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Çíàéäåíî àñèìïòîòè÷íèé ðîçïîäië âèáiðêîâèõ îöiíîê âiäíîøåííÿ Øàðïà òà Value-

at-Risk ïîðòôåëÿ ôiíàíñîâèõ àêòèâiâ ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïóùåííÿ, ùî

âåêòîð äîõiäíîñòåé àêòèâiâ åëiïòè÷íî ðîçïîäiëåíèé. Ç àíàëiçó øâèäêîñòi çáiæíîñòi

ñòàòèñòè÷íèõ ïîêàçíèêiâ îöiíîê õàðàêòåðèñòèê ïîðòôåëÿ äî âiäïîâiäíèõ àñèìïòîòè÷-

íèõ çíà÷åíü âèïëèâà¹, ùî îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi íà ïðàêòèöi

äëÿ ïðèéíÿòòÿ óïðàâëiíñüêèõ ðiøåíü ïðè ïîðòôåëüíîìó iíâåñòóâàííi.

Êëþ÷îâi ñëîâà: ïîðòôåëü ç íàéìåíøîþ äèñïåðñi¹þ, âiäíîøåííÿ Øàðïà, Value-at-

Risk, âèáiðêîâà îöiíêà, àñèìïòîòè÷íèé ðîçïîäië, íîðìàëüíèé ðîçïîäië, åëiïòè÷íèé

ðîçïîäië.

1. Âñòóï

Îäíèì ç âàæëèâèõ ïîíÿòü ôiíàíñîâî¨ ìàòåìàòèêè ¹ ïîíÿòòÿ åôåêòèâíîãî ïîðò-
ôåëÿ ôiíàíñîâèõ àêòèâiâ, òîáòî ïîðòôåëÿ, ÿêèé ¹ îïòèìàëüíèì çà ïåâíèì êðèòå-
ði¹ì. Âïåðøå öå ïîíÿòòÿ ââiâ Ìàðêîâiö [1]. Çà êðèòåðié îïòèìàëüíîñòi áóëî
âèáðàíî ìiíiìiçàöiþ ðèçèêó çà çàäàíîþ î÷iêóâàíîþ äîõiäíiñòþ, ùî åêâiâàëåíòíî
ìàêñèìiçàöi¨ î÷iêóâàíî¨ äîõiäíîñòi çà çàäàíîãî ðèçèêó. Çà ìiðó ðèçèêó â [1] áóëî
îáðàíî äèñïåðñiþ ïîðòôåëÿ. Çìiíþþ÷è ðiâåíü ðèçèêó (ðiâåíü î÷iêóâàíî¨ äîõiäíîñ-
òi) ó âèùåíàâåäåíèõ çàäà÷àõ âèáîðó ñòðóêòóðè ïîðòôåëÿ, îòðèìó¹ìî ìíîæèíó
ïîðòôåëiâ, âiäîìó ÿê åôåêòèâíà ìíîæèíà. Âèÿâëÿ¹òüñÿ, ùî ó ïðîñòîði ñïîäiâàíà
äîõiäíiñòü-äèñïåðñiÿ, åôåêòèâíà ìíîæèíà ¹ ïàðàáîëîþ, âåðøèíîþ ÿêî¨ ¹ ïîðòôåëü
ç íàéìåíøîþ äèñïåðñi¹þ (wGMV ), òîáòî ïîðòôåëü, ñòðóêòóðó ÿêîãî îòðèìàëè ç
çàäà÷i áåçóìîâíî¨ ìiíiìiçàöi¨ äèñïåðñi¨ ïîðòôåëÿ [2]. Öåé ïîðòôåëü âiäiãðà¹ âàæëèâó
ðîëü ó ôiíàíñîâié ìàòåìàòèöi. Äîñëiäæåííþ âëàñòèâîñòåé îöiíîê õàðàêòåðèñòèê
öüîãî ïîðòôåëÿ ïðèñâÿ÷åíî íèçêó íàóêîâèõ ïðàöü. Ñòàòèñòè÷íèé àíàëiç âèáiðêîâèõ
îöiíîê ñïîäiâàíî¨ äîõiäíîñòi òà äèñïåðñi¨ ïîðòôåëÿ wGMV çà ïðèïóùåííÿ íîðìà-
ëüíîñòi ðîçïîäiëó äîõiäíîñòåé àêòèâiâ òà ¨õ íåàâòîêîðåëüîâàíîñòi ïðîâåäåíî â [3],
äå òàêîæ äîâåäåíî, ùî î÷iêóâàíà äîõiäíiñòü i äèñïåðñiÿ ïîðòôåëÿ ¹ äâîìà ç òðüîõ
ïàðàìåòðiâ, ùî ïîâíiñòþ îïèñóþòü åôåêòèâíó ìíîæèíó. Íàòîìiñòü, ñòàòèñòè÷íèé
àíàëiç âèáiðêîâèõ îöiíîê âàã öüîãî ïîðòôåëÿ ïðîâåäåíî â [4]. Â [5] ïîïåðåäíi
ðåçóëüòàòè ïîøèðåíî íà êëàñ åëiïòè÷íî ðîçïîäiëåíèõ äîõiäíîñòåé. Â [6] i [7]
çíàéäåíî àñèìïòîòè÷íi ðîçïîäiëè âèáiðêîâèõ îöiíîê ñïîäiâàíî¨ äîõiäíîñòi òà äèñïåð-
ñi¨ ïîðòôåëÿ wGMV çà ïðèïóùåííÿ àâòîêîðåëüîâàíîñòi äîõiäíîñòåé òà çà ïðèïóùåí-
íÿ, ùî äîõiäíîñòi ïîâîäÿòüñÿ ÿê áàãàòîâèìiðíèé VARMA-GARCH ïðîöåñ. Ñïîñiá
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äîñëiäæåííÿ âiäìiííîñòi ïîðòôåëÿ wGMV i äîâiëüíîãî ïîðòôåëÿ çi ñòàëèìè âàãàìè
íà çíà÷óùiñòü çàïðîïîíîâàíî â [8]. Îäíîçíà÷íó âiäïîâiäíiñòü ìiæ ïîðòôåëåì wGMV

òà êîåôiöi¹íòàìè ðåãðåñiéíîãî õåäæóâàííÿ âèçíà÷åíî â [9], à äèíàìi÷íèé ïiäõiä äî
ïåðåäáà÷åííÿ âàã öüîãî ïîðòôåëÿ çàïðîïîíîâàíî â [10].

Çàóâàæèìî, ùî â ïîïåðåäíiõ ïðàöÿõ äîñëiäæóâàëè âëàñòèâîñòi ëèøå âàã, ñïîäi-
âàíî¨ äîõiäíîñòi òà äèñïåðñi¨ ïîðòôåëÿ wGMV . Íà ïðàêòèöi âàæëèâiøèìè õàðàê-
òåðèñòèêàìè ïîðòôåëÿ ôiíàíñîâèõ àêòèâiâ ¹ âiäíîøåííÿ Øàðïà òà Value-at-Risk
(íàäàëi VaR). Îáèäâà öi ïîêàçíèêè âiäîáðàæàþòü ïåâíèé áàëàíñ ìiæ ñïîäiâàíîþ
äîõiäíiñòþ ïîðòôåëÿ òà éîãî äèñïåðñi¹þ. Çàâäÿêè âàæëèâîñòi öèõ ïîêàçíèêiâ ó
òåîði¨ ïîðòôåëÿ ðîçãëÿäàþòü òàêîæ çàäà÷i âèáîðó ñòðóêòóðè ïîðòôåëÿ ôiíàíñî-
âèõ àêòèâiâ íà îñíîâi ìàêñèìiçàöi¨ âiäíîøåííÿ Øàðïà òà ìiíiìiçàöi¨ VaR ïîðòôåëÿ.
Îáèäâà ïîðòôåëi îòðèìàíi ç ïîïåðåäíiõ çàäà÷ îïòèìiçàöi¨ ¹ òàêîæ åôåêòèâíèìè
çà Ìàðêîâiöåì, ïðè÷îìó ïîðòôåëü ç íàéìåíøîþ äèñïåðñi¹þ ìîæíà ðîçãëÿäàòè ÿê
ãðàíè÷íèé âèïàäîê ïîðòôåëÿ ç íàéìåíøèì ðiâíåì VaR ïðè ðiâíi äîâiðè äî VaR,
ùî ïðÿìó¹ äî 1. Ñòàòèñòè÷íi âëàñòèâîñòi VaR ïîðòôåëÿ äîñëiäæóâàëè òiëüêè ó
âèïàäêó ïîðòôåëÿ ç íàéìåíøèì ðiâíåì VaR [11]- [12], à ñòàòèñòè÷íi âëàñòèâîñòi
âiäíîøåííÿ Øàðïà ïîðòôåëÿ ôiíàíñîâèõ àêòèâiâ äîñëiäæåíi íåäîñòàòíüî. Òîìó
àêòóàëüíîþ ¹ ïðîáëåìà âèâ÷åííÿ ñòàòèñòè÷íèõ âëàñòèâîñòåé âèáiðêîâèõ îöiíîê
âiäíîøåííÿ Øàðïà òà VaR ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ.

2. Îñíîâíi ïîçíà÷åííÿ òà ðåçóëüòàòè

Íåõàé ìè ôîðìó¹ìî ïîðòôåëü ç k àêòèâiâ i ¨õíÿ êiëüêiñòü íå çìiíþ¹òüñÿ ç ÷àñîì.
Ïîçíà÷èìî k-âèìiðíèé âåêòîð äîõiäíîñòåé àêòèâiâ â ìîìåíò ÷àñó t ÷åðåç Xt. Ñòðóê-
òóðîþ ïîðòôåëÿ (ïîðòôåëåì) íàçâåìî k-âèìiðíèé âåêòîð w = (w1, w2, ..., wk)

′, äå
wi ÷àñòêà êîøòiâ âêëàäåíà â àêòèâ i. Äîõiäíiñòü ïîðòôåëÿ w ó ìîìåíò ÷àñó t
âèçíà÷à¹ìî ÿê Rt(w) = w′Xt. ßêùî Xt ìà¹ k-âèìiðíèé åëiïòè÷íèé ðîçïîäië ç
âåêòîðîì ñåðåäíiõ µ òà êîâàðiàöiéíîþ ìàòðèöåþ Σ (äèâ., íàïð., [16, ñ. 218-272]), òî
ñïîäiâàíà äîõiäíiñòü ïîðòôåëÿ w ñòàíîâèòü Rw = E(Rt(w)) = w′µ, à äèñïåðñiÿ �
Vw = V ar(Rt(w)) = w′Σw. Ïîðòôåëü ôiíàíñîâèõ àêòèâiâ ç íàéìåíøîþ äèñïåðñi¹þ
wGMV îòðèìó¹ìî ç çàäà÷i áåçóìîâíî¨ ìiíiìiçàöi¨ äèñïåðñi¨ ïîðòôåëÿ, òîáòî

Vw = w′Σw → min, çà óìîâè w′1 = 1,

äå 1 � k-âèìiðíèé âåêòîð ñêëàäåíèé ç îäèíèöü. Ðîçâ'ÿçîê öi¹¨ çàäà÷i íàáóâ âèãëÿäó

wGMV =
1′Σ−1

1′Σ−11
.

Ñïîäiâàíà äîõiäíiñòü RGMV òà äèñïåðñiÿ VGMV ïîðòôåëÿ wGMV ñòàíîâëÿòü

RGMV =
1′Σ−1µ

1′Σ−11
, VGMV =

1

1′Σ−11
. (1)

Âiäíîøåííÿ Øàðïà SRGMV òà VaR V aRGMV ïîðòôåëÿ wGMV âèçíà÷àþòü òàê:

SRGMV =
RGMV√
VGMV

=
1′Σ−1µ√
1′Σ−11

, (2)

V aRGMV = dα
√
VGMV −RGMV =

dα
√
1′Σ−11− 1′Σ−1µ

1′Σ−11
, (3)
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äå dα � α êâàíòèëü âèïàäêîâî¨ âåëè÷èíè
a′Xt − a′µ√

a′Da
äëÿ äîâiëüíîãî âåêòîðà à

	
̸= 0,

D = Σ/γ2, γ = −2ψ′(0), ψ � õàðàêòåðèñòè÷íèé ãåíåðàòîð åëiïòè÷íîãî ðîçïîäiëó.

Çàñòîñóâàòè âèùåíàâåäåíi ôîðìóëè äëÿ îá÷èñëåííÿ õàðàêòåðèñòèê ïîðòôåëÿ
wGMV íà ïðàêòèöi íåìîæëèâî, îñêiëüêè ïàðàìåòðè ðîçïîäiëó µ òà Σ âåêòîðà
äîõiäíîñòåé Xt íåâiäîìi. Òîìó âèêîðèñòîâóþòü îöiíêè öèõ ïàðàìåòðiâ, íàéâiäîìi-
øèìè ç ïîìiæ ÿêèõ ¹ âèáiðêîâi îöiíêè. Íåõàé X1, X2, ..., Xn � íåçàëåæíi ðåàëiçàöi¨
âèïàäêîâîãî âåêòîðà Xt. Òîäi âèáiðêîâi îöiíêè âåêòîðà ñåðåäíiõ µ̂ òà êîâàðiàöiéíî¨
ìàòðèöi Σ̂ ìàþòü âèãëÿä

µ̂ =
1

n

n∑
j=1

Xj òà Σ̂ =
1

n− 1

n∑
j=1

(Xj − µ̂)(Xj − µ̂)′. (4)

Ïiäñòàâèâøè îöiíêè (4) ó (1), îòðèìà¹ìî âèáiðêîâi îöiíêè ñïîäiâàíî¨ äîõiäíîñòi òà

äèñïåðñi¨ ïîðòôåëÿ wGMV , à (2) äà¹ âèáiðêîâi îöiíêè âiäíîøåííÿ Øàðïà ŜRGMV

òà VaR V̂ aRGMV ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ. Îñêiëüêè âèáiðêîâi îöiíêè
ïàðàìåòðiâ ðîçïîäiëó âåêòîðà Xt ¹ âèïàäêîâèìè âåëè÷èíàìè (äèâ., íàïð., [13, c.

359]), òî òàêèìè âåëè÷èíàìè áóäóòü i îöiíêè ŜRGMV òà VaR V̂ aRGMV .

Àñèìïòîòè÷íi ðîçïîäiëè âèïàäêîâèõ âåëè÷èí ŜRGMV òà V̂ aRGMV îïèñó¹ òàêå
òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé ïîðòôåëü ç íàéìåíøîþ äèñïåðñi¹þ wGMV ìiñòèòü k ôiíàíñî-
âèõ àêòèâiâ, âåêòîð äîõiäíîñòåé ÿêèõ â ìîìåíò ÷àñó t Xt ìà¹ k-âèìiðíèé åëiïòè÷íèé
ðîçïîäië ç âåêòîðîì ñåðåäíiõ µ òà êîâàðiàöiéíîþ ìàòðèöåþ Σ i éîãî ðåàëiçàöi¨ íå ¹
àâòîêîðåëüîâàíèìè. X1, X2, ..., Xn íåçàëåæíi ðåàëiçàöi¨ âèïàäêîâîãî âåêòîðà Xt, òî

äëÿ âèáiðêîâèõ îöiíîê âiäíîøåííÿ Øàðïà ŜRGMV òà VaR V̂ aRGMV çà ðiâíÿ äîâiðè
α ïîðòôåëÿ wGMV âèêîíó¹òüñÿ

√
n(ŜRGMV − SRGMV )

d→ N (0, σ2
SR), n→ +∞,

√
n( ˆV aRGMV − V aRGMV )

d→ N (0, σ2
V aR), n→ +∞,

äå
d→ îçíà÷à¹ çáiæíiñòü çà ðîçïîäiëîì, s = µ′Rµ, R = Σ−1 − Σ−111′Σ−1

1′Σ−11
,

σ2
SR = 1 + λs+

λR2
GMV

2VGMV
, σ2

V aR = VGMV (1 + λs+
dα
γ
λ/2), λ = ψ′′(0)/(ψ′(0))2.

Äîâåäåííÿ. Ç [3] çà óìîâ òåîðåìè îòðèìó¹ìî:

√
n

((
R̂GMV

V̂GMV

)
−

(
RGMV

VGMV

))
d→ N

((
0

0

)
,

(
VGMV (1 + λs) 0

0 2λV 2
GMV

))
.

Çàâäÿêè òâåðäæåííþ 6.4.3 [14, ñ.211] ìà¹ìî

√
n(ŜRGMV − SRGMV )

d→ N (0, σ2
SR), n→ +∞,

√
n( ˆV aRGMV − V aRGMV )

d→ N (0, σ2
V aR), n→ +∞,
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äå

σ2
SR =

(
∂SRGMV

∂RGMV

∂SRGMV

∂VGMV

)( VGMV (1 + λs) 0

0 2λV 2
GMV

)(
∂SRGMV

∂RGMV

∂SRGMV

∂VGMV

)
,

σ2
V aR =

(
∂V aRGMV

∂RGMV

∂V aRGMV

∂VGMV

)( VGMV (1 + λs) 0

0 2λV 2
GMV

)(
∂V aRGMV

∂RGMV

∂V aRGMV

∂VGMV

)

Âðàõîâóþ÷è, ùî

∂SRGMV

∂RGMV
=

1√
VGMV

,
∂SRGMV

∂VGMV
= − RGMV

2V
3/2
GMV

,

∂V aRGMV

∂RGMV
= −1,

∂V aRGMV

∂VGMV
=

dα/γ

2
√
VGMV

,

îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.
Îñêiëüêè çà ïðèïóùåííÿ ïðî íîðìàëüíiñòü ðîçïîäiëó âåêòîðà äîõiäíîñòåé Xt

ìà¹ìî λ = γ = 1, V aRGMV = zα
√
VGMV − RGMV , äå zα � α êâàíòèëü ñòàíäàðòíîãî

íîðìàëüíîãî ðîçïîäiëó, òî ç òåîðåìè âèïëèâà¹ òâåðäæåííÿ.
Íàñëiäîê 2. Íåõàé ïîðòôåëü ç íàéìåíøîþ äèñïåðñi¹þwGMV ìiñòèòü k ôiíàíñî-

âèõ àêòèâiâ, âåêòîð äîõiäíîñòåéXt ÿêèõ â ìîìåíò ÷àñó t ìà¹ k-âèìiðíèé íîðìàëüíèé
ðîçïîäië ç âåêòîðîì ñåðåäíiõ µ òà êîâàðiàöiéíîþ ìàòðèöåþ Σ i éîãî ðåàëiçàöi¨ íå ¹
àâòîêîðåëüîâàíèìè. ßêùî X1, X2, ..., Xn íåçàëåæíi ðåàëiçàöi¨ âèïàäêîâîãî âåêòîðà

Xt, òî äëÿ âèáiðêîâèõ îöiíîê âiäíîøåííÿ Øàðïà ŜRGMV òà VaR V̂ aRGMV çà ðiâíÿ
äîâiðè α ïîðòôåëÿ wGMV âèêîíó¹òüñÿ

√
n(ŜRGMV − SRGMV )

d→ N (0, σ2
SR), n→ +∞,

√
n( ˆV aRGMV − V aRGMV )

d→ N (0, σ2
V aR), n→ +∞,

äå
d→ îçíà÷à¹ çáiæíiñòü çà ðîçïîäiëîì, s = µ′Rµ, R = Σ−1 − Σ−111′Σ−1

1′Σ−11
,

σ2
SR = 1 + s+

R2
GMV

2VGMV
, σ2

V aR = VGMV (1 + s+ z2α/2).

Àñèìïòîòè÷íi äèñïåðñi¨ σ2
SR òà σ2

V aR çàëåæàòü âiä íåâiäîìèõ ïàðàìåòðiâ ðîçïî-
äiëó âåêòîðà äîõiäíîñòåé Xt, à òîìó äëÿ âèêîðèñòàííÿ ðåçóëüòàòiâ òåîðåìè 1 òà
íàñëiäêó 1 íà ïðàêòèöi äîñòàòíüî äîâåñòè ¨õíþ êîíñèñòåíòíiñòü (äèâ. òåîðåìó 1.14
[15, ñ. 8]). Ç iíøîãî áîêó, îòðèìàíi â òåîðåìi 1 ðîçïîäiëè àñèìïòîòè÷íi, òî âèíèêà¹
ïèòàííÿ âèçíà÷åííÿ íåîáõiäíîãî îáñÿãó âèáiðêè n äëÿ äîñÿãíåííÿ ïîòðiáíîãî íàá-
ëèæåííÿ. Öi ïðîáëåìè äîñëiäæó¹ìî íà ïiäñòàâi iìiòàöiéíîãî ìîäåëþâàííÿ.

3. Iìiòàöiéíå ìîäåëþâàííÿ

Ó öüîìó ðîçäiëi äîñëiäæåíî øâèäêiñòü çáiæíîñòi ðîçïîäiëiâ âèïàäêîâî¨ âåëè÷èíè√
n(ŜRGMV −SRGMV ) äî àñèìïòîòè÷íîãî. Äëÿ öüîãî âèêîðèñòà¹ìî òàêèé àëãîðèòì.
1. Ïðèïóñòèìî, ùî õàðàêòåðèñòèêè ðîçïîäiëó âåêòîðà äîõiäíîñòåé àêòèâiâ

ïîðòôåëÿ âiäîìi. Âèáåðåìî ¨õíi çíà÷åííÿ òàê. Ñïî÷àòêó çàôiêñó¹ìî êiëüêiñòü
àêòèâiâ ó ïîðòôåëi, íàïðèêëàä, k = {10, 20, 30, 100}. Â ïîðòôåëi ðîçìiðíîñòi k =
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{10, 20, 30} âêëþ÷à¹ìî k ïåðøèõ àêöié ç âiäñîðòîâàíîãî çà àëôàâiòîì ñïèñêó òiêåðiâ
êîìïàíié ç ïåðåëiêó Dow Jones. Äàëi íà îñíîâi äàíèõ ïðî ùîäåííi äîõiäíîñòi öèõ
àêöié çà ïåðiîä ç 01.10.2019 äî 29.09.2023 (4 ðîêè) âñüîãî 1007 äîõiäíîñòåé, ïîáóäó¹ìî
âèáiðêîâi îöiíêè ïàðàìåòðiâ ðîçïîäiëó âiäïîâiäíèõ âåêòîðiâ äîõiäíîñòåé àêòèâiâ
ïîðòôåëÿ òà ïðèéìåìî öi îöiíêè çà òî÷íi çíà÷åííÿ. Äëÿ ïîðòôåëÿ ðîçìiðíîñòi
k = 100 ìè çãåíåðó¹ìî îöiíêè ïàðàìåòðiâ ðîçïîäiëó âåêòîðà äîõiäíîñòåé éîãî
àêòèâiâ. Âèáðàâøè ìàêñèìàëüíå òà ìiíiìàëüíå çíà÷åííÿ âåêòîðà ñåðåäíiõ ïîðòôåëÿ
ç k = 30, çãåíåðó¹ìî 100 íåçàëåæíèõ ðåàëiçàöié ðiâíîìiðíî ðîçïîäiëåíî¨ íà öüîìó
iíòåðâàëi âèïàäêîâî¨ âåëè÷èíè òà ïðèéìåìî îòðèìàíèé 100-âèìiðíèé âåêòîð çà
òî÷íå çíà÷åííÿ âåêòîðà ñåðåäíiõ. Ìàòðèöþ êîâàðiàöié áóäó¹ìî òàê. Âèáåðåìî
ìàêñèìàëüíå òà ìiíiìàëüíå âëàñíå çíà÷åííÿ ìàòðèöi êîâàðiàöié ïîðòôåëÿ ç k = 30
òà çãåíåðó¹ìî äîäàòíî âèçíà÷åíó ìàòðèöþ ðîçìiðíîñòi 100 × 100, âëàñíi çíà÷åííÿ
ÿêî¨ íàëåæàòü îòðèìàíîìó iíòåðâàëó.

2. Ðîçãëÿíåìî òðè ïðèïóùåííÿ ùîäî ðîçïîäiëó âåêòîðà äîõiäíîñòåé àêòèâiâ
âiäïîâiäíîãî ïîðòôåëÿ: íîðìàëüíèé ðîçïîäië, t-ðîçïîäië Ñòüþäåíòà ç 5 ñòóïåíÿìè
ñâîáîäè òà ðîçïîäië Ëàïëàñà. Äëÿ êîæíîãî ç ðîçãëÿíóòèõ ïîðòôåëiâ çãåíåðó¹ìî
âèáiðêó ç âiäïîâiäíîãî ðîçïîäiëó ç n ñïîñòåðåæåíü òà íà îñíîâi öèõ çãåíåðîâàíèõ
âèáiðîê îöiíèìî âiäíîøåííÿ Øàðïà ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ âiäïîâiäíî¨
ðîçìiðíîñòi. Ïîâòîðèìî öþ ïðîöåäóðó 100000 ðàçiâ. Íà ïiäñòàâi îòðèìàíî¨ âèáiðêè
çi 100000 ñïîñòåðåæåíü îöiíîê âiäíîøåííÿ Øàðïà ïîáóäó¹ìî îöiíêè ìàòåìàòè÷íîãî
ñïîäiâàííÿ, äèñïåðñi¨ òà ãóñòèíè, ïîðiâíÿ¹ìî ¨õ ç âiäïîâiäíèìè àñèìïòîòè÷íèìè
çíà÷åííÿìè. Îáñÿã âèáiðîê äëÿ ïîáóäîâè îöiíîê âiäíîøåííÿ Øàðïà n âèáåðåìî
òàê:

à) äëÿ ïîðòôåëÿ ðîçìiðíîñòi k = {10, 20, 30} âiçüìåìî n = {250, 500, 1000, 2000};
á) äëÿ ïîðòôåëÿ ðîçìiðíîñòi k = 100 âiçüìåìî n = {2000, 3000, 4000, 5000}.
Çàóâàæåííÿ 1. Äëÿ îöiíêè âiäíîøåííÿØàðïà âiäïîâiäíîãî ïîðòôåëÿ ç íàéìåí-

øîþ äèñïåðñi¹þ âèêîðèñòà¹ìî íå âèáiðêîâó îöiíêó, à âèïðàâëåíó. Îñêiëüêè ó
âèïàäêó íîðìàëüíî ðîçïîäiëåíîãî âåêòîðà äîõiäíîñòåé àêòèâiâ ïîðòôåëÿ ìà¹ìî

(äèâ. [3])
(n− 1)V̂GMV

VGMV
∼ χ2

n−k, R̂GMV |ŝ = s∗ ∼ N (RGMV ,
1+ n

n−1 s
∗

n VGMV ), âèïàäêîâi

âåëè÷èíè V̂GMV òà R̂GMV íåçàëåæíi, òî

M

 √
2R̂GMV Γ(

n−k
2 )√

(n− 1)V̂GMV Γ(
n−k−1

2 )

 = SRGMV ,

äå χ2
m îçíà÷à¹ χ2 ðîçïîäië ç m ñòóïåíÿìè ñâîáîäè, N (µ, σ2) � íîðìàëüíèé ðîçïîäië ç

ñåðåäíiì µ òà äèñïåðñi¹þ σ2, Γ(x) � ãàììà ôóíêöiÿ, M(x) � ìàòåìàòè÷íå ñïîäiâàííÿ
âèïàäêîâî¨ âåëè÷èíè x. Âiäïîâiäíî, âèêîðèñòîâóâàòèìåìî íàäàëi âèïðàâëåíó îöiíêó
äëÿ âiäíîøåííÿ Øàðïà ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ âèãëÿäó

ŜRGMV,adj =

√
2R̂GMV Γ(

n−k
2 )√

(n− 1)V̂GMV Γ(
n−k−1

2 )
.

Çàóâàæåííÿ 2. Äëÿ îöiíêè Value-at-Risk ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ
ïðîïîíóþòü âèêîðèñòîâóâàòè âèïðàâëåíó îöiíêó âèãëÿäó

V̂ aRGMV,adj =
dα
γ

√
(n− 1)V̂GMV Γ(

n−k
2 )

√
2Γ(n−k+1

2 )
− R̂GMV .
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Ðåçóëüòàòè êîìï'þòåðíîãî ìîäåëþâàííÿ íàâåäåíi â òàáë. 1-3 i íà ðèñ. 1-3.

Ðèñ. 1. Îöiíêè ãóñòèí ðîçïîäiëiâ âèïàäêîâî¨ âåëè÷èíè
√
n(ŜRGMV,adj−SRGMV ) ïîðòôåëiâ

ç íàéìåíøîþ äèñïåðñi¹þ ñêëàäåíèõ ç k = 10 (çëiâà çâåðõó), k = 20 (ñïðàâà çâåðõó), k = 30
(çëiâà çíèçó), k = 100 (ñïðàâà çíèçó) àêòèâiâ çà ïðèïóùåííÿ, ùî âåêòîð äîõiäíîñòåé àêòèâiâ

ïîðòôåëÿ ìà¹ íîðìàëüíèé ðîçïîäië
Estimates of the density distributions of the random variable

√
n(ŜRGMV,adj − SRGMV ) of

portfolios with the smallest variance composed of k = 10 (top left), k = 20 (top right), k = 30
(bottom left), k = 100 (bottom right) assets under the assumption that the vector of returns of

the portfolio assets has a normal distribution

Òàáëèöÿ 1

Îöiíêè òà àñèìïòîòè÷íi çíà÷åííÿ ñåðåäíüîãî òà äèñïåðñi¨ âèïàäêîâî¨ âåëè÷èíè√
n(ŜRGMV,adj − SRGMV ) ïîðòôåëiâ ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïóùåííÿ,

ùî âåêòîð äîõiäíîñòåé àêòèâiâ ïîðòôåëÿ ìà¹ íîðìàëüíèé ðîçïîäië
Estimates and asymptotic values of the mean and variance of the random variable√

n(ŜRGMV,adj − SRGMV ) of portfolios with the smallest variance under the
assumption that the vector of portfolio asset returns has a normal distribution

n = 250 n = 500 n = 1000 n = 2000 Àñèìïò.
k = 10 Ñåðåäí¹ -0.0048 -0.0094 0.0033 0.0017 0

Äèñïåðñiÿ 1.0519 1.0302 1.0148 1.0141 1.0105
k = 20 Ñåðåäí¹ -0.0021 0.0029 0.0035 -0.0034 0

Äèñïåðñiÿ 1.1077 1.0568 1.0254 1.0245 1.0178
k = 30 Ñåðåäí¹ 0.0025 -0.0020 -0.0009 0.0014 0

Äèñïåðñiÿ 1.1613 1.0923 1.0603 1.0420 1.0256
n = 2000 n = 3000 n = 4000 n = 5000 Àñèìïò.

k = 100 Ñåðåäí¹ 0.0001 0.0059 0.0020 0.0016 0
Äèñïåðñiÿ 1.0549 1.0575 1.0511 1.0410 1.0259
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Ðèñ. 2. Îöiíêè ãóñòèí ðîçïîäiëiâ âèïàäêîâî¨ âåëè÷èíè
√
n(ŜRGMV,adj−SRGMV ) ïîðòôåëiâ

ç íàéìåíøîþ äèñïåðñi¹þ ñêëàäåíèõ ç k = 10 (çëiâà çâåðõó), k = 20 (ñïðàâà çâåðõó), k = 30
(çëiâà çíèçó), k = 100 (ñïðàâà çíèçó) àêòèâiâ çà ïðèïóùåííÿ, ùî âåêòîð äîõiäíîñòåé àêòèâiâ

ïîðòôåëÿ ìà¹ t-ðîçïîäië Ñòüþäåíòà ç 5 ñòóïåíÿìè ñâîáîäè
Estimates of the density distributions of the random variable

√
n(ŜRGMV,adj − SRGMV ) of

portfolios with the smallest variance composed of k = 10 (top left), k = 20 (top right), k = 30
(bottom left), k = 100 (bottom right) assets under the assumption that the vector of portfolio

asset returns has a Student's t-distribution with 5 degrees of freedom

Ðèñ. 3. Îöiíêè ãóñòèí ðîçïîäiëiâ âèïàäêîâî¨ âåëè÷èíè
√
n(ŜRGMV,adj−SRGMV ) ïîðòôåëiâ

ç íàéìåíøîþ äèñïåðñi¹þ ñêëàäåíèõ ç k = 10 (çëiâà çâåðõó), k = 20 (ñïðàâà çâåðõó), k = 30
(çëiâà çíèçó), k = 100 (ñïðàâà çíèçó) àêòèâiâ çà ïðèïóùåííÿ, ùî âåêòîð äîõiäíîñòåé àêòèâiâ

ïîðòôåëÿ ìà¹ ðîçïîäië Ëàïëàñà
Estimates of the density distributions of the random variable

√
n(ŜRGMV,adj − SRGMV ) of

portfolios with the smallest variance composed of k = 10 (top left), k = 20 (top right), k = 30
(bottom left), k = 100 (bottom right) assets under the assumption that the vector of portfolio

asset returns has a Laplace distribution
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Òàáëèöÿ 2

Îöiíêè òà àñèìïòîòè÷íi çíà÷åííÿ ñåðåäíüîãî òà äèñïåðñi¨ âèïàäêîâî¨ âåëè÷èíè√
n(ŜRGMV,adj − SRGMV ) ïîðòôåëiâ ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïóùåííÿ,

ùî âåêòîð äîõiäíîñòåé àêòèâiâ ïîðòôåëÿ ìà¹ t-ðîçïîäië Ñòüþäåíòà
ç 5 ñòóïåíÿìè ñâîáîäè

Estimates and asymptotic values of the mean and variance of the random variable√
n(ŜRGMV,adj − SRGMV ) of portfolios with the smallest variance under the

assumption that the vector of portfolio asset returns has a Student's t-distribution
with 5 degrees of freedom

n = 250 n = 500 n = 1000 n = 2000 Àñèìïò.
k = 10 Ñåðåäí¹ 0.0176 0.0088 0.0132 0.0067 0

Äèñïåðñiÿ 1.0605 1.0403 1.0391 1.0368 1.0315
k = 20 Ñåðåäí¹ 0.0085 0.0127 0.0116 0.0021 0

Äèñïåðñiÿ 1.1141 1.0833 1.0568 1.0578 1.0533
k = 30 Ñåðåäí¹ -0.0094 -0.0053 -0.0024 -0.0023 0

Äèñïåðñiÿ 1.1891 1.1207 1.0935 1.0797 1.0767
n = 2000 n = 3000 n = 4000 n = 5000 Àñèìïò.

k = 100 Ñåðåäí¹ -0.0009 -0.0030 -0.0032 0.0138 0
Äèñïåðñiÿ 1.1139 1.0917 1.0743 1.0724 1.0777

Òàáëèöÿ 3

Îöiíêè òà àñèìïòîòè÷íi çíà÷åííÿ ñåðåäíüîãî òà äèñïåðñi¨ âèïàäêîâî¨ âåëè÷èíè√
n(ŜRGMV,adj − SRGMV ) ïîðòôåëiâ ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïóùåííÿ,

ùî âåêòîð äîõiäíîñòåé àêòèâiâ ïîðòôåëÿ ìà¹ ðîçïîäië Ëàïëàñà
Estimates and asymptotic values ??of the mean and variance of the random variable√

n(ŜRGMV,adj − SRGMV ) of portfolios with the smallest variance under the
assumption that the vector of portfolio asset returns has a Laplace distribution

n = 250 n = 500 n = 1000 n = 2000 Àñèìïò.
k = 10 Ñåðåäí¹ 0.0086 0.0084 0.0034 0.0016 0

Äèñïåðñiÿ 1.0612 1.0440 1.0324 1.0289 1.0210
k = 20 Ñåðåäí¹ 0.0113 0.0100 0.0131 0.0013 0

Äèñïåðñiÿ 1.1330 1.0790 1.0631 1.0398 1.0355
k = 30 Ñåðåäí¹ -0.0080 -0.0048 -0.0014 -0.0041 0

Äèñïåðñiÿ 1.1929 1.1207 1.0872 1.0761 1.0512
n = 2000 n = 3000 n = 4000 n = 5000 Àñèìïò.

k = 100 Ñåðåäí¹ 0.0048 -0.0025 0.0041 -0.0034 0
Äèñïåðñiÿ 1.1154 1.0832 1.0691 1.0678 1.0518

Ç ðèñ. 1-3 áà÷èìî, ùî îöiíêà ãóñòèíè
√
n(ŜRGMV,adj − SRGMV ) äîáðå íàáëèæà¹

àñèìïòîòèíó ãóñòèíó äëÿ ïîðòôåëiâ ç íàéìåíøîþ äèñïåðñi¹þ ç êiëüêiñòþ àêòèâiâ
k = {10, 20, 30} ïðè n = 1000. Íàòîìiñòü ó âèïàäêó ïîðòôåëÿ ç k = 100 äëÿ
äîñÿãíåííÿ äîáðîãî íàáëèæåííÿ òðåáà âèêîðñèòàòè âèáiðêó iñòîðè÷íèõ çíà÷åíü
îáñÿãîì n ≥ 3000. Öi ñïîñòåðåæåííÿ ïiäòâåðäæóþòüñÿ ðåçóëüòàòàìè íàâåäåíèìè
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ó òàáë. 1-3, äå ïîäàíî îöiíêè ñåðåäíiõ çíà÷åíü i äèñïåðñié âèïàäêîâî¨ âåëè÷èíè√
n(ŜRGMV,adj − SRGMV ).

4. Âèñíîâêè

Äîñëiäæåíî ñòàòèñòè÷íi âëàñòèâîñòi âiäíîøåííÿ Øàðïà òà Value-at-Risk ïîðò-
ôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ çà ïðèïóùåííÿ, ùî âåêòîð äîõiäíîñòåé àêòèâiâ
ïîðòôåëÿ ìà¹ áàãàòîâèìiðíèé åëiïòè÷íèé ðîçïîäië. Çíàéäåíî àñèìïòîòè÷íi ðîç-
ïîäiëè âèáiðêîâèõ îöiíîê äâîõ ðîçãëÿíóòèõ ïîêàçíèêiâ åôåêòèâíîñòi ïîðòôåëÿ.
Îñêiëüêè íîðìàëüíèé ðîçïîäië òåæ íàëåæèòü êëàñó åëiïòè÷íèõ ðîçïîäiëiâ i ÷àñòî
âèêîðèñòîâó¹òüñÿ íà ïðàêòèöi, òî ó ïiäñóìêó, îòðèìàëè àñèìïòîòè÷íèé ðîçïîäië
âèáiðêîâèõ îöiíîê ðîçãëÿíóòèõ ïîêàçíèêiâ ó âèïàäêó áàãàòîâèìiðíîãî íîðìàëüíîãî
ðîçïîäiëó âåêòîðà äîõiäíîñòåé àêòèâiâ ïîðòôåëÿ. Îñêiëüêè ðîçãëÿíóòi âèáiðêîâi
îöiíêè çìiùåíi, òî äëÿ äîñëiäæåíÿ øâèäêîñòi çáiæíîñòi âiäïîâiäíèõ âèïàäêîâèõ
âåëè÷èí áóëî âèêîðèñòàíî âèïðàâëåíi îöiíêè, ÿêi ¹ íåçìiùåíèìè ó âèïàäêó ïðè-
ïóùåííÿ ïðî íîðìàëüíiñòü ðîçïîäiëó âåêòîðà äîõiäíîñòåé àêòèâiâ ïîðòôåëÿ. Íà
ïðèêëàäi âèáiðêîâî¨ îöiíêè âiäíîøåííÿ Øàðïà ïîðòôåëÿ ç íàéìåíøîþ äèñïåðñi¹þ
äëÿ îáñÿãiâ ïîðòôåëiâ k = {10, 20, 30} ç'ÿñîâàíî, ùî ïðè îáñÿçi âèáiðêè iñòîðè÷íèõ
çíà÷åíü n = 1000 äîñÿãà¹òüñÿ äîáðå íàáëèæåííÿ îöiíêè ãóñòèíè òî÷íîãî ðîçïîäiëó
àñèìïòîòè÷íîþ ãóñòèíîþ. Íàòîìiñòü äëÿ ïîðòôåëiâ îáñÿãó k = 100 îáñÿã âèáiðêè
iñòîðè÷íèõ çíà÷åíü íå ïîâèíåí áóòè ìåíøèì çà 3000 ñïîñòåðåæåíü. Îòæå, îòðèìàíi
ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi íà ïðàêòèöi äëÿ äîñëiäæåííÿ âiäìiííîñòi
ðîçãëÿíóòèõ õàðàêòåðèñòèê âiä ïåâíèõ ïîðîãîâèõ çíà÷åíü. Òàêîæ íà ¨õíié ïiäñòàâi
ìîæóòü áóòè ïîáóäîâàíi iíòåðâàëüíi îöiíêè, ÿêi íàäàþòü áiëüøå iíôîðìàöi¨ ïðî
äîñëiäæóâàíó âåëè÷èíó, íiæ ¨¨ òî÷êîâà îöiíêà.
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In the paper, the statistical analysis of sample estimators of global minimum variance

portfolio Sharpe ratio and Value-at-Risk is provided. The asymptotic distributions of these

estimators are found under the assumption that the vector of portfolio asset returns fol-

lows multi-dimensional elliptical distribution. As a direct consequence of these results the

asymptotic distribution of the estimators under assumption that the vector of portfolio

asset returns, follows multi-dimensional normal distribution is provided. It is pointed out

that the sample estimators of global minimum variance portfolio Sharpe ratio and Value-

at-Risk are biased. In the paper, the adjusted estimators of the portfolio characteristics

are constructed. For the simulation study we use three di�erent assumptions concern-

ing the behavior of the vector of asset returns: normal distribution, t-distribution with

5 degrees of freedom and Laplace distribution. We get that an accurate approximation

of estimated densities of adjusted estimator of global minimum variance portfolio Sharpe

ratio by corresponding asymptotic ones is observed for sample sizes n = 1000 for portfolios
with k = {10, 20, 30} assets while in the case k = 100 we need n ≥ 3000 observations.

Key words: global minimum variance portfolio, Sharpe ratio, Value-at-Risk, sample esti-

mator, asymptotic distribution, normal distribution, elliptical distribution.


