra-type method with successive
inverse operator approximation for solving nonlinear least squares problems. The method
combines the high-order convergence properties of the Potra scheme, which uses only first-
order divided differences, with a computationally efficient technique for approximating
the required inverse matrix at each step.

The theoretical contribution of this work is a local convergence analysis, which es-
tablishes sufficient conditions under which the sequences of solution iterates and inverse
matrix approximations converge to the true solution and the true inverse, respectively.
The analysis confirms that the method retains the convergence order characteristic of
the underlying Potra scheme.

The practical implications of the method have been demonstrated through compre-
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hensive numerical experiments. The results show a clear trade-off: the proposed method
typically may require more iterations to converge than a baseline secant-type method
that computes the matrix inverse directly at each step. However, by replacing the costly
linear system solve with inverse matrix approximation, the proposed method achieves a
lower computational cost per iteration. This leads to a reduction in the total computa-
tion time, a benefit that becomes more pronounced as the dimensionality of the problem
increases. This finding validates the primary motivation for the method’s development.

The proposed algorithm is particularly well-suited for large-scale nonlinear least
squares problems where the cost of forming and solving the normal equations is the
dominant computational bottleneck. Future research could explore the globalization of
this method through the incorporation of line search or trust-region strategies, its exten-
sion to handle constrained optimization problems, and the investigation of alternative,
potentially higher-order, schemes for approximating the inverse operator [2].
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METO/, TUITY IIOTPA 3 ATTPOKCUMAIIIEIO
OBEPHEHOTI'O OIIEPATOPA IJIs1 HEJITHIMTHIX
S3AJAY HAUMEHIIINX KBAJIPATIB

0. lIlyupkin

Jveiecorutl Hayionaavrud ynisepcumem iment leana Pparka,
eys. Ywuieepcumemcoka 1, Jlveis, 79000, Ykpaina
e-mail: yuriy.shunkin@Inu.edu.ua

V miit cTaTTi HpeCTaBIeHO PI3HUIEBHUII METOM IS YHCEeJIHbHOrO PO3B’S3YBAaHHS HeJi-
mifinux 3ana49 Hafimenmux kBaaparis (H3HK). Knacwani asropurvu aas H3HK, 30kpema

meTon ['ayca- HproTOHA, 9acTO YCKIIATHIOIOTHCS HEOOXiJHICTIO Ha KOXKHIN iTepaliil po3B’a3yBaTu

miabHYy JiHIfHY cHCTeMy PiBHSHD, IO MOXKE BHKJIMKATH II€BHI 00YHC/IIOBAIBHI npobiemMu y
3a/lavax, 30KpeMa y BUIIAJKY BeJaukoi po3mipHocTi cucteM. 1106 mogonarTu ne obMeKeHHs,
3aMpPONOHOBAHUN AMTOPUTM IMOETHYE MBI MOTYXKHI TexHiku. [lo-mepirie, BiH BUKOPUCTOBYE
irepamnifinuit merox tumy Ilorpa, mo 3abe3meuye mBuakicTs 36ikuocTi 1.839... 1 rpys-
TYETHCS JIWIE HA MOJIJIEHUX PI3HUISAX MEePIIOrO MOPSAKY, POOJISYIN METOJ MPHUIATHUM
HaBITH A1 33131 i3 HegudepennitoBanMu oneparopamu. Ilo-apyre, mo6 yCyHyTH IPOIEMY
064uCIeHHsT 00€pHEHOT MATPHUITi, AJITOPUTM iHTErPy€e MOCTiJOBHY alIPOKCHAMAIIiI0 06epHEHOTO
orneparopa, 3aMiHIOIYH MOIIyK 00epHEHOT MaTpwuIlli JiHIHHOT cucremu bijibin eDeKTUBHUME
MHOXKeHHAMU. [IpakTuyuHy epeKTUBHICTH aJIrOPUTMY [I€PEBiIPEHO 33 JOIOMOTO0 YACETbHUX
ekcriepuMeHTiB Ha Habopi TecroBux 3aja4 H3HK pizsoro Tumy. Ilogano nopiBHsiibHUM
aHaji3 i3 pI3HUIEBHM METOAOM THIy XODPJ 3 AIMPOKCHMAIIE€I0 O0EPHEHOrO OmepaTopa.
PesynbraTu eMIipuvHO MiATBEPKYOTH PUITYIIEHHS — 0 X0, 3AIIPONIOHOBAHUHN aJIrOPUTM
MOXKe BHMaraTé B J€sSKWX BHUIAJKaX Ien[o OuIbinol KijnbKoCTi iTepalliii, BiH siK mpaBmjo
3abe3medye MeHIIN 3arajJbHUil Yac 00YUNCIeHb 3aBAIKY 3HUKEHHIO BAPTOCTI O/1Hi€T iTeparii.
I1st mepeBara ocob/iMBO BUpPa3Ha, JIsi 33129 BEJIMKOT PO3MIPHOCTI, 1110 i IKPECJIIOE IO TEHIial
MeTOIy K HaJidHOro il eeKTHUBHOrO iHCTPYMEHTa [l OOYUCIIOBAIBHO CKIAJTHUX 33724
HeJIIHINHEX HA¥MEHIINX KBAJPATIB.

Karowoei caosa: HemiHiliHA 337293 HAWMEHIIUX KBAIPATiB; AlPOKCUMAIlisi 0OEpPHEHOTO OIIe-
paropa; metox Tury [loTpa; nmojgijieHa pi3HUIS.



