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Blanchet has shown that a C2 subharmonic function can be extended
throught a C1 hypersurface provided the function satis�es certain C1 type
continuity condtions on the exceptional hypersurface. Recently we improved
Blanchet's result by measuring the exceptional set with the aid of Hausdor�
measure. Now we give a related extension result for separately subharmonic
functions.

Key words: subharmonic function, separately subharmonic function, Haus-
dor� measure, exceptional sets.

1. Introduction

1.1. We give an extension result for separately subharmonic C2 functions, see Theorem 2
below. Our proof is based on our previous extension result for C2 subharmonic functions,
see [8, Theorem 1, p. 154], and on a general result, see [3, Proposition 1, p. 33]. Moreover,
we need Federer's important results from the geometric measure theory, see e.g. [2, 9].

1.2. For the used notation, see [6, 7, 8]. However, for convenience of the reader we recall
here the following: If x = (x1, . . . , xn) ∈ Rn, n > 2, and j ∈ N, 1 6 j 6 n, then we write
x = (xj , Xj) = (Xj , xj), where Xj = (x1, . . . , xj−1, xj+1, . . . , xn). Moreover, if A ⊂ Rn,
1 6 j 6 n, and x0j ∈ R, X0

j ∈ Rn−1, we write

A(x0j ) =
{
Xj ∈ Rn−1 : x = (x0j , Xj) ∈ A

}
, A(X0

j ) =
{
xj ∈ R : x = (xj , X

0
j ) ∈ A

}
.
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2. Auxiliary results

2.1. A result of Federer. The following important result of Federer from the geometric
measure theory will be used repeatedly.

Lemma 1 ([2, Theorem 2.10.25, p. 188], [9, Corollary 4, Lemma 2, p. 114]). Suppose
that E ⊂ Rn, n > 2. Let α > 0 and let πk : Rn → Rk denote the projection onto the �rst
k coordinates.

(i) If Hk+α(E) = 0, then Hα(E ∩ π−1k (x)) = 0 for Hk-almost all x ∈ Rk.
(ii) If Hk+α(E) < +∞, then Hα(E ∩ π−1k (x)) < +∞ for Hk-almost all x ∈ Rk.

2.2. Our previous extension result for subharmonic functions. As pointed out
above, we use our previous extension result [8, Theorem 1, p. 154], however, now in the
following, only seemingly more general form. For our previous related results, see [4,
Theorem 4, pp. 181-182], [6, Theorem, p. 568], and [7, Lemma 2, p. 51]. Let it be pointed
out also here that Blanchet's results [1, Theorems 3.1, 3.2 and 3.3, pp. 312-313], have
been the starting point of our cited results.

Theorem 1. Suppose that Ω is a domain in Rn, n > 2. Let E ⊂ Ω be closed in Ω
and let Hn−1(E) < +∞. Let u : Ω \ E → R be subharmonic and such that the following
conditions are satis�ed:

(i) u ∈ L1
loc(Ω).

(ii) u ∈ C2(Ω \ E).

(iii) For each j, 1 6 j 6 n, ∂
2u
∂x2

j
∈ L1

loc(Ω).

(iv) For each j, 1 6 j 6 n, and for Hn−1-almost all Xj ∈ Rn−1 such that E(Xj) is
�nite, the following condition holds:
For each x0j ∈ E(Xj) there exist sequences x0,1j,l , x

0,2
j,l ∈ (Ω \ E)(Xj), l = 1, 2, . . . ,

such that x0,1j,l ↗ x0j , x
0,2
j,l ↘ x0j as l→ +∞, and

(iv(a)) liml→+∞ u(x0,1j,l , Xj) = liml→+∞ u(x0,2j,l , Xj) ∈ R,
(iv(b)) −∞ < lim inf l→+∞

∂u
∂xj

(x0,1j,l , Xj) 6 lim supl→+∞
∂u
∂xj

(x0,2j,l , Xj) < +∞.
Then u has a subharmonic extension to Ω.

2.3. In this connection and related to the above Theorem 1, we take the opportunity to
state the following concise corollary. As a matter of fact, we have previously not stated
it explicitly, and we feel that it might be of interest in itself.

Corollary 1. Suppose that Ω is a domain in Rn, n > 2. Let E ⊂ Ω be closed in Ω and let
Hn−1(E) = 0. Let u : Ω \ E → R be subharmonic and such that the following conditions
hold:

(i) u ∈ L1
loc(Ω),

(ii) u ∈ C2(Ω \ E),

(iii) for each j, 1 6 j 6 n, ∂2u
∂x2

j
∈ L1

loc(Ω).

Then u has a subharmonic extension to Ω.

2.4. In addition to Federer's above lemma and our above Theorem 1, we need also the
following nice result. Observe here that the below used hypoharmonic functions are in
our terminology just subharmonic functions.



62
Juhani RIIHENTAUS

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85

Proposition 1 ([3, Proposition 1, p. 33]). Suppose that Ω is a domain in Rp+q, p, q > 2.
Let w : Ω→ [−∞,+∞) be nearly subharmonic. Let w∗ : Ω→ [−∞,+∞) be the regularized
function of w, which is then subharmonic. Then the following properties are equivalent.

(1) The distribution ∆xw = ∆xw
∗= (sum of the square second order derivatives of

w or w∗ with respect to the p coordinates of x) is positive.
(2) For all y ∈ Rq the function Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞) is hypoharmonic.
(3) For almost every y ∈ Rq the function Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞) is

subharmonic.
(4) For almost every y ∈ Rq the function Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞) is nearly

subharmonic.

3. An extension result for separately subharmonic functions

Our result is the following

Theorem 2. Suppose that Ω is a domain in Rp+q, p, q > 2. Let E ⊂ Ω be closed in Ω
and let Hp+q−1(E) < +∞. Let w : Ω \ E → R be separately subharmonic, that is,

for all y ∈ Rq the function (Ω \ E)(y) 3 x 7→ w(x, y) ∈ R is subharmonic,

and

for all x ∈ Rp the function (Ω \ E)(x) 3 y 7→ w(x, y) ∈ R is subharmonic,

and such that the following conditions are satis�ed:

(i) w ∈ L1
loc(Ω).

(ii) w ∈ C2(Ω \ E).

(iii) For each j, 1 6 j 6 p, ∂
2w
∂x2

j
∈ L1

loc(Ω), and for each k, 1 6 k 6 q, ∂
2w
∂y2k
∈ L1

loc(Ω).

(iv) For each j, 1 6 j 6 p, and for Hp−1+q-almost all (Xj , y) ∈ Rp−1+q such that
E(Xj , y) is �nite, the following condition holds:

For each x0j ∈ E(Xj , y) there exist sequences x0,1j,l , x
0,2
j,l ∈ (Ω \ E)(Xj , y), l =

1, 2, . . . , such that x0,1j,l ↗ x0j , x
0,2
j,l ↘ x0j as l→ +∞, and

(iv(a)) liml→+∞ w(x0,1j,l , Xj , y) = liml→+∞ w(x0,2j,l , Xj , y) ∈ R,
(iv(b)) −∞ < lim inf l→+∞

∂w
∂xj

(x0,1j,l , Xj , y) 6 lim supl→+∞
∂w
∂xj

(x0,2j,l , Xj , y) < +∞.
(v) For each k, 1 6 k 6 q, and for Hp+q−1-almost all (x, Yk) ∈ Rp+q−1 such that

E(x, Yk) is �nite, the following condition holds:

For each y0k ∈ E(x, Yk) there exist sequences y0,1k,l , y
0,2
k,l ∈ (Ω \ E)(x, Yk), l =

1, 2, . . . , such that y0,1k,l ↗ y0k, y
0,2
k,l ↘ y0k as l→ +∞, and

(v(a)) liml→+∞ w(x, y0,1k,l , Yk) = liml→+∞ w(x, y0,2k,l , Yk) ∈ R,
(v(b)) −∞ < lim inf l→+∞

∂w
∂yk

(x, y0,1k,l , Yk) 6 lim supl→+∞
∂w
∂yk

(x, y0,2k,l , Yk) < +∞.
Then w has a separately subharmonic extension to Ω.

Proof. By [5, Corollary 4.6, p. 412], w is subharmonic in Ω \ E. Thus by Theorem 1
w : Ω \ E → R has a subharmonic extension w∗ : Ω→ [−∞,+∞). By Proposition 1 it is
therefore su�cient to show that

• for Hq-almost all y ∈ Rq the subharmonic function (Ω\E)(y) 3 x 7→ w(x, y) ∈ R
has a subharmonic extension Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞), and
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• for Hp-almost all x ∈ Rp the subharmonic function (Ω\E)(x) 3 y 7→ w(x, y) ∈ R
has a subharmonic extension Ω(x) 3 y 7→ w∗(x, y) ∈ [−∞,+∞).

We show that the �rst condition holds. The proof of the second is similar.
Fix j, 1 6 j 6 p, arbitrarily for a while.
By our assumption Hp−1+q(E) < +∞. From the above Lemma of Federer, it follows

that for Hp−1+q-almost all (Xj , y) ∈ Rp−1+q the set E(y)(Xj) is �nite. Write

A :=
{

(Xj , y) ∈ Rp−1+q : E(y)(Xj) is �nite
}
.

Thus

Hp−1+q(Ac) = 0 ⇐⇒ mp−1+q(A
c) = 0 ⇐⇒

∫
Rp−1+q

χAc(Xj , y)dmp−1+q(Xj , y) = 0,

where χAc(·, ·) is the characteristic function of the set Ac, the complement taken in
Rp−1+q.

Next use Fubini's theorem:

0 =

∫
Rp−1+q

χAc(Xj , y)dmp−1+q(Xj , y) =

∫
Rq

 ∫
Rp−1

χAc(Xj , y)dmp−1(Xj)

 dmq(y).

Since ∫
Rp−1

χAc(Xj , y)dmp−1(Xj) > 0,

we see that in fact ∫
Rp−1

χAc(Xj , y)dmp−1(Xj) = 0

for Hq-almost all y ∈ Rq.
Write

Bj1 : =

y ∈ Rq :

∫
Rp−1

χAc(Xj , y)dmp−1(Xj) = 0

 ,

=
{
y ∈ Rq : χAc(Xj , y) = 0 for Hp−1 almost all Xj ∈ Rp−1

}
,

=
{
y ∈ Rq : χA(Xj , y) = 1 for Hp−1 almost all Xj ∈ Rp−1

}
.

Write B1 := B1
1 ∩B2

1 ∩· · ·∩B
p
1 . Then for all y ∈ B1 we have (Xj , y) ∈ A for Hp−1 almost

all Xj ∈ Rp−1, and this holds for all j = 1, 2, . . . , p.
Next write

B2 :=
{
y ∈ Rq : w(·, y) ∈ L1

loc
(Ω(y))

}
,

B3 :=
{
y ∈ Rq : w(·, y) ∈ C2((Ω \ E)(y))

}
,

Bj4 :=
{
y ∈ Rq : ∂2

∂x2
j
w(·, y) ∈ L1

loc
(Ω(y))

}
,

B4 := B1
4 ∩B2

4 ∩ · · · ∩B
p
4 ,

and B := B1 ∩B2 ∩B3 ∩B4.



64
Juhani RIIHENTAUS

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2018. Âèïóñê 85

Then for all y ∈ B the function (Ω\E)(y) 3 x 7→ w(x, y) ∈ R satis�es the assumpti-
ons of Theorem 1. Therefore these functions have subharmonic extensions

Ω(y) 3 x 7→ w∗(x, y) ∈ [−∞,+∞).

But then our claim follows from Proposition 1. �

Example 1. The function u : R4 → R,

u(z1, z2) = u(x1 + iy1, x2 + iy2) = u(x1, y1, x2, y2) :=

{
1 + x1, when x1 < 0,
1− x1, when x1 > 0

is continuous in R4 and separately subharmonic, even separately harmonic in R4 \ ({0}×
R3), but not separately subharmonic in R4. Observe that u satis�es the above conditions
(i), (ii), (iii), (iv(a)) and (v(a)) in R4 \ ({0}×R3). However, u|R4 \ ({0}×R3) does not
satisfy the conditions (iv(b)) and (v(b)). Thus these conditions cannot be dropped in
Theorem 2.

Corollary 2. Suppose that Ω is a domain in Rp+q, p, q > 2. Let E ⊂ Ω be closed in Ω
and let Hp+q−1(E) = 0. Let w : Ω \ E → R be separately subharmonic, that is,

for all y ∈ Rq the function (Ω \ E)(y) 3 x 7→ w(x, y) ∈ R is subharmonic,

and

for all x ∈ Rp the function (Ω \ E)(x) 3 y 7→ w(x, y) ∈ R is subharmonic.

Suppose that the following conditions are satis�ed:

(i) w ∈ L1
loc(Ω),

(ii) w ∈ C2(Ω \ E),

(iii) for each j, 1 6 j 6 p, ∂2w
∂x2

j
∈ L1

loc(Ω) and for each k, 1 6 k 6 q, ∂2w
∂y2k
∈ L1

loc(Ω).

Then w has a separately subharmonic extension to Ω.

Proof. Follows directly from Theorem 2 and from the above Lemma of Federer. �
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Áëàíøå äîâiâ, ùî ñóáãàðìîíi÷íó ôóíêöiþ ãëàäêîñòi C2 ìîæíà ïðî-
äîâæèòè ÷åðåç C1-ãiïåðïëîùèíó, ÿêùî ôóíêöiÿ çàäîâîëüíÿ¹ ïåâíó óìîâó
ãëàäêîñòi òèïó C1 íà âèíÿòêîâié ãiïåðïëîùèíi. Íåùîäàâíî ìè ïîêðàùèëè
ðåçóëüòàò Áëàíøå, ðîçãëÿíóâøè ìiðó Ãàóñäîðôà âèíÿòêîâî¨ ìíîæèíè. Òå-
ïåð ìè íàâîäèìî ïîäiáíå óçàãàëüíåííÿ äëÿ íàðiçíî ñóáãàðìîíi÷íèõ ôóíê-
öié.

Êëþ÷îâi ñëîâà: ñóáãàðìîíi÷íà ôóíêöiÿ, íàðiçíî ñóáãàðìîíi÷íà ôóíê-
öiÿ, ìiðà Ãàóñäîðôà, âèíÿòêîâi ìíîæèíè.
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