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The initial boundary value problem for Lord-Shulman thermoelasticity is considered.
It is then transformed into the corresponding variational one. Using Galerkin semidis-
cretization by spatial variables with �nite element basis functions the variational problem
is reduced to matrix Cauchy problem. For time discretization of the Cauchy problem we
adopt a hybrid time integration scheme (based on Newmark scheme and generalized trape-
zoidal rule) that was initially developed for Lord-Shulman thermopiezoelectricity problem.
In numerical experiments we consider a ramp-type heating of the edge of a solid bar. The
solutions obtained by the proposed numerical scheme are then compared with the ones
for the corresponding Lord-Shulman thermopiezoelectricity problem which are available in
the literature. In particular, it is shown that piezoe�ect and pyroe�ect make a noticeable
in�uence of the behaviour of the stress wave in the solid bar. Besides, the numerical results
are in accordance with the ones obtained by other researchers via other solution techniques.
Key words: Lord-Shulman thermoelasticity, initial boundary value problem, variational
problem, �nite element method, Newmark scheme, generalized trapezoidal rule.

1. Introduction

The classical theory of coupled thermoelasticity assumes the in�nite speed of thermal
waves propagation. Lord and Shulman [11] proposed to overcome this drawback by
introducing a �relaxation time parameter� t0. Although the work of Lord and Shulman
was done decades ago, the model still draws researchers' attention nowadays, see, for
example, [2�4,9,10,16,17]. Apart from thermoelasticity, the Lord-Shulman model is also
frequently used for coupled thermopiezoelectricity problems [6�8, 12, 15]. Some of the
authors of this work also published their previous papers on the topic of Lord-Shulman
thermopiezoelectricity, see [12�14].

In paper [13] the well-posedness of coupled Lord-Shulman thermopiezoelectricity
problem is proved which also suggests the conditions of well-posedness of the corre-
sponding thermoelasticity problem as its partial case. In [12] and [14] two slightly di�er-
ent numerical schemes are proposed for numerical solution of this thermopiezoelectricity
problem. In this paper we adopt the solution technique from the work [14] for solution of
Lord-Shulman thermoelasticity initial boundary value problem and compare the obtained
numerical results with the ones depicted in [14] and [15].

In section 2 the initial boundary value problem of Lord-Shulman thermoelasticity is
formulated. In section 3 it is transformed into the corresponding variational problem.
Section 4 describes Galerkin semi-discretization of the variational problem with �nite
element basis functions. Section 5 is devoted to the adoption of hybrid time integration
scheme from [14] for solution of the obtained semi-discrete matrix Cauchy problem.
Section 6 describes the results of the numerical experiments. Finally, in section 7 the
conclusions are made.
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2. Initial boundary value problem

The initial boundary value problem of Lord-Shulman thermoelasticity is a partial
case of the corresponding thermopiezoelectricity problem that is depicted in some of the
authors' previous works [12�14].

We consider a bounded connected domain Ω of points x = (x1, ..., xd) ∈ Rd with
Lipschitz-continuous boundary ∂Ω = Γ. The thermoelastic behavior of a solid occupying
the domain Ω is under our interest during the time interval [0, T ], 0 < T < +∞.

The goal is to �nd a vector of elastic displacements u = {ui(x, t)}di=1, temperature
increment θ = θ(x, t) and a vector of heat �uxes q = {qi(x, t)}di=1 which satisfy the
following system of partial di�erential equations in Ω×(0, T ] (here and everywhere below
the ordinary summation by repetitive indices is expected):

ρ(u′′i − fi)− σij,j = 0, (1)

ρ(T0S
′ − w) + qi,i = 0, (2)

t0q
′
i + qi = −λijθ,j . (3)

Here and everywhere below a prime symbol ′ means partial di�erentiation by a time
variable and a partial derivative by a corresponding component of the spatial variable
is indicated by a comma in the subscript, i.e. g,k = ∂g/∂xk. The above expressions
(1)-(3) are equation of motion, heat conduction equation and a modi�ed Fourier's law
correspondingly.

The parameter t0 is called �relaxation time� and distinguishes the Lord-Shulman
thermoelasticity model [11] from the classical one and resolves the problem of in�nite
speed of heat propagation. After introducing the arti�cial coe�cients κij such that
T0κijλjm = δim, where δim is a unit tensor, the modi�ed Fourier's law (3) can be
rewritten in a more convenient form that is used in works [12�14] :

t0κijq
′
i + κijqi = −T0−1θ,j . (4)

The stress tensor σij used in equation of motion (1) is determined by the constitutive
equation below:

σij = cijkmεkm − βijθ + aijkmε
′
km. (5)

The entropy density S used in heat conduction equation (2) is de�ned by:

ρS = ρcvT0
−1θ + βijεij . (6)

The strain tensor ε = {εkm}dk,m=1 used in (5) and (6) is:

εkm = εkm(u) = 1
2 (uk,m + um,k). (7)

The mass density of a solid is ρ, cv is a speci�c heat coe�cient. T0 is a �xed uniform
reference temperature. Vector fi de�nes mechanical volume forces and w determines vol-
ume heat forces. Tensors {aijkm} and {cijkm} are the viscosity and elasticity coe�cients
of a solid and satisfy common conditions of symmetry and ellipticity.

Notations λij , βij = cijkmαkm, αkm de�ne the symmetrical and elliptical heat con-
ductivity, stress-temperature and thermal expansion coe�cients respectively.
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The system of partial di�erential equations de�ned by expressions (1), (2) and (4) is
complemented by the corresponding boundary and initial conditions.

The boundary conditions are [12�14]:
ui = 0 on Γu × [0, T ], Γu ⊂ Γ,mes(Γu) > 0,

σijnj = σi on Γσ × [0, T ],Γσ := Γ \ Γu,

θ = 0 on Γθ × [0, T ], Γθ ⊂ Γ,mes(Γθ) > 0,

qini = 0 on Γq × [0, T ],Γq := Γ \ Γθ,

(8)

where n = (n1, ..., nd) is a unit outer normal vector.
The initial conditions are [12�14]:

u|t=0 = u0, u′|t=0 = v0, θ|t=0 = θ0, q|t=0 = q0 in Ω. (9)

3. Variational problem and its well-posedness

Let us introduce the following spaces of admissible unknown functions [12�14]:

V =
{
v ∈ [H1(Ω)]

d
: v = 0 on Γu

}
,

Z =
{
ζ ∈ H1(Ω) : ζ = 0 on Γθ

}
,

H = {y ∈ H(div; Ω) : yi, div y ∈ L2(Ω), yini = 0 on Γq }.

(10)

Here Hm(Ω) is a standard Sobolev space.
Also we denote Φ : = V×Z×H. As a result we get the following variational problem

statement for the original Lord-Shulman thermoelasticity initial boundary value problem
de�ned by equations (1), (2), (4), boundary conditions (8) and initial conditions (9):

�nd ψ = (u, θ,q) ∈ L2 (0, T ;Φ) such that

m(u′′(t),v) + a(u′(t),v) + c(u(t),v)− β(θ(t),v) =< lσ(t),v >,

s(θ′(t), ζ) + T−1
0 (divq(t), ζ) + β(ζ,u′(t)) =< lϑ(t), ζ > ,

t0κ(q
′(t),y)− T−1

0 (divy, θ(t)) + κ(q(t),y) = 0 ∀t ∈ (0, T ],

m(u′(0)− v0,v) = 0, c(u(0)− u0,v) = 0,

s(θ(0)− θ0, ζ) = 0,

κ(q(0)− q0,y) = 0 ∀φ = (v, ζ,y) ∈ Φ,

(11)

where the bilinear and linear forms used above are de�ned as follows:

m(u,v) =
∫
Ω

ρuividx, a(u,v) =
∫
Ω

aijkmεij(u)εkm(v)dx,

c(u,v) =
∫
Ω

cijkmεij(u)εkm(v)dx, β(ζ,v) =
∫
Ω

βijεij(v)ζdx,

s (θ, ζ) =
∫
Ω

ρcvT
−1
0 θζdx, κ (q,y) =

∫
Ω

κlmqlymdx,

< lσ,v >=
∫
Ω

ρfividx+
∫
Γσ

σividγ, < lϑ, ζ >=
∫
Ω

T−1
0 ρwζdx

∀u,v ∈ V, ∀ θ, ζ ∈ Z, ∀ q,y ∈ H.

(12)

Here we also use a symbol div y := yi,i for each vector function y ∈ [H1(Ω)]d. Notation
(z, w) =

∫
Ω

zwdx de�nes a scalar product ∀z, w ∈ L2(Ω).
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As it is done in [12, 13], we can now introduce energy norms based on bilinear forms
de�ned in (12), i.e. ||u′(t)||2m = m(u,u), etc. Also, similar to [12, 13] we de�ne the
notations for energy norms that determine a kinetic energy of a solid:

|ψ(t)|2Φ := 1
2

[
||u′(t)||2m + t0||q(t)||2κ

]
, (13)

its potential energy:

||ψ(t)||2Φ := 1
2

[
||u(t)||2c + ||θ(t)||2s

]
, (14)

and energy dissipation:

|||ψ(t)|||2Φ := ||u′(t)||2a + ||q(t)||2κ. (15)

Besides, we introduce the notation for the sum of linear forms similar to the one used
in [12�14]:

< N(t), φ >:=< lσ(t),v > + < lϑ(t), ζ >, ∀φ = (v, ζ,y) ∈ Φ. (16)

Then the solution ψ = (u, θ,q) of the variational problem of Lord-Shulman thermoelastic-
ity (11) satis�es the following energy balance law similar to the one for Lord-Shulman
thermopiezoelectricity problem described in [12�14]:

|ψ(t)|2Φ + ||ψ(t)||2Φ +
t∫
0

|||ψ(t)|||2Φds =

= |ψ(0)|2Φ + ||ψ(0)||2Φ +
t∫
0

< N(s), ψ > ds ∀ t ∈ [0, T ].

(17)

The potential energy (14) and energy dissipation (15) for our thermoelasticity problem
di�er from the corresponding ones for thermopiezoelectricity problem only by some pos-
itive terms and the de�nition of the kinetic energy (13) is completely identical to the one
for thermopiezoelectricity problem. Since the proof of well-posedness of Lord-Shulman
thermopiezoelectricity variational problem is done in [13] based on energy balance law,
we can conclude that all the steps of this proof procedure remain valid for the varia-
tional problem (11). Thus, the Lord-Shulman thermoelasticity variational problem (11)
is well-posed as a partial case of the corresponding thermopiezoelectricity problem.

4. Finite element semi-discretization

Let us de�ne in the space Φ : = V×Z×H a sequence of �nite-dimensional subspaces
Φh : = Vh × Zh ×Hh, such that dimΦh → ∞ when h → 0 with the following density
properties: 

∀ϕ ∈ Φ ∩ [Hk+1(Ω)]d+2, k ≥ 1,

∃ϕh ∈ Φh and C = const > 0 such that

∥ϕ− ϕh∥m,Ω ≤ Chk+1−m∥ϕ∥k+1,Ω, 0 ≤ m ≤ k.

(18)

Here k is the greatest degree of the polynomial that approximates the unknown solution
(determined by the base functions of Φh). The norm ∥ · ∥m,Ω is a norm in a standard
Sobolev space Hm(Ω). Also, here and everywhere below the symbol C de�nes di�erent
positive constants that do not depend on the solutions of our problem.
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For each �xed h > 0 a solution ψh = (uh, θh,qh) of the problem

given ψ0 = (u0, θo,q0),v0 ∈ Vh and (lσ, lϑ, 0) ∈ L2(0, T ;Φ′
h);

�nd ψh = (uh, θh,qh) ∈ L2 (0, T ;Φh) such that

m(u′′
h(t),v) + a(u′

h(t),v) + c(uh(t),v)− β(θh(t),v) =< lσ(t),v >,

s(θ′h(t), ζ) + T−1
0 (divqh(t), ζ) + β(ζ,u′

h(t)) =< lϑ(t), ζ > ,

t0κ(q
′
h(t),y)− T−1

0 (divy, θh(t)) + κ(qh(t),y) = 0 ∀t ∈ (0, T ],

m(u′
h(0)− v0,v) = 0, c(uh(0)− u0,v) = 0,

s(θh(0)− θ0, ζ) = 0,

κ(qh(0)− q0,y) = 0 ∀φ = (v, ζ,y) ∈ Φh,

(19)

is a semi-discrete Galerkin approximation of the solution ψ = (u, θ,q) of the variational
problem (11). The constant h is a space discretization parameter of the problem (11).

Let us �x some bases {vi}, {ζi}, {yi}, in the approximation subspaces Vh, Zh and
Hh correspondingly. Those bases are selected by means of �nite element method. Then
our unknown solution functions can be represented as following expansions:

uh(x, t) =
dimVh∑
i=1

Ui(t)vi(x),

θh(x, t) =
dimZh∑
i=1

Θi(t)ζi(x),

qh(x, t) =
dimHh∑
i=1

Qi(t)yi(x).

(20)

Substituting (20) into (19) we obtain a Cachy problem for determining the unknown
coe�cients U(t) = {Ui(t)}, Θ(t) = {Θi(t)} and Q(t) = {Qi(t)} of approximations uh,
θh and qh: 

MU′′(t) +AU′(t) +CU(t)−BTΘ(t) = Lσ(t),

SΘ′(t) +WTQ(t) +BU′(t) = Lϑ(t),

K[Q(t) + t0Q
′(t)]−WΘ(t) = 0 ∀ t ∈ (0, T ],

MU′(0) = V0, CU(0) = U0,

SΘ(0) = Θ0, KQ(0) = Q0,

(21)

The matrices and vectors used in (21) are calculated using the corresponding bilinear
and linear forms de�ned in (12) by applying them to the base functions of the �nite-
dimensional subspaces Vh, Zh and Hh, for example, M = {mij} = m(vi,vj), S =
{sij} = s(ζi, ζj), etc. In general, a matrix denoted by a capital letter is formed by a
bilinear form denoted by a respective lowercase letter. The vectors Lσ(t) and Lϑ(t) are
formed using the corresponding linear forms:

Lσ(t) = {< lσ(t),vi >}, Lϑ(t) = {< lϑ(t), ζi >} (22)

and vectors that represent the initial conditions are calculated via expressions:

V0 = {m(v0,vi)}, U0 = {c(u0,vi)},
Θ0 = {s(θ0, ζi)}, Q0 = {κ(q0,yi)}.

(23)

Since matrices M, S and K are positively de�ned, we can be sure that there exists a
solution of the Cauchy problem (21).
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5. Time integration scheme

For time discretization of the Cauchy problem (21) we consider a uniform partition of
the time interval [0, T ] by nodes tj = j∆t, j = 0, 1, ..., NT , where NT is some �xed number
and T = NT∆t. Then we use a hybrid time integration scheme approach from [14].

The nodal approximations of elastic displacement vector Uj+1 and its velocity U̇j+1

are de�ned by Newmark scheme [1,5] as:

Uj+1 = Uj +∆tU̇j + ∆t2

2

[
(1− 2β)Üj + 2βÜj+1

]
U̇j+1 = U̇j +∆t

[
(1− γ)Üj + γÜj+1

]
,

(24)

where Üj is an approximation of the mechanical acceleration at node tj and γ, β are
parameters of the scheme. However, the nodal approximations of temperature increment
Θj+1 and heat �ux Qj+1 are determined by the generalized trapezoidal rule [1, 5] with
parameter γ:

Θj+1 = Θj +∆t
[
(1− γ)Θ̇j + γΘ̇j+1

]
, (25)

Qj+1 = Qj +∆t
[
(1− γ)Q̇j + γQ̇j+1

]
, (26)

where Θ̇j is an approximation of the velocity of temperature increment and Q̇j is an
approximation of the velocity of heat �ux at node tj .

Then we obtain the following numerical scheme:

given ∆t > 0, t0 > 0, 0 ≤ γ ≤ 1, 0 ≤ β ≤ 1

2
,

(Üj , U̇j ,Uj , Θ̇j ,Θj , Q̇j ,Qj);

�nd (Üj+1, Θ̇j+1, Q̇j+1) such that M+∆tγA+∆t2βC −∆tγBT 0

∆tγB S ∆tγWT

0 −∆tγW t0K+∆tγK

×


Üj+1

Θ̇j+1

Q̇j+1

 =

=


Lj+1 −A ˜̇Uj+1 −CŨj+1 +BTΘ̃j+1

Fj+1 −B ˜̇Uj+1 −WTQ̃j+1

WΘ̃j+1 −KQ̃j+1

 ,

(27)

where we use predictors

Ũj+1 = Uj +∆tU̇j + ∆t2

2 (1− 2β)Üj ,

˜̇Uj+1 = U̇j +∆t(1− γ)Üj ,

Θ̃j+1 = Θj +∆t(1− γ)Θ̇j ,

Q̃j+1 = Qj +∆t(1− γ)Q̇j .

(28)
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a) at x = 0.1L depending on t0 b) at 0.1L, 0.2L, 0.4L, 0.6L for t0 = 10−12s

Fig. 1. Temperature increment θ

Afterwards, using the following correctors, we compute the unknown values at time step
j + 1:

Uj+1 = Ũj+1 +∆t2βÜj+1,

U̇j+1 = ˜̇Uj+1 +∆tγÜj+1,

Θj+1 = Θ̃j+1 +∆tγΘ̇j+1,

Qj+1 = Q̃j+1 +∆tγQ̇j+1.

(29)

The values for Ü0, Θ̇0, Q̇0 that are needed as an input for the �rst step of the aforemen-
tioned time integration scheme are easily obtained by solving a system of linear algebraic
equations that corresponds to Cauchy problem (21) for t = 0.

The numerical scheme de�ned by (27)-(29) is a partial case of the scheme presented
in [14] and therefore it is also unconditionally stable if its parameters are γ = 1

2 and
β = 1

4 .

6. Results and discussion

We replicate the numerical experiment done in [14] assuming that the material does
not exhibit piezoelectric and pyroelectric properties. A solid bar of length L = 10−8 m
is considered. The behavior of the waves in the bar is examined during a very short time
interval T = 11.2 · 10−12 s.

The left edge of the bar is subject to the ramp-type heating:

θ(0, t) = θc

{
t
tp
, 0 ≤ t ≤ tp

1, tp ≤ t ≤ T
, (30)

where tp = 10−12 s and θc = 293 K. At the same time the right edge of the bar is kept
at the initial temperature:

θ(L, t) = 0, 0 ≤ t ≤ T. (31)

The boundary conditions for mechanical �eld are of Neumann type:

σ = σ = 0 N/m2 on Γσ × [0, T ], Γσ = {x = 0} ∪ {x = L}. (32)
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Fig. 2. Stress σ at x = 0.3L depending on t0

The initial conditions are taken to be zeros:

u(x, 0) = 0,

u′(x, 0) = 0,

θ(x, 0) = 0,

q(x, 0) = 0, ∀x ∈ [0, L].

(33)

To be able to compare the obtained numerical solution with the results described
in [14] and [15] we take the same values of physical coe�cients of a solid as in those
papers (PZT-4 ceramics is considered, but the coe�cients that correspond to piezoe�ect
and pyroe�ect are neglected). Besides, we choose the same discretization parameters
as in work [14]: N = 1024 �nite elements with piecewise linear approximations, the
time interval [0, T ] is divided into NT = 4096 subintervals, and time integration scheme
parameters are γ = 1

2 , β = 1
4 .

Fig. 1a shows temperature increment θ variation over time for position x = 0.1L
for the relaxation time parameter t0 values equal to 10−11s, 10−12s and 10−14s re-
spectively. The in�uence of this parameter is clearly seen and the results are almost
identical to the ones some of the authors of the current paper obtained in [14] for
Lord-Shulman thermopiezoelectricity problem. Fig. 1b shows temperature increment θ
at x = 0.1L, 0.2L, 0.4L, 0.6L for t0 = 10−12s and also is almost identical to the one
demonstrated in [14].

We can measure the di�erence between thermoelasticity solution θ(x, t) depicted on
Fig. 1b and thermopiezoelectricity one θpiezo(x, t) described in [14] using the norm in
space L2([0, T ]). The coe�cient of relative di�erence can be de�ned in percents by the
following expression:

d =
| ||θ(x, t)||L2([0,T ]) − ||θpiezo(x, t)||L2([0,T ])|

||θpiezo(x, t)||L2([0,T ])
· 100%. (34)
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a) x = 0.2L b) x = 0.4L

c) x = 0.6L d) x = 0.8L

Fig. 3. Stress σ at di�erent positions of the bar for t0 = 10−12s

The calculated norms and relative di�erences are shown in Table 1.

Table 1

L2([0, T ]) norm di�erence of temperature increment solutions

x ||θ(x, t)||L2([0,T ]) ||θpiezo(x, t)||L2([0,T ]) d,%
0.1L 6.43696469 · 10−4 6.43819452 · 10−4 0.019
0.2L 4.17475046 · 10−4 4.17660451 · 10−4 0.044
0.4L 1.46564265 · 10−4 1.46750905 · 10−4 0.127
0.6L 3.49079686 · 10−5 3.50368990 · 10−5 0.368

In general, we can state, that in case of ramp-type heating of the bar, the speed of the
thermal wave does not di�er signi�cantly for thermoelasticity and thermopiezoelectricity
cases.

However, for stress σ(x, t) there is a signi�cant di�erence between current thermoe-
lasticity (TE) solution and the thermopiezoelectricity (TPE) one described in [14]. Fig. 2
shows the in�uence of the relaxation time parameter t0 on the obtained stress solution
σ(x, t). Although at the �rst sight it resembles the one from [14], the di�erence is in
stress wave amplitudes (they are larger for TE solution) and the stress wave propagates
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with smaller speed for all values of t0 than in TPE solution demonstrated in [14]. The
aforementioned di�erences highlight the impact of piezoe�ect and pyroe�ect phenomena
on stress waves in solids.

Fig. 3 describes more detailly the di�erence between TE and TPE solutions σ(x, t)
at several points x = 0.2L, 0.4L, 0.6L, 0.8L for t0 = 10−12s. The same comparison was
done by other researchers in [15] and our results coincide with theirs both qualitatively
and quantitatively.

7. Conclusions

Lord-Shulman thermoelasticity model is considered. The initial boundary value prob-
lem is formulated similarly to how the corresponding thermopiezoelectricity one is de�ned
in some of the authors' previous works [12�14].

The problem is solved using the adopted technique from the work [14]: transforming it
into the variational problem and using �nite element method complemented by a hybrid
time integration procedure based on Newmark scheme and generalized trapezoidal rule.
The obtained numerical scheme is also unconditionally stable for γ = 1

2 , β = 1
4 as a

partial case of the one described in [14].
The approximate solutions were obtained using a Python implementation of the pro-

posed numerical scheme. While for temperature increment θ (x, t) the results are almost
identical to the ones of the thermopiezoelectricy problem described in [14], for stress
σ (x, t) the solutions di�er a lot. Besides, this di�erence in stress σ (x, t) solutions demon-
strated by us are completely in accordance with the results depicted by other researchers
in [15].
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Ðîçãëÿíóòî ïî÷àòêîâî-êðàéîâó çàäà÷ó òåðìîïðóæíîñòi Ëîðäà-Øóëüìàíà. Ïî-
òiì âîíà ïåðåòâîðþ¹òüñÿ ó âiäïîâiäíó ¨é âàðiàöiéíó çàäà÷ó. Âèêîðèñòîâóþ÷è íàïiâ-
äèñêðåòèçàöiþ Ãàëüîðêiíà çà ïðîñòîðîâèìè çìiííèìè ç áàçèñíèìè ôóíêöiÿìè ìåòîäó
ñêií÷åííèõ åëåìåíòiâ, âàðiàöiéíà çàäà÷à çâîäèòüñÿ äî ìàòðè÷íî¨ çàäà÷i Êîøi. Äëÿ
äèñêðåòèçàöi¨ â ÷àñi îòðèìàíî¨ çàäà÷i Êîøi ìè àäàïòîâó¹ìî ãiáðèäíó ñõåìó iíòåãðó-
âàííÿ â ÷àñi (ùî áàçó¹òüñÿ íà ñõåìi Íüþìàðêà é óçàãàëüíåíîìó ìåòîäi òðàïåöié),
ÿêà ïî÷àòêîâî áóëà ðîçðîáëåíà äëÿ çàäà÷i òåðìîï'¹çîåëåêòðèêè Ëîðäà-Øóëüìàíà.
Ó ÷èñåëüíèõ åêñïåðèìåíòàõ ðîçãëÿäà¹òüñÿ íàãðiâàííÿ îäíîãî ç êiíöiâ ñòðèæíÿ ç
ëiíiéíîþ çìiíîþ òåìïåðàòóðè. Äàëi ðîçâ'ÿçêè, îòðèìàíi çàïðîïîíîâàíîþ ÷èñåëüíîþ
ñõåìîþ, ïîðiâíþþòü ç ðîçâ'ÿçêàìè âiäïîâiäíî¨ çàäà÷i òåðìîï'¹çîåëåêòðèêè Ëîðäà-
Øóëüìàíà, íàÿâíèìè â ëiòåðàòóði. Çîêðåìà, ïiäòâåðäæåíî, ùî íà ïîâåäiíêó õâèëi
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íàïðóæåíü ó ñòðèæíi ïîìiòíî âïëèâà¹ ï'¹çî- òà ïiðîåôåêò. Êðiì òîãî, îòðèìàíi
÷èñåëüíi ðåçóëüòàòè âiäïîâiäàþòü ðåçóëüòàòàì, ÿêi îòðèìàëè iíøi äîñëiäíèêè çà
äîïîìîãîþ iíøèõ ìåòîäiâ.

Êëþ÷îâi ñëîâà: òåðìîïðóæíiñòü Ëîðäà-Øóëüìàíà, ïî÷àòêîâî-êðàéîâà çàäà÷à, âàðià-
öiéíà çàäà÷à, ìåòîä ñêií÷åííèõ åëåìåíòiâ, ñõåìà Íüþìàðêà, óçàãàëüíåíèé ìåòîä
òðàïåöié.


