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Blanchet has shown that a C? subharmonic function can be extended
throught a C' hypersurface provided the function satisfies certain C' type
continuity condtions on the exceptional hypersurface. Recently we improved
Blanchet’s result by measuring the exceptional set with the aid of Hausdorff
measure. Now we give a related extension result for separately subharmonic
functions.

Key words: subharmonic function, separately subharmonic function, Haus-
dorff measure, exceptional sets.

1. INTRODUCTION

1.1. We give an extension result for separately subharmonic C? functions, see Theorem
below. Our proof is based on our previous extension result for C? subharmonic functions,
see [8, Theorem 1, p. 154], and on a general result, see [3, Proposition 1, p. 33]. Moreover,
we need Federer’s important results from the geometric measure theory, see e.g. [2] [9].

1.2. For the used notation, see [6] [7}, 8]. However, for convenience of the reader we recall
here the following: If z = (21,...,2,) € R", n > 2, and j € N, 1 < j < n, then we write
z = (z;,X;) = (Xj,z;), where X; = (21,...,%;-1,%41,...,%,). Moreover, if A C R",
1<j<n,and x? eR, X](-J € R" 1, we write

A(a:?) ={X;eR" iz = (x?,Xj) €A}, A(X]Q) ={z;eR:z= (xj,XJQ) €A},
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2. AUXILIARY RESULTS

2.1. A result of Federer. The following important result of Federer from the geometric
measure theory will be used repeatedly.

Lemma 1 ([2, Theorem 2.10.25, p. 188], [9, Corollary 4, Lemma 2, p. 114]). Suppose
that E C R", n > 2. Let a > 0 and let 7, : R® — R* denote the projection onto the first
k coordinates.

(i) If HF(E) =0, then HY(E N7}, () = 0 for H*-almost all z € R¥,

(i1) If HFF(E) < +oo, then HY(E N, ' (x)) < +oo for HF-almost all x € RF.

2.2. Our previous extension result for subharmonic functions. As pointed out
above, we use our previous extension result [8, Theorem 1, p. 154], however, now in the
following, only seemingly more general form. For our previous related results, see [4]
Theorem 4, pp. 181-182], [6, Theorem, p. 568], and [7, Lemma 2, p. 51]. Let it be pointed
out also here that Blanchet’s results [I, Theorems 3.1, 3.2 and 3.3, pp. 312-313], have
been the starting point of our cited results.

Theorem 1. Suppose that Q is a domain in R™, n > 2. Let E C Q be closed in ()
and let H" Y(E) < +o0. Let u: Q\ E — R be subharmonic and such that the following
conditions are satisfied:

(Z) u € ‘Cloc( )

(ii) uw € C3(Q\ E).
(#3i) For each j, 1 < j < m, 6 2 € L].().

) For each j, 1 < j < n, and for H""t-almost all X; € R"™1 such that E(X;) is
finite, the following condition holds:
For each x} E E(X;) there exist sequences x(;’ll, 312 € (Q\E)(X,),l=12,...,
such thatx K /‘ac], m \x as | — +o0, and
(iv(a)) hmlHJroo u(z ?},Xj) = lim;_, oo u(z (J)l ,X;) €R,
0,1
g
Then u has a subharmonic extension to ).

(iv

ou

0,2
X;) < limsup;_, | aTj(;v

(tw(b)) —oo < liminf; 4 é‘?—xj(x i1 Xj) < oo

2.3. In this connection and related to the above Theorem [1} we take the opportunity to
state the following concise corollary. As a matter of fact, we have previously not stated
it explicitly, and we feel that it might be of interest in itself.

Corollary 1. Suppose that Q) is a domain in R™, n > 2. Let E C <) be closed in ) and let
H'YE)=0. Let u: Q\ E — R be subharmonic and such that the following conditions
hold:
(7’) u € ﬁloc(Q)
(ii) u € C3(Q\ E),
(i3i) for each j, 1 < j < n, 8 26 Ll .(Q).
Then u has a subharmonic emtenszon to €.

2.4. In addition to Federer’s above lemma and our above Theorem [1} we need also the
following nice result. Observe here that the below used hypoharmonic functions are in
our terminology just subharmonic functions.
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Proposition 1 (|3, Proposition 1, p. 33]). Suppose that Q is a domain in RPT4 p q > 2.
Let w: Q — [—00,400) be nearly subharmonic. Let w*: Q — [—o0, +00) be the reqularized
function of w, which is then subharmonic. Then the following properties are equivalent.
(1) The distribution Ayw = Ayw*= (sum of the square second order derivatives of
w or w* with respect to the p coordinates of x) is positive.
(2) For ally € RY? the function Q(y) > z — w*(z,y) € [—00, +00) is hypoharmonic.
(3) For almost every y € R? the function Q(y) > = — w*(x,y) € [—oo,+0) is
subharmonic.
(4) For almost every y € RY the function Q(y) > © — w*(x,y) € [—00, +00) is nearly
subharmonic.

3. AN EXTENSION RESULT FOR SEPARATELY SUBHARMONIC FUNCTIONS
Our result is the following
Theorem 2. Suppose that Q is a domain in RPT4, p.q > 2. Let E C Q be closed in )
and let HPT971(E) < 4+o00. Let w: Q\ E — R be separately subharmonic, that is,
for all y € RY the function (Q\ E)(y) > z — w(x,y) € R is subharmonic,
and
for all x € R? the function (Q\ E)(x) 3 y — w(x,y) € R is subharmonic,

and such that the following conditions are satisfied:
(Z) w e ‘Cloc( )
(ii) w € C*(Q\ E).
(iii) For each j, 1< j <p, o 2 € L1 .(Q), and for each k, 1 <k < g, 8 2 € L (Q).
) For each j, 1 < j < p, and for HP=1 T4 almost all (X;,y) € RP~ 14 such that
E(Xj,y) is finite, the following condition holds:

(iv

For each x} € E(Xj,y) there emst sequences J;(;ll,ng (Q\ E)Xj,y), l =
1,2,...,suchthatx /‘J;J,x \m as | — +o00, and

(tv(a)) limj— 400 w(x?:l ,Xj,y) = limy_, oo w(zx ?’l . X5, y) €R,
(

w(b)) —oo < liminf;_ 4 37“2(332:[17Xj’y) < limsup;_, | %(x?:lz,)(j, y) < 4oc.
(v) For each k, 1 < k < q, and for HP 9 1-almost all (z,Yy) € RPTI™1 such that
E(z,Yy) is finite, the following condition holds:
For each y} € E(x Yk) there exist sequences ykl,ykl € Q\ E)(z,Yy), l =
1,2,..., such that ykl Ve yk, yk,l N y,C as | — +oo, and
(v(a)) im0 w(z, ykvl Vi) = limy 4 o0 w(z, y,??, Yi) € R,
(v(b)) —oo < liminf;, gT“;(x, ygzll,Yk) <limsup;_, %(%ygf, Yy) < 4o0.

Then w has a separately subharmonic extension to 2.

Proof. By [5, Corollary 4.6, p. 412], w is subharmonic in Q \ E. Thus by Theorem
w: 2\ E — R has a subharmonic extension w*: @ — [—o0, +00). By Proposition [1] it is
therefore sufficient to show that
e for H7-almost all y € R? the subharmonic function (Q\ E)(y) > z — w(z,y) € R
has a subharmonic extension Q(y) 3 = — w*(z,y) € [—00, +0), and
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o for HP-almost all z € R the subharmonic function (Q\ E)(z) > y — w(z,y) € R
has a subharmonic extension Q(z) 3> y — w*(z,y) € [—00, +00).

We show that the first condition holds. The proof of the second is similar.
Fix j, 1 < j < p, arbitrarily for a while.
By our assumption HP~1*9(E) < +oco. From the above Lemma of Federer, it follows
that for HP~'*2-almost all (X, ) € RP~114 the set E(y)(X;) is finite. Write
A= {(X € R4 B(y)(X;) is finite} .
Thus

Hp—1+q<Ac) =0 <— mp,prq(AC) =0 << / X Ac (Xj,y)dmp,Hq(Xj,y) = 0,
Rp—1+q

where xac(+,-) is the characteristic function of the set A°, the complement taken in
RP—1+a,

Next use Fubini’s theorem:

0= / Xae (X5, y)dmp_144(X;,y) = / / Xae (X, y)dmp_1(X;) | dmg(y).
Rp—1+q Ra Rp—1
Since
/ xae(Xj, y)dmy_1(X;) = 0,
Rp—1
we see that in fact
/ Xae(Xj,y)dmy_1(X;) =0
Rp—1
for H?-almost all y € RY.
Write

Bl :={yeR: / Xae(X;,y)dm, 1(X;) =0 3,
Rp—1
= {y € R?: xac(X,,y) =0 for P~ almost all X; € Rp_l},

= {y e R?: xa(Xj;,y) =1 for HP~1 almost all X; € Rp_l} .

Write By := B{NB#N---NBY. Then for all y € B; we have (X;,y) € A for HP~! almost
all X; € RP~!, and this holds for all j =1,2,...,p.

Next write
By :={y € R": w(-y) € Lh ()}
Bs = {y e R?: w(-,y) € C*(( Q\E(y N}
Bi ::{yeRq:giw(,y 6Eloc }

By:=BiNBin---NBY,
andBZ:BlﬂBszgﬁB4.
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Then for all y € B the function (Q\ E)(y) 3 © — w(z,y) € R satisfies the assumpti-
ons of Theorem [I] Therefore these functions have subharmonic extensions

Qy) 2z — w*(z,y) € [0, +00).
But then our claim follows from Proposition O

Example 1. The function v : R* - R,

1+ 21, when 21 <0,

u(z1, 22) = u(z1 +iy1, T2 +iy2) = w1, Y1, T2, Y2) 1= { 1 — 2, when z; >0
) =

is continuous in R* and separately subharmonic, even separately harmonic in R*\ ({0} x
R3), but not separately subharmonic in R*. Observe that u satisfies the above conditions
(i), (i1), (i), (iv(a)) and (v(a)) in R*\ ({0} x R?). However, u|R*\ ({0} x R?) does not
satisfy the conditions (iv(b)) and (v(b)). Thus these conditions cannot be dropped in
Theorem [

Corollary 2. Suppose that ) is a domain in RPYY p g > 2. Let E C § be closed in Q
and let HPY9=1(E) = 0. Let w: Q\ E — R be separately subharmonic, that is,

for all y € RY the function (2\ E)(y) 3 x — w(z,y) € R is subharmonic,
and
for all x € RP the function (2\ E)(z) 3 y — w(z,y) € R is subharmonic.

Suppose that the following conditions are satisfied:
(i) we L (),
(ii) w e C*(Q\ E),
2 2
(#it) for each j, 1 < j < p, g?u‘)E LL () and for each k, 1 <k < q, 27:}6 L ().
J

loc loc

Then w has a separately subharmonic extension to ).

Proof. Follows directly from Theorem 2 and from the above Lemma of Federer. O
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Buianme nosiB, mo cyGrapmoniuny dyHkmio raagkocri C2 MOxKHA 1po-
nosxuTH gepe3 Cl-rimepruromumy, KMo BYyHKIs 3310BOILHSIE TIEBHY YMOBY
riaakocTi tury C ! Ha BUHSATKOBIN rineprutoniuai. Hemonasuo Mu oK pauuim
pesynbraTr Braanme, po3ragaysmu mipy [aycaopda sursrkosoi muoxunam. Te-
Tep MM HABOAVMMO TIOAIOHE y3araJbHEeHHs s Hapi3HO CyOrapMOHIIHUX (DYHK-
I,

Karowoet caosa: cybrapMmoHituHa GyHKINsS, HApi3HO cyOrapMoHivyHa (QyHK-
mist, mipa [aycmopda, BUHATKOBI MHOKWHM.
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