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The behavior of the di�erence of logarithms of the entire functions of zero
order, whose zeros have equal modules and have density with respect to slowly
increasing function υ, and the arguments of zeros di�er by a small number, is
investigated.
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1. Introduction. The construction of the theory of entire functions of completely
regular growth (c.r.g.) by Levin and P�uger was the main event in the 1930s in the
theory of analytic functions. The works of Valiron [1] and Titchmarsh [2] on connection
between the regular behavior of the logarithm of an entire function f of positive order
ρ with zeros on one ray and the existence of density of these zeros with repsect to the
comparison function rρ became the �rst step towards the creation of this theory. From
these results it was easy to obtain analogues of such connections between ln f and zeros
of f in case of the arrangement of zeros on a �nite system of rays. The transition to the
general case of the location of the zeros required appropriate statements on proximity
of ln f and ln g, where g is an entire function with zeros on a �nite system of rays and
moduli of its zeros equal to the moduli of zeros of f , and arguments of zeros di�er on a
small number δ (see, for example, [3, p. 130, 160]). Also, in works [4] and [5] the results
on proximity of logarithmic derivatives of f and g played an important role in the study
of the asymptotic behavior of the logarithmic derivative of entire functions of c.r.g.

In this paper we obtain similar results for ln f and ln g for entire functions of zero
order.

2. De�nitions and main of result. Let L be the set of all growth functions
υ such that rυ′(r)/υ(r) → 0 as r → +∞ where a growth function υ : [0; +∞) → R+

is a continuously di�erentiable increasing to +∞ function. It is clear that the set L
coincides up to equivalent functions with a set of slow by growing functions in the sense
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of Karamata. For υ ∈ L we denote by H0(υ) the class of entire functions of zero order
that satisfy the condition

n(r) = O(υ(r)), r → +∞,
where n(r) = n(r, 0, f) is a counting function of zeros of a function f . By H̃0(υ) denote
the subclass of class H0(υ) consisting of the functions such that

lim
r→+∞

n(r)

υ(r)
= ∆ > 0.

Let E be the set of circles {z : |z − zj | < rj}, j ∈ N. The number

ρ∗(E) := lim
r→+∞

1

r

∑
|zj |6r

rj

is called the upper linear density of a set E. The family of sets E, ρ∗(E) 6 η, is denoted
by Cη.

Let υ ∈ L, δ > 0, f(z) =
+∞∏
n=1

(
1− z

an

)
∈ H̃0(υ), g(z) =

+∞∏
n=1

(
1− z

a′n

)
, where

|a′n| = |an| and | arg a′n − arg an| < δ.

Let D = C \
+∞⋃
n=1
{z : |z| > |a∗n|, arg z = arg a∗n}, where (a∗n) is the union of the

sequences (an) and (a′n). By ln f and ln g denote the single-valued in the domain D
branches of multi-valued functions Ln f and Ln g, respectively, such that ln f(0) = 0,
ln g(0) = 0. From now on we make the notation z = reiϕ.

Theorem 1. Let υ ∈ L, ε > 0 and η > 0. Then there exists δ > 0 such that for every

functions f, g ∈ H0(v) de�ned as above we have

i) |ln |f(z)| − ln |g(z)|| < ε υ(r), z /∈ E, where E ∈ Cη ;

ii) |arg f(z)− arg g(z)| < ε υ(r), z ∈ D, r > r0.

Proof. Let ε > 0 and η ∈ (0; 1) are given arbitrary numbers,

n(r) = n(r, 0, f) = n(r, 0, g) = ∆υ(r) + o(υ(r)),

r → +∞,

ξ(r) = sup
t>r

n(2t)− n(t/2)

υ(t)
↘ 0 as r → +∞.

Note that
+∞∫
2r

υ(t)

t2
dt ∼ υ(2r)

2r
, r → +∞.

Choose 0 < δ <
1

4
, r0 > 0 so that

r

+∞∫
2r

υ(t)

t2
dt < υ(2r), υ(2r) < 2υ(r), n(r) < 2∆υ(r), r > r0,

5πξ(r0) ln(432e/η) <
ε

3
, 16∆δ <

ε

3
.
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Let us represent f ∈ H̃0(υ) in the form of the following three functions:

f1(z) =
∏

|an|6r/2

(
1− z

an

)
,

f2(z) =
∏
|an|>2r

(
1− z

an

)
,

f3(z) =
∏

r/2<|an|62r

(
1− z

an

)
.

In the same way the designate the functions g1, g2, g3 that correspond to the function
g. Then

(1)

|ln |f(z)| − ln |g(z)|| 6 |ln f(z)− ln g(z)| 6 |ln f1(z)− ln g1(z)|+

+ |ln f2(z)− ln g2(z)|+ |ln |f3(z)| − ln |g3(z)|| =

=
∑

1/2
+
∑

2
+ |ln |f3(z)||+ |ln |g3(z)|| ,

where∑
1/2

=

∣∣∣∣∣∣
∑

|an|6r/2

(
ln

(
1− z

an

)
− ln

(
1− z

a′n

))∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑

|an|6r/2

ln

(
1− (a′n − an)z

an(a′n − z)

)∣∣∣∣∣∣ ,
∑

2
= |ln f2(z)− ln g2(z)| =

∣∣∣∣∣∣
∑
|an|>2r

ln

(
1− (a′n − an)z

an(a′n − z)

)∣∣∣∣∣∣ .
Similarly,

(2) |arg f(z)− arg g(z)| 6 |ln f(z)− ln g(z)| 6
∑

1/2
+
∑

2
+ |arg f3(z)− arg g3(z)| .

For |an| 6 r/2 and |an| > 2r, | arg a′n − arg an| = |αn| < δ we have∣∣∣∣ (a′n − an)z

an(a′n − z)

∣∣∣∣ 6 r|1− eiαn |
||an| − r|

6
rδ

||an| − r|
6 2δ <

1

2

Using the inequality (see [3, p. 87])

| ln(1− u)| 6 2|u| for |u| 6 1

2
,

we get

(3)

|ln f1(z)− ln g1(z)| 6
∑

|an|6r/2

∣∣∣∣ln(1− z

an

)
− ln

(
1− z

a′n

)∣∣∣∣ =

=
∑

|an|6r/2

∣∣∣∣ln(1− (a′n − an)z

an(a′n − z)

)∣∣∣∣ 6 2
∑

|an|6r/2

∣∣∣∣ (a′n − an)z

an(a′n − z)

∣∣∣∣ 6
6 2δ n(r/2) < 4δ∆υ(r) <

ε

3
υ(r), r > r0.
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Since

+∞∫
2r

dn(t)

t
6

+∞∫
2r

n(t)

t2
dt 6 2∆

+∞∫
2r

υ(t)

t2
dt 6 2∆

υ(2r)

r
= 4∆

υ(2r)

r
, r > r0,

we have that

(4)

|ln f2(z)− ln g2(z)| 6
∑
|an|>2r

∣∣∣∣ln(1− (a′n − an)z

an(a′n − z)

)∣∣∣∣ 6 2
∑
|an|>2r

∣∣∣∣ (a′n − an)z

an(a′n − z)

∣∣∣∣ 6
6 2δr

∑
|an|>2r

1

|an| − r
= 2δr

∑
|an|>2r

1

|an|
(

1− r

|an|

) 6 4δr

+∞∫
2r

dn(t)

t
6

6 16δ∆υ(r) <
ε

3
υ(r), r > r0.

Whereas

∣∣∣∣arg

(
1− z

a∗n

)∣∣∣∣ < 2π, then for r > r0 we have

(5) |arg f3(z)|+ |arg g3(z)| 6 4π (n(2r)−n(r/2)) 6 4πξ(r)υ(r) 6 4πξ(r0)υ(r) <
ε

3
υ(r).

Taking into account (3)�(5) from (2) we obtain

|arg f(z)− arg g(z)| < ευ(r), r > r0

that proves statement ii) of Theorem 1.

Whereas

∣∣∣∣1− z

an

∣∣∣∣ 6 1 +

∣∣∣∣ zan
∣∣∣∣ 6 3 for |an| >

r

2
then

(6)
ln |f3(z)|+ ln |g3(z)| 6 2 ln 3 (n(2r)− n(r/2)) 6

6 4ξ(r)υ(r) 6 4ξ(r0)υ(r) <
ε

6
υ(r), r > r0

In order to evaluate ln |f3(z)| from below, let us consider the function (R > 0)

ψ(z;R) =
∏

R/2<|an|62R

(
1− z

an

)
and, according to the Cartan estimation from [3, p. 31], for an arbitrary H > 0 the
polynomial

P (z) =
∏

R/2<|an|62R

(z − an)

satis�es the inequality

ln |P (z)| > n(R/2; 2R) ln
H

e

outside the circles with the total sum of radii 2H, where n(R/2; 2R) = n(2R)− n(R/2).
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Choose H =
η

24
R then

ln |ψ(z;R)| = ln |P (z)| −
∑

R/2<|an|<2R

ln |an| >

> ln |P (z)| − n(R/2; 2R) ln 2R > n(R/2; 2R) ln
η

48e

outside the exceptional circles such that the sum of their radii equals ηR/12.
Now we construct an exceptional set E1 in the entire plane. Let

Rj = 22j ,

Kj = K(Rj/2; 2Rj) = {t : Rj/2 < |t| 6 2Rj} ,

Hj =
η

24
Rj ,

nj = n(2Rj)− n(Rj/2).

for j = 0, 1, 2, . . .. It is obvious that C =

{
z : |z| 6 1

2

}⋃+∞⋃
j=0

Kj

 . In each annulus

Kj we can choose exceptional circles such that the sum of their radii equals ηR/12 and
outside these circles the inequality

(7) ln |ψ(z;Rj)| > nj ln
η

48e

holds.
Since each exceptional circle contains a point an from the annulus Kj , the centers

bk of these circles are either in the annulus Kj or in the one of the adjacent annuli Kj−1
and Kj+1. Denote by E1 the set of all exceptional circles that correspond to di�erent
annuli Kj (j = 0, 1, 2, . . .) and denote by rk (k = 1, 2, . . .) the radii of these circles.

Let Rm 6 r < Rm+1. We estimate the upper linear density of the set E1. We have∑
|bk|6r

rk 6
∑

|bk|6Rm+1

rk =

m+1∑
j=0

ηRj
12

=
η

12

m+1∑
j=0

22j 6
η

12
22m+2 · 4

3
6

4η

9
r,

therefore, ρ∗(E1) <
4η

9
<
η

2
.

Inequality (7) gives a lower estimation of the function |ψ(z;Rj)| in the annulus Kj

outside the exceptional set E1. Estimate |ψ(z; r)| = |f3(z)| outside this set for any r. For
Rm 6 r < Rm+1 represent ψ(z; r) in the form

(8) f3(z) = ψ(z; r) =
ψ(z;Rm) · ψ(z;Rm+1)

ψ1(z;Rm/2, r/2) · ψ1(z; 2r, 2Rm+1)
,

where ψ1(z;A,B) =
∏

A<|an|6B

(
1− z

an

)
.

Since, |an| >
Rm
2
>
r

8
, then

∣∣∣∣1− z

an

∣∣∣∣ 6 1 +
r

|an|
6 9, and therefore,

ln |ψ1(z;Rm/2, r/2)| 6 n(Rm/2;Rm+1/2) ln 9 = n(Rm/2; 2Rm) ln 9 = nm ln 9,
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ln |ψ1(z; 2r, 2Rm+1)| 6 n(2Rm; 2Rm+1) ln 9 = n(Rm+1/2; 2Rm+1) ln 9 = nm+1 ln 9.

Using these inequalities and (7), (8), outside the set E1 we obtain

ln |f3(z)| > (nm + nm+1) ln
η

48e
− (nm + nm+1) ln 9 >

>

(
n(2Rm)− n(Rm/2)

υ(Rm)
+
n(2Rm+1)− n(Rm+1/2)

υ(Rm+1)
· υ(Rm+1)

υ(r)

)
· υ(r) ln

η

432e
>

> (ξ(Rm) + 4ξ(Rm+1)) · υ(r) ln
η

432e
> 5ξ(r0)υ(r) ln

η

432e
> −ε

6
υ(r), r > r0,

and considering (6), the inequality

(9) |ln |f3(z)|| < ε

6
υ(r), r > r0,

holds outside the set E1, ρ
∗(E1) <

η

2
.

Similarly we get that

(10) |ln |g3(z)|| < ε

6
υ(r), r > r0,

outside the set Eδ1 , ρ
∗(Eδ1) <

η

2
.

Taking into account (3), (4), (9), (10) from (1) we obtain

|ln |f(z)| − ln |g(z)|| < ε υ(r), r > r0,

outside the set E = E1

⋃
Eδ1
⋃
{z : |z| 6 r0}, ρ∗(E) < η and statement (i) of the Theorem

1 is proved. �
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