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We prove that the hyperspace and the hyperspace of continua of the eucli-
dean space Rn are not coarsely equivalent. Also, we show that the hyperspace
of continua in Rn, n ≥ 2, is not geodesic.
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1. Introduction. Coarse geometry deals with the properties �at in�nity� of metric
spaces and more general structures (coarse spaces), see, e.g., [2, 4].

There are two important categories in the coarse geometry of metric spaces. The
Roe category has the proper metric spaces as its objects and the metrically proper coarse
uniform maps as its morphisms. A metric space (X, d) is proper if every closed ball in X
is compact. Two spaces X, Y are coarsely equivalent if there are morphisms f : X → Y
and g : Y → X such that f ◦ g and g ◦ f are of �nite distance to the identity maps 1X
and 1Y respectively.

One of the most important general problems of coarse geometry is that of classi�-
cation of metric spaces up to coarse equivalence.

Continuing the study of [5], we consider here the hyperspaces of the euclidean spaces.
Let us start with some necessary de�nitions. For every metric spaceX we denote by expX
the set of all nonempty compact subsets of X (see, e.g., [1]). The metric d on X induces
the Hausdor� metric dH on expX:

dH(A,B) = inf{ε > 0: A ⊂ Oε(B), B ⊂ Oε(A)}.

For every n ∈ N, by expnX we denote the subspace of expX consisting of all sets
of cardinality 6 n.

The hyperspace of all connected compact subsets of a space X is denoted by expc X.
The hyperspace of compact convex subsets in the space Rn is denoted by cc (Rn).
Note that the hyperspaces of convex and connected subsets of the trees coincide.

2010 Mathematics Subject Classi�cation: 54B20, 54B30, 54E40.

c© Romanskyi, M., Zarichnyi, M., 2017



68
Mykhailo ROMANSKYI, Mykhailo ZARICHNYI

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 84

It was proved in [5] that the hyperspaces cc (Rn) and exp Rn are geodesic but not
coarsely equivalent.

In the present note we will show that the hyperspace expc Rn is not geodesic. Note
that the property to be a geodesic space is an important ingredient of the proof in [5].
Nevertheless, we are able to prove hat the hyperspaces exp Rn and expc Rn are not
coarsely equivalent.

2. Terminology and notation. We provide here some necessary de�nitions; see,
e.g., [3] for details. A map f : (X, d) → (Y, ρ) is called asymptotically Lipschitz if there
are λ > 0 and s > 0, such that

ρ(f(x), f(y)) 6 λd(x, y) + s, x, y ∈ X.
A map f : (X, d)→ (Y, ρ) is a bi-Lipschitz embedding if there exists λ > 0 such that

1

λ
d(x, y) 6 ρ(f(x), f(y)) 6 λd(x, y), x, y ∈ X.

A map f : (X, d)→ (Y, ρ) is a coarse embedding if there exist non-decreasing functi-
ons ϕ1, ϕ2 : [0,∞)→ [0,∞) such that

ϕ1(d(x, y)) 6 ρ(f(x), f(y)) 6 ϕ2(d(x, y)), x, y ∈ X.
A metric space (X, d) is geodesic if for every x, y ∈ X there exists an isometric

embedding α : [0, d(x, y)] → X such that α(0) = x, α(d(x, y)) = y. It is known (see [3])
that for any geodesic metric space X every coarsely uniform map of X is asymptotically
Lipschitz.

Let C > 1, r,R > 0. For a metric space X, let

ΦC,r(R) = ΦX
C,r(R) = max

{
|A| : A ⊂ BCr(x) is r-discrete, ‖x‖ 6 R

}
.

Let D > 0. Recall that a subset A of a metric space X is called D-discrete if
d(x, y) > D for all x, y ∈ X, x 6= y.

3. Main results.

Theorem 1. The hyperspace expc R2 is not a geodesic space.

Proof. Let A,B ∈ expc R2 be de�ned as follows:

A =
{
eiϕ :

π

8
6 ϕ 6

π

8

}
,

B =

{
3

2
eiϕ : − 7π

8
6 ϕ 6

7π

8

}
,

then

dH(A,B) =

√
13

4
− 3 cos

π

8
= K.

If the hyperspace expc R2 is geodesic then for all 0 6 R 6 K there exists C ∈
expc R2 such that dH(A,C) = R, dH(C,B) = K −R.

Clearly, C ⊆ OR(A)
⋂
OK−R(B).

Put R = K
2 . The intersection OR(A)

⋂
OK−R(B) consists of two connected

components. Any connected subset C ⊆ OR(A)
⋂
OK−R(B) is of distance greater than

R from A, i.e. dH(A,C) > R. �
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One can similarly prove that the hyperspace expc Rn is not geodesic for any n ≥ 2.
For every d > 0, let Xd = {A ⊂ expc Rn : diamA 6 d}.
In the proof of the following lemma we use the notion of asymptotic dimension; see,

e.g., [3] for the necessary de�nition and properties.

Lemma 1. The hyperspace exp2 Rn does not admit an asymptotically Lipschitz embeddi-

ng into Xd for all d > 0.

Proof. Since the asymptotic dimension asdim(exp2 Rn) = 2n is strictly larger than
asdim(Xd) = n, we see that such an embedding is impossible. �

Lemma 2. For every r > 0, C1 > 1, for every W ∈ exp2 Rn, we have

Φ
exp2 Rn

C1, r
(R) 6 22

n+1·C1
n

.

Proof. SinceW ∈ exp2 Rn, the neighborhood OC1 r(W ) coincides with the ball C1 r. The
cardinality of any r-discrete subset A ∈ OC1 r(W ) does not exceed 2·(2·C1)n = 2n+1 ·C1

n.
In turn, this means that

Φ
exp2 Rn

C1, r
(R) 6 22

n+1·C1
n

.

�

Lemma 3. Let C > 1. Then for every R < d the inequality

ΦXd

C, r(R) > 2
R
r

holds.

Proof. For every set W ∈ Xd with ‖W‖ < R we choose a maximal r-discrete set B ⊂
∂Or(W ). We see that |B| > R

r . Then the points of the set A are all possible unions of
the form W ∪Bk, where Bk are the shortest segments connecting the points of B to W .

Therefore, A ∈ OC r(W ) is an r-discrete set. The cardinality of A is at least 2
R
r . Thus,

ΦXd

C, r(R) > 2
R
r .

�

Theorem 2. The spaces exp Rn and expc Rn are not coarsely equivalent.

Proof. Suppose that the spaces exp Rn and expc Rn are coarsely equivalent. Then there
exist coarse embeddings f : exp Rn → expc Rn and g : expc Rn → exp Rn such that f ◦g
and g ◦ f are of �nite distance from the identity maps 1exp Rn and 1expc Rn respectively.

By Lemma 1, for every d > 0 there exists x = {x1, x2} ∈ exp2 Rn ⊂ exp Rn such
that

diamf(x) > d.

Since f is a coarse embedding, there exist nondecreasing functions ϕ1, ϕ2 : [0,∞)→
[0,∞) such that

ϕ1(d(x, y)) 6 ρ(f(x), f(y)) 6 ϕ2(d(x, y)), x, y ∈ exp Rn.

Therefore, the image of an r-discrete set from exp Rn is a ϕ1(r)-discrete subset in
expc Rn.

Using Lemmas 2, 3 and taking into account that for every C1 > 1, r > 0 there exists

R0 such that 22
n+1·C1

n

< 2
R
r for all R > R0 we obtain a contradiction. �
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A similar result to Theorem 2 can be proved also for the hyperbolic space Hn.

References

1. V. V. Fedorchuk and V. V. Filippov, General topology. Fundamental constructions, 2nd ed.,
Moscow Univ. Press., Moscow, 2006 (Russian).

2. S. Buyalo and V. Schroeder, Elements of asymptotic geometry, EMS Monogr. Math. 3, Europ.
Math. Soc., Z�urich, 2007, xii + 200 p.

3. A. N. Dranishnikov, Asymptotic topology, Usp. Mat. Nauk 55 (2000), no. 6, 71�116 (Russian);
English version in: Russ. Math. Surv. 55 (2000), no. 6, 1085�1129;

4. J. Roe, Lectures in Coarse Geometry, Univ. Lect. Ser. 31, Amer. Math. Soc., Providence,
Rhode Island, 2003, 175 p.

5. M. Zarichnyi and M. Romanskyi, Asymptotic properties of the (convex) hyper-spaces, Proc.
Intern. Geom. Center 8 (2015), no. 3�4, 60�64.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 25.04.2018

ïðèéíÿòà äî äðóêó 24.05.2018

ÏÐÎ ÃÐÓÁÓ ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÃIÏÅÐÏÐÎÑÒÎÐIÂ
ÅÂÊËIÄÎÂÈÕ ÏÐÎÑÒÎÐIÂ

Ìèõàéëî ÐÎÌÀÍÑÜÊÈÉ1, Ìèõàéëî ÇÀÐI×ÍÈÉ1,2

1Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
âóë. Óíiâåðñèòåòñüêà 1, Ëüâiâ, 79000,

2Faculty of Mathematics and Natural Sciences, University of Rzesz�ow, Poland
e-mails: zarichnyi@yahoo.com

Äîâåäåíî, ùî ãiïåðïðîñòîðè êîíòèíóóìiâ i êîìïàêòíèõ îïóêëèõ ïiäìíî-
æèí åâêëiäîâîãî ïðîñòîðó Rn íå ¹ ãðóáî åêâiâàëåíòíèìè. Òàêîæ äîâåäåíî,
ùî ãiïåðïðîñòið êîíòèíóóìiâ â Rn, n ≥ 2, íå ¹ ãåîäåçiéíèì ïðîñòîðîì.

Êëþ÷îâi ñëîâà: ãðóáà åêâiâàëåíòíiñòü, ãiïåðïðîñòið, ãåîäåçiéíèé ïðîñ-
òið.


