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Ðîçãëÿíóòî ìàðêiâñüêèé ãiëëÿñòèé ïðîöåñ ç ìiãðàöi¹þ µ(t), t ∈ [0,∞).
Çàäàíî ïåðåõiäíi éìîâiðíîñòi, çíàéäåíî âèãëÿä äèôåðåíöiàëüíîãî ðiâíÿííÿ
äëÿ òâiðíî¨ ôóíêöi¨ ïðîöåñó, à òàêîæ âèâåäåíî ñèñòåìó ðiâíÿíü Êîëìîãî-
ðîâà äëÿ öi¹¨ ìîäåëi ïðîöåñó.

Êëþ÷îâi ñëîâà: ãiëëÿñòèé ïðîöåñ, òâiðíà ôóíêöiÿ, íåïåðåðâíèé ÷àñ,
ìiãðàöiÿ, ïåðåõiäíi éìîâiðíîñòi, ðiâíÿííÿ Êîëìîãîðîâà.

1. Âñòóï. Ãiëëÿñòi ïðîöåñè âèíèêàþòü ÿê ìîäåëi ïîïóëÿöiéíèõ äèíàìiê äëÿ
÷àñòèíîê, ÿêi ìàþòü ðiçíó ïðèðîäó, ïîäiáíi äî àòîìiâ, ìîëåêóë, êëiòèí, ìiêðîîðãà-
íiçìiâ, ðîñëèí, òâàðèí, iíäèâiäóóìiâ, öií, iíôîðìàöi¨, òîùî. Îòæå, áàãàòî ðåàëüíèõ
ñèòóàöié, çîêðåìà, ôiçè÷íèõ, õiìi÷íèõ, áiîëîãi÷íèõ, äåìîãðàôi÷íèõ, åêîëîãi÷íèõ òà
åêîíîìi÷íèõ ìîæíà çìîäåëþâàòè çà äîïîìîãîþ ðiçíèõ òèïiâ ãiëëÿñòèõ ïðîöåñiâ.

Ãiëëÿñòi ïðîöåñè ç ìiãðàöi¹þ âïåðøå ïàðàëåëüíî ðîçãëÿíóòî ó ïðàöÿõ Í. ßíåâà
i Ê. Ìiòîâà [1] òà Ñ. Â. Íàãà¹âà i Ë. Â. Õàí [2]. Ãëÿñòi ìiãðàöiéíi ïðîöåñè çäåáiëüøî-
ãî äîñëiäæóþòü ó âèïàäêó äèñêðåòíîãî ÷àñó, õî÷à ¹ ïðàöi, äå ðîçãëÿíóòî âèïàäîê
íåïåðåðâíîãî ÷àñó, çîêðåìà âàðòî çàçíà÷èòè [3], [4], [5], [6]. Ãiëëÿñòèé ïðîöåñ ç åìi-
ãðàöi¹þ äëÿ âèïàäêó íåïåðåðâíîãî ÷àñó äîñëiäæåíî ó ïðàöi Ø. Ôîðìàíîâà òà Ñ.
Êàâåðiíà [7].

Ó [8] äîñëiäæåíî âèïàäîê, êîëè iììiãðàöiÿ òà åìiãðàöiÿ îïèñóþòüñÿ çà äîïî-
ìîãîþ îäíîãî âèïàäêîâîãî ïðîöåñó. Äîöiëüíî ðîçäiëèòè åìiãðàöiþ òà iììiãðàöiþ i
äîñëiäèòè ÿê çìiíèòüñÿ ïîâåäiíêà ïðîöåñó.

Ìåòà íàøî¨ ïðàöi � îïèñàòè ìîäåëü ïðîöåñó ÷åðåç ïåðåõiäíi éìîâiðíîñòi, ÿêi
âèçíà÷àþòüñÿ iíòåíñèâíîñòÿìè åâîëþöi¨ ÷àñòèíîê pk, iììiãðàöi¨ qk òà åìiãðàöi¨ rn,
äå k = 0, 1, 2, . . ., n = 0, . . . ,m, à m � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî.

2. Îïèñ ìîäåëi ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì.

Ðîçãëÿíåìî ìàðêiâñüêèé ãiëëÿñòèé ïðîöåñ ç îäíèì òèïîì ÷àñòèíîê i ìiãðàöi¹þ µ(t),
t ∈ [0,∞). µ(t) ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t ∈ [0,∞).
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Ââàæà¹ìî, ùî ó ïî÷àòêîâèé ìîìåíò ÷àñó â ñèñòåìi iñíó¹ îäíà ÷àñòèíêà, òîáòî

(1) µ(0) = 1.

Ïðîöåñ µ(t), t ∈ [0,∞) ïðè ∆t→ 0 çàäà¹òüñÿ òàêèìè ïåðåõiäíèìè éìîâiðíîñòÿ-
ìè

P{µ(t+ ∆t) = j | µ(t) = i} =

(2) =



1 + q0∆t+ o(∆t), i = j = 0;
qj∆t+ o(∆t), i = 0, j = 1, 2, . . .;(
p0 +

m∑
l=1

rl

)
∆t+ o(∆t), i = 1, j = 0;

1 + (q0 + r0 + p1)∆t+ o(∆t), i = 1, j = 1;
(pj + qj−1)∆t+ o(∆t), i = 1, j = 2, . . .;
m∑
l=i

rl∆t+ o(∆t) 1 < i 6 m, j = 0;

(p0 + r1)∆t+ o(∆t), i = 2, 3, . . ., j = i− 1;
ri−j∆t+ o(∆t), i = 2, 3, . . ., j < i− 1;
1 + (q0 + r0 + ip1)∆t+ o(∆t), i = 2, 3, . . ., i = j;
(ipj−i+1 + qj−i)∆t+ o(∆t), i = 2, 3, . . ., i < j;
o(∆t), â iíøèõ âèïàäêàõ,

äå m � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî, à pk, qk òà rn çàäîâîëüíÿþòü óìîâè

pk > 0, k 6= 1, p1 < 0,

∞∑
k=0

pk = 0,

qk > 0, k 6= 0, q0 < 0,

∞∑
k=0

qk = 0,

rn > 0, n = 1, . . . ,m, r0 < 0,

m∑
k=0

rk = 0.

Çàçíà÷èìî, ùî pk (k = 0, 1, . . .) � iíòåíñèâíiñòü ðîçìíîæåííÿ ÷àñòèíîê, qk (k =
0, 1, . . .) � iíòåíñèâíiñòü iììiãðàöi¨ ÷àñòèíîê, à rn (n = 0, . . . ,m) � iíòåíñèâíiñòü
åìiãðàöi¨ ÷àñòèíîê.

Ââåäåìî òàêi ïîçíà÷åííÿ:

Fµ(t, s) =

∞∑
n=0

P{µ(t) = n}sn � òâiðíà ôóíêöiÿ ïðîöåñó µ(t),

f(s) =

∞∑
n=0

pns
n, |s| 6 1, s ∈ C,

g(s) =

∞∑
n=0

qns
n, |s| 6 1, s ∈ C,

r(s) =

m∑
n=0

rns
−n, 0 < |s| 6 1.
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3. Ðiâíÿííÿ äëÿ òâiðíî¨ ôóíêöi¨ ãiëëÿñòîãî ïðîöåñó ç iììiãðàöi¹þ òà

åìiãðàöi¹þ.

Òåîðåìà 1. Òâiðíà ôóíêöiÿ ïðîöåñó µ(t), t ∈ [0,∞), ïðè |s| 6 1 òà s 6= 0 çàäîâîëü-

íÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

∂Fµ(t, s)

∂t
= f(s)

∂Fµ(t, s)

∂s
+ g(s)Fµ(t, s)+

(3) +

m∑
n=0

P{µ(t) = n}
(
sn

n∑
k=0

rks
−k +

m∑
k=n+1

rk

)
+

∞∑
n=m+1

P{µ(t) = n}snr(s)

ç ïî÷àòêîâîþ óìîâîþ

(4) Fµ(0, s) = s.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó ïîâíî¨ éìîâiðíîñòi, îòðèìà¹ìî

(5) Fµ(t+ ∆t, s) = M(M(sµ(t+∆t) | µ(t))),

(6) M(sµ(t+∆t) | µ(t) = n) =
∞∑
k=0

P{µ(t+ ∆t) = k | µ(t) = n}sk.

Âðàõîâóþ÷è (2) äëÿ ïðîöåñó µ(t), çíàéäåìî âèãëÿä (6) äëÿ ðiçíèõ n.
ßùî n = 0, òî îòðèìà¹ìî

∞∑
k=0

P{µ(t+ ∆t) = k|µ(t) = 0}sk = s0(1 + q0∆t+ o(∆t))+

+

∞∑
k=1

(qk∆t+ o(∆t)
)
sk = 1 + g(s)∆t+ o(∆t).

Ó âèïàäêó n = 1, à
∞∑
k=0

P{µ(t+ ∆t) = k | µ(t) = 1}sk = (p0∆t+

m∑
k=1

rk∆t+ o(∆t))s0+

+
(
1 + (p1 + q0 + r0)∆t+ o(∆t)

)
s1 +

∞∑
k=2

(
pk∆t+ qk−1∆t+ o(∆t)

)
sk =

= s+ (f(s) + g(s)s+

m∑
k=1

rk + r0s)∆t+ o(∆t).

ßêùî 1 < n 6 m, òî îäåðæó¹ìî
∞∑
k=0

P{µ(t+ ∆t) = k | µ(t) = n}sk = s0
( m∑
k=n

rk∆t+ o(∆t)
)
+

+s1rn−1∆t+ . . .+ sn−1r1∆t+ sn−1np0∆t+ sn
(
1 + (np1 + q0 + r0)∆t+ o(∆t)

)
+

+

∞∑
k=n+1

(
npk−n+1∆t+ qk−n∆t+ o(∆t)

)
sk = sn + nsn−1f(s)∆t+
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+sng(s)∆t+ sn
n∑
k=0

rks
−k∆t+

m∑
k=n+1

rk∆t+ o(∆t).

Äëÿ n > m îòðèìà¹ìî

∞∑
k=0

P{µ(t+ ∆t) = k | µ(t) = n}sk = sn−mrm∆t+ . . .+ sn−1r1∆t+

+sn−1np0∆t+ sn
(
1 + (np1 + q0 + r0)∆t+ o(∆t)

)
+

+

∞∑
k=n+1

(
npk−n+1qk∆t+ qk−n∆t+ o(∆t)

)
sk =

= sn + nsn−1f(s)∆t+ sng(s)∆t+ snr(s)∆t+ o(∆t).

Îòîæ, âðàõîâóþ÷è (5),

Fµ(t+ ∆t, s) = P{µ(t) = 0}(1 + g(s)∆t+ o(∆t))+

+P{µ(t) = 1}(s+ (f(s) + g(s)s+

m∑
k=1

rk + r0s)∆t+ o(∆t))+

+

m∑
n=2

P{µ(t) = n}
(
sn +

(
nsn−1f(s) + sng(s) + sn

n∑
k=0

rks
−k +

m∑
k=n+1

rk
)
∆t+ +o(∆t)

)
+

∞∑
n=m+1

P{µ(t) = n}
(
sn +

(
nsn−1f(s) + sng(s) + snr(s)

)
∆t+ o(∆t)

)
=

= Fµ(t, s)+∆t
(
f(s)

∂Fµ(t, s)

∂s
+g(s)Fµ(t, s)+

m∑
n=0

P{µ(t) = n}
(
sn

n∑
k=0

rks
−k+

m∑
k=n+1

rk

)
+

+

∞∑
n=m+1

P{µ(t) = n}snr(s)
)

+ o(∆t).

Çâiäêè âèïëèâà¹ (3).
Ïî÷àòêîâà óìîâà (4) âèïëèâà¹ ç (1). �

4. Ñèñòåìà ðiâíÿíü Êîëìîãîðîâà äëÿ ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ.

Òåîðåìà 2. Äëÿ ïðîöåñó µ(t), t ∈ (0,∞) ïðàâèëüíà ñèñòåìà ðiâíÿíü Êîëìîãîðîâà

(7)



dP{µ(t) = 0}
dt

= P{µ(t) = 0}q0 + P{µ(t) = 1}p0 +

m∑
k=1

P{µ(t) = k}
m∑
j=k

rj ,

dP{µ(t) = n}
dt

=

n∑
k=0

P{µ(t) = k}qn−k +

n+1∑
k=1

kP{µ(t) = k}pn+1−k+

+

n+m∑
k=n

P{µ(t) = k}rk−n, n > 1.



ÐIÂÍßÍÍß ÄËß ÒÂIÐÍÎ� ÔÓÍÊÖI� ÃIËËßÑÒÎÃÎ ÏÐÎÖÅÑÓ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 84 123

Äîâåäåííÿ. Íåõàé éìîâiðíîñòi ñòàíiâ ïðîöåñó P{µ(t) = n}, n = 0, 1, 2, . . ., ó ïåâíèé
ìîìåíò ÷àñó âiäîìi. Çíàéäåìî éìîâiðíîñòi ñòàíiâ ñèñòåìè â ìîìåíò ÷àñó t+ ∆t.

Ðîçãëÿíåìî P{µ(t+ ∆t) = 0}. Âðàõîâóþ÷è (2), îòðèìà¹ìî

P{µ(t+ ∆t) = 0} = P{µ(t) = 0}P{µ(t+ ∆t) = 0 | µ(t) = 0}+

+P{µ(t) = 1}P{µ(t+ ∆t) = 0 | µ(t) = 1}+ P{µ(t) = 2}P{µ(t+ ∆t) = 0 | µ(t) = 2}+
+P{µ(t) = 3}P{µ(t+ ∆t) = 0 | µ(t) = 3}+ . . .+

+P{µ(t) = m}P{µ(t+ ∆t) = 0 | µ(t) = m} =

= P{µ(t) = 0}
(
1 +

m∑
k=0

rk∆t+ o(∆t))(1 + q0∆t+ o(∆t)
)
+

+P{µ(t) = 1}
(
p0∆t+

m∑
k=1

rk∆t+ o(∆t)
)

+ P{µ(t) = 2}
( m∑
k=2

rk∆t+ o(∆t)
)
+

+P{µ(t) = 3}
( m∑
k=3

rk∆t+ o(∆t)
)

+ . . .+ P{µ(t) = m}
(
rm∆t+ o(∆t)

)
=

= P{µ(t) = 0}+ ∆t

(
P{µ(t) = 0}q0 +P{µ(t) = 1}p0 +

m∑
k=1

P{µ(t) = k}
m∑
j=k

rj

)
+ o(∆t).

Îòæå,

P{µ(t+ ∆t) = 0} = P{µ(t) = 0}+ ∆t

(
Q(t)q0 + P{µ(t) = 1}p0+

+

m∑
k=1

P{µ(t) = k}
m∑
j=k

rj

)
+ o(∆t).

Çâiäñè îòðèìà¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ

dP{µ(t) = 0}
dt

= P{µ(t) = 0}q0 + P{µ(t) = 1}p0 +

m∑
k=1

P{µ(t) = k}
m∑
j=k

rj .

Ðîçãëÿíåìî P{µ(t) = 1}

P{µ(t+ ∆t) = 1} = P{µ(t) = 0}P{µ(t+ ∆t) = 1 | µ(t) = 0}+

+P{µ(t) = 1}P{µ(t+ ∆t) = 1 | µ(t) = 1}+ P{µ(t) = 2}P{µ(t+ ∆t) = 1 | µ(t) = 2}+
+P{µ(t) = 3}P{µ(t+ ∆t) = 1 | µ(t) = 3}+ . . .+

+P{µ(t) = m+ 1}P{µ(t+ ∆t) = 1 | µ(t) = m+ 1} = P{µ(t) = 1}+

+∆t

( 1∑
k=0

P{µ(t) = k}q1−k +

2∑
k=1

P{µ(t) = k}p2−k +

m+1∑
k=1

P{µ(t) = k}rk−1

)
+ o(∆t).

Çâiäêè ëåãêî îäåðæàòè ðiâíÿííÿ

dP{µ(t) = 1}
dt

=

1∑
k=0

P{µ(t) = k}q1−k +

2∑
k=1

kP{µ(t) = k}p2−k +

m+1∑
k=1

P{µ(t) = k}rk−1.
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Äëÿ P{µ(t) = 2} äèôåðåíöiàëüíå ðiâíÿííÿ íàáóäå âèãëÿäó

dP{µ(t) = 2}
dt

=

2∑
k=0

P{µ(t) = k}q2−k +

3∑
k=1

kP{µ(t) = k}p3−k +

m+2∑
k=2

P{µ(t) = k}rk−2.

Çíàéäåìî âèãëÿä ðiâíÿííÿ äëÿ äîâiëüíîãî n > 2

P{µ(t+ ∆t) = n} = P{µ(t) = 0}P{µ(t+ ∆t) = n | µ(t) = 0}+
+P{µ(t) = 1}P{µ(t+ ∆t) = n | µ(t) = 1}+

+P{µ(t) = 2}P{µ(t+ ∆t) = n | µ(t) = 2}+ . . .+

+P{µ(t) = n}P{µ(t+ ∆t) = n | µ(t) = n}+
+P{µ(t) = n+ 1}P{µ(t+ ∆t) = 1 | µ(t) = n+ 1}+ . . .+

+P{µ(t) = m+ n}P{µ(t+ ∆t) = 1 | µ(t) = m+ n} =

= P{µ(t) = 0}(qn∆t+ o(∆t)) + P{µ(t) = 1}((pn−1 + qn)∆t+ o(∆t))+

+P{µ(t) = 2}((2pn−2 + qn−1)∆t+ o(∆t)) + . . .+

+P{µ(t) = n}((np1 + q0 + r0)∆t+ o(∆t))+

+P{µ(t) = n+ 1}(((n+ 1)p0 + r1)∆t+ o(∆t))+

+

m∑
k=2

P{µ(t) = n+ k}(rk∆t+ o(∆t)).

Îòîæ, äëÿ äîâiëüíîãî n > 2 ðiâíÿííÿ íàáóäå âèãëÿäó

dP{µ(t) = n}
dt

=

n∑
k=0

P{µ(t) = k}qn−k+

+

n+1∑
k=1

kP{µ(t) = k}pn+1−k +

n+m∑
k=n

P{µ(t) = k}rk−n.

Ùî i ïîòðiáíî áóëî äîâåñòè. �
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EQUATION FOR GENERATION FUNCTION FOR BRANCHING
PROCESSES WITH MIGRATION
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In this paper a Markov branch process with the migration µ(t), t ∈ [0,∞),
was considered. Also there were determined transition probabilities, obtai-
ned di�erential equation for a generating function, and the process system
of Kolmogorov equations for this model was derived.

Key words: branching process, generating function, continuous time, mig-
ration, transition probabilities, Kolmogorov equation.


