ISSN 2078-3744. Bicnux Jlveis. yn-my. Cepia mex.-mam. 2017. Bunyck 84. C. 71-79
Visnyk of the Lviv Univ. Series Mech. Math. 2017. Issue 84. P. 71-79

VIIK 517.5

BOUNDED [-INDEX AND INFINITE PRODUCTS OF INFINITE
GENUS

Andriy BANDURA

Ivano-Frankivsk National Technical University of Oil and Gas,
Karpatska str., 15, 76019 Ivano-Frankivsk, Ukraine
e-mail: andriykopanytsia@Qgmail.com

We established conditions on zeros of infinite product of infinite genus provi-
ding l-index boundedness of the product. Our investigation uses the known
logarithmic criterion of [-index boundedness which describes the behavior of
logarithmic derivative outside some exceptional set and uniform distribution
of zeros in some sense. The main results are solutions of Skaskiv’s problem
on sufficient conditions of /-index boundedness for infinite products of infinite
genus.
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Introduction. Let [ : C — R, be a fixed positive continuous function, where
R; = (0,400). An entire function f is said to be of bounded I—index [20] if there
TRIOI

exists an integer m, independent of z, such that for all p and all z € C

P (z)p!
max{l{:zgz?‘ : 0 < s < m}. The least such integer m is called the l-index of f and is

denoted by N(f;1). If [(z) = 1 then the function f is of bounded index [21]. Let @ be
the class of positive continuous functions ! on [0, 4+00) such that

_ Ut -
A = { b =0 < ey |

is finite for all » > 0.

In particular, these functions have the following properties [6,8,24]: their upper
growth estimates are sharp, they have uniform in some sense distribution of its zeros,
etc.

Let us consider infinite products of infinite genus, i.e.

w-1(-())

n=1
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(o]
where m, € N, m,, — 400, ¢, = 00, ¢, € C and for every p € N Zﬁ = oo.
= Ten

Obviously, the function 7 (z) is entire and has non-complete regular growth. G. H. Fricke,
A. A. Goldberg, M. M. Sheremeta, I. E. Chyzhykov, M. T. Bordulyak, Yu. S. Trukhan
[11-15,18,26-28] studied I-index boundedness of infinite products of finite genus p. They
established necessary and sufficient conditions providing that an infinite product of finite
order has bounded [-index for some continuous function [ : C — R, . Furthermore, for
every positive continuous function [(]z]) such that |z|I(|z]) — +oo as |z| — oo they
constructed an infinite product of bounded I-index. It leads us to the following problem

Problem 1 (O. B. Skaskiv). What is a continuous function | : C — Ry such that infinite
product of form (1) has bounded l-index?

Direct application of methods from [11-15,18,26-28] to product (1) is not impossible.
In these papers, the authors estimated modulus of logarithmic derivative and split an
infinite product into three groups. The second group contained one fraction i for
|z = en| = q/l(Jenl), ¢ > 0. However, for infinite product (1) the corresponding second

My —
(Qin)?rii_w for |z —cp,e2™* /™| > q/l(|cn|), ¢ > 0,k € {0,1,..., pn}.
Then an upper estimate of the fraction equals myl(|c,|)/q. Since m,, — +00 as n — oo,
it means that my,l(|cy|) # O(I(Jcn|). Thus, Problem 1 requires another sharper method
of investigation.

Note that similar infinite products are considered in [10]. In particular, there is
constructed an infinite product which is an entire function of completely regular growth,
of order p, of unbounded [,-index and its zeros do not satisfy known Levin’s conditions
(C) and (C') (I,(r) = r*~! for r > 1). More details concerning properties of entire
functions of completely regular growth are in monographs [1,17,22,23].

In multidimensional case sufficient conditions of index boundedness for infinite
products are also known (see more results and open problems in [2-5]).

group consists of

Main result. Let us denote G,.(f) = U, {z Hz—en] < M} and n(r,z,1/f) =

2 |ex—z|<r 1 be & counting zero function, where (cy)ren is a zero sequence of the function
f, z is a fixed point.

To find conditions by ¢, providing boundedness of [-index we need an auxiliary
assertion:

Proposition 1 ([24,25]). Suppose I € Q. An entire function f has bounded l-index if
and only if:
1) for any r > 0 there exists P = P(r) > 0 such that |f'(2)/f(z)| < Pl(z) for each
z€C\ Gy
2) for any r > 0 there exists n = i(r) € Z, such that n(r/l(z),z,1/f) <7 for each
zeC.

Weaker sufficient conditions of l-index boundedness are obtained in [7,9]. This cri-
terion is very convenient to investigate infinite products [11-16, 18, 26-28]. Also it is
applicable to differential equations [8,19].

Theorem 1. Let | € Q be an non-decreasing function and a positive sequence (c,) of
infinite genus satisfy the following conditions:
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2
1) for some g9 > 0 and alln > 1 c¢py1 — ¢ > l(Qo) and l(cpt1) = O(U(cn)),
c
n — 0o; "
2) ¢n/my > q1/l(cy) for alln > 1 and some ¢; > 0;

n—1

3) Z( mg(cn + ck)

= (e For)me — (20,)m

mkfl

= O(l(cp)) as n — oo;

00 mk(cn‘i’ck)mkil
4 =0(l n — ;
) Z (20}’@)"”“ _ (Cn + Ck)mk ( (C )) asn o0
k=n+2
n—1 mp—1
mgc,,
5) e _ e O(l(cp)) as n — oo;
_qn k
k=1
[e'e] myp—1
mrgC,iq
6) Z W = O(l(Cn)) as n — oQ.
k=n+4+2 k n+1

Then function (1) has bounded l-indez.
Proof. From the definition of the class @ it follows that I(r+qo/I(r))/l(r) < A(qo), where
qo is chosen in condition 1). Then I(r + go/I(r)) < A(go)I(r). Choose g2 < %. Hence,
we obtain that I(r 4 qo/I(r)) < £21(r).

Next, we prove that n (l(lqz—;‘), 20, l/f) < 1for all |z| > rg, where r¢ is a sufficiently
large radius and g3A(g3) < min {qo, 1 7V2} .

On the contrary, assume that n (l(lqz—?;l), 20, 1/f) > 2. It generates two cases:
either a) |zg — cn|§ l(‘qz—i‘) and |z0 — ¢cpy1| < !(I(ZT?;J)’
or b) |zg — cpei?™i/mn| < l(‘qz—i‘) and |zy — ¢, et /mn| < s

1(Tzol) "
In case a) the following inequalities hold:

a3 a3
|20l = 775 < en < 20| +
I([z0]) I([z0])

and g q
20| — o < eng1 < |20] + e
1(zol) = 1(lz0)

Hence, in view of condition 1) we have
2q3 2qo 2qo 2qo 2q3

——— 2 Cpt1 — Cp > > > > .
1(|zo)) + I(cy) l(|20|+l<\ii1|)) Maz)l(Jz0]) ~ 1(]20])

This is a contradiction.
Next, we consider case b). Therefore,

- o (s 27+1 27+1
(2) |Cn622ﬂ'y/mn 7Cn6227r(]+1)/mn|:20n COSLSiH mjLisinicosm —
mny my, mpy My
27+1 )
— (11 o(1)2men | EEVEU S (14 pa))2mvaln > 2mf21(‘h) >

27/ 2q, 21V 2q1

2 > as n — oo.
lzol + ) — Mas)i(z0])
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Also it can be deduced that
‘cneiZTrj/mn _ cnei27r(j+1)/mn| S lZO o cnei27r(j+1)/mn| + |Cnei27rj/mn _ ZO| S
2q3 < 21V 2q,
U([20]) ~ Ags)i(]=0l)

But this contradicts (3). Thus, we prove n(l(“lz—f)‘), 20, 1/f) <1 for all |z| > rq. It implies
validity of condition 2) of Proposition 1 because in view of results from [7,9] it is sufficient

to check validity of the inequality for some value of radius, but not for all.
240
Uen)

lek —cn| = Ck — Ch—1 + Chm1 — Ch—2 + ... F Cnp1 —Cp >

1 1 1 2qo
> 20 (uck_l) o 7 Z<cn>> 7 )

Similarly, for £ < n we have

Next, we prove Yk #n : |c — cp| > Let k > n. Then in view of condition 1)

ek —cnl =cn — o1+ Cnm1 —Cno+ .o Cpg1 — i >

1 1 2(]0 2(10
I

1
g 2q°<z<cn_1> e T T ) T o) T )

In view of results from [7,9] it is sufficient to show that condition 1) of Proposition 1
holds for some g < gg. Denote

An:{ze(c: l|lz| = en| < |z — cpet?mi/mn| > q ,j6{0,1,2,...7mn—1}},

q
o)’ (ew)
=<z e q zl <e 1—L )
B"‘{ €C ety SIS enr Z(cnm}

Obviously that C\ G,(f) =U,~, An U B,.
For the function f(z) given in (1) the logarithmic derivative equals

F'(2) _ i gz

f(Z) — C:lnn — pmp .

Thus, for z € A,, we have
‘f’(Z) Z G 1 A o T
() el = el =] T 2 e el S

mi(en — a/Uea)™ i mk(anrq/l( n))"e ! 777lnnl«2|m"’1 <
< (en = a/l(en))™ — ¢ G = (en +q/len))™  |en™ = 2mn|

M

-1

i 1w = e =)/ DML S malen+ (0 =)/ DML malel™

S (e a)D™ T o G (et () /D™ G — 2]
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- § 2my(cp, + o)™ i 2mi(cp + cg)™ L M| 2|1 _
T (e = 2eg)me o S (20)™ = (e e e — 2
mn|z|mn71
(4) = 0(l(cn)) + [ — 2|
ta—l ta—l
because w = pra— is a decreasing function and w = s is an increasing function
my,—1
By the maximum modulus principle, the maximum of m for z € A, is
M _ g,

attained on the boundary of A,,, that is for

_ . _ q . — q
zeaAn_{zeC. z|—cn+l(cn)}u{z€(C. |z] C”+l(cn)}u

my,—1

. _ 275 /M | q
UJL;JO {ZE(C.,Z cpet™ |_l(cn)}'

We consider three cases respectively.

Let |z| = ¢, + 4 Taking into account condition 2) we deduce

I(en)
mnlz‘mn_l _ M (Cn —&—q/l(cn))m”_l My (Cn +Q/l(cn))m"_1
lep'™ —2mn]Jen'™ = (en 4+ q/l(cp))mmet?™n| = (en +q/l(cn))™ — ' T

My —1 mn,—1 g
et _lew) (0 Y™l
mncgbn q/l(cn) Cnl(cn)

q
l(c")eq/ql _ c
<=, O(l(cn))

as n — oQ.

Let |z| = ¢, — l(gn) It follows
mn|z|m"71 _ My (Cn — Q/l(cn))mnil My (Cn — Q/l(cn))mnil _
lep'™ —zmn]en'™ = (en — q/l(cp))mmetmn| = it — (e — q/l(cn))™
_ my, - my,
cn(1 =g/ (eal(cn))) (1= g/ (cnl(cn)) ™™ = 1) " en(l = g/(crl(cr)))(emn/ (enllen)) — 1)
Assume that 72” ] > K # 0. Then in view of condition 2) we have
cnl(cn
My |z|™n 1 Mn, l(en)
™ < < = O(l(cp
e =2 < el = g/l = 1) ~ (i = gferden)ex —1) — Ot
asn — oo. If lim Mn = 0 then from e¢* — 1 ~ a as a — 0 we conclude
n—oo Cnl(Cn)
My |z|mn 1 My l(cn)
w < = = O(l(cn
=] < el = gl el amnfleallen)) — A= a/(lenyg ~ e

as n — o0.



Andriy BANDURA
76 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bumyck 84

Now, let |z — ¢,e??™/™n| = ¢/i(c,) for some j € {0,1,...,m, — 1}. Hence, z =
Cn€2m/mn 4 q/1(cy)e®, 6 € [0,2n]. Then

mn\z|m”_1 B M |Cn 275 [y, +q/l(cn)ei9|m"_1
e =] e = (enemi/ g U en)e )
ma |1+ q/(cnl(cn))e - 27Tj/mn)|mn_1
enlL— €27 (14q/ (cal(c) )T 0273 /mu)yma]
My .
 call4q/(enl(cn))e@=2mi/ma)||(14-q/(cpl(cn))eiO=2m3/mn))=mn — 1| —
_ (L + o(1))m,, __ (to(l)m,
call = (14 g/ (eal(ca))) ™[ = calL = e mma/lenllen)]

As above, the assumption

Mn__ > g # 0 implies
enl(cn)

My |z|™n 1 (14o0(1))m,  (140(1))l(cn) .
len'™ — 2 | S cn(l—em9K) g (1 —e 9K) O(l(en))

. m
asn — oo. If lim n

= 0 then we deduce
n—oo Cnl(cn)

My |z|™n 1 (14 o0(1))m, (I+o(1))m
< = = 0(l(c,
|C:1nn — M| — Cn|1 _ efmnq/(cnl(cn))| Cnan/(Cnl(Cn)) O( (C ))

as n — oo. Since | € @ we have l(c,) < A(¢)l(|z]) for z € A,,. Therefore, from (4) it
follows

f'(2)
=0( for z € A,,,n = .
= 0t for < € A,
Let z € B,. We obtain the following logarithmic derivative estimate
1 n—1 mp—1 my,—1 e m—1
PO e it e
7o) | = & = T g T 2 =
n—1 q mr—1 _
< Z mg(cn +q/l(c,))"" mlk n Z mi(Cng1 — l(cn+1)q) i mn|z|m"mi <
k=1 ( + Q/Z(Cn))mk — C [y Ck (Cn+1 - l(cn+1))mk |Z‘m” — Cp ‘
O mpeme! 20 mpeit Mg (g — pty) !
<Y et Y o — v
=1 " T % k=nt2 & Cnfr  Cnfl — (ent1 = m)
My (Cn + 7 z )mn_l Myt1(Cny1 — 7 1 )mnﬂil
- (cn”)L e < O(l(cn)) + O(Z(Cn-i-l)) + =T (cn+13] —
(en + l(cn)) Cn Cng1 — (Cng1 — m) "
mp(cp + 7L< )mn 1
© g 2 )
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As above, we will estimate every fraction
. <c q >mn+1—1 . (1 q >mn+1—1
ntl | Cn+l — 77— ntl |1 = ———=
" " l(ent1) _ i cnt1l(Cnt1) _
SN A (B S i
et —leppr — ———— Cn 1-({1-—F
ot ( i l(cn-i-l)) A cn+1l(cn+1)
o Mp41 _
q q T
Cn 1—-—F 1—-— -1
A ( Cn+1l(cn+1)) (( Cn+1l(cn+1)) )
_ (1 +0(1))mn i1 _ (A +o))mnia
- — M1 - mp414 :
Cn+1 (1 — 7q ) —1 Cn+1 (e entillent) — 1)
cnt1l(Cnt1)
. mn+1q .
If im —————— =0 then from e* — 1 ~ a (a — 0) it follows
n— 00 cn+1l(cn+1)
My 41 (14 o(1))mpq1
el = LMt (14 o(1))i(ens1)/a (n— o).
Cnt1 (ecn+ll(cn+1) _ 1) Cn+1m
In other cases it can be proved that
_— (C Y q>mn+11
n n l cn 1
( u ) Mntl O(l(c’ﬂJrl))
Cnmnzrl - (CnJrl - 9 )
+ l(cny1)
By analogy,
my—1
(o0 1)
. i = O(l(cn))
_ Mmp
<Cn * l(cn)> o
as n — oo. Thus, (5) and condition 1) imply
I
z
“;((Z)) = O(l(¢cp)) + O(l(cn+1)) = O(l(cy)) < P(q)l(z) for z € B,,.
Hence, by Proposition 1 in view of results from [7,9], function (1) has bounded I-index. O

For example, if ¢, = Inn, m, = n then infinite product (1) has bounded I-index

with I(r) = exp{3r}. This follows from direct validation of conditions of Theorem 1.
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on of the problem and his valuable suggestions.
REFERENCES

1. V. Azarin, Growth theory of subharmonic functions, Birkh&user Basel, 2009.

2. A. 1. Bandura and O. B. Skaskiv, Entire functions of bounded L-index in direction, Mat.

Stud., 27 (2007), no. 1, 30-52 (in Ukrainian).



78

Andriy BANDURA
ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bumyck 84

3.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

A. I. Bandura, On boundedness of the L-index in the direction for entire functions with
plane zeros, Math. Bull. Shevchenko Sci. Soc. 6 (2009), 44-49 (in Ukrainian).

A. 1. Bandura and O. B. Skaskiv, Boundedness of L-index in direction of functions of the
form f({z,m)) and ezistence theorems, Mat. Stud. 41 (2014), no. 1, 45-52.

A. 1. Bandura and O. B. Skaskiv, Open problems for entire functions of bounded index in
direction, Mat. Stud., 43 (2015), no.1, 103-109, dx.doi.org/10.15330/ms.43.1.103-109.

A. Bandura and O. Skaskiv, Entire functions of several variables of bounded indez, Publisher
I. E. Chyzhykov, Lviv, 2016.

A. 1. Bandura and O. B. Skaskiv, Directional logarithmic derivative and the distribution of
zeros of an entire function of bounded L-indez along the direction, Ukr. Math. J., 69 (2017),
no. 3, 500-508, doi: 10.1007/s11253-017-1377-8

A. Bandura, O. Skaskiv, and P. Filevych, Properties of entire solutions of some linear PDE’s,
J. Appl. Math. Comput. Mech., 16 (2017), no. 2, 17-28. doi: 10.17512/jamcm.2017.2.02
A. 1. Bandura, Some improvements of criteria of L-index boundedness in direction, Mat.
Stud. 47 (2017), no. 1, 27-32, doi: 10.15330/ms.47.1.27-32

A. I. Bandura and O. B. Skaskiv, Boundedness of l-index and completely reqular growth of
entire functions, Eur. J. Math. (submitted).

M. T. Bordulyak, I. E. Chyzhykov, and M. M. Sheremeta, Preservation of [-index
boundedness under zero shifts, Mat. Stud. 19 (2003), no. 1, 21-30.

M. T. Bordulyak and M. M. Sheremeta, On the existence of entire functions of bo-
unded l-index and l-regular growth, Ukr. Math. J. 48 (1996), no. 9, 1322-1340,
doi: 10.1007/BF02595355

I. E. Chyzhykov and M. M. Sheremeta, On the boundedness l-index for entire functions of
zero genus, Dopov. Nats. Akad. Nauk Ukr. 7 (2003), 33-39.

I. E. Chyzhykov and M. M. Sheremeta, Boundedness of l-index for entire functions of zero
genus, Mat. Stud. 16 (2001), no. 2, 124-130.

G.H. Fricke, Entire functions of locally slow growth, J. Anal. Math. 28, (1975), no.1, 101-
122. doi: 10.1007/BF02786809

A. A. Goldberg and M. N. Sheremeta, Ezistence of an entire transcendental function of
bounded l-index, Math. Notes, 57 (1995), no. 1, 88-90, doi: 10.1007/BF02309399

A. A. Goldberg, B. Ya. Levin, and I. V. Ostrovskii, Entire and meromorphic functions,
in: Complex Analysis: one variable, Modern problems of Mathematics, Vol. 85, VINITI,
Moscow, 1991, pp. 5-186.

A. A. Goldberg and M. M. Sheremeta, On the boundedness l-indezx of canonical products,
Ukr. Mat. Visn. 2 (2005), no. 1, 52-64 (in Ukrainian); English version: Ukr. Math. Bull.
2 (2005), no. 1, 53-65.

A. D. Kuzyk and M. N. Sheremeta, On entire functions, satisfying linear differential equati-
ons, Differ. Uravn. 26 (1990), no. 10, 1716-1722 (in Russian); English version: Differ.
Equations 26 (1990), no. 10, 1268-1273

A. D. Kuzyk and M. N. Sheremeta, Entire functions of bounded l-distribution of values.
Math. Notes. 39 (1986), no. 1, 3-8,

B. Lepson, Differential equations of infinite order, hyperdirichlet series and entire functions
of bounded index, Proc. Sympos. Pure Math., Vol. 2, Amer. Math. Soc., Providence, Rhode
Island, 1968, 298-307.

B. Ya. Levin, Distribution of zeros of entire functions, AMS: Translations of Mathematical
Monographs, Vol. 5, Revised ed., 1980,

L. I. Ronkin, Functions of completely regular growth, Springer, Mathematics and its Appli-
cations: Soviet series, Vol. 81, 1992.

M. Sheremeta, Analytic functions of bounded index. VNTL Publishers, Lviv, 1999.



BOUNDED [-INDEX AND INFINITE PRODUCTS OF INFINITE GENUS
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 84 79

25.

26.

27.

28.

M. N. Sheremeta and A. D. Kuzyk, Logarithmic derivative and zeros of an entire function
of bounded l-indez, Sib. Math. J. 33 (1992), no.2, 304-312, doi: 10.1007/BF00971102.

M. M. Sheremeta and M. T. Bordulyak, Boundedness of the l-index of Laguerre-Polya entire
functions, Ukr. Math. J. 55 (2003), no. 1, 112-125. doi: 10.1023/A:1025076720052

M. M. Sheremeta, Generalization of the Fricke theorem on entire functions of finite inder,
Ukrainian Math. J. 48 (1996), no. 3, 460-466, doi: 10.1007/BF02378535.

Yu. S. Trukhan and M.M. Sheremeta, On the boundedness of l-indez of a canonical product
of zero genus and of a Blaschke product, Mat. Stud. 29 (2008), no. 1, 45-51.

Cmamma: naditiwna do pedkoneeii 16.03.2018
doonpayvosana 20.03.2018
nputnama do dpyxy 24.04.2018

OBMEXKEHUM [-THAEKC TA HECKIHYEHHI JOBYTKU
HECKIHYEHHOI'O POLY
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3’s1cOBaHO yMOBU Ha HYJIl JESIKOI0 HECKIHYEHHOTO MOOYTKY HECKIHYIeHHO-
ro pomy, fKi 3a6e3meuyoTh 00MeKeHICTh [-iHmekcy. [loBeneHHsS TPYHTYETHCS
Ha BUKOPHUCTAHHI BiTOMOTO JT0raprdMiTHOTO KPUTEPiI0 06MeKeHOCTI [-iHaeKcy,
SAKUN OINCY€E MOBOMKEHHS J0rapu@MidHol MOXigHOI 30BHI JAEsIKOI BUHSTKOBOI
MHOXKHMHHU Ta, PIBHOMIPHMII PO3IOALI y JIedKOMY ceHCl rux uysais. QOCHOBHUIA pe-
3ybTaT — BUpimeHHs mpobievMn CKAaCKiBa MPO JOCTATHI YMOBU OOMEKEHOCTI
l-inmekcy ist HeCKiHUeHHMX HOOYTKIB HECKIHYEHHOTO POLIY.

Karowoet caosa: mima ¢yHKIsS, oOMexeHnit [-iHmeKc, HeCKiHYeHHU 100y-
TOK, HECKIHYEHHUIN Pijl, HECKIHYCHHUN TOPAIOK.



