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This work is devoted to the problem of logical trees — the question of the optimality criterion
of a regular logical tree based on the concept of similarity. Solving this issue will allow us to de-
velop effective methods and algorithms for minimizing the structure of logical classification trees.
The minimal structure of the logical classification tree provides a fast and efficient mechanism for
classifying discrete objects. The obtained result is fundamentally important in the problem of
evaluating the effect of permutation of the tiers of the maximum logical classification tree and the
question of the structural complexity of the obtained logical trees. Fixing the initial training sam-
ple in the form of a logical tree, creates a fixed tree-like data structure, which to some extent pro-
vides even compression and transformation of the initial data of the training sample, and therefore
allows significant optimization and saving of hardware resources of the information system. The
work is relevant for all image recognition approaches in which the resulting classification scheme
can be represented as a logical tree.
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Introduced.

This study is a logical continuation of the cycle of works [1-5] which raises fundamental
questions related to logical classification trees (in this case, a logical tree will be understood as
a graph-schematic representation of the resulting pattern recognition scheme), such as ques-
tions of minimizing logical trees, stability studies on the permutation of tiers, estimating the
complexity of the largest tree, a general algorithm for building the most complex logical tree
[6-8]. Here we study the complexity of graph-schema models (logical classification trees) that
are constructed in the process of learning the recognition system (the logical classification tree
is actually a generated recognition function) and propose a criterion for the optimality of its
structure based on the concept of similarity [9-13]. To study the question of the optimality cri-
terion of logical trees, it is necessary to introduce some definitions at the first stage.

As you know, the functions of k — valued logic, by analogy with two-digit, can be repre-
sented in tabular, analytical and graphical forms. In this study, the main attention will be paid
to the graphical form of representation of functions of k — valued logic (logical tree). The main
idea of which is that an arbitrary k — valued logical function can be represented as a connected
graph that does not contain cycles (in graph theory, this type of graph is called a tree). So let's
call the specified representation of a logical function-a logical tree (or just a tree).

At the beginning of the study, we will introduce the necessary definitions in the future.
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Definition Nel. Logical tree (graph) representing a k — valued function f(x,, ..., x,) is a
connected graph without cycles, whose non-ring vertices contain the variables x;, ..., x, and
the edges are numbered with the values of these variables. The final vertices of the tree contain
the values of the function f(x, ..., x,). Moreover, on a fixed tree path, the same variable oc-
curs only once.

Definition M2. The arrow mark that is included in the top of the tree characterizes the
function of the subtree defined by this mark. If all the output arrows of a vertex are marked
with the same label «, then the output label of this vertex is marked with the same label a.

Definition M23. If all edges included in the vertex of the logical tree (graph) x; are marked
identically, then the vertex x; is called similar.

Definition Ne4. A logical tree (subtree) whose top vertex is similar is called a special tree
(subtree). All other logical trees and subtree (graphs) in this study will be called non-personal.

Definition M5. A logical tree (graph function), in the vertices of each horizontal tier of
which the same variables (attributes) are written, is called a regular tree. Otherwise, the logical
tree (graph function) is called irregular.

Definition M6. Under the break level, we will understand such a tier of some logical tree

with the number i, where all functions are different at all vertices (nodes), that is, 2¢ = 22"
(note that here n — is the number of variables of the corresponding function).

Definition Me7. Under a non - uniform logical tree, we will understand a tree that has vari-
ables of different indexes on certain tiers. For a uniform tree, only the structure in which the
variables of the same index are located on a fixed tier is possible.

Definition N28. The most complex logical tree will be called a tree that contains in its
structure the maximum number of different labels (vertices, functions).

Definition A29. In this study, we will understand the level of a logical tree as a horizontal
row of vertices of a given graph (logical tree) with a changeable single index.

Main part.

Let there be some logical tree that represents the function f(xq, x5, ..., x,) for k — val-
ued logic from n variables — (Fig. 1). Next, we define the number of characteristic functions
Lgrc(f) in the arc form of the function f(x,, x,, ..., x,), obtained using this logical tree.

Note that the transitions of the logical tree (graph edges) correspond to the characteristic
functions in the arc form, but because there are such vertices and the identity ¢;(x) *0 = 0,
the number of labels in the tree will be less than the number of edges (transitions). Then we
will have the following:

kn+1

-k
Larc(f)= K1 =S

logic function from n variables, the value S,, is called the similarity of the logical tree of the
corresponding function f(xq, x5, ..., x,,), where S,, > 0. Obviously, the optimal logical tree is
the one for which S, = max (S,,) will be executed.

Note that the similarity value S,, can serve as a criterion for the optimality of a logical tree
(graph).

In the next stage of the study, we will consider two possible approaches for finding the
similarity of the logical tree S,,.
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Fig. 1. Constructed logical tree of the function f (x4, x5, ..., x,) maximum complexity.

Method (A) finding similarity S,, for a logical tree.

Let us have a logical tree of the function f(x,, x5, ..., x,). There are two possible cases:

a) The top vertex (the top of the first tier) of the logical tree is similar. In this case, the
logical tree can be represented as a subtree-the left branch of the initial tree. Let the top vertex
of the logical tree be the variable x;. Then the following formula takes place:

n_ 1
Lare(f) = Lare (f(po (xi)) = kk_ - S:ffl- (1a)

1

Note that here S,‘f_:’l is the similarity of the subtree that represents the left branch of the
initial logical tree.
That is, in this case, we will have the following:

S, = kn 4S9 (1b)
n n—-1°

b) The top vertex of the logical tree (the top of the first tier) is not similar, then we will
have the following:

Larc(f) = Larc (f(po(xi)) + Larc (f(pl(xi)) + Larc (f(pk_l(xi)) + k. (1 C)
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Note that the formula (1 c) occurs if there is a function = 0 on some edge of the logical
tree, then from (1 a) and (4), we get that L,,,..(f = 0) = —1.
Note that the number of labels for each of the subtrees of the initial logical tree is defined
as follows:

K"k oL
Larc (f(po (xi)) = o1 Sn_ol;
K-k _ coh

Layc (f(pl(xi)) = -1 n—1’

k"—k oL
Larc (f(pk_l(xi)) = -1 Sn—kll'

Note that here S"’%’ S"’L1 - S,‘ff;l - similarity of the corresponding subtrees of the initial

X n-1“n-1’"
logical tree.
So finally we will have the following:
K-k @b . K'—k ol K=k Lk

Larc(F) = = Sp i+ = Splat ot —Split Hk =
_k"—k fi  _ kM1-kZ4+kZ-k fi _ k"l-k fi
=—=* k+k-S"' = — Sty = T Syt
So at the output we get:
fi _ k1%

Snil - Zj=1 Snil (2)

So with (2) we get S, = S/ .
Then, by combining the results of items (a) and (b), you can present the following:

s = k" + S:ffl, if the top vertex of the tree is similar. 3)
=

i
51{0—1: if the top vertex of the tree is not similar.

At the next stage, considering a subtree consisting of one vertex of the lower tier of the
tree, we come to the value S, — similarity of the final edge of the logical tree, and:

s = {1, if the final edge corresponds to zero. @)
0 0, if the end edge does not match zero.

Method (B) finding similarity S, for a logical tree.

Definition Me10. The set of cells in the Venn diagram corresponds to sets of variables:
01 .02 Oj—1 Oit1 on

X5 X,% 0, X 0, x; X

r A1 0 WAy oA
o1 ,.02 Oij—1 Oit+1 on,
X% e X T L T e xy ™

01 .02 Oi-1 7, _ Oi+1 on
XX, e X1 Jk Lo, 70 e xg™

We will call it a complete system of x; — compared cells.

Note that the entry xl‘” means that the variable x; on this set takes the corresponding value
o, (0, €{01,..,k—1}).
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So, if all the cells of an x; — comparable system of cells have the same number, that is,
the same function value, then we will say that they are x; — like. The number of x; — like cell
systems in the Venn table of the logical function f(x;, x,, ..., x,,) let's call the x; — similarity of
the function. Let's denote this value by S}.

Definition M11. We will call the following value a complete similarity of some logical
function:

Sp=k=*Y,S}. (5)

Next, we introduce the following value for consideration:
Ri=k*Y;S} . (6)

Note that the index f,, — means that the original function of the vertex i is taken (i.e. the
vertex where x; is written). The superscript i means that the function f,., has similarity only in
X;.

Note that here f., — is the output function of the such vertex i. Summation is performed

on all such vertices that are not included in the left branches of special subtrees.
Let's introduce another value:

Note that here the analogous f,, — is the output function of the vertex j that is not similar
to the one in which j is written. Summation is performed for all vertices that are not similar.

The similarity based on the finite edges of the logical tree is denoted by Q. in Other
words, Q — is the number of zero edges in the logical tree that are taken into account when
calculating the similarity using the above method.

Lemma 1. Complete similarity of the logical function f(x,, x, ..., x,,) can be determined
from the following relation:

Sy =k* T3y, S} (®)

Note that here f,, — is the output function of the vertex [ of the logical tree. Summation is
performed at all vertices of the tree (graph).

Let there be some variable x;, at the top of the logical tree. The output function of the top
vertex of the logical tree coincides with the function f(x,, x5, ..., X,), SO 5;1 of the function and
the logical tree are the same.

Let the left branch of the second tier of the logical tree contain the variable x;, (at the top
of the corresponding subtree). Then none of the sets that correspond to the original functions of
the vertices x;, located in other pid trees of the initial tree can be x;, — comparable to the sets
of the left subtree, since they differ from the variable x;, .

Similarly, sets that correspond to the original functions of different tree vertices that con-
tain x;, differ at least in the variable that is located at the vertex where these output functions
occur. That is, some vertex of the logical tree is the vertex where the output functions of two
other vertices of the logical tree converge, if when moving up the edges from the last two verti-
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ces of these functions, their first common vertex (through which they will pass) is the above
vertex.

Thus, it was shown that sets that correspond to the original functions of different vertices
of this logical tree can not be x;, — comparable, and therefore can not be x;, — similar. So, you
can write the following:

Sz = Z s
f e fri,
Note that here summation is performed for all output functions of logical tree vertices that
contain i,.
So, at the next stage-reasoning in the same way for the vertices of a logical tree that cor-

respond to an arbitrary x;, we come to the statement of the lemma:
Sp=kxYL, St =k *zlzfrls;rl.

Hence we conclude that the lemma is proved.
Theorem AMel. For an arbitrary logical tree that represents some fixed logical function
f (x4, %5, ..., x,) Of k — valued logic we have the following:

S,=S—R, —R; +Q. 9)

Note first that the expression R; + R;_is equal to the sum x; — similarity for all source
functions of all nodes of the logical tree, except those of its vertices that participate in compu-
ting the similarity, that is, except for vertices that are included in the left branch of the special
subtrees (this follows from the definition of the variables R; and R;).

But the similarity of S,, is equal to the similarity due to vertices plus Q. let's denote the
similarity due to similar vertices by S. Then we will have the following:

S, =S+ Q. (10)
But on the other hand it is known:

Next, with (11), we get the following:

Si=5S—R,—R; (12)
At the last stage, substituting (12) into (10) will have the following:

S, =Sf—R;—R; + Q.

So, we can conclude that the theorem is proved.

Thus, two methods for determining the similarity of the function S, were presented
above. When calculating similarity using a logical tree, it is rational to use the first method.

Example A2l. To explain the above methods, consider the example of determining the
similarity of a function that is set in the form of the following Venn table — (Table. 1).

Note that when calculating similarity, only those similar vertices of the logical tree that
are not included in the right branches of special subtrees and the same zeros are taken into ac-
count. Here we used the first method (Method (A) for the logical tree) to determine similarity.
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Table 1.
Venn table of function f(xy, x5, x3, x,) three-digit logic of example Nel.
xd xb oxi ox) x} o xf o x) x} «xZ
olol1[2]2]2]of[o]o]x?

x{ |0]O0 1 [2 2210 0]0] x3]
0|0 1[2]2|2]0]0]|0] x2
1|1 1 fojoj1f22|2]=x«

x5 Lo 211021 ]0]|2] x
00 2]J0]0]lO0)1]1]0]x2
212120l o0f{of2]1]0]xY

X3 Lo 1 J1]o|1J1]O0]1]xd
O|2 10 |2|1]0]2]|1]|x

xd x3 x2

Note that in the figure, the zeros that were taken into account when calculating the simi-
larity are indicated by lower dashes (underscores).
Let's define the number of characteristic functions in the bracket form of a logical func-
tion:
kn+1 —k 35 -3
Larc(f) = =1 5=

The logical tree of the function f(xy, x, x3,x,) is shown in (Fig. 2). Note that all such
vertices of the logical tree are marked with an upper risk. After determining the similarity of
this logical tree, we get S,, = 89.

—89 =120-89 = 31.

|

/H
i ] [2]
/I\_‘_/|\ ZT% |\ /l\ |

[

[

MJM I | o u

Fig. 2. Logical tree of the function f (x, x,, x3, x,) of example Nel.
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Main result.
In view of all the above mentioned in this paragraph, you can fix the following:

1) Note that the number of characteristic functions in the arc form L,,..(f) of the func-

n+1_
tion f(xy, x5, ..., X,), can be determined using the formula L,,.(f) = £ P k_ Sn

2) We will call the following value Sy = k * 1;15;' a complete similarity of some logi-
cal function .

3) Complete similarity of the logical function f(x,, x, ..., x,) can be determined using
the following relation Sy = k  XiL; X S}rl

4) For an arbitrary logical tree that represents some fixed logical function
f(x1, %3, ..., x,) Of k — valued logic we have that S,, = S — R; — R; + Q.
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IIUTAHHA KPUTEPIIO OITUMAJIBHOCTI PET'YJIAPHOI'O JIOIT'TYHOI'O
JEPEBA, 3ACHOBAHOI'O HA ITIOHATTI IOAIBHOCTI

1. IToBxan

Kagheopa npoepammnoco 3abesneuenns cucmem,
JIBH3 “Yaceopoocvkutl nayionanvhuil yHigepcumem”,
8y1. 3anvkoseyxoi Ne89 b, 88000 Yowczopoo, Yrpaina
igor.povkhan@uzhnu.edu.ua

Jana poboTta npucBsiueHa MpoOIEeMaTHIIi JIOTIYHUX JEpPeB — MUTAHHIO KPUTEPII0 ONTHMAIlb-
HOCTI peryJIsIpHOTO JIOTIYHOTO JAepeBa Ha OCHOBI MOHATTA NOAI0OHOCTI. PO3B 30K 1aHOTO MUTaHHS
JIO3BOJIUTH 3a0€3MeYNTH PO3poOKy eheKTHBHHX METOMAIB Ta aITOPUTMIB MiHIMI3alil CTPYKTypH
JOTiYHUX JepeB kinacudikarii. MiHiMambHa CTPYKTYypa JIOTIYHOTO JepeBa kiacudikarii 3abesme-
4ye NIBUAKUH Ta e(eKTUBHUI MeXaHi3M Kiacudikalii JUCKpeTHUX 00°€eKTiB. BBOANTHCS MOHATTS
SpycCy 3JI0My KOHCTPYKIii JIOTIYHOTO JiepeBa, sKe J03BOJISIE B IEPCIICKTUBI OI[IHUTH MeXi MiHiMi-
3allii TaKUX CTPYKTYp LIIIXOM MPOCTOI MEPECTAaHOBKH SPYCiB.

OTtpuMaHuil pe3ynbTaT IPUHIMIIOBO BAXKIMBUI B 33/1a4i OLIHKK €(EKTy IMEePECTAaHOBKH SPY-
CiB MakCHMAaJbHOTO JIOTIYHOTO JiepeBa Kiacu@ikalii Ta MUTaHHI CTPYKTYpHOI CKIAIHOCTI OTpH-
MaHHX JOTIYHUX AepeB. Dikcallis MoYaTKoBOi HaBYAIBbHOI BHOIPKH Y BHTJISL JIOTIYHOTO JIepeBa,
cTBOpIOE (hiKCOBaHY AEPEBONOAIOHY CTPYKTYpY AaHHMX, sIKa B SIKICh Mipi 3a0e3euye HaBiTh CTHCK
Ta MEpeTBOPEHHS MOYaTKOBHX JIAaHWX HAaBYAIBHOI BUOIPKH, a OTXKE JI03BOJISIE CYTTEBY OINTHMi3a-
Lif0 Ta EKOHOMIIO amapaTHUX PecypciB iHPOPMaLiitHOT CHCTEMH.

BigMiTiMO, 10 raiy3b 3aCTOCYBaHHS KOHILEMIT JIOTIYHUX AEpeB B JaHUI 4ac Haa3BHYaliHO
00‘eMHa, a MHOXKHHA 33/1a4 Ta Mpo0IeM, sIKi po3B A3yI0ThCs JaHUM arapaToM Moxe OyTH 3Belie-
Ha JI0 HACTYIHUX TPHbOX 0a30BHX CETMEHTIB — 3aJadl OMHCY CTPYKTYp AaHUX, 3a/adi pO3Mi3Ha-
BaHHA Ta Kiacugikarii, 3amaui perpecii. B po6oTi BBoIUTBCS BeIWYMHA MOIIOHOCTI JIOTI9HOTO
ZiepeBa, sIka MOXKe CITyTyBaTH KPUTEPIEM ONTUMAIBHOCTI JaHOTO JIOTIYHOTO NepeBa (rpada), a ca-
Me JOCHI/DKEHHS Ma€ aKTyalbHICTh U BCIiX MiAXOIIB, METOIIB Ta aJTOPUTMIB pPO3IMi3HaBaHHS
00pa3iB B AKUX OTPHMaHa pe3ysbTylo4ya cxema Kiacugikarlii Mosxe OyTH TpeCTaBIeHa Y BUTIISI
JIOTIYHOTO JIepeBa.

Knrouosi cnosa: 3ana4i po3nizHaBaHHs 00pasiB, JIOTiYHE AepeBo, Tpad-cxeMa MoJeli, KpuTe-
piit ONTUMATIBHOCTI.
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