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This paper is concerned with the reconstruction of an interior boundary curve in a
planar double-connected domain from given Cauchy data of the harmonic function pre-
scribed on the outer boundary. By employing single-layer potential representations, we
reduce the problem to a system of non-linear boundary integral equations. Two iterative
methods based on the Newton’s linearization are proposed and implemented for numerical
solving the system. The Fréchet derivatives of the corresponding integral operators are
computed. Full discretization is achieved using quadrature and collocation methods. To
resolve ill-posedness of the resulting linear system, we apply Phillips-Tikhonov regulariza-
tion. An initial approximation for the interior boundary is found by the line method and
a size estimation algorithm. Both methods are founded on finding the minimum of special
functionals that include the given Cauchy data. Numerical examples confirm the stability,
accuracy, and computational efficiency of the proposed approaches.
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1. INTRODUCTION

The mathematical formulation of inverse problems arising in nondestructive diagnos-
tics of materials naturally leads to inverse boundary value problems for elliptic partial
differential equations. In such problems, an unknown crack or inclusion must be re-
constructed from boundary measurements, often available only on a subset of the outer
boundary. Among the most efficient approaches to these inverse problems are those based
on non-linear boundary integral equations, followed by the application of regularized it-
erative methods.

The idea of transforming an inverse boundary or inclusion problem into a non-linear
integral equation system and solving it via iterative regularized schemes was systemati-
cally developed in a series of works, particularly for the Laplace and Navier equations.

Kress and Rundell in [9] introduced an iterative algorithm for non-linear integral
equations focused on inverse source problems, establishing foundational convergence re-
sults. In [5] this approach was extended to handle inverse boundary value problems with
inclusions and cracks. It uses the reciprocity gap functional with adapted boundary in-
tegral equations to reconstruct the unknown shape from Cauchy data. In [1] authors
adressed boundary reconstruction in double-connected planar domains, showing the im-
plementation of three different iterative approaches. The methods emphasize the use
of Green’s function for solving inverse boundary value problems, offering advantages
over the reciprocity gap approach. The paper relates to disk-shaped domains where the
Green’s function can be explicitly constructed. In [2] it was applied non-linear integral
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equations to reconstruct inclusions within elastic bodies, incorporating elasticity’s vec-
torial nature to solve physically realistic inverse problems. In this paper our goal is to
apply potential theory to derive a system of non-linear integral equations equivalent to
an inverse boundary value problem for the Laplace equation.

The plan of the paper is as follows. In Section 2 we reduce the inverse boundary
value problem (1) — (4) to three boundary integral equations using single-layer potential.
Section 3 contains two iterative schemes for the numerical solution of the non-linear
integral equations. The determination of the initial guess is discussed in Section 4.
Section 5 contains the numerical example illustrating the feasibility of the non-linear
integral equation method for approximate solution of the inverse boundary value problem.

Let D; C R? be bounded domains with boundaries I';, I = 1,2 such that D; C D».
We denote the domain D = Dy\D; with the boundary I' = I'; UT,. Physically, I'y
represents the boundary of an unknown cavity, while I'y corresponds to the accessible
outer boundary.

For a given function fo € H'/?(T3) let the function u € H'(D, A) satisfies the Laplace
equation

Au=0 inD (1)

and Dirichlet boundary value conditions
u=0 only, (2)

u = f2 on FQ. (3)

The inverse boundary problem is to reconstruct the boundary I'; € C? from given
the boundary I's € C?, Dirichlet data f» and the associated Neumann data

ou
— = onT 4
o g2 onlay, (4)
where v = (v1, 1) denotes the outward unit normal vector and g, € H~/2(I'y) is a given
function.

Note that we a priori know that the domain Dy contains exactly one cavity with
boundary I'y, and our goal is to reconstruct the shape of this cavity, i.e., the curve I';.

Next result follows from the unique continuation property of harmonic functions (see
).

Theorem 1. Let D and D be two bounded domains with a common outer boundary
I's and respective inner bour.idaries I'y and T'y. Denote by u and @ the solutions to the
Dirichlet problem in D and D, respectively. Suppose that fo # 0 and

ou 0u

ov o

on an open subset of I's. Then it follows that 'y = .

Therefore, Theorem 1 ensures the uniqueness of the boundary I'y corresponding to
the prescribed Cauchy data (f2,92) on I's. The inverse boundary problem (1)—(4) is,
however, ill-posed due to the lack of stability: small perturbations (e.g., noise) in the
data on I's may lead to arbitrarily large errors in the reconstruction of I'y. Moreover, the
problem is non-linear, since the Cauchy data on I'y depend non-linearly on the boundary
I.
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2. POTENTIAL-BASED INTEGRAL EQUATION APPROACH

To transform the problem into an integral equation formulation, we express the solu-
tion using layer potentials. Firstly, let us introduce the fundamental solution to Laplace
equation

1 1

o = —In——
(z,y) = o P

, T F Y.

We represent the function w from the inverse boundary problem (1)-(4) as the combina-
tion of single-layer potentials

Z/r O(z,y)ds(y), x € D,

where iy € H-'/2(I'}), 1 = 1,2 are unknown densities.
Taking into consideration the continuity property of the single-layer potential and so
called jump in its normal derivative across the boundary, we obtain

u(@) = (Supn)(«) + (Sapsz) (@), « € D1y 1=1,2 (5)
and 5 )
2o (@) = 5pa(e) + (Daun)(@) + (Dapio)(@), @ € I, (6)

where the boundary integral operators Sy, : H~'/2(T'y) — H'/?(T';) and
Dy : HY2(T) — H=Y2(T}) are defined

(Suap)(z) = / 1)@ (e, y)ds(y), = € Ty,

(Dui(a) = [ ) i
)

Satysfying the boundary conditions (2) — (3), we receive from (5) a non-linear system
of boundary integral equations

;j) ds(y), x € T'a.

S11p1 + Sarpe =0 on I'y,
(7)

Siap1 + Saopa = fo on I's.

The condition (4) and representation (6) leads to the integral equation

%H’Q + Dl,ul + Dgug = g2 on FQ. (8)
The equations (7) are called the “field” equations and equation (8) is called “data”
equation.
Thus, the formulated inverse boundary problem (1)-(4) is redused to the system of
non-linear integral equations (7)-(8). We note here that for given boundaries I';, | = 1,2
the system of integral equations (7) is well-posed problem in corresponding spaces [7].
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3. TWO ITERATIVE ALGORITHMS FOR A NON-LINEAR SYSTEM OF
INTEGRAL EQUATIONS
In order to solve the system we transform the line integrals over the curve into definite

integrals over a fixed interval by parametrizing the boundary. We assume that the
boundary I's is given in parametric form

Iy = {$2(t) = (x21(t)7x22(t))’ |xl2(t)‘ >0,te [0727‘-]}7

where 291,729 € C?[0, 27].
For computational simplicity, we consider the reconstruction of I'; in the class of
starlike curves, which have the following parametric form

Iy ={x1(t) = r(t)c(t), |z7(t)] >0, t € [0,27]},

where ¢(t) = (cost,sint) and r : R — (0,00) is a 2w-periodic twice continuously
differentiable function representing the radial distance from the origin.
This allows the operator Sk; to be represented in a parametric form

(Skip)(t)

"o

1 27
/ (1) Ky (t, 7)dr,
0

where Ky (t,7) = 2n®(x(t), z(7)), k, 1 =1,2.
Due to the logarithmic singularity in the kernels Kj;, [ = 1,2, it is convenient to use
additive decomposition. Accordingly, we write them as

K”(t,T) =—=In ( sin? — T) + K”(tﬂ'),
where
1 ! %sin2 t_TT L4
ppntl ) T,
. 2 [m(t) —a(r)?
K”(t,’r) =
11 L t
n T.
2 elry ()

The parametrization of the operators D;, [ = 1, 2 leads to the following representation
~ 1 2m
(Do) = o [ elm)Larlt. i, 1= 1.2
21 Jo

where
_v(@2®) - ((r) —22(t)
Luft,r) = =2 g =12

zy(t) - v(wa(t))
2|y (t)[?

Thus, the system (7) — (8) can be rewritten in the parametric form

with
Loo(t,t) =

511901 + S’lgtpg =0 on [0, 27],

§21801 + §22802 = f2 on [0, 27},
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D11 + Dagpa = o on [0, 27], (10)
where f5(t) = fa(wa(1)), Ga(t) = ga(2(t)), k() = pur(k (7)) |2}, (7)| and
: Lot | 7
(D29)(t) = 5 + (D2ip)(8).
2 |a5(t)]

The determination of the boundary I'y is a non-linear problem. One of the classical
approaches to its solution is the Newton iterative method. Therefore, the algorithms
presented below are based on the application of this method and involve the linearization
of the integral equation. In this way, at each iteration step, the solution is refined, leading
to a more accurate reconstruction of the internal boundary.

Algorithm A.

1. Set an initial value for 7.

2. Solve the well-posed in corresponding Sobolev spaces system of parametrized inte-
gral equations (9) with respect to 1 and ps.

3. For the given r, @1 Ta o solve the ill-posed system of linearized integral equations
S1161 + S12¢2 + Siy[r, e1]q + Sialr, e2)q = —S11e1 — S22,
Sa161 + Saacha + Sy [r,01]g = fo — Sar1 — Saapa, (11)
D1¢1 + Dags + Di[r, ¢1]g = G2 — Dip1 — Dao

with respect to ¢, ¢1 and ¢o. Here Sj, and D denote the Fréchet derivatives of
the corresponding integral operators with respect to the radial function r. A more
detailed description of these operators is provided in the next section. The system
(11) is obtained from (9)-(10) by linearization with respect to all unknown func-
tions. In this derivation, we take into account that the integral operators are linear
with respect to the densities.

4. Update the radial function » = r + (g and densities ¢1 = @1 + @1, P2 = QY2 + Pa.
Here ¢ € (0,1) is the relaxation parameter.

5. Repeat steps 3 — 4 until the stopping criterion is satisfied

||Q| \L?[o,zw]
HTHLZ[O,ZW]

where € is the given tolerance.

We note here that analogously to [1] it can be shown that if the functions ¢, ¢; and
¢4 satisfy the homogeneous system corresponded to (11), then the only possible solution
is the trivial one.

Algorithm B.

1. Set an initial value for 7.

2. Solve the well-posed system of parameterized integral equations (9) with respect
to 1 and ¢s.

3. For the given r, o1 Ta @2 solve the linearized integral equation

Di[r,1)q = g2 — D11 — Do (12)

with respect to q.
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4. Update the radial function r = r + £q, where £ € (0, 1) is the relaxation parameter.
5. Repeat steps 2 — 4 until the stopping criterion is satisfied

||Q| \L?[o,zw]
HTHLZ[O,QW]

Similar to Algorithm A, linearized equation (12) has a unique solution.

These two iterative schemes differ in complexity and convergence behavior. Method
A typically converges faster and provides more accurate updates per step, as it fully
accounts for the non-linear coupling between variables. However, it comes with increased
computational cost and requires solving a larger system. In contrast, Method B employs
a simpler structure by updating the boundary shape based solely on a single linearized
equation related to the shape derivative. It usually converges more slowly.

The stopping criterion employed in both methods is designed to control the growth
of the iterative process. It is expressed in the L? norm, since the data discrepancy is
naturally measured in this space.

3.1. IMPLEMENTATION OF ALGORITHM A

Step 1. To numerically solve the system of integral equations (9), we employ a
quadrature method, which consists in approximating the integral operators using appro-
priate quadrature rules. Specifically, for integrals with smooth and continuous kernels,
we apply the trapezoidal rule, which is particularly effective in the context of periodic
parametrizations due to its spectral convergence properties. For integrals involving log-
arithmic singularities, we use trigonometric quadrature formulas that accurately handle
such singular behavior. Thus, the following quadrature rules [7], [8] are used

1 27

1 2
2

2n—1
g(7)In (i sin? t;) dr ~ Z g(t;)R; (1), (14)

n—1
1 1 1 1
where Rj(t):—{ E mcosm(t—tj)—l—%cosn(t—tj)}—2.

n n
m=1
The quadrature nodes are chosen to be equidistant on the interval [0, 27], defined as

t; = ” , 7=0,. — 1, n € N. By collocating the resulting discrete equations at the
quadrature nodes we obtain a linear system

2n—1 1 1 1

> {901 n(t) |:_2Rj(tk) + %Kll(tkwtj):| + p2n(t )2 Ko (tw, t )} =0,

j=0

S 1 1 ~
Z {901 n Kzl(tk, i)+ pan(t;) [_2Rj(tk) + %Kﬂ(tkatj)} } = fa(tr),
§=0
where ¢, (k) = @i(tg), 1 =1,2, k=0,...2n— 1.

Step 2. According to the algorithm, we obtain a system of linearized equations that
requires the computation of Fréchet derivatives. These derivatives can be explicitly
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calculated by differentiating the kernels of the integral operators with respect to the
radial function

1

Bulnedo® = 5- [ [N +aOND 0] ea(ra,

Stalrovala)) = 5 [ aONialt.patr)ir
2
Bulrorla® = 5- [ arINa(t.Dea(r)ar,
Bilrorlo)0) = 5= [ arN e ror () (15)

The kernels of the Fréchet derivatives are computed as follows

xu(t) — :1?11(7’) l‘lg(t) — .’)312(7’)

w1 () — 22 (1) [ (£) — 1‘1(T)|2> T
Nia(t,7) = c(t) - Vi, 1) Kaa(t, 7) = c(t) - (_ ﬁlll(%)__;;(l ()|)2 Zﬁi?:;;f:;l)

N (t,7) = (1) - Vo, (ryLa1(t, 7) = c(7) - (v1(L,7), v2(2, 7)),

vi(@2(t)) = 2Loa (8, 7) (21(7) —2k(t)) 4
|1(7) — 22 (t)[? ’ o
Obviously, Naj(t,7) = Ni2(7,t) and N(Q)( t,T) = Nl(})(r, t). Also, taking the limit,
the kernel

NPt 7) = e(7) - Vay (o Ki1 (t,7) = ¢(7) - (

where vy (t,7) =

r(t)q(t) +r'(H)q'(1)
r()? + (1)

The unknown correction g is determined using the collocation method, selecting basis
functions from the space of trigonometric polynomials

2m
() = gmi Li(t), m €N,
i=0

Nu(t,7) = lim |q(r)N{ (8,7) + a(N (1,7) | = =

where m < n and

R

sin((¢ —m)t), i=m+1,---,2m.

For the discretization of the system of integral equations (11), we employ the quadra-
ture method. Specifically, we approximate the integrals using the trapezoidal rule (13).
This leads to a system of linear equations

2§: (;5”] A(ll) + 2&:1 ¢£’LQ])A§]12 + qujA(13) B(l)
2n 1 2';17 1 2m

Z ¢n] A(21)+ Z ¢(2 A(22 qujAE?S) :Bi(z)’
2n 1

Z £L1J A(31)+ Z ¢(2)A§32 +Z mjA(33) Bi(S)’
j=0
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where (;ngi) = ¢s(t;), s=1,2,i=0,...,2n—1. The elements of the matrix are computed

using the following formulas

1 1 - 1
AND —5Ri(t) + oKt ty), A = 5Kt b)),

ij

1 1 1 -~
AZY = Ko (tity), AGY = —5Ri(ti) + - Kon(ti.t)),

t 2n
1 1 1
ABCY = Lo (it ABD = Loo(tit
ij o 21(tis t5), ij 2 (t1)] + on 22(tist5),
2n—1
> eralte) [N (k) +
k=0
A =1 () Nua(ti, t)pa,n (te) + % +lj(ti)N1(f)(tutk)] » b 7
2n—1
Z O1,n (k) N11(ts, te), ti = ti,
k=0
n—1 2n—1
A@?’)—iziz.(t)zv (ot pun(ts),  AS = iz BN, (£, t) 01 m (20),
i = oy Gk )IN21 Uiy Uk ) P10\l ),y k uk@lnk
=0
1) y 1 1 1
_B,1 = — n t —_— tl 7}% t“t n t 7K tht )
i 1;) {@1, (k)[ 5 (i) + 5K k)} +pan(te) 5K k)}
2n—1 1 1 1
(2 _ %
BY = f(t;) — te) — Koy (ti, t n(te) | == Rp(ts) + — Koo (t;, t ,
@ = ot kz;){gol,n( g Ko (6,10) + 90 (0) |- 3R + 5 Kool |

2n—1
N t; 1
B = Ga(ti) — gon(t) 1 Z {Lo1(ti, tr)p1,n(te) + Loa(ti, ti)p2,n(te)} -
k=0
As it was mentioned before the inverse problems are ill-posed. Therefore, to stabi-
lize the solution, regularization methods are employed, for example, Phillips—Tikhonov
regularization and the method of least squares

2n—1 2n—1

+Z¢:} S”+Z¢ ”+quja“3 =5, i=0,....2n -1,
o8+ 3 A+ 3 o+ 3 g <0, 0
2n 1 2n_1

o+ 3 650+ 3 oo <32>+§;q A9 b =0, om,
=0

where o > 0,8 > 0,y > 0 are regularization parameters and

(lP Z A(Pl Z A(ZQ)A PQ) + ZA(ZS)A P3)7

k=0

2n—1 2n—1

1) _ Z Al(clll)Blil) + Z A[(ff) (2) +ZA(Z3)B(3
k=0 k=0
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3.2. IMPLEMENTATION OF ALGORITHM B

Step 1. It is analogous to the Step 1 from the Algorithm A. Apart from Algorithm
A the system of equations is solved iteratively at each step.

Step 2. The implementation of this step closely follows the approach established in the
Algorithm A. Specifically, the computation of the Fréchet derivative, which is essential
for the linearization step, is already computed (15) and can be reuse here. Similarly,
the correction ¢ is represented in the same space of trigonometric polynomials. The
discretization of the integral equations using the trapezoidal rule remains unchanged,
enabling the use of matrices AE?B) and vector BEB) previously defined.

Unlike the Algorithm A, which requires solving a coupled system involving the un-
knowns ¢1, ¢2 and g, this algorithm reduces the problem to solving a system that involves
only the correction g. This reduction is achieved by forming a regularized system of linear
equations of the form

2m

QQmi + qujaij = biv 1= Oa T 72m7
=0

where the elements of the matrix and right-hand side vector are given by

2n—1 2n—1
33) (33) 3)
Q5 = E Agﬂ) l(w s b = E A B(
k=0

Here, o > 0 is the regularization parameter used to stabilize the ill-posed inverse problem,
employing the Phillips—Tikhonov regularization technique.

4. DETERMINATION OF THE INITIAL GUESS

To ensure the effective application of the previously discussed iterative methods, it
is essential to obtain a suitable initial approximation of the unknown inclusion. In this
section, we discuss two complementary algorithms aimed at identifying the approximate
location and estimating the size of the inclusion. A well-chosen starting point is not only
crucial for ensuring global convergence, but also for accelerating the overall computational
process.

4.1. THE LINE LOCATION SEARCH METHOD

This method is based on an explicit analytical expression for determining the location
of the inclusion (see [6]). This makes the algorithm straightforward to implement, as the
result can be obtained by simply constructing two or more lines. Moreover, this approach
offers excellent computational efficiency.

1. Define the functional

HGo.0) = [ | )~ 9ot (o). = € B\ D

2. Select two lines Ly = {(a1,t), t € R} and Ly = {(t, az), t € R}, where a; € R are
chosen so that the lines L; are out of Dy, ¢ =1, 2.

3. Determine the points z; € L; : H(z;) = miLn H(z, f2,92), i =1,2.
zeL;
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4. Construct orthogonal lines to L; passing through the points z;, ¢ = 1, 2.

5. The intersection point P(d;,ds) € Dy of the constructed orthogonal lines is con-
sidered as the initial approximation for the inclusion location.

4.2. SIZE ESTIMATION ALGORITHM

This method relies on the assumption that the inclusion D; can be approximated by a
circle By, of unknown radius ro (more detailed in [3], [10]). To determine an appropriate
value of g, we minimize a misfit function

2n—1

T(r) =D (92(t;) = 9r(t;)) fa(t5)| (16)

Jj=0

that quantifies the difference between the observed boundary data and those computed
from a corresponding auxiliary problem. The accuracy of the estimated inclusion size
improves as this misfit decreases. Hence, the desired radius r( is identified as the value
that satisfies the orthogonality condition

/F (92(9) — 9r0 () fo ) ds(y) = 0.

which is necessary criteria for optimality. Here g¢,, represents the boundary data gen-
erated by the auxiliary problem with the inclusion approximated as a circle of radius
Tro.

1. Consider the auxiliary Dirichlet problem

Av=0 inD,

v=0 onB,, v=f only,
where B, is a circle centered at the point P, obtained by the line location search
method and D = D5\ B,.
2. Compute the normal derivative g, = % on the boundary T's.
3. Evaluate the function (16) for r € [Ro, R1] and determine the radius 7o such that

T(ro) = min T(r).
(r0) L min (r)

The interval [Ro, R1] is selected to represent the feasible range of the size parameter,
ensuring that the estimated size remains within the outer boundary.

5. NUMERICAL EXPERIMENTS

In this section we present numerical experiment for Algorithm A, since the result
obtained for Algorithm B for exact solution coincides completely. In case of noisy input
data there is minor difference in comparison with another algorithm.

To demonstrate the effectiveness of the proposed method for solving the inverse prob-
lem, we use synthetic Cauchy data generated for known geometries. We consider an
exterior boundary defined by

Iy = {z2(t) = (2cost,2sint), t € [0,27]}



Chapko R., Seniv S.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. mareMm. ta iud. 2025. Bun. 35 45

and an interior boundary given by
'y = {x1(t) = (1 +0.2cos 3t)(cos t,sint), t € [0,27]}.

The Cauchy data on I's is produced by solving the direct problem (1) — (3) with Dirichlet
data fo = 1 and computing the Neumann data g as the normal derivative on I'y. To
simulate measurement errors, noisy data are modeled as

95 = g2+ 62— 1)||g2|| 1o (rs)s

where ¢ is the noise level and 7 € (0,1) is a uniformly distributed random variable.

Then we find the initial approximation for using iterative scheme. According to the
line location search method, we consider two lines defined as L; = {(3,¢), t € R} and
Lo ={(t,—5.5), t € R} for use in the line location search method. As a result, we obtain
the intersection point of the lines orthogonal to L; and Lo, which is taken as the center
of the initial approximation for the unknown boundary (see Fig. 1).

—
— L1(x=3)
— L2(y=-55)

x2

ERAN
N

—44

Fig. 1. Intial guess localization

For the size estimation algorithm we select an interval [Ro, R;] within the range from
0.1 to 1.9, ensuring that the search remains entirely within the outer boundary. Fig. 2
illustrates the dependency the parameter r € [Ry, R1] on the corresponding values of the
function T'(r).

T(r)
25

T
— Tfor&=0%
—-—- Tfor6=5%

20+

Fig. 2. Plot of the function T’
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As a result of applying both the location search and size estimation algorithms, the
initial approximation is taken to be the unit circle centered at the origin for exact input
data, and a circle of radius 1.1 centered at the origin for input data contaminated with
5% of noise.

Fig. 3 presents the reconstruction results for both exact and noisy data with § = 5%,
using discretization parametersn = 16,m =4, o, 3,7 = 1le—2,{ = 0.2, = 0.7,¢ = le—3.

— lN_ex 2.0 4
=== T1_app
—_—r 1.5 4
----- initial approximation

T T T T T T T T T T T T T T T T T T
-2.0 -15 -1.0 -05 0.0 0.5 1.0 15 2.0 -2.0 -15 -1.0 -05 0.0 0.5 1.0 15 2.0
XL XL

a Exact input data b Input data with 5% of noise

Fig. 3. The reconstructed interior boundary (exact I'1 — solid line,
reconstructed I'1 — dashed line, initial guess of I'1 — dotted line)

As we can see from the Fig. 3 the reconstructed internal boundary coincides perfectly
with the true boundary shape for exact input data. In contrast, when we have noisy
data, a slight deviation is observed, however, it remains insignificant. It should be noted
that selection of both relaxation and regularization parameters is essential, as they signif-
icantly influence the quality of the reconstruction under noisy conditions. Inappropriate
values may lead to either oversmoothing or noise amplification.

6. CONCLUSION

In this paper we addresses the problem of reconstructing the inner boundary in a
doubly-connected domain for the Laplace equation, using given Cauchy data and em-
ploying the integral equation method. The solution strategy is built around iterative
algorithms, which involve solving the direct problem and applying a linearization of the
integral equations. Particular emphasis was placed on selecting an appropriate initial
guess to ensure convergence and preserve numerical stability. As part of the linearization
process, the Fréchet derivative of the relevant integral equations was derived. Given the
problem’s inherent ill-posedness, a regularization technique was employed, allowing for
stable solutions even in the presence of noisy input data. The resulting numerical exper-
iments confirm the effectiveness of the proposed approach and highlight its potential for
application to a variety of problems with specific physical significance.
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METO/I HEJITHINHUX IHTET'PAJIbHUX PIBHAHb
JJIsI OBEPHEHOI 3ATAYI PEKOHCTPVYKIIII MEXKI
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YV wmiit pobori po3rIsagaEeTbCca 3ajJada BiJHOBJIEHHS BHYTPINIHBOI MeXKi JBO3B’SI3HOT
obsracti Ha momuui 3a 3amamummu ganummu Komi rapmoniumoi dymknil Ha 30BHIimHINK
MexKi. BUKOPHCTOBYIOUYHM IOJIaHHSA 4Yepe3 MOTEHINiaJ IPOCTOro mapy, IpobieMy 3BeJEeHO 10
CHUCTEMH HEJIHIHHUX IPAHUYHUX IHTErpaJbHUX PiBHSIHBL. 3aIpPOMOHOBAHO TAa PEaJi30BAHO
nBa itepamniitai merogun HerOTOHA [JjIsi 9MCeILHOrO Po3B’si3aHHs miel cucremu. Ob64UuncaeHO
noxigui Pperre BiAMOBIAHUX iHTErpaJbHUX omepaTopiB. IloBHA muCKpeTw3allisa 3IiiCHEeHA
3a JIOIIOMOTOI METO/AY KBaJpaTyp Ta METOAy KOJokailii. Jlyisi BUpinieHHsI HEKOPEKTHOCTI
OTpUMaHOI JiHIMHOI cucTeMu 3acTocoBaHo perynspusanio Pinminca-Tixonosa. [lns mo-
IIyKy OYATKOBOIO HAOJIMIKEHHSI 10 BHYTPIIIHBOI MEXKi BUKOPHCTOBYETHCS METOZ, IPAMHX
Ta AJITOPUTM OIiHKH po3Mipy. OO6miaBa MeTOnu I'DYHTYIOTHCA HA 3HAXOJKEHHI MiHIMyMmy
dyHKuIioHaJIB, K] BKIOY9a0Th 3a4aHi gani Komi. Hasejeni yncesbHi npukiiaay mnigrsep-
JKYIOTH CTabiIbHICTD, TOYHICTE Ta 00IHCIIOBAJIBHY e(DeKTHBHICTH 3AIIPOIOHOBAHOTO IIi XO0-
ay-

Knarouwost caosa: obepHeHA 3ajada, HeiHIMHA 3a/a49a, PEKOHCTPYKIlisd MexKi, JTBO3B’dA3HA
o6J1acTh, HOTEHIIAJ HIPOCTOrO MIAPY, METOJ IHTerpajbHAX PIBHAHB, METOZ KBAJAPATYD,
noxigua Pperme, perynapusania Pinminca-TixoHoBA.



