Hrytsyshyn O., Trushevskyy V.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. marem. ta iud. 2024. Bun. 33 55

UDC 004.94 http://dx.doi.org/10.30970/vam.2024.33.12376

APPLICATION OF IISPH FOR INCOMPRESSIBLE
FLUID DYNAMICS SIMULATION

O.Hrytsyshyn, V. Trushevskyy

ITvan Franko National University of Lviv,
1, Universytetska str., 79000, Lviv, Ukraine
e-mail: ostap.hrytsyshyn@lnu.edu.ua, valeriy.trushevsky@lnu.edu.ua

Smoothed Particle Hydrodynamics (SPH) is widely used in graphics and engineering for
simulating fluids, viscous materials, and deformable solids. This paper presents the devel-
opment and application of the Implicit Incompressible Smoothed Particle Hydrodynamics
(IISPH) algorithm for simulating incompressible fluid dynamics. The IISPH method offers
an efficient solution for enforcing incompressibility by solving the pressure Poisson equation
implicitly, making it well-suited for large-scale simulations. The paper outlines the govern-
ing equations of Smoothed Particle Hydrodynamics (SPH), explains the key components
of the IISPH solver, and demonstrates its effectiveness through the classical Taylor-Green
vortex test case. The results show that the algorithm achieves real-time performance even
with high particle counts, while maintaining accuracy and stability. Furthermore, a de-
tailed analysis is provided to compare the numerical results with the analytical solution,
highlighting the influence of particle resolution on simulation fidelity. The performance
of the solver is validated across different particle counts, demonstrating its robustness for
handling complex fluid dynamics simulations in engineering and computer graphics appli-
cations.
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1. SPH FOUNDATION

Smoothed Particle Hydrodynamics (SPH) is a method used to discretize spatial field
quantities and differential operators such as gradient and divergence. To facilitate this,
the Dirac-d function is introduced, which represents an idealized point mass. The Dirac-¢
function is defined as:

oo, r=020,
5(r) = (1)

0, otherwise,

/5(r)dv =1.

This function allows the convolution of a continuous compactly supported function
A(x) with the Dirac-¢ function, resulting in:

and satisfies the condition:

Ax) = (Ax0)(x) = /A(x’)d(x —x")dx'. (2)

This forms the basis for the discretization in SPH, originally proposed by Gingold &
Monaghan (1977) [1].
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2. CONTINUOUS APPROXIMATION

To approximate the integral in (2) for numerical computation, we replace the Dirac-6
function with a smoothing kernel W (r, h). This kernel is used to approximate the integral
as follows:

A~ (A W)() = [ AW (x = X, h)ax (3)

where W (r, h) satisfies several conditions:
- Normalization condition:

W(r,h)dr' =1
Rd

- Dirac-d condition:

%13%) W(r,h) = d(r)

- Positivity condition:
W(r,h) >0

- Symmetry condition:
W(n h‘) = W(_Tv h)

- Compact support condition:
W(r,h) =0 for ||r| > h.

To refine the approximation of the integral with the smoothing kernel W, we expand
A(x’) around x. This leads to:

(A= W)(x) = / [A(x) + VA|x - (X' —x)] W (x — x/, h)dx’
+0((x = x)%). (4)

This simplifies to:

A(x) / W(x —x',h)dx + VA|x /(x’ —x)W(x —x',h)dx'. (5)

The approximation is accurate to first-order if the first term integrates to 1 (normal-
ization condition) and the second term vanishes, which is ensured by the symmetry of
the kernel. Different types of smoothing kernels and their properties can be found in [4].

3. DISCRETIZATION

In SPH, the continuous integral from (2) is approximated by a discrete sum over
particle samples, as shown in (6). This results in the discrete approximation:

(A0} = 3242 W, ©)
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where W;; represents the kernel function evaluated at the positions of particles 7 and
7- The first-order accuracy of this discretization depends on satisfying the conditions:

m; m;

Z JWij =1 and Z J(Xj — Xi)Wij =0.
—~ Pj — Py

J J

While these conditions may not always hold due to the particle sampling pattern,

normalization techniques can restore Oth- or 1st-order consistency for more accurate

simulations [3].

3.1. DISCRETIZATION OF DIFFERENTIAL OPERATORS

In SPH, the gradient of a field can be approximated by discretizing the differential
operators. The gradient of the field is given by:

j J

For higher-dimensional functions, other operators like divergence and curl can be
discretized similarly:

VA=Y %AJ’ - VWij, (8)
- J

V x A; & %Aj x VWi;. (9)
]

J
However, direct computation using these formulas often results in poor accuracy. The
difference formula, defined as:

M
— Py
provides a better approximation and can be improved by solving a small linear system:

m;

J

J

(A; — A)VWi; |, (11)

where L; is computed from the inverse of:
-1

m.
L;, = Z TJJVWZJ X (Xj — Xi) . (12)
J

Another approach is the symmetric formula [3], which approximates the gradient as:

A A
VA; =~ p; ij <p2 + p;) VW;;. (13)
J v J

While this formula does not exactly reproduce constant or linear gradients, it is
advantageous for simulations as it conserves linear and angular momentum, making it
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more robust for physical simulations. The error in the symmetric gradient is governed
by how much

1 1
J

pi p]

deviates from zero. This formula tends to reorder particles until the condition is
satisfied. In summary, the difference formula yields more accurate gradients, while the
symmetric formula is more stable due to its conservation of momentum.

4. GOVERNING EQUATIONS

This section outlines the fundamental equations governing fluid dynamics, including
the continuity equation, which ensures mass conservation; the conservation law of linear
momentum, extending Newton’s second law to continuous media; and the Navier-Stokes
equation, which models viscous fluid motion.

4.1. CONTINUITY EQUATION

The continuity equation governs the change in mass density, p, of an object over time.
It is given by:

Dp

— = —p(V-v), 15

L= —p(V V) (15)
where % represents the material derivative. This equation plays a crucial role in sim-

ulations involving incompressible materials. For such materials, the condition simplifies
to:

Dp
— =0 & V-v=0. 16
Dt (16)
This constraint ensures that the mass density remains constant and must be main-
tained at all times and at every point within the material. The continuity equation and
its use in Smoothed Particle Hydrodynamics (SPH) for fluid simulations are thoroughly
discussed by Monaghan [2].

4.2. CONSERVATION LAW OF LINEAR MOMENTUM

The conservation of linear momentum can be viewed as an extension of Newton’s
second law for continuous media, often referred to as the equation of motion. This
principle states that the rate of change of momentum of a material particle is equal to
the sum of all internal and external volume forces acting on it, expressed as:

D3x
P Di

= V'T+fext7 (17)

where T is the stress tensor and foy represents body forces (forces per unit volume).
This relation is independent of the material composition since the material behavior is
captured in the stress tensor, which is defined by constitutive laws.



Hrytsyshyn O., Trushevskyy V.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. marem. ta iud. 2024. Bun. 33 59

4.3. NAVIER-STOKES EQUATION

For incompressible fluid flow, a common constitutive law is given by:

T = —pl+ pu(Vv + Vv?), (18)

where p is the pressure, p is the dynamic viscosity, and v is the velocity field. In the case
of strict incompressibility, p can act as a Lagrange multiplier, ensuring the condition from
Eq. (16). If incompressibility is not strictly enforced, a state equation can be introduced
to relate pressure to density changes, for example:

p = p(p). (19)

One commonly used state equation is derived from the ideal gas law, expressed as:

p

s =k (L 1), (20)
Po

where k is a stiffness constant and pg is the reference density. Substituting the con-

stitutive law (Eq. (18) into the equation of motion (Eq. (17) gives the incompressible

Navier-Stokes equation:

pﬁz = —Vp+ uVv 4 £ (21)

The Navier-Stokes equation, which describes the motion of viscous fluid substances,
is a fundamental equation in fluid dynamics. Its application in the context of Smoothed
Particle Hydrodynamics (SPH) for incompressible flow is well discussed in foundational
works such as Monaghan [2] and Morris [7].

5. DISCRETIZATION WITH IMPLICIT INCOMPRESSIBLE
SPH (IISPH)

The Implicit Incompressible SPH (IISPH) algorithm, as proposed in [6], is an al-
ternative discretization method for simulating incompressible flows. The method solves
the pressure implicitly to ensure incompressibility, making it efficient for particle-based
simulations.

The IISPH method is based on solving the pressure Poisson equation (PPE), refor-
mulated for each particle i:

AtV?p; = p° — pr. (22)
The source term, p;, for SPH is computed as:

P’ —pf =0’ —pi— ALY my(vi —v;) - VIWy, (23)
j

where v = v; + Ata; P, and the pressure acceleration is:
1 Pi | DPj
a’i’ = ——Vpi = — ij (; + ;) VWij. (24)
Pi ; Py Py

The IISPH discretization of the PPE becomes:
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At? ij (af —al) - VW = o’ — pr. (25)
J
The terms used in the pressure update are defined as follows:
(Ap); = At? ij (a? — a?) - VWi, (26)
J

where a! is the pressure acceleration at particle ¢, and VW;; is the gradient of the kernel
function between particles ¢ and j.
The source term s; is given by:

si= 7" = o}, (27)

where p° is the rest density, and p} is the predicted density at particle .

This system is solved iteratively for pressure, where pressure updates ensure that the
divergence of the pressure acceleration leads to the correction of density changes. The
final update for pressure is computed using a Jacobi solver:

pl(.lﬂ) =(1- w)pl(-l) + i 8; — ZCMjp;-D , (28)
i i
where w is the relaxation coefficient, typically set to 0.5, and a;; and a;; are matrix
elements computed from the pressure accelerations.
The update in Eq. (28) requires the diagonal element a;;, which can be calculated by
accumulating all coefficients of p;. The diagonal element is:

m my
Ay = —A#? Z m; Z p—;VW” VWi — At? ij (pQVW1]> - VW;;. (29)
J i j ‘

5.1. STOP CRITERION

There is no widely accepted method for determining when to stop the Jacobi itera-
tions. The iterations can either be stopped after a fixed number of steps or when the
predicted density error falls below a certain threshold. The predicted relative density
error for particle ¢, based on the pressure field at iteration [, is calculated as:

pe?rr,* _ (Ap)z — S5

(2

_ (Ap)i+p; —p°
p° P°
Typically, the stopping criterion is based on the average of all relative density errors,

P28 which is computed as:

(30)

p?v@err,* _ %Z |p?rr,*| ) (31)
i

As proposed in [6], a common threshold is to stop the iterations when pf'® ™"

than 0.1%, ensuring the overall fluid volume fluctuation is below this value.

is less
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6. IMPLEMENTATION OF IISPH SOLVER

The IISPH solver iterates over particles to calculate pressure corrections and ensure

incompressibility. The source term s; and the diagonal element a;; are computed once
@)

%

at the start. During each iteration [, the pressure Laplacian (Ap)
stages.

is computed in two

Algorithm 1 Pressure Computation with the IISPH Solver
: for all particles ¢ do
Compute diagonal element a;; with Eq. (29)

Compute source term s; with Eq. (27)
(0)
=0

%

1

2

3

4 Initialize pressure p
5: end for

6: Set [ =0

7: repeat

8 for all particles ¢ do

9 Compute pressure acceleration af(l) with Eq. (24)

10: end for

11: for all particles ¢ do

12: Compute Laplacian (Ap)z(-l) with Eq. (26)
13: Update pressure pl(-lﬂ) with Eq. (28)

14: end for

15: Increment [ =141

16: until p>¥® " < 0.1%

i

7. NEIGHBORHOOD SEARCH

In particle-based simulations, evaluating the force terms for all particles can be ineffi-
cient, leading to a computational complexity of O(n?), where n is the number of particles.
To improve efficiency, smoothing kernels with compact support are employed, where in-
teractions occur only between neighboring particles within a specific radius. This reduces
the complexity to O(nm), where m is the number of neighboring particles.

There are algorithms designed to solve this problem more efficiently, such as the one
using compact hashing described by [5]. The idea is to place a uniform grid over the
domain with a grid cell size equal to the kernel support radius, reducing the complexity
to O(n) by efficiently querying only neighboring cells. On a CPU, this approach is highly
efficient, but adapting it for GPU architectures requires further optimizations.

7.1. COMPACT HASHING APPROACH FOR NEIGHBORHOOD SEARCH

The method described in [5] introduces an efficient neighborhood search approach for
Smoothed Particle Hydrodynamics (SPH) simulations on multi-core CPUs. The authors
propose an optimized spatial hashing scheme, referred to as compact hashing, to address
the inefficiencies of traditional uniform grids and spatial hashing methods.
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7.1.1. OVERVIEW OF COMPACT HASHING

In this method, a uniform grid is constructed over the simulation domain, where
the cell size equals the kernel support radius h. Each particle is assigned to a grid cell
based on its spatial coordinates. A key improvement is the use of a compact list to store
only non-empty cells. Instead of allocating memory for all possible cells in the domain,
the compact hashing technique dynamically allocates memory only for cells that contain
particles. Each cell in the hash table points to a compact list entry, reducing memory
overhead and improving efficiency for sparsely populated domains.

The structure of the data and its mapping is illustrated in Figure 1. The first array
represents the hash table, which stores handles pointing to the second array, a compact
list of non-empty cells. Each non-empty cell further points to an array of particle indices
for particles assigned to that cell. Memory is dynamically allocated for the particle
indices in each non-empty cell, with a fixed allocation size k for each cell.

The hash function used to map 3D spatial coordinates (x,y,z) to a 1D hash table

index is:
c= (L%J p1 D {%J p2 @ EJ p3) mod m,

where d is the cell size, p1,p2, p3 are large prime numbers, and m is the hash table size.
This function minimizes collisions by spreading the data evenly across the table. While
this description is for 3D space, the same approach applies to 2D simulations by omitting
the z-coordinate.

Fig. 1. Compact hashing. The hash table (size m) stores handles pointing to a compact list of

n non-empty cells (yellow). Each cell reserves memory for k entries, with total memory usage

O(n - k + m). The neighborhood query only processes these n non-empty cells. Figure taken
from [5]

7.1.2. NEIGHBORHOOD QUERY

To find neighbors for a particle, the algorithm evaluates only the 27 (9 for 2D space)
cells in the immediate vicinity of the particle’s grid cell. This ensures that the computa-
tional cost of the query scales linearly with the number of particles, i.e., O(n).
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7.1.3. LIMITATIONS AND APPLICABILITY

Although compact hashing is highly efficient on CPUs, the hash function does not
preserve spatial locality, which can lead to increased memory transfers. The method
performs best when combined with techniques such as reordering particles to enforce
spatial locality.

7.2. APPLYING COMPACT HASHING TO GPUs

Adapting compact hashing for GPUs requires leveraging compute shaders for efficient
parallelism while addressing GPU-specific challenges such as memory management, hash
collisions, and sorting.

To ensure predictable memory access and reduce runtime overhead, the hash table is
pre-allocated with a size equal to the number of particles. While this approach does not
eliminate hash collisions, it minimizes memory allocation overhead and allows for more
efficient parallel processing compared to dynamic memory allocation.

The GPU implementation processes particles in parallel, with grid cell indices calcu-
lated for all particles simultaneously. Neighbor searches are also performed in parallel,
querying the surrounding cells to identify interactions.

A crucial step in this approach is sorting particles based on their grid indices to
improve memory access patterns during neighbor searches. Sorting is a challenging part of
the implementation, especially on GPUs, where performance depends on efficient parallel
algorithms. To address this, it is proposed to use Bitonic sort [9], a parallel sorting
method optimized for GPUs.

7.3. BITONIC SORT FOR EFFICIENT GPU SORTING

Sorting particles by their grid indices is an important step in the GPU implementation
of compact hashing. It ensures that particles in the same or neighboring grid cells are
grouped together, which makes neighbor searches much faster. Bitonic sort, introduced
by Batcher [9], is a parallel sorting algorithm that works well on GPUs because it is
highly structured and easy to parallelize.

A sequence is called bitonic if it first increases and then decreases, or vice versa.
Bitonic sort uses this property to sort the sequence into order. The algorithm works by
repeatedly comparing pairs of elements and swapping them to divide the sequence into
smaller sorted parts. These smaller parts are then combined into a fully sorted sequence.

On GPUs, Bitonic sort is implemented using compute shaders, where each thread
handles a specific comparison and swap. This allows many operations to run at the same
time, making the sorting process much faster than on a CPU.

8. REsULTS

This section presents the validation and performance of the Smoothed Particle Hy-
drodynamics (SPH) method applied to the Taylor-Green vortex problem, a benchmark
for incompressible Navier-Stokes simulations. The results include an overview of the vor-
tex’s initial conditions, its analytical solution, and the evolution of the flow over time,
highlighting the decay due to viscosity. Simulations demonstrate the method’s ability to
accurately capture vortex dynamics and its suitability for real-time fluid simulations.
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Algorithm 2 Bitonic Sort

1: function BITONICSORT(array, up)

2 Divide array into two halves

3 Sort first half with BrToNICSORT(first_half, True)

4 Sort second half with BiroNiCSORT(second _half, False)
5: return BITONICMERGE(first _half + second _half, up)
6

7

8

9

: end function
: function BITONICMERGE (array, up)
COMPAREANDSWAP (array, up)
: Merge first half with BrroNiICMERGE(first _half, up)
10: Merge second half with BiToNICMERGE(second _half, up)
11: return first _half + second half
12: end function
13: function COMPAREANDSWAP(array, up)

14: for all indices ¢ in the first half of array do
15: if (array[i] > array[i + n/2]) == up then
16: Swap array[i] and array[i + n/2]

17: end if

18: end for

19: end function

8.1. TAYLOR-GREEN VORTEX

The Taylor-Green vortex is a classical test case for validating numerical methods
applied to the incompressible Navier-Stokes equations. This vortex flow is characterized
by periodic vortex structures that decay over time due to viscosity. It is commonly used
to benchmark the accuracy and stability of fluid simulation methods, such as Smoothed
Particle Hydrodynamics (SPH). The test case was originally introduced by Taylor and
Green (1937), making it a widely used benchmark in computational fluid dynamics [8].

8.1.1. INITIAL CONDITIONS
The initial velocity field for the 2D Taylor-Green vortex in a domain [0, 27] x [0, 27]
is defined as:
u(z,y,0) = sin(x) cos(y), (32)
v(@,y,0) = — cos(z) sin(y), (33)
where © and v are the velocity components in the z and y directions, respectively. The

initial pressure is assumed to be constant, and the initial density is typically set to a
uniform value.

8.1.2. ANALYTICAL SOLUTION

As time evolves, the velocity field decays due to the action of viscosity. The exact
solution for the velocity components at any time ¢ is given by:

u(z,y,t) = sin(x) cos(y)e 2", (34)
v(x,y,t) = — cos(x) sin(y)e 2" (35)
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8.2. TAYLOR-GREEN VORTEX SIMULATION

This subsection presents the evolution of the Taylor-Green vortex using 6,000 particles
in a [0,27] x [0,27] domain. The Figure 2 show the simulation results at different time
frames from ¢t = 0 to ¢t = 5, where the vortex fully decays by ¢ = 5 due to the effect of
viscosity.

Fig. 2. Taylor-Green vortex simulation at different times, showing the progression
of the vortex decay fromt=0tot =5

8.3. COMPARISON TO ANALYTIC SOLUTION

In this section, we compare the simulation results for the Taylor-Green vortex problem
to the analytic solution at different particle resolutions: 1500, 6000, and 12000 particles.
The objective is to assess how increasing the number of particles affects the accuracy of
the simulation and the level of detail captured in the flow field.

8.4. INITIAL STATE COMPARISON AT ¢t =0

Figure 3 presents the velocity field of the Taylor-Green vortex at the initial time
t = 0 for different particle counts: 1500, 6000, and 12000 particles. As the number of
particles increases, the simulation captures finer details of the flow structure, illustrating
the benefit of higher resolution in accurately representing the vortex dynamics.
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6000 particles 12000 particles

Fig. 3. Velocity field comparison at ¢t = 0 for different particle resolutions.
As the number of particles increases, more details of the flow are captured

8.5. ERROR ANALYSIS OVER TIME

The accuracy of the simulation can be quantified by comparing the simulated velocity
field to the analytic solution using the root mean square error (RMSE). Figure 4 shows
the RMSE evolution over time for the three different particle resolutions: 1500, 6000,
and 12000. As expected, higher particle counts result in lower RMSE, indicating better
accuracy. The results demonstrate that simulations with more particles capture the decay
of the vortex more precisely, especially in the later stages of the simulation.

RMSE vs Time for Different Particle Counts

1500 particles
—eo— 6000 particles
—e— 12000 particles
0.201
0.151
w
0
=
-4
0.10¢
0.05¢
0.00 I
0 1 2 3 4 5
Time (s)

Fig. 4. RMSE comparison between the simulated and analytic velocities for different particle
resolutions over time. The accuracy improves as the number of particles increases

As seen in Figure 4, the 12000-particle simulation closely follows the analytic solu-
tion, with minimal error throughout the time evolution. In contrast, the 1500-particle
simulation exhibits higher RMSE, particularly in the later stages, where the resolution
is insufficient to accurately model the vortex decay.
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All simulation steps are performed with a fixed time step, and the computational
time for each step remains approximately 0.15 ms, regardless of particle count, whether
the simulation uses 1500 or 12000 particles. In order to enhance accuracy and reduce
numerical error, especially in capturing fine details of fluid dynamics, we execute five
physics simulation steps for each rendered frame. This ensures that smaller time steps
are utilized, leading to a more precise evolution of the velocity field over time. By per-
forming multiple simulation steps per frame, the method reduces the cumulative error,
particularly in the later stages of the vortex decay, where finer time resolution plays a
critical role in maintaining simulation fidelity. As a result, even high-resolution simula-
tions maintain real-time performance while achieving greater accuracy.

9. CONCLUSION

This paper presents the application of the Implicit Incompressible Smoothed Particle
Hydrodynamics (IISPH) algorithm to simulate incompressible fluid dynamics. By uti-
lizing the IISPH approach, we ensured accurate enforcement of incompressibility while
maintaining computational efficiency. The Taylor-Green vortex problem was used as a
benchmark to validate the solver’s accuracy and performance across different particle
resolutions.

The results demonstrated that as the number of particles increased from 1500 to
12000, the simulation’s accuracy improved, with finer details of the vortex structure
being captured. The root mean square error (RMSE) analysis confirmed that higher
particle counts better matched the analytic solution, especially during the later stages
when vortex decay becomes more prominent. Additionally, even at the highest resolution
with 12000 particles, the simulation ran in real-time, demonstrating the efficiency of the
IISPH solver in handling large particle counts without sacrificing performance.

To further improve computational efficiency, GPU-based techniques were incorpo-
rated into the implementation. Compact hashing was adapted for GPUs to accelerate
neighborhood searches, and Bitonic sort was used to efficiently sort particles by their
grid indices. These optimizations allowed the solver to maintain real-time performance
even at higher resolutions, making it scalable for large-scale simulations.

Future work could explore extending the IISPH method to simulate multi-phase
fluids, handling more complex boundary conditions, and applying the solver to three-
dimensional flows. Additionally, integrating adaptive particle refinement techniques
could improve efficiency while maintaining high accuracy in regions of interest.

Overall, the IISPH method, enhanced with GPU optimizations such as compact hash-
ing and Bitonic sort, proves to be a robust and effective tool for simulating incompressible
fluids in real-time, making it suitable for a wide range of applications in both engineering
and computer graphics.
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3ACTOCYBAHHY IISPH J1JId CUMYJIAIIIT
JMHAMIKV HECTUCJINBOI PIIHNI

O.TI'punninnx, B. Tpymescbkuii

Jveiecorutl Hayionarvrud yrieepcumem imens leana Pparka,
eya. Yuisepcumemcewvka 1, JIveis, 79000, Yxpaina
e-mail: ostap.hrytsyshyn@Inu.edu.ua, valeriy.trushevsky@lnu.edu.ua

Meroj rigpoguaaMiky 3raapreHux 9acTHHOK (SPH) mupoKo BHKOPHCTOBYIOTH B Ipa-
bini Ta imxenepii gasa cumynsanil pigun, B’a3kux marepiasnis i nedopmosanux Tin. Ilomano
PO3pPOOKY Ta 3aCTOCYBAHHS AJTOPUTMY HESBHOI HECTHUCJIHBOI IifpOJHHAMIKH 3IJIa[PKEHIX
gacturok (IISPH) ans cumynsanii auaamiku Hectucnusux pigua. Merox IISPH 3a6e3neaye
edexTHBHE BUPIMIEHHS TPOOIEMH i ITTPUMAHHST HECTUCIHBOCTI IIJISIXOM HESIBHOTO PO3B’sI3-
Ky piBHgHHg [lyaccoHa As THUCKY, IO POOUTH HOTO MPUAATHUM JJISI BEJIMKOMACIITAOHUX
cumynanit.  Onumcamo ocHoBHI piBHanmHs Mmeroxy SPH, mosicHeHO KJI090Bi KOMIOHEHTH
po3p’a3yBada IISPH i mpomemMoHCcTpoBaHO #0ro edeKTHBHICTh HAa NPHUKJIALI KIACHIHOT
3aja4i Buxopy Teitsopa-I'pina. Pe3ynbraru migrBepaKyOTh, [0 aJIOPUTM J10CATAE edeK-
THUBHOCTI B peaJbHOMY 4aci HaBiTh 32 BeJIMKOI KiJIBKOCTI YaCTUHOK, 30epirarouu TOYHICTH i
crabinbHicTh. KpiMm TOro, HagaHo gerajbHUN aHAJII3 JJIsi HOPIBHSIHHS YUCEJIbHUX PE3YJIbTa-
TiB 3 AHAJITHYIHUM PO3B’SI3KOM, IO HATOJIONIYE HA BIINBI PO3AiIBHOI 3JaTHOCTI TaCTHHOK
Ha TOYHICTb cuMmynanii. EdeKTHBHICTb anropuTMy miATBEp/K€HA HAa PI3HUX KiJIBKOCTSIX
YaCTUHOK, I[0 JeMOHCTPYE MOro HaAiMHICTh [JIsi MOJEIOBAHHSI CKJIAAHOI JUHAMIKYM PiauH
B iHKeHepil Ta KOMIT'I0TepHill rpadiri.

Knatouwost caosa: TigponuHaMika 3Iy1a/2KeHHX YacTUHOK, SPH, cumynsania pigunun, JIarpas-
2KeBi MeToxu, HECTHCAUBICTD, PyHKHIT gapa, TOmyK Cycimis.



