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We prove that the hyperspace and the hyperspace of continua of the eucli-
dean space R™ are not coarsely equivalent. Also, we show that the hyperspace
of continua in R™, n > 2, is not geodesic.
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1. Introduction. Coarse geometry deals with the properties “at infinity” of metric
spaces and more general structures (coarse spaces), see, e.g., [2, 4].

There are two important categories in the coarse geometry of metric spaces. The
Roe category has the proper metric spaces as its objects and the metrically proper coarse
uniform maps as its morphisms. A metric space (X, d) is proper if every closed ball in X
is compact. Two spaces X, Y are coarsely equivalent if there are morphisms f: X — Y
and ¢g: Y — X such that fog and go f are of finite distance to the identity maps 1x
and 1y respectively.

One of the most important general problems of coarse geometry is that of classifi-
cation of metric spaces up to coarse equivalence.

Continuing the study of [5], we consider here the hyperspaces of the euclidean spaces.
Let us start with some necessary definitions. For every metric space X we denote by exp X
the set of all nonempty compact subsets of X (see, e.g., [1]). The metric d on X induces
the Hausdorff metric dg on exp X:

dp(A,B) =inf{e > 0: AC O.(B),B C O.(A)}.

For every n € N, by exp,, X we denote the subspace of exp X consisting of all sets
of cardinality < n.

The hyperspace of all connected compact subsets of a space X is denoted by exp® X.

The hyperspace of compact convex subsets in the space R™ is denoted by cc (R™).

Note that the hyperspaces of convex and connected subsets of the trees coincide.
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It was proved in [5] that the hyperspaces cc (R™) and exp R™ are geodesic but not
coarsely equivalent.

In the present note we will show that the hyperspace exp® R™ is not geodesic. Note
that the property to be a geodesic space is an important ingredient of the proof in [5].
Nevertheless, we are able to prove hat the hyperspaces exp R™ and exp® R™ are not
coarsely equivalent.

2. Terminology and notation. We provide here some necessary definitions; see,
e.g., [3] for details. A map f: (X,d) — (Y, p) is called asymptotically Lipschitz if there
are A > 0 and s > 0, such that

p(f(@), f(y)) < Md(z,y) +5, zy€X.
A map f: (X,d) = (Y, p) is a bi-Lipschitz embedding if there exists A > 0 such that

S(e,) < p(f (@), f0) < M(wp), wy € X.

A map f: (X,d) = (Y, p) is a coarse embedding if there exist non-decreasing functi-
ons @1, @2: [0,00) = [0,00) such that

pi(d(z,y)) < p(f(2), f(y)) < @2d(z,y)), =y€X.

A metric space (X,d) is geodesic if for every z,y € X there exists an isometric
embedding «: [0,d(z,y)] — X such that a(0) = z, a(d(x,y)) = y. It is known (see [3])
that for any geodesic metric space X every coarsely uniform map of X is asymptotically
Lipschitz.

Let C > 1, r, R > 0. For a metric space X, let

Oc,(R) = @é{’T(R) =max {|A|: A C Be,(x) is r-discrete, [z| < R}.

Let D > 0. Recall that a subset A of a metric space X is called D-discrete if
d(z,y) = D for all z,y € X, = #y.

3. Main results.
Theorem 1. The hyperspace exp® R? is not a geodesic space.

Proof. Let A, B € exp® R? be defined as follows:
: ™ ™
A= { W — < g *} )
CTRSYSE

3 T s
B=q-e%: ——<p< =,
{26 g 7 8}

1
dy(A,B) = “Zg_BCOSgZK'

If the hyperspace exp® R? is geodesic then for all 0 < R < K there exists C' €
exp® R? such that dy(A4,C) = R, dy(C,B) = K — R.
Clearly, C - OR(A) n OK_R(B)

Put R = X. The intersection Op(A)(Ok_g(B) consists of two connected

components. Any connected subset C' C Or(A)(Ox—gr(B) is of distance greater than
R from A, i.e. dg(A,C) > R. O

then
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One can similarly prove that the hyperspace exp® R™ is not geodesic for any n > 2.

For every d > 0, let Xg = {A C exp® R™: diamA < d}.

In the proof of the following lemma we use the notion of asymptotic dimension; see,
e.g., [3] for the necessary definition and properties.

Lemma 1. The hyperspace exp, R™ does not admit an asymptotically Lipschitz embeddi-
ng into Xy for all d > 0.

Proof. Since the asymptotic dimension asdim(exp, R™) = 2n is strictly larger than
asdim(X,4) = n, we see that such an embedding is impossible. O

Lemma 2. For every r >0, C; > 1, for every W € expy R", we have

R"™ n+l o~ n
oo T (R) <27 9T

Proof. Since W € exp, R™, the neighborhood O¢, (W) coincides with the ball C; r. The
cardinality of any r-discrete subset A € O, (W) does not exceed 2-(2-C;)" = 2"+1.Cy ™.

In turn, this means that
exp, R™ (R) < 22n+1‘cln.

Cl,’l‘
Lemma 3. Let C > 1. Then for every R < d the inequality
oEt(R) =27
holds.

Proof. For every set W € X4 with ||W]| < R we choose a maximal r-discrete set B C
90, (W). We see that |B| > £. Then the points of the set A are all possible unions of
the form W U By, where By, are the shortest segments connecting the points of B to W.
Therefore, A € O¢ (W) is an r-discrete set. The cardinality of A is at least 2+ . Thus,

0N (R) > 27

O
Theorem 2. The spaces exp R™ and exp® R™ are not coarsely equivalent.

Proof. Suppose that the spaces exp R™ and exp® R™ are coarsely equivalent. Then there
exist coarse embeddings f: exp R™ — exp® R™ and g: exp® R™ — exp R" such that fog
and g o f are of finite distance from the identity maps lexp r» and lexpe re respectively.

By Lemma 1, for every d > 0 there exists © = {z1, 22} € exp, R™ C exp R"™ such
that

diamf(z) > d.

Since f is a coarse embedding, there exist nondecreasing functions ¢1, @2: [0,00) —

[0, 00) such that

e1(d(z,y)) < p(f(x), f(y)) < p2(d(z,y)), =,y € exp R™.

Therefore, the image of an r-discrete set from exp R™ is a 1(r)-discrete subset in
exp® R".

Using Lemmas 2, 3 and taking into account that for every C; > 1, r > 0 there exists
Ry such that 22" < 9 for all R > Ry we obtain a contradiction. [l
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A similar result to Theorem 2 can be proved also for the hyperbolic space H™.
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HoBeneno, oo rimepnpocTOPH KOHTUHYYMIB 1 KOMIAKTHUX OILYyKJIUX I IMHO-
JKUH eBKJIi10BOro npocropy R™ #e € rpy6o ekBiBasienTHrMu. Takox moBeseHo,
o rimepripoctip koHTHHYYMIB B R™, n > 2 He € reome3iiiHuM mpocTOpOM.

Karouosi crosa: rpyba eKBiBajIeHTHICTD, IieprpocTip, reogesiiinuit mpoc-
Tip.



