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Íåõàé Λ =
(
λk
)+∞
k=0

òà f =
(
fk(ω)

)+∞
k=0

� ïîñëiäîâíîñòi íåâiä'¹ìíèõ
÷èñåë i êîìïëåêñíîçíà÷íèõ âèïàäêîâèõ âåëè÷èí íà éìîâiðíiñíîìó ïðîñ-
òîði (Ω,A, P ), âiäïîâiäíî. Äîñëiäæó¹ìî âåëè÷èíè R-ïîðÿäêiâ ρF (ω) i
R-òèïiâ TF (ω) çðîñòàííÿ âèïàäêîâèõ ðÿäiâ Äiðiõëå âèãëÿäó F (z) =

F (z, ω) =

+∞∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω). Çîêðåìà, ó âèïàäêó, êîëè

β(Λ) = lim
k→+∞

ln k
λk lnλk

= 0 äîâåäåíî òàêå òâåðäæåííÿ: ÿêùî
(
|fk(ω)|

)
�

ïîñëiäîâíiñòü ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöiÿìè ðîç-
ïîäiëó Fk(x) := P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+, òî äëÿ òîãî, ùîá
ρF (ω) = ρ ∈ (0,+∞) ì.í., íåîáõiäíî i äîñòàòíüî, ùîá (∀ε ∈ (0, ρ)) :

+∞∑
k=0

(
1− Fk

(
e
− 1
ρ+ε

λk lnλk
))

< +∞ ∧
+∞∑
k=0

(
1− Fk

(
e
− 1
ρ−ελk lnλk

))
= +∞.

Êëþ÷îâi ñëîâà: öiëi ôóíêöi¨, âèïàäêîâi ðÿäè Äiðiõëå, R-ïîðÿäîê çðîñ-
òàííÿ.

1. Âñòóï

Íåõàé (Ω,A, P ) � éìîâiðíiñíèé ïðîñòið. Êðiì öüîãî, íåõàé Λ(ω) =
(
λk(ω)

)+∞
k=0

òà f(ω) =
(
fk(ω)

)+∞
k=0

� ïîñëiäîâíîñòi íåâiä'¹ìíèõ òà êîìïëåêñíîçíà÷íèõ âèïàäêîâèõ

âåëè÷èí íà (Ω,A, P ), âiäïîâiäíî, ÷åðåç Λ =
(
λk
)+∞
k=0

ïîçíà÷àòèìåìî ïîñëiäîâíiñòü

ïîïàðíî ðiçíèõ íåâiä'¹ìíèõ ÷èñåë, à ÷åðåç Λ+ = (λk) � ÷èñëîâó ïîñëiäîâíiñòü òàêó,
ùî 0 6 λ0 < λk < λk+1 ↑ +∞ (1 6 k ↑ +∞). Êðiì öüîãî ââàæàòèìåìî, ùî λk(ω) 6=
λm(ω) äëÿ âñiõ n 6= k ì.í. (ìàéæå íàïåâíî).
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×åðåç D(Λ) ïîçíà÷èìî êëàñ öiëèõ âèïàäêîâèõ (ì.í. àáñîëþòíî çáiæíèõ ó âñié
êîìïëåêñíié ïëîùèíi) ðÿäiâ Äiðiõëå âèãëÿäó

(1) F (z) = Fω(z) = F (z, ω) =

+∞∑
k=0

fk(ω)ezλk(ω) (z ∈ C, ω ∈ Ω),

ùî äëÿ ôiêñîâàíîãî ω = ω0 ¹ çâè÷àéíèì (äåòåðìiíîâàíèì) ðÿäîì Äiðiõëå âèãëÿäó

(2) F (z) =

∞∑
k=0

ake
zλk ,

äå ak = fk(ω0), λk = λk(ω0). À îñíîâíèì îá'¹êòîì ðîçãëÿäó ó öüîìó ïîâiäîìëåííi ¹
âèïàäêîâi öiëi ðÿäè Äiðiõëå âèãëÿäó

(3) Fω(z) =

+∞∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω).

Íåõàé D =
⋃

ΛD(Λ), à D(Λ+) � ïiäêëàñ ðÿäiâ ç êëàñó D ç ôiêñîâàíîþ ïîñëiäîâíiñòþ

ïîêàçíèêiâ Λ+. ×åðåç D̃ ïîçíà÷èìî êëàñ ôîðìàëüíèõ ðÿäiâ Äiðiõëå âèãëÿäó (1) òà-
êèõ, ùî σµ(F, ω) := sup{x ∈ R : fk(ω)exλk(ω) → 0 (k → +∞)} > −∞ ì.í. Çðîçóìiëî,

ùî D ⊂ D̃.
Çàçíà÷èìî, ùî ÿê ó âèïàäêó ðÿäiâ âèãëÿäó (2), òàê i âèïàäêîâèõ ðÿäiâ Äiðiõëå

âèãëÿäó (3) (àáî é çàãàëüíîãî âèãëÿäó (1)) ïèòàííÿ çáiæíîñòi òàêèõ ðÿäiâ äîñëiäæå-
íå ó áàãàòüîõ ïðàöÿõ ç ïðàêòè÷íî âè÷åðïíîþ ïîâíîòîþ (äèâ., íàïðèêëàä, [1]�[11]).
Ó [12]�[18] ðîçãëÿäàëè ïèòàííÿ ïðî àáñöèñè çáiæíîñòi âèïàäêîâèõ ðÿäiâ Äiðiõëå ç
êëàñó D(Λ+) ó âèïàäêó τ(Λ) := limk→+∞ ln k/λk < +∞; ç êîåôiöi¹íòàìè âèãëÿäó
fk(ω) = akZk(ω) â [13, 14, 15]. Ó âèïàäêó, êîëè τ(Λ+) = 0, à êîåôiöi¹íòè ðÿäó Äiðiõëå
(fk(ω)) ïîïàðíî íåçàëåæíi â [16, 17] òâåðäæåííÿ ïðî àáñöèñó àáñîëþòíî¨ çáiæíîñòi
îòðèìàíi â òåðìiíàõ óìîâ íà ôóíêöi¨ ðîçïîäiëó Fk(x) := P { ω : |fk(ω)| < x} , x ∈
R, k > 0. Ó [19, 20, 21], çîêðåìà, îòðèìàíî îöiíêè àáñöèñ çáiæíîñòi ó âèïàäêó,
êîëè êîåôiöi¹íòè ðÿäó Äiðiõëå ìàþòü âèãëÿä fk(ω) = akZk(ω), ln k = o(ln |ak|)
(k → +∞), à ïîñëiäîâíiñòü (λk(ω)) ¹ ïîñëiäîâíiñòþ ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ
âåëè÷èí, ïðè öüîìó òåîðåìè ôîðìóëþþòüñÿ â òåðìiíàõ îáìåæåíü íà ôóíêöi¨ ðîç-
ïîäiëó Fk(x) := P{ ω : λk(ω) < x}, x ∈ R, k > 0 (ïîäiáíî, äëÿ âèïàäêîâèõ êðàòíèõ
ðÿäiâ Äiðiõëå â [22]). Ó [16, 17] i â [20, 21, 22] óìîâà ïîïàðíî¨ íåçàëåæíîñòi çàáåçïå÷ó¹
ìîæëèâiñòü çàñòîñóâàííÿ óòî÷íåíî¨ äðóãî¨ ÷àñòèíè ëåìè Áîðåëÿ-Êàíòåëi (äèâ. [29],
[32, ñ. 84]). Ó çâ'ÿçêó ç äîñëiäæåííÿ îáëàñòåé çáiæíîñòi âèïàäêîâèõ êðàòíèõ ðÿäiâ
Äiðiõëå âêàæåìî òàêîæ íà ïðàöi [24, 25].

Äîñëiäæåííÿ çðîñòàííÿ âèïàäêîâèõ ðÿäiâ Äiðiõëå ìàþòü ó öiëîìó äîâîëi ôðàã-
ìåíòàðíèé âèãëÿä (äèâ., íàïðèêëàä, [13, 14, 18, 26, 27]). Ó öüîìó ïîâiäîìëåííi ìè
çàïîâíþ¹ìî äåÿêi ïðîãàëèíè äëÿ âèïàäêîâèõ öiëèõ ðÿäiâ Äiðiõëå, ÿê âèãëÿäó (3),
òàê i çàãàëüíîãî âèãëÿäó (1), ÿêi ñòîñóþòüñÿ ôîðìóë äëÿ îá÷èñëåííÿ R-ïîðÿäêiâ i
R-òèïiâ òàêèõ ðÿäiâ. Äåÿêi ç îòðèìàíèõ òâåðäæåíü ¹ íîâèìè íàâiòü â iíòåðïðåòàöi¨
äëÿ öiëèõ ðÿäiâ Äiðiõëå ç ïîêàçíèêàìè Λ+ i êîåôiöi¹íòàìè âèãëÿäó fk(ω) = akZk(ω).
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2. Îñíîâíi ïîíÿòòÿ, äîïîìiæíi òâåðäæåííÿ ïðî R-ïîðÿäêè òà

R-òèïè

Îòæå, ÿêùî F ∈ D, òî çà óìîâîþ àáñöèñà àáñîëþòíî¨ çáiæíîñòi ðÿäó Äiðiõëå (1)
σa(F, ω) = +∞ ì.í. Òîäi, çà òâåðäæåííÿì 1 ç [19] σa(F, ω) = σ(F, ω) = σµ(F, ω) = +∞
ì.í., äå σ(F, ω) � àáñöèñà çáiæíîñòi ðÿäó (1). À ÿêùî äîäàòêîâî ïðèïóñòèòè, ùî
limk→+∞ λk(ω) := λ(ω) > 0 ì.í., òî çà òâåðäæåííÿì 2 ç [19]

σµ(F, ω) = α0(F, ω) := lim
k→+∞

− ln |fk(ω)|
λk(ω)

ì.í.

Ç iíøîãî áîêó, ÿêùî τ(Λ, ω) := lim
k→+∞

ln k
λk(ω) = 0 àáî h(ω) := lim

k→+∞
ln k

− ln |fk(ω)| = 0, i

Fω ∈ D̃ ìà¹ âèãëÿä (1), òî çà òâåðäæåííÿì 10 ç [19]

σa(F, ω) = σ(F, ω) = σµ(F, ω) = α0(F, ω).

Íàñòóïíå òâåðäæåííÿ äîáðå âiäîìå ó âèïàäêó ðÿäiâ Äiðiõëå âèãëÿäó (2) çi çðîñ-
òàþ÷èìè ïîêàçíèêàìè Λ+ = (λk).

Òâåðäæåííÿ 1. ßêùî ïðè ôiêñîâàíèõ x∈R, ω∈Ω, ðÿä Äiðiõëå

+∞∑
k=0

fk(ω)e(x+iy)λk(ω)

ðiâíîìiðíî çáiæíèé ïî y ∈ R äî Fω(x+ iy), òî äëÿ êîæíîãî m > 0

fm(ω)exλm(ω) = lim
T→+∞

1

2T

T∫
−T

Fω(x+ iy)e−iλm(ω)ydy.(4)

Äîâåäåííÿ. Äëÿ ôiêñîâàííèõ n > m > 0 ðîçãëÿíåìî åêñïîíåíöiéíèé ïîëiíîì

Qn(z) =

n∑
k=0

fk(ω)ezλk(ω). Òîäi ñêií÷åííó ïîñëiäîâíiñòü (λk(ω))nk=0 ïðè ôiêñîâàíîìó

ω ìîæíà âïîðÿäêóâàòè çà çðîñòàííÿì i, òîìó (äèâ., íàïðèêëàä, [9, c.13])

(5) fm(ω)exλm(ω) = lim
T→+∞

1

2T

T∫
−T

Qn(x+ iy)e−iλm(ω)ydy.

Çàóâàæèìî ñïî÷àòêó, ùî ïðè ôiêñîâàíîìó x ∈ R

1

2T

∣∣∣ T∫
−T

(
Fω(x+ iy)−Qn(x+ iy)

)
e−iλm(ω)ydy

∣∣∣ 6 1

2T

T∫
−T

∣∣Fω(x+ iy)−Qn(x+ iy)
∣∣dy 6

6 sup
{∣∣Fω(x+ iy)−Qn(x+ iy)

∣∣ : y ∈ R
}
.
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Àëå Fω(x+iy) = Qn(x+iy)+
(
Fω(x+iy)−Qn(x+iy)

)
, òîìó ïîñëiäîâíî çà äîïîìîãîþ

ðiâíîñòi (5), ñêîðèñòàâøèñü ðiâíîìiðíîþ çáiæíiñòþ, îòðèìó¹ìî

lim
T→+∞

∣∣∣ 1

2T

T∫
−T

Fω(x+ iy)e−iyλm(ω)dy − fm(ω)exλm(ω)
∣∣∣ 6

6 lim
T→+∞

∣∣∣ 1

2T

T∫
−T

Qn(x+ iy)e−iλm(ω)ydy − fm(ω)exλm(ω)
∣∣∣+

+ sup
{∣∣Fω(x+ iy)−Qn(x+ iy)

∣∣ : y ∈ R
}

=

= sup
{∣∣Fω(x+ iy)−Qn(x+ iy)

∣∣ : y ∈ R
}
→ 0 (n→ +∞).

�

Çàóâàæåííÿ 1. Íåñêëàäíî ïîìiòèòè, ùî ó ïîïåðåäíüîìó òâåðäæåííi óìîâó ðiâíî-
ìiðíî¨ çáiæíîñòi ïðè ôiêñîâàíîìó x ∈ R ìîæíà çàìiíèòè íà iñòîòíî ñëàáøó â çà-
ãàëüíîìó óìîâó, çîêðåìà, íàïðèêëàä, ìîæíà ââàæàòè, ùî ïðè ôiêñîâàíîìó x ∈ R
âèêîíó¹òüñÿ

lim
n→+∞

lim
T→+∞

1

2T

T∫
−T

∣∣Fω(x+ iy)−Qn(x+ iy)
∣∣dy = 0.

Íåõàé L � êëàñ íåïåðåðâíèõ ôóíêöié α : [0,+∞) → (0,+∞) i òàêèõ, ùî α(x) ↑
+∞ (0 < x ↑ +∞). Äëÿ ôóíêöi¨ α ∈ L ¨¨ R-ïîðÿäêîì i R-òèïîì íàçèâà¹ìî, âiäïî-
âiäíî, âåëè÷èíè

ρ[α] := lim
x→+∞

lnα(x)

x
, T [α] := lim

x→+∞

α(x)

exp{ρ[α]x}
.

Äëÿ x ∈ R i öiëîãî ðÿäó Äiðiõëå F âèãëÿäó (2) ÷åðåç

M(x, F ) = sup{|F (x+ iy)| : y ∈ R} i µ(x, F ) = max{|an|exλn : n > 0}
ïîçíà÷èìî, âiäïîâiäíî, ìàêñèìóì ìîäóëÿ i ìàêñèìàëüíèé ÷ëåí ðÿäó; ν(x, F ) =
max{n : |an|exλn = µ(x, F )} � öåíòðàëüíèé iíäåêñ ðÿäó (2).

Âåëè÷èíàìè R-ïîðÿäêó i R-òèïó öiëîãî ðÿäó Äiðiõëå F ∈ D(Λ+) âèãëÿäó (2)
íàçèâàþòü, âiäïîâiäíî, ÷èñëà

ρF := ρ[lnM(·, F )], TF := T [lnM(·, F )].

Íåõàé ρµ = ρ[lnµ], Tµ = T [lnµ], âiäïîâiäíî, R-ïîðÿäîê i R-òèï ìàêñèìàëüíîãî ÷ëåíà
µ(x, F ) ðÿäó Äiðiõëå. Äëÿ x ∈ R i öiëîãî ðÿäó Äiðiõëå Fω âèãëÿäó (1) ïðè ôiêñîâà-
íîìó ω ∈ Ω ó âiäïîâiäíèõ ïîçíà÷åííÿõ ïèøåìî

M(x, Fω) = M(x, F, ω), µ(x, Fω) = µ(x, F, ω), ρF (ω), TF (ω), ρµ(ω), Tµ(ω).

Ç ðiâíîñòi (4) íåãàéíî îòðèìó¹ìî òàêèé ñòàíäàðòíèé àíàëîã íåðiâíîñòi Êîøi (ó
âèïàäêó ìîíîòîííî¨ ñèñòåìè ïîêàçíèêiâ äèâ., íàïðèêëàä, òåîðåìà 1.5 [9])

µ(x, Fω) 6M(x, Fω)
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äëÿ âñiõ x ∈ R. Òîìó äëÿ R-ïîðÿäêiâ i R-òèïiâ ìàòèìåìî

ρµ(ω) 6 ρF (ω), Tµ(ω) 6 TF (ω).

Çàóâàæèìî, ÿêùî

sup{λk : k > 0} := γ < +∞,

òî lnM(x, Fω) = O(x), lnµ(x, Fω) = O(x) (x→ +∞). Òîìó ñêðiçü íàäàëi ââàæàòèìå-
ìî, ùî γ = +∞.

Íåñêëàäíî ïåðåêîíàòèñü. ùî ïðàâèëüíå òàêå òâåðäæåííÿ. Ó âèïàäêó öiëèõ ðÿ-
äiâ Äiðiõëå F ∈ D(Λ+) âèãëÿäó (2) öå òåîðåìà 1 ç [28, ñ.265].

Òâåðäæåííÿ 2. Äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ D âèãëÿäó (1)

ρµ(ω) = kF (ω) := lim
k→+∞

λk(ω) lnλk(ω)

− ln |fk(ω)|
.

Òâåðäæåííÿ 3 ([28, Theorem 3, p. 265]). ßêùî F ∈ D(Λ+) ìà¹ âèãëÿä (2) i âèêî-

íó¹òüñÿ óìîâà β(Λ+) := lim
k→+∞

ln k

λk lnλk
= 0, òî ρF = ρµ, i îòæå, ρF = kF = ρµ.

Çàóâàæåííÿ 2. Òâåðäæåííÿ 3 çà óìîâè β(Λ) = 0 ¹ çàñòîñîâíèì ïðè ôiêñîâàíîìó
ω ∈ Ω äî êîæíîãî ðÿäó Äiðiõëå Fω ∈ D âèãëÿäó (3), ïðè öüîìó ρF (ω) = ρµ(ω) =

kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

ì.í.

Òâåðäæåííÿ 4. Äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ D âèãëÿäó (1) ì.í.

Tµ(ω) = KF (ω) := lim
k→+∞

λk(ω)

eρ
|fk(ω)|ρ/λk(ω), ρ = ρµ(ω).

ßêùî æ âèêîíó¹òüñÿ óìîâà τ(Λ, ω) := lim
k→+∞

ln k

λk(ω)
= 0, òî ρF (ω) = ρµ(ω) = kF (ω),

TF (ω) = Tµ(ω) = KF (ω) ì.í.

Ñïðàâäi, ïåðøà ÷àñòèíà, ÿê i òâåðäæåííÿ 2, äîâîäèòüñÿ çà äîïîìîãîþ ñòàíäàð-
òíèõ ìiðêóâàíü. Äàëi, ïðè ôiêñîâàíîìó ω òàêîìó, ùî τ(Λ, ω) = 0, äëÿ âñiõ äîñèòü
âåëèêèõ k > k0 = k0(ω) ìà¹ìî λk(ω) > ln k/ε, äå ε > 0 � äîâiëüíå. Òîìó

+∞∑
k=k0

exp{−2ελk(ω)} 6
+∞∑
k=k0

exp{−2 ln k} < +∞,

çâiäêè C(ε) :=
∑+∞
k=0 exp{−2ελk(ω)} < +∞, i îòæå,

M(x, Fω) 6
+∞∑
k=0

|fk(ω)|e(x+2ε)λk(ω)e−2ελk(ω) 6 C(ε)µ(x+ 2ε, Fω).

Çâiäñè îòðèìó¹ìî, ùî TF (ω) 6 Tµ(ω) · e2ερF (ω). Ñïðÿìîâóþ÷è ε → +0, îñòàòî÷íî
îäåðæó¹ìî, ùî TF (ω) = Tµ(ω).
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Òâåðäæåííÿ 5. Íåõàé Fω ∈ D ìà¹ âèãëÿä (1) i h = h(ω) := lim
k→+∞

ln k

− ln |fk(ω)|
< 1.

Òîäi äëÿ êîæíîãî ε ∈ (0, 1− h) i âñiõ x > 0

M(x, Fω) 6 C(ε)
(
µ
( x

1− h− ε
, Fω

))1−h−ε
, C(ε) = C(ε, ω) < +∞.

Çîêðåìà, ρF (ω) 6 ρµ(ω)/(1 − h(ω)) ì.í., à òàêîæ ρF (ω) = ρµ(ω) ì.í. çà óìîâè

h(ω) = 0 ì.í.

Ñïðàâäi, ÿêùî Fω ∈ D ìà¹ âèãëÿä (1), òî − ln |fk(ω)| → +∞ (k → +∞) ì.í. Ç
óìîâè h = h(ω) < 1 âèïëèâà¹, ùî äëÿ êîæíîãî 2ε ∈ (0, 1−h) âèêîíó¹òüñÿ íåðiâíiñòü
− ln |fk(ω)| > ln k/(h+ ε) äëÿ âñiõ äîñèòü âåëèêèõ k > k0. Òîäi

C(ε) = C(ε, ω) :=

+∞∑
k=0

|fk(ω)|h+2ε =

=

k0−1∑
k=0

|fk(ω)|h+2ε +

+∞∑
k=k0

|fk(ω)|h+2ε 6

6
k0−1∑
k=0

|fk(ω)|h+2ε +
+∞∑
k=k0

exp

{
−h+ 2ε

h+ ε
ln k

}
<

< +∞.
Òîìó äëÿ âñiõ x > 0

M(x, Fω) 6
+∞∑
k=0

|fk(ω)|1−h−2εexλk(ω)|fk(ω)|h+2ε 6

6
+∞∑
k=0

(
|fk(ω)|exλk(ω)/(1−h−2ε)

)1−h−2ε

|fk(ω)|h+2ε 6

6
(
µ
( x

1− h− 2ε
, Fω

))1−h−2ε

C(ε).

Çâiäñè, ρF (ω) 6 ρµ(ω)/(1− h− 2ε). Çàëèøà¹òüñÿ ñïðÿìóâàòè ε→ +0.

3. Çðîñòàííÿ âèïàäêîâèõ ðÿäiâ ç äåòåðìiíîâàíèìè ïîêàçíèêàìè

Íàñëiäóþ÷è Ô. Òÿí (F. Tian) ([13]), ñïåðøó ðîçãëÿíåìî ïèòàííÿ ïðî ôîðìó-
ëè äëÿ âèçíà÷åííÿ âåëè÷èí R-ïîðÿäiâ i R-òèïiâ âèïàäêîâèõ ðÿäiâ Äiðiõëå Fω ∈ D
âèãëÿäó (3) ç êîåôiöi¹íòàìè fk(ω) = ak · Zk(ω). Äîâåäåìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 6. Íåõàé F ∈ D(Λ) i ìà¹ âèãëÿä (2), à Fω ∈ D̃ ìà¹ âèãëÿä (3), äå
fk(ω) = akZk(ω). ßêùî ρµ = ρ[lnµ(·, F )] < +∞,

(6) lim
k→+∞

− ln |Zk(ω)|
λk lnλk

= 0 ì.í.

i âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ β(Λ) = 0 àáî ln k = o(ln |ak|) (k → +∞), òî Fω ∈ D

i ρF (ω) = ρµ = kF := lim
k→+∞

λk lnλk
− ln |ak|

ì.í.
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Äîâåäåííÿ. Çàóâàæèìî ñïî÷àòêó, ùî çà òâåðäæåííÿì 5 ρµ = kF , òîìó

(∀ε)(∃k0)(∀k > k0) : | ln |ak|| >
1

ρ+ ε
λk lnλk,

çâiäêè, çà óìîâîþ β(Λ) = 0 îòðèìó¹ìî, ùî ln k = o(ln |ak|) (k → +∞).
Ìè âæå çãàäóâàëè, ùî çà òâåðäæåííÿì 10 ç [19], çàñòîñîâàíèì äî ðÿäó Fω

σa(F, ω) = σµ(F, ω) = α0(F, ω) = lim
k→+∞

− ln |akZk(ω)|
λk

.

Àëå,

δ := lim
k→+∞

∣∣ ln |Zk(ω)|
∣∣∣∣ ln |ak|∣∣ 6 (ρ+ ε) lim

k→+∞

∣∣ ln |Zk(ω)|
∣∣

λk lnλk
= 0.

Òîìó îòðèìó¹ìî, ùî ì.í.

σa(F, ω) = lim
k→+∞

− ln |ak|
λk

·

(
1 +

ln |Zk(ω)|
ln |ak|

)
= σµ(F ) = +∞,

òîáòî, Fω ∈ D. Îñêiëüêè, ÿê âèùå âiäçíà÷àëîñÿ

(7) lim
k→+∞

ln |Zk(ω)|
ln |ak|

= 0,

òî ln k = o(ln |akZk(ω)|) (k → +∞). Òîìó äëÿ îá÷èñëåííÿ âåëè÷èíè ïîðÿäêó ρF (ω)
çà òâåðäæåííÿì 5 ìàòèìåìî

ρF (ω) = lim
k→+∞

λk lnλk
− ln |ak| − ln |Zk(ω)|

= lim
k→∞

λk lnλk
− ln |ak|

· lim
k→∞

(
1 +

ln |Zk(ω)|
ln |ak|

)−1

= kF .

Ïðè öüîìó ìè çíîâó ñêîðèñòàëèñÿ ñïiââiäíîøåííÿì (7). �

Çàçíà÷èìî òàêîæ òàêó íåñêëàäíó ìîäèôiêàöiþ ïîïåðåäíüîãî òâåðäæåííÿ.

Òâåðäæåííÿ 7. Íåõàé F ∈ D(Λ) i ìà¹ âèãëÿä (2), à Fω ∈ D̃(Λ) i ìà¹ âèãëÿä (3),
äå fk(ω) = akZk(ω). ßêùî ρµ = ρ[lnµ(·, F )] ∈ (0,+∞),

B1 =
{
ω : lim

k→+∞

− ln |Zk(ω)|
λk lnλk

= δ(ω) > 0
}
,

B2 =
{
ω : lim

k→+∞

− ln |Zk(ω)|
λk lnλk

= ∆(ω) < 0
}
,

B3 =
{
ω : lim

k→+∞

− ln |Zk(ω)|
λk lnλk

= 0
}
,

B4 =
{
ω : θ(ω) := lim

k→+∞

∣∣∣ ln |Zk(ω)|
ln |ak|

∣∣∣ < 1
}

i âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ β(Λ) = 0 àáî ln k = o(ln |ak|) (k → +∞), òî (∃B ∈
A, P (B) = 0):

i) ω ∈ B1 \B, δ(ω) + 1
ρF

> 0 =⇒ σa(F, ω) = +∞;

ii) ω ∈ B1 \B =⇒ 1
ρµ(ω) > δ(ω) + 1

ρF
;

iii) ω ∈ B2 \B ∧ σa(F, ω) = +∞ =⇒ 1
ρF (ω) 6 ∆(ω) + 1

ρF
;
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iv) ω ∈ B3 \B =⇒ ρF (ω) = ρµ = kF := lim
k→+∞

λk lnλk
− ln |ak|

;

v) ω ∈ B4 \B =⇒ σa(F, ω) = +∞ ∧
∣∣∣∣ ρF
ρF (ω)

− 1

∣∣∣∣ 6 θ.
Äîâåäåííÿ. Îñêiëüêè F (0) 6= ∞, òî − ln |fk(ω)| → +∞ (k → +∞) ì.í. Ñïî÷àòêó
çàçíà÷èìî, ùî ï. iv) äîâîäèòüñÿ àíàëîãi÷íî, ÿê òâåðäæåííÿ 6.

Ó âèïàäêó ω ∈ B1, îñêiëüêè − ln |ak| > λk lnλk/(ρF + ε) i

− ln |Zk(ω)| > (δ(ω)− ε)λk lnλk

äëÿ âñiõ k > k0(ω), òî

− ln |fk(ω)| >
(
δ(ω)− ε+

1

ρF + ε

)
λk lnλk.

Çâiäñè, âèáèðàþ÷è ε > 0 òàê, ùîá âèêîíóâàëîñü δ(ω) − ε +
1

ρF + ε
> 0, ç óìîâè

β(Λ) = 0 íåñêëàäíî îòðèìó¹ìî, ùî σµ(ω) = +∞.
Ñòîñîâíî äîâåäåííÿ ï.ï. ii), iii), çàóâàæèìî òàêå: îñêiëüêè lim(a− b) > lim a−

lim b, òî

1

ρF
= lim
k→+∞

− ln |ak|
λk lnλk

= lim
k→+∞

(
− ln |fk(ω)|
λk lnλk

− − ln |Zk(ω)|
λk lnλk

)
>

> lim
k→+∞

− ln |fk(ω)|
λk lnλk

− lim
k→+∞

− ln |Zk(ω)|
λk lnλk

=
1

kF (ω)
−∆(ω).

Ïîäiáíî, îñêiëüêè lim(a−b) 6 lim a−lim b, òî 1
ρF
6 1

kF (ω)−δ(ω). Àëå kF (ω) = ρµ(ω) 6
ρF (ω).

ßêùî ω ∈ B4, òî

lim
k→+∞

∣∣ ln |ak||Zk(ω)|
∣∣

ln k
> lim
k→+∞

− ln |ak|
ln k

·

(
1− lim

k→+∞

∣∣∣∣∣ ln |Zk(ω)|
ln |ak|

∣∣∣∣∣
)

=

= (1− θ(ω)) lim
k→+∞

− ln |ak|
ln k

= +∞.

Òîìó, çà òâåðäæåííÿì 10 ç [19], çàñòîñîâàíèì äî ðÿäó Fω

σa(F, ω) = σµ(F, ω) = α0(F, ω) = lim
k→+∞

∣∣ ln |ak||Zk(ω)|
∣∣

λk
>

> lim
k→+∞

− ln |ak|
λk

·

(
1− lim

k→+∞

∣∣∣∣∣ ln |Zk(ω)|
ln |ak|

∣∣∣∣∣
)

= σµ(F )(1− θ(ω)) = +∞.

Äàëi, çà òâåðäæåííÿì 5

1

ρF (ω)
= lim
k→+∞

− ln |ak| − ln |Zk(ω)|
λk lnλk

> lim
k→∞

− ln |ak|
λk lnλk

· lim
k→∞

(
1− lim

k→∞

ln |Zk(ω)|
ln |ak|

)
=

= kF (1− θ(ω)).
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Ïîäiáíî îòðèìó¹ìî

1

ρF (ω)
6 lim
k→∞

− ln |ak|
λk lnλk

· lim
k→∞

(
1− lim

k→∞

ln |Zk(ω)|
ln |ak|

)
= kF (1 + θ(ω)).

Àëå kF = ρF . �

Îòðèìà¹ìî òåïåð ó âèãëÿäi ïðîñòîãî íàñëiäêó òàêèé àíàëîã òåîðåìè 2 ç [13].

Òâåðäæåííÿ 8. Íåõàé (Zk(ω)) � ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí òàêà, ùî

(∃α > 0) : sup{M|Zk|α,M|Zk|−α : k > 0} < +∞,(8)

à ðÿä Äiðiõëå F ∈ D(Λ) i ìà¹ âèãëÿä (2), à Fω ∈ D̃ ìà¹ âèãëÿä (3), äå fk(ω) =
akZk(ω). ßêùî âèêîíó¹òüñÿ óìîâà β(Λ) = 0 àáî ln k = o(ln |ak|) (k → +∞), òî
Fω ∈ D i

ρF (ω) = ρµ(ω) = ρF = kF ì.í.

Äîâåäåííÿ. Ç óìîâè (8) âèïëèâà¹, ùî

ln |Zk(ω)| = O(ln k) (r → +∞) ì.í.

Ñïðàâäi, çà íåðiâíiñòþ Ìàðêîâà P{ω : |ξ(ω)| > a} 6 Mξ
a , a > 0, òîìó äëÿ η > 0

+∞∑
k=1

P{ω : |Zk(ω)|α > k1+η} 6
+∞∑
k=1

M(|Zk(ω)|α)/k1+η < +∞.

Çâiäñè, çà ïåðøîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi ñåðåä ïîäié
(
{ω : |Zk(ω)|α >

k1+η}
)
ç éìîâiðíiñòþ, ùî äîðiâíþ¹ îäèíèöi, âèêîíó¹òüñÿ ñêií÷åííà ¨õíÿ êiëüêiñòü,

îòæå, ì.í. äëÿ âñiõ äîñòàòíüî âåëèêèõ k âèêîíó¹òüñÿ íåðiâíiñòü |Zk(ω)| < k(1+η)/α.
Ïîäiáíî ç îöiíêîþ çíèçó. Îòæå, çà óìîâîþ β(Λ) = 0 îòðèìó¹ìî, ùî ln |Zk(ω)| =
o(λk lnλk) (k → +∞) ì.í., òîáòî âèêîíóþòüñÿ óìîâè òâåðäæåííÿ 6. �

Çàóâàæåííÿ 3. Ó ñòàòòi [13] çàìiñòü óìîâè β(Λ) = 0 âèìàãà¹òüñÿ âèêîíàííÿ óìîâè
τ(Λ) = limk→+∞

ln k
λk

< +∞. Çðîçóìiëî, ùî óìîâà β(Λ) = 0 âèïëèâà¹ ç îñòàííüî¨

óìîâè i â çàãàëüíîìó, óìîâà β(Λ) = 0 ¹ ñëàáøîþ çà óìîâó τ(Λ) < +∞.

Âiäçíà÷èìî òàêîæ òàêèé íàñëiäîê ç òâåðäæåíü 2 i 3.

Òâåðäæåííÿ 9. Íåõàé Fω ∈ D(Λ) i ìà¹ âèãëÿä (3). ßêùî β(Λ+) = 0, à (fk(ω))
� ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, òî ρF (ω) ≡ ρ ∈ [0,+∞] ì.í., ïðè
öüîìó

ρF (ω) = kF (ω) = lim
k→∞

λk lnλk
− ln |fk(ω)|

= ρ.

Ñïðàâäi, çà çàêîíîì íóëÿ é îäèíèöi Êîëìîãîðîâà, âèïàäêîâà âåëè÷èíà kF (ω) ¹
ìàéæå íàïåâíå ñòàëîþ, òîáòî iñíó¹ ρ ∈ [0,+∞] òàêå, ùî kF (ω) ≡ ρ ì.í. Çàëèøà¹òüñÿ
çàñòîñóâàòè òâåðäæåííÿ 2 i 3.

Íàñòóïíà òåîðåìà ìiñòèòü óìîâè, ÿêi ìàþòü çàäîâîëüíÿòè âèïàäêîâi âåëè÷èíè
fk(ω) äëÿ òîãî, ùîá äëÿ äîâiëüíîãî íàïåðåä çàäàíîãî ρ ∈ [0,+∞] âèêîíóâàëàñü
ðiâíiñòü ρF (ω) = ρ ì.í. Äîâåäåìî òàêó òåîðåìó.
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Òåîðåìà 1. Íåõàé Fω ∈ D(Λ), ìà¹ âèãëÿä Fω(z) =

+∞∑
k=0

fk(ω)ezλk , à
(
|fk(ω)|

)
� ïîñëi-

äîâíiñòü ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöiÿìè ðîçïîäiëó Fk(x) :=
P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+. ßêùî β(Λ) = 0, òî:

a) äëÿ òîãî, ùîá ρF (ω) = ρ ∈ (0,+∞) ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε ∈ (0, ρ) :

+∞∑
k=0

(
1− Fk

(
e−

1
ρ+ελk lnλk

))
< +∞ ∧

+∞∑
k=0

(
1− Fk

(
e−

1
ρ−ελk lnλk

))
= +∞.

b) äëÿ òîãî, ùîá ρF (ω) = 0 ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

(
e−ελk lnλk + 0

))
< +∞.

c) äëÿ òîãî, ùîá ρF (ω) = +∞ ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

(
e−ελk lnλk

))
= +∞.

Äîâåäåííÿ. a) Íåîáõiäíiñòü. Çà óìîâîþ (∃B ∈ A, P (B) = 1)(∀ω ∈ B) :

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= ρ.

Îñêiëüêè ðÿä Äiðiõëå ïðè ω ∈ B â òî÷öi z = 0 çáiæíèé, òî − ln |fk(ω)| → +∞
(k → +∞) i çà îçíà÷åííÿì lim ìàòèìåìî

(∀ω ∈ B)(∀ε > 0)(∃k∗(ω) ∈ N)(∀k > k∗(ω)) : |fk(ω)| < exp

{
−λk lnλk

ρ+ ε

}
.

Ðîçãëÿíåìî ïîäiþ

Ak(ε) :=

{
ω : |fk(ω)| > exp

{
−λk lnλk

ρ+ ε

}}
.

Çàóâàæèìî, ùî, B ⊂ C(ε) :=
⋃∞
N=0

⋂∞
k=N Ak(ε), i òîìó P (C(ε)) = 1. Îñêiëüêè C(ε) �

ïîäiÿ � ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε)) âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü
ïîäié�, à ïîïàðíà íåçàëåæíiñòü ïîäié Ak(ε) âèïëèâà¹ ç ïîïàðíî¨ íåçàëåæíîñòi âè-
ïàäêîâèõ âåëè÷èí |fk(ω)|, òî çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi
(äèâ. [29], [32, p. 84]) îòðèìó¹ìî, ùî

(9)
∑+∞

k=0
P (Ak(ε)) < +∞.

Çàëèøà¹òüñÿ ñêîðèñòàòèñü ðiâíiñòþ

P (Ak(ε)) = 1− P (Ak(ε)) = 1− Fk
(

exp

{
−λk lnλk

ρ+ ε

})
.

Äàëi, çà îçíà÷åííÿì lim ìà¹ìî, ùî äëÿ êîæíîãî ω ∈ B iñíó¹ ïîñëiäîâíiñòü
mj → +∞ òàêà, ùî ïðè k = mj , j > 1

|fk(ω)| > exp

{
−λk lnλk

ρ− ε

}
.
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Çâiäñè B ⊂
⋂∞
N=0

⋃
k=N A

1
k(ε) := C1(ε), äå

A1
k(ε) = {ω : |fk(ω)| > exp

{
−λk lnλk

ρ− ε

}
.

Òîäi P (C1(ε)) = 1. Çàóâàæèìî, ùî C1(ε) � ïîäiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi
(A1

k)(ε) âiäáóâà¹òüñÿ íåñêií÷åííà êiëüêiñòü ïîäié�. Îñêiëüêè

P (A1
k(ε)) = 1− Fk

(
exp

{
−λk lnλk

ρ− ε

})
,

òî çàëèøà¹òüñÿ äîâåñòè, ùî

(10)

+∞∑
k=0

P (A1
k(ε)) = +∞.

Ìiðêóþ÷è âiä ñóïðîòèâíîãî, ïðèïóñòèìî, ùî

+∞∑
k=0

P (A1
k(ε)) < +∞. Àëå òîäi çà ïåð-

øîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi P (C
1
(ε)) = 1, çâiäêè P (C

1
(ε)) = 0. Ñóïåðå÷-

íiñòü. Òîìó,

+∞∑
k=0

P (A1
k(ε)) = +∞.

Äîñòàòíiñòü. Çáåðiãà¹ìî ïîçíà÷åííÿ ç äîâåäåííÿ íåîáõiäíîñòi. Ç óìîâè âè-
ïëèâà¹, ùî âèêîíó¹òüñÿ óìîâà (9). Òîìó çà ïåðøîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi
îòðèìó¹ìî, ùî éìîâiðíiñòü ïîäi¨ C(ε) � ïîäiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε))
âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü ïîäié� äîðiâíþ¹ îäèíèöi, P (C(ε)) = 1. Çàó-
âàæèìî, ùî äëÿ êîæíîãî ω ∈ C(ε) i äëÿ âñiõ k > k0(ω) âèêîíó¹òüñÿ íåðiâíiñòü

|fk(ω)| < exp

{
−λk lnλk

ρ+ ε

}
. Çâiäñè äëÿ êîæíîãî ω ∈ C(ε) i äëÿ âñiõ k > k1(ω)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

6 ρ+ ε.

Äàëi, ïîäiáíî îäåðæó¹ìî òàêå: îñêiëüêè P (A1
k(ε)) = 1− Fk

(
exp

{
−λk lnλk

ρ− ε

})
,

òî âèêîíó¹òüñÿ (10). Çâiäñè çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi
îòðèìó¹ìî, ùî éìîâiðíiñòü ïîäi¨ C1(ε) � �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (A1

k)(ε) âiä-
áóâà¹òüñÿ íåñêií÷åííà êiëüêiñòü ïîäié� äîðiâíþ¹ îäèíèöi, P (C1(ε)) = 1. Îòæå, äëÿ
êîæíîãî ω ∈ C(1)(ε) iñíó¹ ïîñëiäîâíiñòü mk → +∞ òàêà, ùî ω ∈ A1

mk
, çâiäêè

|fmk(ω)| > exp

{
−λmk lnλmk

ρ− ε

}
. Òîìó äëÿ êîæíîãî ω ∈ C(1)(ε)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

> ρ− ε.

Ïîçíà÷èìî òåïåð C2(ε) = C(ε)
⋂
C(1)(ε). Òîäi P

(
+∞⋂
m=1

C(2)(1/m)

)
= 1, i îòæå, îñòà-

òî÷íî îòðèìó¹ìî

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= ρ äëÿ êîæíîãî ω ∈
+∞⋂
m=1

C(2)(1/m), òîáòî, ì.í.
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b) Íåîáõiäíiñòü. Çà óìîâîþ (∃B ∈ A, P (B) = 1)(∀ω ∈ B) :

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= 0.

Îñêiëüêè, çà îçíà÷åííÿì âåðõíüî¨ ãðàíèöi äëÿ êîæíîãî ω ∈ B iñíó¹ k0(ω) òàêå, ùî
äëÿ âñiõ k > k0(ω)

|fk(ω)| < exp

{
− 1

ε1
λk lnλk

}
äëÿ âñiõ k > k0(ω),

òî, ìiðêóþ÷è ïîäiáíî, ÿê â äîâåäåííi íåîáõiäíîñòi â ï. a), ââåäåìî ñïî÷àòêó äî
ðîçãëÿäó ïîäi¨

Ak(ε1) :=

{
ω : |fk(ω)| > exp

{
−λk lnλk

ε1

}}
, C(ε1) :=

∞⋃
N=0

∞⋂
k=N

Ak(ε1),

à ïîòiì çíîâó çàóâàæèìî, ùî B ⊂ C(ε1), òîìó P (C(ε1)) = 1. Îñêiëüêè C(ε1) � ïî-
äiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε1)) âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü
ïîäié�, à ïîïàðíà íåçàëåæíiñòü ïîäié Ak(ε1) âèïëèâà¹ ç ïîïàðíî¨ íåçàëåæíîñòi âè-
ïàäêîâèõ âåëè÷èí |fk(ω)|, òî çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi

çíîâó

+∞∑
k=0

P (Ak(ε1)) < +∞.

Çàëèøà¹òüñÿ çíîâó ñêîðèñòàòèñü ðiâíiñòþ

P (Ak(ε1)) = 1− P
(
Ak(ε1)

)
= 1− Fk

(
exp

{
−λk lnλk

ε1

})
i âèáðàòè ε1 = 1/ε.

Äîñòàòíiñòü. Îñêiëüêè çà óìîâîþ

+∞∑
k=0

P (Ak(ε1)) < +∞, òî äëÿ ε1 = 1/ε çà

ïåðøîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi ìàòèìåìî, ùî éìîâiðíiñòü ïîäi¨ C(ε1) �
�ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (Ak(ε1)) âiäáóâà¹òüñÿ ëèøå ñêií÷åííà êiëüêiñòü ïîäié�
äîðiâíþ¹ îäèíèöi, P (C(ε1)) = 1. Çâiäñè äëÿ êîæíîãî ω ∈ C(ε1) i äëÿ âñiõ k > k0(ω)

âèêîíó¹òüñÿ íåðiâíiñòü |fk(ω)| < exp

{
−λk lnλk

ε

}
. Òîìó äëÿ êîæíîãî ω ∈ C(ε1) i

äëÿ âñiõ k > k1(ω)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

6 ε.

Äëÿ çàâåðøåííÿ äîâåäåííÿ ðîçãëÿíåìî C(2) :=
⋂+∞
m=1 C(m). Ìà¹ìî P (C(2)) = 1,

òîìó äëÿ âñiõ ω ∈ C(2)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

6 1/m,

çâiäêè ρF (ω) = kF (ω) = 0.
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c) Íåîáõiäíiñòü. Çà óìîâîþ, (∃B ∈ A, P (B) = 1)(∀ω ∈ B) :

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= +∞.

Çâiäñè çà îçíà÷åííÿì âåðõíüî¨ ãðàíèöi (∀ε > 0)(∀ω ∈ B)(∃(mk),mk → +∞) :

λmk lnλmk
− ln |fmk(ω)|

> 1/ε =⇒ |fmk(ω)| > −ελmk lnλmk ,

çâiäêè B ⊂
⋂∞
N=0

⋃
k=N A

1
k(ε) := C1(ε), äå A1

k(ε) = {ω : |fk(ω)| > exp {−ελk lnλk}}.
Òîäi P (C1(ε)) = 1. Îñêiëüêè çíîâó C1(ε) � ïîäiÿ �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi
(A1

k)(ε) âiäáóâà¹òüñÿ íåñêií÷åííà êiëüêiñòü ïîäié�, à

P (A1
k(ε)) = 1− Fk (exp {−ελk lnλk}+ 0) ,

òî ïîäiáíî äî òîãî, ÿê öå ðîáèëè ðàíiø, ìiðêóþ÷è âiä ñóïðîòèâíîãî, çà ïåðøîþ

÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi äîâîäèìî, ùî

+∞∑
k=0

P (A1
k(ε)) = +∞.

Äîñòàòíiñòü. Çà óìîâîþ äëÿ êîæíîãî ε > 0 ìàòèìåìî

+∞∑
k=0

P (A1
k(ε)) = +∞.

Çà óòî÷íåíîþ äðóãîþ ÷àñòèíîþ ëåìè Áîðåëÿ-Êàíòåëi çâiäñè îòðèìó¹ìî, ùî éìî-
âiðíiñòü ïîäi¨ C1(ε) � �ñåðåä åëåìåíòiâ ïîñëiäîâíîñòi (A1

k)(ε) âiäáóâà¹òüñÿ íåñêií-
÷åííà êiëüêiñòü ïîäié� äîðiâíþ¹ îäèíèöi, P (C1(ε)) = 1. Îòæå, çíîâó äëÿ êîæíîãî
ω ∈ C(1)(ε) iñíó¹ ïîñëiäîâíiñòü mk → +∞ òàêà, ùî ω ∈ A1

mk
, çâiäêè |fmk(ω)| >

exp
{
− ελmk lnλmk

}
. Òîìó äëÿ êîæíîãî ω ∈ C(1)(ε)

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

> lim
k→+∞

λmk lnλmk
− ln |fmk(ω)|

> 1/ε.

Çàóâàæèìî, ùî P

(
+∞⋂
m=1

C1(1/m)

)
= 1, i îòæå, îñòàòî÷íî îòðèìó¹ìî

ρF (ω) = kF (ω) = lim
k→+∞

λk lnλk
− ln |fk(ω)|

= +∞

äëÿ êîæíîãî ω ∈
+∞⋂
m=1

C1(1/m), òîáòî ì.í. �

Ñôîðìóëþ¹ìî òåïåð òàêó òåîðåìó. Ñõåìà ¨¨ äîâåäåííÿ öiëêîì ïîäiáíà äî ñõåìè
äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè ç òi¹þ âiäìiííiñòþ, ùî çàìiñòü òâåäæåííÿ 6 òðåáà
âèêîðèñòàòè òâåðäæåííÿ 4. Ç îãëÿäó íà öþ ïîäiáíiñòü íàâîäèìî òåîðåìó áåç äîâå-
äåííÿ.

Òåîðåìà 2. Íåõàé Fω ∈ D(Λ), ìà¹ âèãëÿä Fω(z) =

+∞∑
k=0

fk(ω)ezλk , à
(
|fk(ω)|

)
� ïîñëi-

äîâíiñòü ïîïàðíî íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöiÿìè ðîçïîäiëó Fk(x) :=
P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+. ßêùî τ(Λ) = 0, òî:
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a) äëÿ òîãî, ùîá TF (ω) = T ∈ (0,+∞) ì.í., íåîáõiäíî i äîñèòü, ùîá (∀ε ∈
(0, T ) :

+∞∑
k=0

(
1− Fk

(( (T + ε)eρ

λk

)λk/ρ))
< +∞ ∧

+∞∑
k=0

(
1− Fk

(( (T − ε)eρ
λk

)λk/ρ))
= +∞.

b) äëÿ òîãî, ùîá TF (ω) = 0 ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

((εeρ
λk

)λk/ρ))
< +∞.

c) äëÿ òîãî, ùîá TF (ω) = +∞ ì.í., íåîáõiäíî i äîñèòü, ùîá

(∀ε > 0) :

+∞∑
k=0

(
1− Fk

(( eρ
ελk

)λk/ρ))
= +∞.
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Let Λ =
(
λk)
)+∞
k=0

and f =
(
fk(ω)

)+∞
k=0

be, respectively, a sequence of non-
negative numbers and a sequence of complex-valued random variables on a
probability space (Ω,A, P ). In the paper we study the values of the R-orders
ρF (ω) and the R-types TF (ω) of the growth of random Dirichlet series of the

form F (z) = F (z, ω) =

+∞∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω). In particular, in the

case, when β(Λ) = lim
k→+∞

ln k

λk lnλk
= 0, the following assertions are proved:

If
(
|fk(ω)|

)
is a sequence of pairwise independent random variables with the

distribution functions Fk(x) := P{ω : |fk(ω)| < x}, x ∈ R, k ∈ Z+, then
in order that ρF (ω) = ρ ∈ (0,+∞) a.s., it is necessary and su�cient that
(∀ε ∈ (0, ρ)) :

+∞∑
k=0

(
1− Fk

(
e
− 1
ρ+ε

λk lnλk
))

< +∞ ∧
+∞∑
k=0

(
1− Fk

(
e
− 1
ρ−ελk lnλk

))
= +∞.

Key words: entire functions, random Dirichlet series, R-order of the growth.
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