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The initial boundary value problem for Lord-Shulman thermoelasticity is considered.
It is then transformed into the corresponding variational one. Using Galerkin semidis-
cretization by spatial variables with finite element basis functions the variational problem
is reduced to matrix Cauchy problem. For time discretization of the Cauchy problem we
adopt a hybrid time integration scheme (based on Newmark scheme and generalized trape-
zoidal rule) that was initially developed for Lord-Shulman thermopiezoelectricity problem.
In numerical experiments we consider a ramp-type heating of the edge of a solid bar. The
solutions obtained by the proposed numerical scheme are then compared with the ones
for the corresponding Lord-Shulman thermopiezoelectricity problem which are available in
the literature. In particular, it is shown that piezoeffect and pyroeffect make a noticeable
influence of the behaviour of the stress wave in the solid bar. Besides, the numerical results
are in accordance with the ones obtained by other researchers via other solution techniques.
Key words: Lord-Shulman thermoelasticity, initial boundary value problem, variational
problem, finite element method, Newmark scheme, generalized trapezoidal rule.

1. INTRODUCTION

The classical theory of coupled thermoelasticity assumes the infinite speed of thermal
waves propagation. Lord and Shulman [11] proposed to overcome this drawback by
introducing a “relaxation time parameter” ty. Although the work of Lord and Shulman
was done decades ago, the model still draws researchers’ attention nowadays, see, for
example, [2-4,9,10,16,17]. Apart from thermoelasticity, the Lord-Shulman model is also
frequently used for coupled thermopiezoelectricity problems [6-8,12,15]. Some of the
authors of this work also published their previous papers on the topic of Lord-Shulman
thermopiezoelectricity, see [12-14].

In paper [13] the well-posedness of coupled Lord-Shulman thermopiezoelectricity
problem is proved which also suggests the conditions of well-posedness of the corre-
sponding thermoelasticity problem as its partial case. In [12] and [14] two slightly differ-
ent numerical schemes are proposed for numerical solution of this thermopiezoelectricity
problem. In this paper we adopt the solution technique from the work [14] for solution of
Lord-Shulman thermoelasticity initial boundary value problem and compare the obtained
numerical results with the ones depicted in [14] and [15].

In section 2 the initial boundary value problem of Lord-Shulman thermoelasticity is
formulated. In section 3 it is transformed into the corresponding variational problem.
Section 4 describes Galerkin semi-discretization of the variational problem with finite
element basis functions. Section 5 is devoted to the adoption of hybrid time integration
scheme from [14] for solution of the obtained semi-discrete matrix Cauchy problem.
Section 6 describes the results of the numerical experiments. Finally, in section 7 the
conclusions are made.
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2. INITIAL BOUNDARY VALUE PROBLEM

The initial boundary value problem of Lord-Shulman thermoelasticity is a partial
case of the corresponding thermopiezoelectricity problem that is depicted in some of the
authors’ previous works [12-14].

We consider a bounded connected domain Q of points x = (z1,...,24) € R? with
Lipschitz-continuous boundary 92 = I'. The thermoelastic behavior of a solid occupying
the domain {2 is under our interest during the time interval [0,7],0 < T' < +o0.

The goal is to find a vector of elastic displacements u = {u;(x,t)}% ,, temperature
increment 6 = 6(x,t) and a vector of heat fluxes q = {q;(x,t)}&; which satisfy the
following system of partial differential equations in Q x (0, T’ (here and everywhere below
the ordinary summation by repetitive indices is expected):

p(ui — fi) — 0ij,; =0, (1)
p(ToS" —w) + gis =0, (2)
toq; + q; = *)\ijaj. (3)

Here and everywhere below a prime symbol '’ means partial differentiation by a time
variable and a partial derivative by a corresponding component of the spatial variable
is indicated by a comma in the subscript, i.e. ¢, = 0g/0xr. The above expressions
(1)-(3) are equation of motion, heat conduction equation and a modified Fourier’s law
correspondingly.

The parameter ty is called “relaxation time” and distinguishes the Lord-Shulman
thermoelasticity model [11] from the classical one and resolves the problem of infinite
speed of heat propagation. After introducing the artificial coefficients r;; such that
TokijAjm = Oim, where 0y, is a unit tensor, the modified Fourier’s law (3) can be
rewritten in a more convenient form that is used in works [12-14] :

tokijq, + Kijqi = —To 10 ;. (4)

The stress tensor o;; used in equation of motion (1) is determined by the constitutive
equation below:
Oij = CijkmEkm — Bij0 + ijkmElp,- (5)

The entropy density S used in heat conduction equation (2) is defined by:
pS = pCUT0710 + 31'3'51‘]‘. (6)
The strain tensor € = {5km}g)m:1 used in (5) and (6) is:

Ekm = skm(u) = %(uk,m + um,k)- (7)

The mass density of a solid is p, ¢, is a specific heat coefficient. T} is a fixed uniform
reference temperature. Vector f; defines mechanical volume forces and w determines vol-
ume heat forces. Tensors {a;jrm} and {c;;jxm } are the viscosity and elasticity coefficients
of a solid and satisfy common conditions of symmetry and ellipticity.

Notations Aij, Bij = CijkmQkm, Qkm define the symmetrical and elliptical heat con-
ductivity, stress-temperature and thermal expansion coefficients respectively.



Stelmashchuk V., Petryshyn R., Shynkarenko H.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. marem. ta iud. 2024. Bun. 33 35

The system of partial differential equations defined by expressions (1), (2) and (4) is
complemented by the corresponding boundary and initial conditions.
The boundary conditions are [12-14]:
u;=0 on T, x[0,T], Ty CT,mes(Ty,) >0,
045N =0; on Fo- X [O,T],FU Z:F\Fu,
6=0 on Tyx[0,T], Ty CT,mes(Ty) >0,
gn;, =0 on TI'yx[0,T],Ty:=T\Ty,

where n = (ny,...,ng) is a unit outer normal vector.
The initial conditions are [12-14]:

ult—o = Uy, Wl|i=0 =Vo, Olt=0 =00, dlt=o=qo in Q. (9)

3. VARIATIONAL PROBLEM AND ITS WELL-POSEDNESS

Let us introduce the following spaces of admissible unknown functions [12-14]:

V= {v € [Hl(Q)]d :v=0on Fu},
Z={CeH'(Q): ¢=0o0nTy}, (10)
H={ye Hiv;Q) : y;, divy € L*(Q), yini =00n Ty }.

Here H™ () is a standard Sobolev space.

Also we denote ® : =V x Z x H. As a result we get the following variational problem
statement for the original Lord-Shulman thermoelasticity initial boundary value problem
defined by equations (1), (2), (4), boundary conditions (8) and initial conditions (9):
find ¢ = (u,0,q) € L? (0, T; ®) such that
m(u’(t),v) + a(u'(t),v) + c(u(t),v) — (0(t),v) =< 1,(t),v >,

S(0'(8), ) + Ta1<divq< 1,Q) + BC W (1) =< Lo(t),¢ >,
tor(d (), y) — Ty (divy, 0() + sla(t), y) = 0 ¥t € (0,T], (11)
m(u’(0) — Vo,V) =0, c¢(u(0) —ug,v) =0,
s(60(0) — 6o, ¢) =0,
#(a(0) = qo,y) =0 Ve = (v,(,y) € @,

where the bilinear and linear forms used above are defined as follows:

m(u,v) = fpulvldx a(u, v) fawkmem(u)skm(v)dz,

c(u V) fcukmam( Yerm(V )da: B¢, v fﬁmgw )¢dx,

s( fchTO Yocdx, k(q,y) ffilm(ﬂymdx (12)
<ly,v>= fpflvldx + f Tivsdry, < lﬁ,c >= fTO pw(dx
VuveVV@ CEZVq,yEH

Here we also use a symbol divy := y; ; for each vector function y € [H'(2)]?. Notation

(z,w) = [ zwdx defines a scalar product Vz,w € L*(Q).
Q
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As it is done in [12,13], we can now introduce energy norms based on bilinear forms
defined in (12), i.e. |[u/(¢)||2, = m(u,u), etc. Also, similar to [12,13] we define the
notations for energy norms that determine a kinetic energy of a solid:

()3 = 5 [ O, + tolla®IIZ] , (13)
its potential energy:
vz = 5 [[l@®2 +[10@)1Z] . (14)
and energy dissipation:
Il @II3 = [0 O1]7 + [la®)|[3- (15)

Besides, we introduce the notation for the sum of linear forms similar to the one used
in [12-14]:

< N),p>=<1,(t),v>+ <ly(t),( > Yo =(v,(,y) € P. (16)

Then the solution ¢ = (u, 8, q) of the variational problem of Lord-Shulman thermoelastic-
ity (11) satisfies the following energy balance law similar to the one for Lord-Shulman
thermopiezoelectricity problem described in [12-14]:

7J}(t)lfﬁ||1/1(1f)||31>+0ft|||zZJ(1f)|||31>d8= -
t 17
=|¢(0)\%+II¢(0)H?§+Of<N(s),1/)>ds v telo,T).

The potential energy (14) and energy dissipation (15) for our thermoelasticity problem
differ from the corresponding ones for thermopiezoelectricity problem only by some pos-
itive terms and the definition of the kinetic energy (13) is completely identical to the one
for thermopiezoelectricity problem. Since the proof of well-posedness of Lord-Shulman
thermopiezoelectricity variational problem is done in [13] based on energy balance law,
we can conclude that all the steps of this proof procedure remain valid for the varia-
tional problem (11). Thus, the Lord-Shulman thermoelasticity variational problem (11)
is well-posed as a partial case of the corresponding thermopiezoelectricity problem.

4. FINITE ELEMENT SEMI-DISCRETIZATION

Let us define in the space ® : =V x Z x H a sequence of finite-dimensional subspaces
D), =V, x Z x Hy, such that dim ®;, — oo when h — 0 with the following density
properties:

Vo € & N[HF Q)2 k> 1,
Jop € @, and C = const > 0 such that (18)
16 = dnllma < CRF"gllg1,0,0 <m < k.

Here k is the greatest degree of the polynomial that approximates the unknown solution
(determined by the base functions of ®5). The norm || - ||;,o is a norm in a standard
Sobolev space H™ (). Also, here and everywhere below the symbol C defines different
positive constants that do not depend on the solutions of our problem.
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For each fixed h > 0 a solution ¢, = (up,0r,qy) of the problem
given ¢ = (uo,0,,90),vo € V}, and (1,,19,0) € L*(0,T; ®});
find ¥, = (un,0n,qn) € L2 (0,T; ®3) such that
m(up(t),v) + a(u,(t),v) + c(up(t),v) — B(On(t),v) =< 1,(t),v >,
s(07,(t), Q) + Ty H(divan(t), ¢) + B(G, Wa(t) = < Ly(t), ¢ >,
tor(ay(t),y) — Ty ' (divy, 0a (1)) + rlan(t),y) = 0 ¥t € (0,T],
m(u'y(0) = vo,v) =0, c(ux(0) —ug,v) =0,

$(0n(0) — 6o, ¢) =0,
k(an(0) = qo,y) =0 Ve = (v.(,y) € By,

is a semi-discrete Galerkin approximation of the solution ¥ = (u, 6, q) of the variational
problem (11). The constant h is a space discretization parameter of the problem (11).

Let us fix some bases {v;}, {¢;}, {y:}, in the approximation subspaces V},, Z; and
H;, correspondingly. Those bases are selected by means of finite element method. Then
our unknown solution functions can be represented as following expansions:

(19)

dimVy,

up(x,t) = ; U;(t)vi(z),
On (1) = dg 0,(1)¢i(x), (20)

dimHy,

an(r,t) = ;1 Qi(t)yi().

Substituting (20) into (19) we obtain a Cachy problem for determining the unknown
coefficients U(t) = {U;(t)}, ©(t) = {©;(t)} and Q(¢) = {Q(¢)} of approximations uy,
9h and qhn:
MU"(t) + AU'(t) + CU(t) — BTO(t) = L, (1),
)

SO'(t) + WTQ(t) + BU'(t) = Ly(2),

K[Q(t) + toQ'(t)] — WO(t) =0Vt € (0,7, (21)
MU’(0) = V%, CU(0) = U°,

S©(0) = °%, KQ(0) = Q°,

The matrices and vectors used in (21) are calculated using the corresponding bilinear
and linear forms defined in (12) by applying them to the base functions of the finite-
dimensional subspaces V3, Z, and Hy, for example, M = {m;;} = m(v,,v;), S =
{sij} = s(¢i,¢;), etc. In general, a matrix denoted by a capital letter is formed by a
bilinear form denoted by a respective lowercase letter. The vectors L, (t) and Ly (t) are
formed using the corresponding linear forms:

Lo(t) = {<,(t),vi >}, Ly(t) ={<ly(t),q >} (22)

and vectors that represent the initial conditions are calculated via expressions:
VO = {m(vo,vi)}, U®={c(uo,vi)},
0% = {5(60,¢:)}, Q° = {r(ao,yi)}-

Since matrices M, S and K are positively defined, we can be sure that there exists a
solution of the Cauchy problem (21).

(23)
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5. TIME INTEGRATION SCHEME

For time discretization of the Cauchy problem (21) we consider a uniform partition of
the time interval [0, T] by nodes t; = jAt, j = 0,1, ..., Ny, where Ny is some fixed number
and T'= NpAt. Then we use a hybrid time integration scheme approach from [14].

The nodal approximations of elastic displacement vector U7T! and its velocity U7+
are defined by Newmark scheme [1,5] as:

Uit = U7 4 AtU7 + A8 [(1 —28)U7 + 251"}#1}
. .y N (24)
Ui = U 4 At [(1 - 7) 87 + 70541

where U7 is an approximation of the mechanical acceleration at node t; and v, 8 are
parameters of the scheme. However, the nodal approximations of temperature increment
©771 and heat flux Q7! are determined by the generalized trapezoidal rule [1,5] with
parameter y:

O/l = @ 4 At [(1-4)© + 7071, (25)

Qt! = Q7 + At [(1 -NQ + ij“} : (26)

where ©7 is an approximation of the velocity of temperature increment and Q7 is an
approximation of the velocity of heat flux at node ¢;.
Then we obtain the following numerical scheme:

1
given At > 0,10 >0, 0 <~ <1, Ogﬂgi,
(07, 09,17, 07,0/,Q/,Q);
find (U711, @711 Qi*) such that
M + AtyA + A28C  —AtyBT 0 Uit
AtyB S AtYWT x| et | = (27)
0 —AtYW oK + AtyvK Qi+l
L, — AU+ — CUI*! 4 BT@i+!
=| F, ., - BU! - WTQit! :
WEItl — KQit!

where we use predictors

U/t = U7 + AtU7 + 22 (1 — 28)09,

Uit = UJ + A1 — )17,
Ot = @7 + At(1 — 7)©7,

Q' = Q7 + At(1 — v) Q.
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Fig. 1. Temperature increment 6

Afterwards, using the following correctors, we compute the unknown values at time step
7+ 1:
Uit = O 4 ARRUI,
Uit = Uit 4 Aty Ui+,
Ot = @It 4+ Aty@It,
QI = Q1 4 Aty (.

(29)

The values for U°, ©°, QO that are needed as an input for the first step of the aforemen-
tioned time integration scheme are easily obtained by solving a system of linear algebraic
equations that corresponds to Cauchy problem (21) for ¢ = 0.

The numerical scheme defined by (27)-(29) is a partial case of the scheme presented

in [14] and therefore it is also unconditionally stable if its parameters are v = % and

2
=1

6. RESULTS AND DISCUSSION

We replicate the numerical experiment done in [14] assuming that the material does
not exhibit piezoelectric and pyroelectric properties. A solid bar of length L = 1078 m

is considered. The behavior of the waves in the bar is examined during a very short time
interval T = 11.2-1071% 5.

The left edge of the bar is subject to the ramp-type heating:

t
£.0<t<t,

: (30)
1, t,<t<T

0(0,t) = 6, {

where t, = 10712 s and 0. = 293 K. At the same time the right edge of the bar is kept
at the initial temperature:

O(L,t) =0, 0<t<T. (31)
The boundary conditions for mechanical field are of Neumann type:

c=5=0N/m?>onT, x[0,T], Ty={r=0}U{x=L} (32)
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Fig. 2. Stress o at = 0.3L depending on o

The initial conditions are taken to be zeros:

u(z,0) =0,
u'(z,0) =0,
6(x,0) =0, (33)

q(z,0) =0, Vzel0,L].

To be able to compare the obtained numerical solution with the results described
in [14] and [15] we take the same values of physical coefficients of a solid as in those
papers (PZT-4 ceramics is considered, but the coefficients that correspond to piezoeffect
and pyroeffect are neglected). Besides, we choose the same discretization parameters
as in work [14]: N = 1024 finite elements with piecewise linear approximations, the
time interval [0, T is divided into Ny = 4096 subintervals, and time integration scheme
parameters are 7 = %, b= i.

Fig.la shows temperature increment 6 variation over time for position z = 0.1L
for the relaxation time parameter ¢y values equal to 10™''s, 10725 and 10~™s re-
spectively. The influence of this parameter is clearly seen and the results are almost
identical to the ones some of the authors of the current paper obtained in [14] for
Lord-Shulman thermopiezoelectricity problem. Fig.1b shows temperature increment 6
at © = 0.1L,0.2L,0.4L,0.6L for t; = 107'2%s and also is almost identical to the one
demonstrated in [14].

We can measure the difference between thermoelasticity solution 6(x,t) depicted on
Fig.1b and thermopiezoelectricity one €pic.o(x,t) described in [14] using the norm in
space L%([0,T]). The coefficient of relative difference can be defined in percents by the
following expression:

d _ ‘ ||9($,t)|‘L2([O,T]) - ||9piezo(x’t)HLQ([O’T])l
Hapiezo(xat)HLQ([OaT])

- 100%. (34)
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Fig. 3. Stress o at different positions of the bar for to = 10~ 12s
The calculated norms and relative differences are shown in Table 1.

Table 1

L?([0,T]) norm difference of temperature increment, solutions

z 0(z, )| L2 o) | Opiezo(®, O)l|L2 0, | ds %
0.1L | 6.43696469 - 10~* [ 6.43819452-10~% | 0.019
0.2L | 4.17475046 - 10~* | 4.17660451 - 10~* | 0.044
0.4L | 1.46564265-10~% |  1.46750905-10—%* | 0.127
0.6L | 3.49079686 - 10~° | 3.50368990-10—° | 0.368

In general, we can state, that in case of ramp-type heating of the bar, the speed of the
thermal wave does not differ significantly for thermoelasticity and thermopiezoelectricity
cases.

However, for stress o(z,t) there is a significant difference between current thermoe-
lasticity (TE) solution and the thermopiezoelectricity (TPE) one described in [14]. Fig.2
shows the influence of the relaxation time parameter ¢y on the obtained stress solution
o(z,t). Although at the first sight it resembles the one from [14], the difference is in
stress wave amplitudes (they are larger for TE solution) and the stress wave propagates
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with smaller speed for all values of ¢y than in TPE solution demonstrated in [14]. The
aforementioned differences highlight the impact of piezoeffect and pyroeffect phenomena
on stress waves in solids.

Fig. 3 describes more detailly the difference between TE and TPE solutions o(z,t)
at several points « = 0.2L,0.4L,0.6L,0.8L for to = 10~'2s. The same comparison was
done by other researchers in [15] and our results coincide with theirs both qualitatively
and quantitatively.

7. CONCLUSIONS

Lord-Shulman thermoelasticity model is considered. The initial boundary value prob-
lem is formulated similarly to how the corresponding thermopiezoelectricity one is defined
in some of the authors’ previous works [12-14].

The problem is solved using the adopted technique from the work [14]: transforming it
into the variational problem and using finite element method complemented by a hybrid
time integration procedure based on Newmark scheme and generalized trapezoidal rule.
The obtained numerical scheme is also unconditionally stable for v = %, g = % as a
partial case of the one described in [14].

The approximate solutions were obtained using a Python implementation of the pro-
posed numerical scheme. While for temperature increment 6 (x,t) the results are almost
identical to the ones of the thermopiezoelectricy problem described in [14], for stress
o (z,t) the solutions differ a lot. Besides, this difference in stress o (z,t) solutions demon-
strated by us are completely in accordance with the results depicted by other researchers
in [15].
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CKIHYEHHOEJIEMEHTHUI AHAJII3 IUHAMIYHOI
3AJAYI TEPMOIIPY2KHOCTI JIOPJA-IITYJIbMAHA
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Jv6iecorutl Hayionarvrul ynisepcumem imens leana Ppanka,
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PosriagayTo mouaTKoBO-KpaiioBy 3amady TepmonpykHocTi Jlopma-Ilynsmana. Ilo-
TiM BOHA MEPETBOPIOETHCS y Bimmosimmy 1it Bapiamiiiny 3aga<dy. BukopucroByroum mamis-
nucKpeTu3aniio [aspopKiHa 32 MIpOCTOPOBUMHE 3MIHHUME 3 6a3UCHUMU DYHKI[ISIME METOTY
CKiHYEeHHMX eJieMeHTiB, Bapiamifina 3axada 3BoauThCS 10 MarpudHO! 3amadi Komi. [lus
nuckperu3anii B 4aci orpumanoi 3agadi Komi Mu agantoByemo ribpugHy cxeMmy iHTerpy-
BarHs B vaci (mo Gasyerbcs Ha cxemi Hpoomapka # y3araJbHEHOMY MeTOAl Tpamenii),
fAKa IOYaTKOBO Oyrna po3pobisieHa 1 3ajgadi Tepmon’e3oesneKTpuku Jlopga-Illynbmana.
V 4uCcenbHUX EKCIIEPUMEHTAX PO3TJISIIA€ThCS HATPIBAHHS OJHOTO 3 KIiHI[B CTPUXKHS 3
ninifHO 3MiHOIO Temneparypu. [lasi po3s’s3km, OTpuMaHi 3AIPOIOHOBAHOI0 UHCEIHHOIO
CXEMOI0, MOPIBHIOIOTH 3 PO3B’sI3KaMHU BiAMmoBigHOI 3a7adi TepMor’e€30emeKTpuku Jlopma-
IITynpmana, HasiBHUMHA B JiTeparypi. 30KpeMa, miJATBED/KEHO, IO HA MOBEJIHKY XBHJII
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HAOPY?>KEHb y CTPHXKHI mOMITHO BmimBae m’e30- Ta mipoedext. Kpim toro, orpmmanmi
9HUCeIbHI pe3yJIbTaTH BiANOBIJAIOTH pe3ysbTaTaM, $SKi OTPUMAJIM iHINI JOCHITHUKA 33
JIOMOMOI'0K0 1HIIIUX METOJIB.

Karowoei caosa: repmonpyxuicrs Jlopga-Illysnsmana, no1arkoBo-kpaiioBa 3aja4a, Bapia-

miffHa 3ajada, MeTOJ CKiHYEHHHX eJeMeHTiB, cxema Hpromapka, y3araJbHEHHI MeTO
TpAaIeIrii.



