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Ðîçãëÿíóòî iìïóëüñíi ðåêóðåíòíi ïðîöåñè ç ìàðêîâñüêèì ïåðåìèêàí-
íÿì ó ñõåìi àïðîêñèìàöi¨ Ëåâi. Íàøà ìåòà � çíàéòè íåëiíiéíi ïàðàìåòðè
íîðìóâàííÿ äëÿ iìïóëüñíèõ ïðîöåñiâ.

Êëþ÷îâi ñëîâà: iìïóëüñíèé ïðîöåñ, àïðîêñèìàöiÿ Ëåâi, íåëiíiéíå íîð-
ìóâàííÿ, ìàðêîâñüêå ïåðåìèêàííÿ.

1. Âñòóï

Iìïóëüñíi ðåêóðåíòíi ïðîöåñè ðîçãëÿäàþòü ó ïðàöÿõ [1]�[7]. Ïðîòå, ïåðåìèêàþ-
÷èé ìàðêîâñüêèé ïðîöåñ äîñëiäæó¹òüñÿ â ìàñøòàái ÷àñó t

ε . Ìåòà íàøî¨ ïðàöi: çíà-
éòè íåëiíiéíi íîðìóþ÷i ìíîæíèêè, òîìó ïðîöåñè ðîçãëÿäàþòüñÿ â íîðìóâàííi ÷àñó
t

g2(ε)
, äå g2(ε)→0 ïðè ε→ 0.

Iìïóëüñíi ïðîöåñè ξ(t) â åâêëiäîâîìó ïðîñòîði Rd ç ìàðêîâñüêèì àáî íàïiâìàð-
êîâñüêèì ïåðåìèêàííÿì âèçíà÷àþòüñÿ çà äîïîìîãîþ ñóìè âèïàäêîâèõ âåëè÷èí íà
âêëàäåíîìó ëàíöþçi Ìàðêîâà

ξ(t) = ξ0 +

ν(t)∑
k=1

αk(xk−1), t > 0,

äå x(t) � ïåðåìèêàþ÷èé ìàðêîâñüêèé ïðîöåñ, ÿêîìó âiäïîâiäà¹ âêëàäåíèé ìàðêîâ-
ñüêèé ïðîöåñ âiäíîâëåííÿ (xk, τk), k > 0, äå xk = x(τk) òà ðàõóþ÷èé ïðîöåñ ñòðèáêiâ
ν(t) = max {k > 0 : τk6t}, αk(xk−1) � ñiì'ÿ âèïàäêîâèõ âåëè÷èí.
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2. Àïðîêñèìàöiÿ Ëåâi

Ðîçãëÿíåìî iìïóëüñíèé ðåêóðåíòíèé ïðîöåñ â óìîâàõ àïðîêñèìàöi¨ Ëåâi ç íåëi-
íiéíèì íîðìóâàííÿì

ξε(t) = ξε0 +

ν
(

t
g2(ε)

)∑
k=1

αεk(xεk−1), t > 0,

äå xε(t) = x
(

t
g2(ε)

)
� ïåðåìèêàþ÷èé ìàðêîâñüêèé ïðîöåñ, ÿêîìó âiäïîâiäà¹ âêëàäå-

íèé ìàðêîâñüêèé ïðîöåñ âiäíîâëåííÿ

(xεk, τ
ε
k), k > 0.

Òóò xk = x(τk), i ðàõóþ÷èé ïðîöåñ ñòðèáêiâ

νε(t) = ν
(

t
g2(ε)

)
.

Îòîæ, τεk � ìîìåíòè ñòðèáêiâ öüîãî ïðîöåñó, à

xεk = x(τεk),

νε(t) = max{k > 0 : τεk6t}.
Ðîçãëÿíåìî óìîâè àïðîêñèìàöi¨ Ëåâi.

(L1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε(u;x) =

∫
Rd

vΓε(u, dv;x) = g1(ε)b1(u;x) + g2(ε)(b(u;x) + θεb(u;x))

òà

cε(u;x) =

∫
Rd

vvTΓε(u, dv;x) = g2(ε)(c(u;x) + θεc(u;x)),

äå vT - òðàíñïîíîâàíèé âåêòîð äî âåêòîðà v,

g2(ε) = o(g1(ε)), g1(ε)→0, g2(ε)→0, ε→0.

Çíåõòóâàëüíi äîäàíêè

| θεb(u;x) | →0, | θεc(u;x) | →0

ïðè ε→0.
(L2) ßäðî iíòåíñèâíîñòåé ìà¹ âèãëÿä

Γεq(u;x) =

∫
Rd

q(v)Γε(u, dv;x) = g2(ε)(Γq(u;x) + θεq(u;x))

äëÿ âñiõ

q∈C3(R), u∈R
òàê, ùî

| Γq(u;x) | 6K <∞.
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ßäðî Γq(u;x) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Γq(u;x) =

∫
Rd

q(v)Γ(u, dv;x).

(L3) Óìîâà áàëàíñó [4] ∫
E

ρ(dx)b1(u;x) = 0,

äå ρ(dx) çàäîâîëüíÿ¹ óìîâó åðãîäè÷íîñòi çi ñòàöiîíàðíèì ðîçïîäiëîì
π(A), A∈E,

π(dx)q(x) = qρ(dx),

q = 1/m,m =

∫
E

ρ(dx)m(x),

ρ(B) =

∫
E

ρ(dx)P (x,B), ρ(E) = 1.

(L4) Óìîâè íà ïî÷àòêîâi çíà÷åííÿ

sup
ε>0

E|ξε0| 6 C <∞,

|ξε0| → x(i0), g2(ε)→0, ε→0.

(L5) Ðiâíîìiðíà êâàäðàòè÷íà iíòåãðîâíiñòü

lim
c→∞

sup
x∈E

∫
v>c

vvTΓ(u, dv;x) = 0.

(L6) Óìîâà çðîñòàííÿ. Iñíó¹ äîäàòíà êîíñòàíòà L òàêà, ùî

|b(u;x)|6L(1 + |u|, |c(u;x)|6L(1 + |u|2)

. Òîäi äëÿ âñiõ äiéñíîçíà÷íèõ íåâiä'¹ìíèõ ôóíêöié f(v), v ∈ R, òàêèõ, ùî∫
Rd

(1 + f(v))|v|2dv <∞,

|Λ(u, v, x)|6Lf(v)(1 + |u|).
Òóò |Λ(u, v, x)| � ïîõiäíà Ðàäîíà-Íiêîäèìà ÿäðà Γ(u,B;x) ñòîñîâíî ìiðè Ëå-
áåãà dv â R, òîáòî

Γ(u, dv;x) = Λ(u, v;x)dv.

(L7) Äëÿ äîâiëüíîãî r > 0 iñíó¹ êîíñòàíòà lr òàêà, ùî

|b̂(u)− b̂(u′)|+ |σ2(u)− σ2(u′)|+ |Γ̂(u, v)− Γ̂(u′, v)|6lr|u− u′|,

ÿêùî | u |6 r, | v |6 r.
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Îçíà÷åííÿ. Íåõàé ðåàëiçàöi¨ âèïàäêîâèõ ïðîöåñiâ ξn(t) i ξ(t) íàëåæàòü äåÿêîìó
ìåòðè÷íîìó ïðîñòîðó. Òîäi âèïàäêîâèé ïðîöåñ ξn(t) ñëàáî çáiãà¹òüñÿ äî ξ(t), ÿêùî
âèêîíó¹òüñÿ óìîâà

lim
n→∞

∫
f(x)µn(dx) =

∫
f(x)µ(dx),

äå µn òà µ � ìiðè âèïàäêîâèõ ïðîöåñiâ ξn(t) òà ξ(t), âiäïîâiäíî, à f(x) � ôóíêöiîíàë,
äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà

Ef(ξ(t)) =

∫
f(x)µ(dx),

f(ξ(t)) � ðîçïîäië âèïàäêîâîãî ïðîöåñó ξ(t).

Òåîðåìà. Çà óìîâ (L1)-(L6) ñïðàâäæó¹òüñÿ ñëàáêà çáiæíiñòü

ξε(t)⇒ξ0, g2(ε)→ 0, ε→ 0.

Ãðàíè÷íèé ïðîöåñ ξ0 ¹ ïðîöåñîì Ëåâi òà çà óìîâè (L7) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

L̂ϕ(u) = (b̂(u)− b̂0(u) + b̂1(u))ϕ′(u) +
1

2
σ2(u)ϕ′′(u) +λ(u)

∫
R

(ϕ(u+ v)− ϕ(u))Γ0(u, dv),

äå

b̂1(u, x) = q(x)

∫
E

P (x, dy)b1(u; y),Γ(u, dv) = q

∫
E

ρ(dx)Γ(u, x; dv),

σ2(u) = 2q

∫
E

ρ(dx)(b̂1(u;x)R0

ˆ
b∗1(u;x) +

1

2
(c(u;x)− c0(u;x))), σ2(u) > 0,

λ(u) = qΓ(u,R),Γ0(u; dv) =
Γ(u; dv)

Γ(u; r)
.

Äîâåäåííÿ. Â îñíîâó äîâåäåííÿ ïîêëàäåíî ñåìiìàðòèíãàëüíå çîáðàæåííÿ ïðîöåñó.
Ïåðåäáà÷óâàëüíi õàðàêòåðèñòèêè ñåìiìàðòèíãàëó ìàþòü òàêèé âèãëÿä:

Bε(t) =

v
(

t
g2(ε)

)∑
k=1

bε(ξ
ε
k−1;xεk−1) =

= g1(ε)

v
(

t
g2(ε)

)∑
k=1

b1(ξεk−1;xεk−1) + g2(ε)

v
(

t
g2(ε)

)∑
k=1

b1(ξεk−1;xεk−1) + θεb ,

Cε(t) =

v
(

t
g2(ε)

)∑
k=1

cε(ξ
ε
k−1;xεk−1) = g2(ε)

v
(

t
g2(ε)

)∑
k=1

c(ξεk−1;xεk−1) + θεc ,
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Γε(t) =

v
(

t
g2(ε)

)∑
k=1

∫
R

q(v)Γε(ξεk−1, dv;xεk−1) =

= g2(ε)

v
(

t
g2(ε)

)∑
k=1

∫
R

q(v)Γ(ξεk−1, dv;xεk−1) + θεq ,

äå

sup
x∈E
|θε| → 0, g1(ε), g2(ε)→ 0, ε→ 0.

Ïîçíà÷èìî ÷åðåç Aε(t) îñíîâíó ÷àñòèíó áóäü-ÿêî¨ ç ïåðåäáà÷óâàëüíèõ õàðàêòå-
ðèñòèê.

Ðîçãëÿíåìî òðèêîìïîíåíòíèé ìàðêîâñüêèé ïðîöåñ Aε(t), ξε(t), xε(t). Öåé ïðîöåñ
õàðàêòåðèçó¹òüñÿ ìàðòèíãàëîì

µε(t) = ϕ(ξε(t), Aε(t), xε(t))−
t∫

0

Lεϕ(ξε(s), Aε(s), xε(s))ds,

äå ãåíåðàòîð Lε ìà¹ âèãëÿä

Lεϕ(u, v;x) = (g2(ε))−1Qϕ(·, ·;x) +Q0A
ε(u;x)ϕ(·, v;x) +Q0Γε(x)ϕ(u, ·;x).

Òóò Q � ïîðîäæóþ÷å ÿäðî,

Q0ϕ(·, ·;x) = q(x)

∫
E

P (x, dy)ϕ(·, ·; y),

Γε(x)ϕ(u, ·; ·) = (g2(ε))−1
∫
R

Γε(u, x; dv)(ϕ(u+ v)− ϕ(u)),

Aε(u;x)ϕ(·, v; ·) = (g2(ε))−1(ϕ(·, v + g2(ε)a(u;x); ·)− ϕ(·, v; ·)).
Äàëi ïîòðiáíî çíàéòè çîáðàæåííÿ ãðàíè÷íîãî îïåðàòîðà.
Ïîäi¹ìî ãåíåðàòîðîì íà òåñò-ôóíêöi¨

ϕε(u;x) = ϕ(u) + g1(ε)ϕ1(u;x) + g2(ε)ϕ2(u;x).

Îòðèìà¹ìî

Lεϕε(u;x) = ((g2(ε))−1Q+Q0Γε(x))(ϕ(u) + g1(ε)ϕ1(u;x) + g2(ε)ϕ2(u;x)).

Çàïèøåìî àñèìïòîòè÷íå çîáðàæåííÿ ãåíåðàòîðà

Γε(x)ϕ(u) = (((g1(ε))−1B1(u;x) + Γ(u;x))ϕ(u) + θε =

= (g1(ε))−1b1(u;x)ϕ′(u) + (b(u;x)− b0(u;x))ϕ′(u)+

+
1

2
(c(u;x)− c0(u;x))ϕ′′(u)+

+

∫
R

(ϕ(u+ v)− ϕ(u))Γ(u, dv;x) + θε,
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äå

b0(u;x) =

∫
R

vΓ(u, dv;x), c0(u;x) =

∫
R

vvTΓ(u, dv;x).

Îòðèìó¹ìî çàäà÷ó ñèíãóëÿðíîãî çáóðåííÿ

Qϕ(u) = 0,

Qϕ1(v;x) +Q0b1(u;x)ϕ′(u) = 0,

Qϕ2(v;x) +Q0b1(u;x)ϕ′1(u;x) +Q0Γ(u;x)ϕ(u) = L̂ϕ(u).

Çàñòîñóâàâøè óìîâè (L3) òà (L7) îñòàòî÷íî îòðèìà¹ìî ãðàíè÷íèé ãåíåðàòîð

L̂ϕ(u) = (b̂(u)− b̂0(u) + b̂1(u))ϕ′(u) +
1

2
σ2(u)ϕ′′(u) +λ(u)

∫
R

(ϕ(u+ v)− ϕ(u))Γ0(u, dv).

Òåîðåìó äîâåäåíî. �

Îòîæ, çíàéäåíî ãðàíè÷íèé ãåíåðàòîð iìïóëüñíîãî ðåêóðåíòíîãî ïðîöåñó ç íå-
ëiíiéíèì íîðìóâàííÿì.
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NONLINEAR APPROXIMATIONTION FOR IMPULSE
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In this paper, impulsive recurrence processes with Markov switching in the
Levy approximation scheme are considered. The purpose of the work is to �nd
non-linear parameters of normalization for impulse processes.
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on, Markov switching.


	1. 
	2.  

