
ChapkoR., Seniv S.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2025. Âèï. 35 35

UDC 519.6 http://dx.doi.org/10.30970/vam.2024.34.00000

ON THE NON-LINEAR INTEGRAL EQUATION METHOD
FOR THE INVERSE BOUNDARY RECONSTRUCTION

PROBLEM

R.Chapko, S. Seniv

Ivan Franko National University of Lviv,

1, Universytetska str., 79000, Lviv, Ukraine,

e-mail: roman.chapko@lnu.edu.ua, so�ia.seniv.pmp@lnu.edu.ua

This paper is concerned with the reconstruction of an interior boundary curve in a

planar double-connected domain from given Cauchy data of the harmonic function pre-

scribed on the outer boundary. By employing single-layer potential representations, we

reduce the problem to a system of non-linear boundary integral equations. Two iterative

methods based on the Newton's linearization are proposed and implemented for numerical

solving the system. The Fr�echet derivatives of the corresponding integral operators are

computed. Full discretization is achieved using quadrature and collocation methods. To

resolve ill-posedness of the resulting linear system, we apply Phillips-Tikhonov regulariza-

tion. An initial approximation for the interior boundary is found by the line method and

a size estimation algorithm. Both methods are founded on �nding the minimum of special

functionals that include the given Cauchy data. Numerical examples con�rm the stability,

accuracy, and computational e�ciency of the proposed approaches.
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1. Introduction

The mathematical formulation of inverse problems arising in nondestructive diagnos-
tics of materials naturally leads to inverse boundary value problems for elliptic partial
di�erential equations. In such problems, an unknown crack or inclusion must be re-
constructed from boundary measurements, often available only on a subset of the outer
boundary. Among the most e�cient approaches to these inverse problems are those based
on non-linear boundary integral equations, followed by the application of regularized it-
erative methods.

The idea of transforming an inverse boundary or inclusion problem into a non-linear
integral equation system and solving it via iterative regularized schemes was systemati-
cally developed in a series of works, particularly for the Laplace and Navier equations.

Kress and Rundell in [9] introduced an iterative algorithm for non-linear integral
equations focused on inverse source problems, establishing foundational convergence re-
sults. In [5] this approach was extended to handle inverse boundary value problems with
inclusions and cracks. It uses the reciprocity gap functional with adapted boundary in-
tegral equations to reconstruct the unknown shape from Cauchy data. In [1] authors
adressed boundary reconstruction in double-connected planar domains, showing the im-
plementation of three di�erent iterative approaches. The methods emphasize the use
of Green's function for solving inverse boundary value problems, o�ering advantages
over the reciprocity gap approach. The paper relates to disk-shaped domains where the
Green's function can be explicitly constructed. In [2] it was applied non-linear integral
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equations to reconstruct inclusions within elastic bodies, incorporating elasticity's vec-
torial nature to solve physically realistic inverse problems. In this paper our goal is to
apply potential theory to derive a system of non-linear integral equations equivalent to
an inverse boundary value problem for the Laplace equation.

The plan of the paper is as follows. In Section 2 we reduce the inverse boundary
value problem (1) � (4) to three boundary integral equations using single-layer potential.
Section 3 contains two iterative schemes for the numerical solution of the non-linear
integral equations. The determination of the initial guess is discussed in Section 4.
Section 5 contains the numerical example illustrating the feasibility of the non-linear
integral equation method for approximate solution of the inverse boundary value problem.

Let Dl ⊂ R2 be bounded domains with boundaries Γl, l = 1, 2 such that D̄1 ⊊ D2.
We denote the domain D = D2\D̄1 with the boundary Γ = Γ1 ∪ Γ2. Physically, Γ1

represents the boundary of an unknown cavity, while Γ2 corresponds to the accessible
outer boundary.

For a given function f2 ∈ H1/2(Γ2) let the function u ∈ H1(D,∆) satis�es the Laplace
equation

∆u = 0 in D (1)

and Dirichlet boundary value conditions

u = 0 on Γ1, (2)

u = f2 on Γ2. (3)

The inverse boundary problem is to reconstruct the boundary Γ1 ∈ C2 from given
the boundary Γ2 ∈ C2, Dirichlet data f2 and the associated Neumann data

∂u

∂ν
= g2 on Γ2, (4)

where ν = (ν1, ν2) denotes the outward unit normal vector and g2 ∈ H−1/2(Γ2) is a given
function.

Note that we a priori know that the domain D2 contains exactly one cavity with
boundary Γ1, and our goal is to reconstruct the shape of this cavity, i.e., the curve Γ1.

Next result follows from the unique continuation property of harmonic functions (see
[4]).

Theorem 1. Let D and D̃ be two bounded domains with a common outer boundary

Γ2 and respective inner boundaries Γ1 and Γ̃1. Denote by u and ũ the solutions to the

Dirichlet problem in D and D̃, respectively. Suppose that f2 ̸≡ 0 and

∂u

∂ν
=

∂ũ

∂ν

on an open subset of Γ2. Then it follows that Γ1 = Γ̃1.

Therefore, Theorem 1 ensures the uniqueness of the boundary Γ1 corresponding to
the prescribed Cauchy data (f2, g2) on Γ2. The inverse boundary problem (1)�(4) is,
however, ill-posed due to the lack of stability: small perturbations (e.g., noise) in the
data on Γ2 may lead to arbitrarily large errors in the reconstruction of Γ1. Moreover, the
problem is non-linear, since the Cauchy data on Γ2 depend non-linearly on the boundary
Γ1.
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2. Potential-based integral equation approach

To transform the problem into an integral equation formulation, we express the solu-
tion using layer potentials. Firstly, let us introduce the fundamental solution to Laplace
equation

Φ(x, y) =
1

2π
ln

1

|x− y|
, x ̸= y.

We represent the function u from the inverse boundary problem (1)-(4) as the combina-
tion of single-layer potentials

u(x) =

2∑
l=1

∫
Γl

µl(y)Φ(x, y)ds(y), x ∈ D,

where µl ∈ H−1/2(Γl), l = 1, 2 are unknown densities.
Taking into consideration the continuity property of the single-layer potential and so

called jump in its normal derivative across the boundary, we obtain

u(x) = (S1lµ1)(x) + (S2lµ2)(x), x ∈ Γl, l = 1, 2 (5)

and
∂u

∂ν
(x) =

1

2
µ2(x) + (D1µ1)(x) + (D2µ2)(x), x ∈ Γ2, (6)

where the boundary integral operators Skl : H
−1/2(Γk) → H1/2(Γl) and

Dl : H
−1/2(Γl) → H−1/2(Γl) are de�ned

(Sklµ)(x) =

∫
Γk

µ(y)Φ(x, y)ds(y), x ∈ Γl,

(Dlµ)(x) =

∫
Γl

µ(y)
∂Φ(x, y)

∂ν(x)
ds(y), x ∈ Γ2.

Satysfying the boundary conditions (2) � (3), we receive from (5) a non-linear system
of boundary integral equations{

S11µ1 + S21µ2 = 0 on Γ1,

S12µ1 + S22µ2 = f2 on Γ2.
(7)

The condition (4) and representation (6) leads to the integral equation

1

2
µ2 +D1µ1 +D2µ2 = g2 on Γ2. (8)

The equations (7) are called the ��eld� equations and equation (8) is called �data�
equation.

Thus, the formulated inverse boundary problem (1)-(4) is redused to the system of
non-linear integral equations (7)-(8). We note here that for given boundaries Γl, l = 1, 2
the system of integral equations (7) is well-posed problem in corresponding spaces [7].
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3. Two iterative algorithms for a non-linear system of

integral equations

In order to solve the system we transform the line integrals over the curve into de�nite
integrals over a �xed interval by parametrizing the boundary. We assume that the
boundary Γ2 is given in parametric form

Γ2 = {x2(t) = (x21(t), x22(t)), |x′
2(t)| > 0, t ∈ [0, 2π]},

where x21, x22 ∈ C2[0, 2π].
For computational simplicity, we consider the reconstruction of Γ1 in the class of

starlike curves, which have the following parametric form

Γ1 = {x1(t) = r(t)c(t), |x′
1(t)| > 0, t ∈ [0, 2π]},

where c(t) = (cos t, sin t) and r : R → (0,∞) is a 2π-periodic twice continuously
di�erentiable function representing the radial distance from the origin.

This allows the operator Skl to be represented in a parametric form

(S̃klφ)(t) =
1

2π

∫ 2π

0

φ(τ)Kkl(t, τ)dτ,

where Kkl(t, τ) = 2πΦ(xk(t), xl(τ)), k, l = 1, 2.
Due to the logarithmic singularity in the kernels Kll, l = 1, 2, it is convenient to use

additive decomposition. Accordingly, we write them as

Kll(t, τ) = −1

2
ln

(
4

e
sin2

t− τ

2

)
+ K̃ll(t, τ),

where

K̃ll(t, τ) =


1

2
ln

4
e sin

2 t−τ
2

|xl(t)− xl(τ)|2
, t ̸= τ,

1

2
ln

1

e|x′
l(t)|2

, t = τ.

The parametrization of the operatorsDl, l = 1, 2 leads to the following representation

(D̃lφ)(t) =
1

2π

∫ 2π

0

φ(τ)L2l(t, τ)dτ, l = 1, 2,

where

L2l(t, τ) =
ν(x2(t)) · (xl(τ)− x2(t))

|xl(τ)− x2(t)|2
, l = 1, 2

with

L22(t, t) =
x′′
2(t) · ν(x2(t))

2|x′
2(t)|2

.

Thus, the system (7) � (8) can be rewritten in the parametric form S̃11φ1 + S̃12φ2 = 0 on [0, 2π],

S̃21φ1 + S̃22φ2 = f̃2 on [0, 2π],
(9)
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D̃1φ1 + D̂2φ2 = g̃2 on [0, 2π], (10)

where f̃2(t) = f2(x2(t)), g̃2(t) = g2(x2(t)), φk(τ) = µk(xk(τ))|x′
k(τ)| and

(D̂2φ)(t) =
1

2

φ(t)

|x′
2(t)|

+ (D̃2φ)(t).

The determination of the boundary Γ1 is a non-linear problem. One of the classical
approaches to its solution is the Newton iterative method. Therefore, the algorithms
presented below are based on the application of this method and involve the linearization
of the integral equation. In this way, at each iteration step, the solution is re�ned, leading
to a more accurate reconstruction of the internal boundary.

Algorithm A.
1. Set an initial value for r.

2. Solve the well-posed in corresponding Sobolev spaces system of parametrized inte-
gral equations (9) with respect to φ1 and φ2.

3. For the given r, φ1 òà φ2 solve the ill-posed system of linearized integral equations
S̃11ϕ1 + S̃12ϕ2 + S̃′

11[r, φ1]q + S̃′
12[r, φ2]q = −S̃11φ1 − S̃12φ2,

S̃21ϕ1 + S̃22ϕ2 + S̃′
21[r, φ1]q = f̃2 − S̃21φ1 − S̃22φ2,

D̃1ϕ1 + D̂2ϕ2 + D̃′
1[r, φ1]q = g̃2 − D̃1φ1 − D̂2φ2

(11)

with respect to q, ϕ1 and ϕ2. Here S̃′
kl and D̃′

1 denote the Fr�echet derivatives of
the corresponding integral operators with respect to the radial function r. A more
detailed description of these operators is provided in the next section. The system
(11) is obtained from (9)�(10) by linearization with respect to all unknown func-
tions. In this derivation, we take into account that the integral operators are linear
with respect to the densities.

4. Update the radial function r = r + ζq and densities φ1 = φ1 + ϕ1, φ2 = φ2 + ϕ2.
Here ζ ∈ (0, 1) is the relaxation parameter.

5. Repeat steps 3 � 4 until the stopping criterion is satis�ed

||q||L2[0,2π]

||r||L2[0,2π]
< ϵ,

where ϵ is the given tolerance.
We note here that analogously to [1] it can be shown that if the functions q, ϕ1 and

ϕ2 satisfy the homogeneous system corresponded to (11), then the only possible solution
is the trivial one.

Algorithm B.
1. Set an initial value for r.

2. Solve the well-posed system of parameterized integral equations (9) with respect
to φ1 and φ2.

3. For the given r, φ1 òà φ2 solve the linearized integral equation

D̃′
1[r, φ1]q = g̃2 − D̃1φ1 − D̂2φ2 (12)

with respect to q.
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4. Update the radial function r = r+ ξq, where ξ ∈ (0, 1) is the relaxation parameter.

5. Repeat steps 2 � 4 until the stopping criterion is satis�ed

||q||L2[0,2π]

||r||L2[0,2π]
< ϵ.

Similar to Algorithm A, linearized equation (12) has a unique solution.
These two iterative schemes di�er in complexity and convergence behavior. Method

A typically converges faster and provides more accurate updates per step, as it fully
accounts for the non-linear coupling between variables. However, it comes with increased
computational cost and requires solving a larger system. In contrast, Method B employs
a simpler structure by updating the boundary shape based solely on a single linearized
equation related to the shape derivative. It usually converges more slowly.

The stopping criterion employed in both methods is designed to control the growth
of the iterative process. It is expressed in the L2 norm, since the data discrepancy is
naturally measured in this space.

3.1. Implementation of algorithm A

Step 1. To numerically solve the system of integral equations (9), we employ a
quadrature method, which consists in approximating the integral operators using appro-
priate quadrature rules. Speci�cally, for integrals with smooth and continuous kernels,
we apply the trapezoidal rule, which is particularly e�ective in the context of periodic
parametrizations due to its spectral convergence properties. For integrals involving log-
arithmic singularities, we use trigonometric quadrature formulas that accurately handle
such singular behavior. Thus, the following quadrature rules [7], [8] are used

1

2π

∫ 2π

0

g(τ)dτ ≈ 1

2n

2n−1∑
j=0

g(tj), (13)

1

2π

∫ 2π

0

g(τ) ln

(
4

e
sin2

t− τ

2

)
dτ ≈

2n−1∑
j=0

g(tj)Rj(t), (14)

where Rj(t) = − 1

n

{
n−1∑
m=1

1

m
cosm(t− tj) +

1

2n
cosn(t− tj)

}
− 1

2n
.

The quadrature nodes are chosen to be equidistant on the interval [0, 2π], de�ned as
tj =

jπ
n , j = 0, . . . , 2n− 1, n ∈ N. By collocating the resulting discrete equations at the

quadrature nodes, we obtain a linear system

2n−1∑
j=0

{
φ1,n(tj)

[
−1

2
Rj(tk) +

1

2n
K̃11(tk, tj)

]
+ φ2,n(tj)

1

2n
K12(tk, tj)

}
= 0,

2n−1∑
j=0

{
φ1,n(tj)

1

2n
K21(tk, tj) + φ2,n(tj)

[
−1

2
Rj(tk) +

1

2n
K̃22(tk, tj)

]}
= f̃2(tk),

where φl,n(tk) ≈ φl(tk), l = 1, 2, k = 0, . . . 2n− 1.
Step 2. According to the algorithm, we obtain a system of linearized equations that

requires the computation of Fr�echet derivatives. These derivatives can be explicitly
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calculated by di�erentiating the kernels of the integral operators with respect to the
radial function

(S̃′
11[r, φ1]q)(t) =

1

2π

∫ 2π

0

[
q(τ)N

(1)
11 (t, τ) + q(t)N

(2)
11 (t, τ)

]
φ1(τ)dτ,

(S̃′
12[r, φ2]q)(t) =

1

2π

∫ 2π

0

q(t)N12(t, τ)φ2(τ)dτ,

(S̃′
21[r, φ1]q)(t) =

1

2π

∫ 2π

0

q(τ)N21(t, τ)φ1(τ)dτ,

(D̃′
1[r, φ1]q)(t) =

1

2π

∫ 2π

0

q(τ)Nr(t, τ)φ1(τ)dτ. (15)

The kernels of the Fr�echet derivatives are computed as follows

N
(1)
11 (t, τ) = c(τ) · ∇x1(τ)K̃11(t, τ) = c(τ) ·

(
x11(t)− x11(τ)

|x1(t)− x1(τ)|2
,
x12(t)− x12(τ)

|x1(t)− x1(τ)|2

)
, t ̸= τ

N12(t, τ) = c(t) · ∇x1(t)K12(t, τ) = c(t) ·
(
− x11(t)− x21(τ)

|x1(t)− x2(τ)|2
,− x12(t)− x22(τ)

|x1(t)− x2(τ)|2

)
,

Nr(t, τ) = c(τ) · ∇x1(τ)L21(t, τ) = c(τ) · (v1(t, τ), v2(t, τ)),

where vk(t, τ) =
νk(x2(t))− 2L21(t, τ)(x1k(τ)− x2k(t))

|x1(τ)− x2(t)|2
, k = 1, 2.

Obviously, N21(t, τ) = N12(τ, t) and N
(2)
11 (t, τ) = N

(1)
11 (τ, t). Also, taking the limit,

the kernel

N11(t, τ) = lim
τ→t

[
q(τ)N

(1)
11 (t, τ) + q(t)N

(2)
11 (t, τ)

]
= −r(t)q(t) + r′(t)q′(t)

r(t)2 + (r′(t))2
.

The unknown correction q is determined using the collocation method, selecting basis
functions from the space of trigonometric polynomials

qm(t) =

2m∑
i=0

qmi li(t), m ∈ N,

where m < n and

li(t) =

{
cos(it), i = 0, · · · ,m,
sin((i−m)t), i = m+ 1, · · · , 2m.

For the discretization of the system of integral equations (11), we employ the quadra-
ture method. Speci�cally, we approximate the integrals using the trapezoidal rule (13).
This leads to a system of linear equations

2n−1∑
j=0

ϕ
(1)
nj A

(11)
ij +

2n−1∑
j=0

ϕ
(2)
nj A

(12)
ij +

2m∑
j=0

qmjA
(13)
ij = B

(1)
i ,

2n−1∑
j=0

ϕ
(1)
nj A

(21)
ij +

2n−1∑
j=0

ϕ
(2)
nj A

(22)
ij +

2m∑
j=0

qmjA
(23)
ij = B

(2)
i ,

2n−1∑
j=0

ϕ
(1)
nj A

(31)
ij +

2n−1∑
j=0

ϕ
(2)
nj A

(32)
ij +

2m∑
j=0

qmjA
(33)
ij = B

(3)
i ,
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where ϕ
(s)
ni = ϕs(ti), s = 1, 2, i = 0, . . . , 2n−1. The elements of the matrix are computed

using the following formulas

A
(11)
ij = −1

2
Rj(ti) +

1

2n
K̃11(ti, tj), A

(12)
ij =

1

2n
K12(ti, tj),

A
(21)
ij =

1

2n
K21(ti, tj), A

(22)
ij = −1

2
Rj(ti) +

1

2n
K̃22(ti, tj),

A
(31)
ij =

1

2n
L21(ti, tj), A

(32)
ij =

1

2|x′
2(ti)|

+
1

2n
L22(ti, tj),

A13
ij = lj(ti)N12(ti, tk)φ2,n(tk) +

1

2n



2n−1∑
k=0

φ1,n(tk)
[
lj(tk)N

(1)
11 (ti, tk)+

+lj(ti)N
(2)
11 (ti, tk)

]
, ti ̸= tk,

2n−1∑
k=0

φ1,n(tk)N11(ti, tk), ti = tk,

A
(23)
ij =

1

2n

2n−1∑
k=0

lj(tk)N21(ti, tk)φ1,n(tk), A
(33)
ij =

1

2n

2n−1∑
k=0

lj(tk)Nr(ti, tk)φ1,n(tk),

B
(1)
i = −

2n−1∑
k=0

{
φ1,n(tk)

[
−1

2
Rk(ti) +

1

2n
K̃11(ti, tk)

]
+ φ2,n(tk)

1

2n
K12(ti, tk)

}
,

B
(2)
i = f̃2(ti)−

2n−1∑
k=0

{
φ1,n(tk)

1

2n
K21(ti, tk) + φ2,n(tk)

[
−1

2
Rk(ti) +

1

2n
K̃22(ti, tk)

]}
,

B
(3)
i = g̃2(ti)−

φ2,n(ti)

2|x′
2(ti)|

− 1

2n

2n−1∑
k=0

{L21(ti, tk)φ1,n(tk) + L22(ti, tk)φ2,n(tk)} .

As it was mentioned before the inverse problems are ill-posed. Therefore, to stabi-
lize the solution, regularization methods are employed, for example, Phillips�Tikhonov
regularization and the method of least squares

αϕ
(1)
ni +

2n−1∑
j=0

ϕ
(1)
nj a

(11)
ij +

2n−1∑
j=0

ϕ
(2)
nj a

(12)
ij +

2m∑
j=0

qmja
(13)
ij = b

(1)
i , i = 0, . . . , 2n− 1,

βϕ
(2)
ni +

2n−1∑
j=0

ϕ
(1)
nj a

(21)
ij +

2n−1∑
j=0

ϕ
(2)
nj a

(22)
ij +

2m∑
j=0

qmja
(23)
ij = b

(2)
i , i = 0, . . . , 2n− 1,

γqmi +

2n−1∑
j=0

ϕ
(1)
nj a

(31)
ij +

2n−1∑
j=0

ϕ
(2)
nj a

(32)
ij +

2m∑
j=0

qmja
(33)
ij = b

(3)
i , i = 0, . . . , 2m,

where α > 0, β > 0, γ > 0 are regularization parameters and

a
(lp)
ij =

2n−1∑
k=0

A
(l1)
ki A

(p1)
kj +

2n−1∑
k=0

A
(l2)
ki A

(p2)
kj +

2m∑
k=0

A
(l3)
ki A

(p3)
kj ,

b
(l)
i =

2n−1∑
k=0

A
(l1)
ki B

(1)
k +

2n−1∑
k=0

A
(l2)
ki B

(2)
k +

2m∑
k=0

A
(l3)
ki B

(3)
k .
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3.2. Implementation of algorithm B

Step 1. It is analogous to the Step 1 from the Algorithm A. Apart from Algorithm
A the system of equations is solved iteratively at each step.

Step 2. The implementation of this step closely follows the approach established in the
Algorithm A. Speci�cally, the computation of the Fr�echet derivative, which is essential
for the linearization step, is already computed (15) and can be reuse here. Similarly,
the correction q is represented in the same space of trigonometric polynomials. The
discretization of the integral equations using the trapezoidal rule remains unchanged,

enabling the use of matrices A
(33)
ij and vector B

(3)
i previously de�ned.

Unlike the Algorithm A, which requires solving a coupled system involving the un-
knowns ϕ1, ϕ2 and q, this algorithm reduces the problem to solving a system that involves
only the correction q. This reduction is achieved by forming a regularized system of linear
equations of the form

αqmi +

2m∑
j=0

qmjaij = bi, i = 0, · · · , 2m,

where the elements of the matrix and right-hand side vector are given by

aij =

2n−1∑
k=0

A
(33)
ki A

(33)
kj , bi =

2n−1∑
k=0

A
(33)
ki B

(3)
k .

Here, α > 0 is the regularization parameter used to stabilize the ill-posed inverse problem,
employing the Phillips�Tikhonov regularization technique.

4. Determination of the initial guess

To ensure the e�ective application of the previously discussed iterative methods, it
is essential to obtain a suitable initial approximation of the unknown inclusion. In this
section, we discuss two complementary algorithms aimed at identifying the approximate
location and estimating the size of the inclusion. A well-chosen starting point is not only
crucial for ensuring global convergence, but also for accelerating the overall computational
process.

4.1. The line location search method

This method is based on an explicit analytical expression for determining the location
of the inclusion (see [6]). This makes the algorithm straightforward to implement, as the
result can be obtained by simply constructing two or more lines. Moreover, this approach
o�ers excellent computational e�ciency.

1. De�ne the functional

H(x, f, g) =

∫
Γ2

[
∂Φ(x, y)

∂ν(y)
f(y)− Φ(x, y)g(y)

]
ds(y), x ∈ R2\D̄2.

2. Select two lines L1 = {(a1, t), t ∈ R} and L2 = {(t, a2), t ∈ R}, where ai ∈ R are
chosen so that the lines Li are out of D2, i = 1, 2.

3. Determine the points zi ∈ Li : H(zi) = min
z∈Li

H(z, f2, g2), i = 1, 2.
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4. Construct orthogonal lines to Li passing through the points zi, i = 1, 2.

5. The intersection point P (d1, d2) ∈ D1 of the constructed orthogonal lines is con-
sidered as the initial approximation for the inclusion location.

4.2. Size estimation algorithm

This method relies on the assumption that the inclusion D1 can be approximated by a
circle Br0 of unknown radius r0 (more detailed in [3], [10]). To determine an appropriate
value of r0, we minimize a mis�t function

T (r) =

∣∣∣∣∣∣
2n−1∑
j=0

(g2(tj)− gr(tj))f2(tj)

∣∣∣∣∣∣ , (16)

that quanti�es the di�erence between the observed boundary data and those computed
from a corresponding auxiliary problem. The accuracy of the estimated inclusion size
improves as this mis�t decreases. Hence, the desired radius r0 is identi�ed as the value
that satis�es the orthogonality condition∫

Γ2

(g2(y)− gr0(y))f2(y)ds(y) = 0,

which is necessary criteria for optimality. Here gr0 represents the boundary data gen-
erated by the auxiliary problem with the inclusion approximated as a circle of radius
r0.

1. Consider the auxiliary Dirichlet problem

∆v = 0 in D̃,

v = 0 on Br, v = f on Γ2,

where Br is a circle centered at the point P, obtained by the line location search
method and D̃ = D2\B̄r.

2. Compute the normal derivative gr = ∂v
∂ν on the boundary Γ2.

3. Evaluate the function (16) for r ∈ [R0, R1] and determine the radius r0 such that

T (r0) = min
r∈[R0,R1]

T (r).

The interval [R0, R1] is selected to represent the feasible range of the size parameter,
ensuring that the estimated size remains within the outer boundary.

5. Numerical experiments

In this section we present numerical experiment for Algorithm A, since the result
obtained for Algorithm B for exact solution coincides completely. In case of noisy input
data there is minor di�erence in comparison with another algorithm.

To demonstrate the e�ectiveness of the proposed method for solving the inverse prob-
lem, we use synthetic Cauchy data generated for known geometries. We consider an
exterior boundary de�ned by

Γ2 = {x2(t) = (2 cos t, 2 sin t), t ∈ [0, 2π]}
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and an interior boundary given by

Γ1 = {x1(t) = (1 + 0.2 cos 3t)(cos t, sin t), t ∈ [0, 2π]} .

The Cauchy data on Γ2 is produced by solving the direct problem (1) � (3) with Dirichlet
data f2 = 1 and computing the Neumann data g2 as the normal derivative on Γ2. To
simulate measurement errors, noisy data are modeled as

gδ2 = g2 + δ(2η − 1)||g2||L2(Γ2),

where δ is the noise level and η ∈ (0, 1) is a uniformly distributed random variable.
Then we �nd the initial approximation for using iterative scheme. According to the

line location search method, we consider two lines de�ned as L1 = {(3, t), t ∈ R} and
L2 = {(t,−5.5), t ∈ R} for use in the line location search method. As a result, we obtain
the intersection point of the lines orthogonal to L1 and L2, which is taken as the center
of the initial approximation for the unknown boundary (see Fig. 1).

Fig. 1. Intial guess localization

For the size estimation algorithm we select an interval [R0, R1] within the range from
0.1 to 1.9, ensuring that the search remains entirely within the outer boundary. Fig. 2
illustrates the dependency the parameter r ∈ [R0, R1] on the corresponding values of the
function T (r).

Fig. 2. Plot of the function T
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As a result of applying both the location search and size estimation algorithms, the
initial approximation is taken to be the unit circle centered at the origin for exact input
data, and a circle of radius 1.1 centered at the origin for input data contaminated with
5% of noise.

Fig. 3 presents the reconstruction results for both exact and noisy data with δ = 5%,
using discretization parameters n = 16,m = 4, α, β, γ = 1e−2, ζ = 0.2, ξ = 0.7, ϵ = 1e−3.

a Exact input data b Input data with 5% of noise

Fig. 3. The reconstructed interior boundary (exact Γ1 � solid line,
reconstructed Γ1 � dashed line, initial guess of Γ1 � dotted line)

As we can see from the Fig. 3 the reconstructed internal boundary coincides perfectly
with the true boundary shape for exact input data. In contrast, when we have noisy
data, a slight deviation is observed, however, it remains insigni�cant. It should be noted
that selection of both relaxation and regularization parameters is essential, as they signif-
icantly in�uence the quality of the reconstruction under noisy conditions. Inappropriate
values may lead to either oversmoothing or noise ampli�cation.

6. Conclusion

In this paper we addresses the problem of reconstructing the inner boundary in a
doubly-connected domain for the Laplace equation, using given Cauchy data and em-
ploying the integral equation method. The solution strategy is built around iterative
algorithms, which involve solving the direct problem and applying a linearization of the
integral equations. Particular emphasis was placed on selecting an appropriate initial
guess to ensure convergence and preserve numerical stability. As part of the linearization
process, the Fr�echet derivative of the relevant integral equations was derived. Given the
problem's inherent ill-posedness, a regularization technique was employed, allowing for
stable solutions even in the presence of noisy input data. The resulting numerical exper-
iments con�rm the e�ectiveness of the proposed approach and highlight its potential for
application to a variety of problems with speci�c physical signi�cance.

References

1. ChapkoR.S. On the non-linear integral equation approaches for the boundary recon-
struction in double-connected planar domains /R.S.Chapko, O.M. Ivanyshyn Yaman,
T.S.Kanafotskyi // Journal of Numerical and Applied Mathematics. � 2016. � Vol. 122. �
P. 7�20.



ChapkoR., Seniv S.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2025. Âèï. 35 47

2. ChapkoR.S. On the non-linear integral equation method for the reconstruction of an inclu-
sion in the elastic body /R.S. Chapko, O.M. Ivanyshyn Yaman, V.G.Vavrychuk // Journal
of Numerical and Applied Mathematics. � 2019. � Vol. 130. � P. 7�17.

3. ChapkoR. Location search technique and size estimation of the bounded inclusion for some
inverse boundary value problems /R.Chapko, N.Vintonyak //Visnyk Khmelnytskogo uni-
versytetu. � 2007. � Vol. 93, �2. � P. 186�191.

4. Cheng J. Uniqueness in an inverse boundary problem for Laplace's equation / J.Cheng,
M.Yamamoto // Inverse Problems � 1996. � Vol. 12. � P. 213�219.

5. IvanyshynO. Nonlinear integral equations for solving inverse boundary value problems
for inclusions and cracks /O. Ivanyshyn, R.Kress // J. Integral Equations Appl. � 2006. �
Vol. 18. � P. 13�38.

6. KimS. Location search technique for a grounded conductor / S.Kim, O.Kwon, J.K. Seo
// SIAM J. Appl. Math. � 2002. � Vol. 62, �4. � P. 1383�1393.

7. KressR. Linear Integral Equations /R.Kress. � Springer, 2014.

8. KressR. Numerical analysis /R.Kress. � Springer, 1998.

9. KressR. Nonlinear integral equations and the iterative solution for an inverse boundary
value problem /R.Kress, W.Rundell // Inverse Problems. � 2005. � Vol. 21. � P. 1207�1223.

10. KwonO. Total size estimation and identi�cation of multiple anomalies in the inverse con-
ductivity problem /O. Kwon, J.K. Seo // Inverse Problems. � 2001. � Vol. 17. � P. 59�75.

Article: received 20.08.2025
revised 17.09.2025

printing adoption 24.09.2025

ÌÅÒÎÄ ÍÅËIÍIÉÍÈÕ IÍÒÅÃÐÀËÜÍÈÕ ÐIÂÍßÍÜ
ÄËß ÎÁÅÐÍÅÍÎ� ÇÀÄÀ×I ÐÅÊÎÍÑÒÐÓÊÖI� ÌÅÆI

Ð.Õàïêî, Ñ.Ñåíiâ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà 1, Ëüâiâ, 79000, Óêðà¨íà

e-mail: roman.chapko@lnu.edu.ua, so�ia.seniv.pmp@lnu.edu.ua

Ó öié ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à âiäíîâëåííÿ âíóòðiøíüî¨ ìåæi äâîçâ'ÿçíî¨

îáëàñòi íà ïëîùèíi çà çàäàíèìè äàíèìè Êîøi ãàðìîíi÷íî¨ ôóíêöi¨ íà çîâíiøíié

ìåæi. Âèêîðèñòîâóþ÷è ïîäàííÿ ÷åðåç ïîòåíöiàë ïðîñòîãî øàðó, ïðîáëåìó çâåäåíî äî

ñèñòåìè íåëiíiéíèõ ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü. Çàïðîïîíîâàíî òà ðåàëiçîâàíî

äâà iòåðàöiéíi ìåòîäè Íüþòîíà äëÿ ÷èñåëüíîãî ðîçâ'ÿçàííÿ öi¹¨ ñèñòåìè. Îá÷èñëåíî

ïîõiäíi Ôðåøå âiäïîâiäíèõ iíòåãðàëüíèõ îïåðàòîðiâ. Ïîâíà äèñêðåòèçàöiÿ çäiéñíåíà

çà äîïîìîãîþ ìåòîäó êâàäðàòóð òà ìåòîäó êîëîêàöi¨. Äëÿ âèðiøåííÿ íåêîðåêòíîñòi

îòðèìàíî¨ ëiíiéíî¨ ñèñòåìè çàñòîñîâàíî ðåãóëÿðèçàöiþ Ôiëëiïñà-Òiõîíîâà. Äëÿ ïî-

øóêó ïî÷àòêîâîãî íàáëèæåííÿ äî âíóòðiøíüî¨ ìåæi âèêîðèñòîâó¹òüñÿ ìåòîä ïðÿìèõ

òà àëãîðèòì îöiíêè ðîçìiðó. Îáèäâà ìåòîäè  ðóíòóþòüñÿ íà çíàõîäæåííi ìiíiìóìó

ôóíêöiîíàëiâ, ÿêi âêëþ÷àþòü çàäàíi äàíi Êîøi. Íàâåäåíi ÷èñåëüíi ïðèêëàäè ïiäòâåð-

äæóþòü ñòàáiëüíiñòü, òî÷íiñòü òà îá÷èñëþâàëüíó åôåêòèâíiñòü çàïðîïîíîâàíîãî ïiäõî-

äó.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, íåëiíiéíà çàäà÷à, ðåêîíñòðóêöiÿ ìåæi, äâîçâ'ÿçíà

îáëàñòü, ïîòåíöiàë ïðîñòîãî øàðó, ìåòîä iíòåãðàëüíèõ ðiâíÿíü, ìåòîä êâàäðàòóð,

ïîõiäíà Ôðåøå, ðåãóëÿðèçàöiÿ Ôiëëiïñà-Òiõîíîâà.


