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ÒÈÕÎÍÎÂÑÜÊÈÕ ÏÐÎÑÒÎÐIÂ 1: ÇÀÃÀËÜÍI ÂËÀÑÒÈÂÎÑÒI
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Ðîçãëÿíóòî çàãàëüíi âëàñòèâîñòi òà ìåòîäè ïîáóäîâè íàáîðiâ òèõîíîâ-
ñüêèõ ïðîñòîðiâ, ÿêi ç òî÷íiñòþ äî òîïîëîãi÷íèõ içîìîðôiçìó íå âiäðiçíÿ-
þòüñÿ äåÿêèìè ôóíêòîðàìè òîïîëîãi÷íî¨ àëãåáðè.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, içîìîðôiçì âiëüíèõ ãðóï,
ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ, âiäíîñíi òîïîëîãi÷íi âëàñòèâîñòi.

1. Âñòóï. Òåîðiÿ M -åêâiâàëåíòíèõ ïðîñòîðiâ, àáî ïðîñòîðiâ ç òîïîëîãi÷íî içî-
ìîðôíèìè âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè, áåðå ñâié ïî÷àòîê ç ïðàöi Ì. I. Ãðà¹âà
[1]. Çíà÷íèé âêëàä ó ðîçâèòîê òåîði¨ Ì-åêâiâàëåíòíèõ ïðîñòîðiâ çðîáèëè òàêi ìàòå-
ìàòèêè: À. Â. Àðõàíãåëüñêèé, Â. Ã. Ï¹ñòîâ, Â. Â. Òêà÷óê, ß. Áààðñ, Î. Ã. Îêóí¹â.
Çîêðåìà, ó ïðàöi Î. Ã. Îêóí¹âà [2] áóëî ââåäåíî ïîíÿòòÿ Ì-åêâiâàëåíòíèõ âiäîáðà-
æåíü. Ó [3] âèâ÷àëè ïîíÿòòÿ Ì-åêâiâàëåíòíîñòi ïàð. Ìè ðîçâèâà¹ìî òà óçàãàëüíþ¹ìî
ïîíÿòòÿ Ì-åêâiâàëåíòíîñòi ïàð i ââîäèìî ïîíÿòòÿ Ì-åêâiâàëåíòíîñòi íàáîðiâ òèõî-
íîâcüêèõ ïðîñòîðiâ, ÿêå ¹ òàêîæ ðîçâèòêîì iäåé Î. Ã. Îêóí¹âà (òåîðåìà 3.9 ç [2]). Ìè
ç'ÿñîâó¹ìî äåÿêi çàãàëüíi âëàñòèâîñòi öüîãî âiäíîøåííÿ òà ìåòîäè ïîáóäîâè åêâiâà-
ëåíòíèõ íàáîðiâ.

Íåõàé X � òèõîíîâñüêèé ïðîñòið. ×åðåç F (X) áóäåìî ïîçíà÷àòè âiëüíó òîïîëî-
ãi÷íó ãðóïó ïðîñòîðó X ó ñåíñi Ìàðêîâà, ÷åðåç A(X) � âiëüíó àáåëåâó òîïîëîãi÷íó
ãðóïó ïðîñòîðó X ó ñåíñi Ìàðêîâà, ÷åðåç L(X) � âiëüíèé ëîêàëüíî-îïóêëèé ïðîñòið
íàä X. Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç X+ ïîçíà÷àòèìåìî ïðîñòið îòðèìàíèé
ç ïðîñòîðó X äîäàâàííÿì îäíi¹¨ içîëüîâàíî¨ òî÷êè. ×åðåç

⊕
i∈I
Xi áóäåìî ïîçíà÷àòè

òîïîëîãi÷íó ñóìó ñiì'¨ ïiäïðîñòîðiâ (Xi)i∈I .

Îçíà÷åííÿ 1 ([1]). Òîïîëîãi÷íi ïðîñòîðè X òà Y íàçèâàþòüñÿ:

• M -åêâiâàëåíòíèìè (ïîçíà÷àòèìåìî X
M∼ Y ), ÿêùî âiëüíi òîïîëîãi÷íi ãðóïè

F (X) i F (Y ) ¹ òîïîëîãi÷íî içîìîðôíèìè;
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• A-åêâiâàëåíòíèìè (ïîçíà÷àòèìåìî X A∼ Y ), ÿêùî âiëüíi àáåëåâi òîïîëîãi÷íi
ãðóïè A(X) i A(Y ) ¹ òîïîëîãi÷íî içîìîðôíèìè;

• L-åêâiâàëåíòíèìè (ïîçíà÷àòèìåìî X
L∼ Y ), ÿêùî âiëüíi ëîêàëüíî îïóêëi

ïðîñòîðè L(X) i L(Y ) ¹ ëiíiéíî ãîìåîìîðôíèìè.

Ïiä ïàðîþ òîïîëîãi÷íèõ ïðîñòîðiâ (X,Y ) áóäåìî ðîçóìiòè òîïîëîãi÷íèé ïðîñ-
òið X i éîãî ïiäïðîñòið Y . Äëÿ ïiäïðîñòîðó Y òîïîëîãi÷íîãî ïðîñòîðó X ïîçíà÷èìî
÷åðåç G(Y ;X) (àáî ñêîðî÷åíî G(Y )) ãðóïîâó îáîëîíêó ìíîæèíè Y ó F (X).

Îçíà÷åííÿ 2 ([3]). Ïàðà òîïîëîãi÷íèõ ïðîñòîðiâ (X,X1) íàçèâà¹òüñÿ M-åêâiâà-
ëåíòíîþ ïàði òîïîëîãi÷íèõ ïðîñòîðiâ (Y, Y1), ÿêùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì
f : F (X)→ F (Y ) òàêèé, ùî f(G(X,X1)) = G(Y, Y1).

Îçíà÷åííÿ 3. Íåõàé (Xi)i∈I � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðóX, (Yi)i∈I
� ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Ñêàæåìî, ùî ñiì'ÿ (X, (Xi)i∈I) ¹
M -åêâiâàëåíòíîþ ñiì'¨ (Y, (Yi)i∈I), ÿêùî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : F (X) →
F (Y ) òàêèé, ùî h(Xi) ⊆ G(Yi) i h

−1(Yi) ⊆ G(Xi) äëÿ âñiõ i ∈ I. Ïîçíà÷àòèìåìî öå

òàê: (X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I).

Ìiíÿþ÷è â öüîìó îçíà÷åííi ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íà ôóíêòîðè
âiëüíî¨ àáåëåâî¨ òîïîëîãi÷íî¨ ãðóïè òà âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó, îòðè-
ìà¹ìî ïîíÿòòÿ A-åêâiâàëåíòíèõ i L-åêâiâàëåíòíèõ íàáîðiâ.

2. Ì-åêâiâàëåíòíiñòü íàáîðiâ òèõîíîâñüêèõ ïðîñòîðiâ. Äëÿ ïiäïðîñòîðó
A òîïîëîãi÷íîãî ïðîñòîðó X ïîçíà÷èìî ÷åðåç A çàìèêàííÿ ïiäïðîñòîðó A â X.

Òåîðåìà 1. Íåõàé (X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I). Òîäi (X, (Xi)i∈I)

M∼ (Y, (Yi)i∈I).

Äîâåäåííÿ. Îñêiëüêè ìíîæèíà Xi çàìêíåíà â X, òî ¨¨ ãðóïîâà îáîëîíêà G(Xi) çàìê-
íåíà â F (X) (äèâ. òâåðäæåííÿ 7.14 ç [5]). Ìíîæèíà G(Xi) çàìêíåíà â G = F (X) =
F (Y ) i ìiñòèòü Yi, îòæå, âîíà ìiñòèòü Yi i îñêiëüêè G(Xi) ¹ ïiäãðóïîþ, òî âîíà
ìiñòèòüG(Yi). Àíàëîãi÷íî äîâîäèìî, ùîG(Xi) ⊆ G(Yi). Îòæå,G(Xi) = G(Yi). Îòîæ,

(X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I).

�

Òâåðäæåííÿ 1. Íåõàé (X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I), J ⊆ I, A =

⋂
i∈J

Xi, B =
⋂
i∈J

Yi,

C =
⋃
i∈J

Xi, D =
⋃
i∈J

Yi. Òîäi:

(1) (X,A)
M∼ (Y,B);

(2) (X,C)
M∼ (Y,D).

Äîâåäåííÿ. (1) Íåõàé h : F (X) → F (Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî
h(G(Xi)) = G(Yi) äëÿ âñiõ i ∈ I. Íåõàé x ∈ A, òîäi x ∈ Xi äëÿ âñiõ i ∈ J , à òîìó
h(x) ∈ h(Xi) ⊆ G(Yi) äëÿ âñiõ i ∈ J . Îòæå, h(x) ∈

⋂
i∈J

G(Yi) = G(B).

(2) Íåõàé x ∈ C, òîäi iñíó¹ i ∈ J òàêå, ùî x ∈ Xi, à òîìó

h(x) ∈ h(Xi) ⊆ G(Yi) ⊆ G(D).

Àíàëîãi÷íî äîâîäèòüñÿ, ùî h−1(y) ∈ G(C) äëÿ âñiõ y ∈ D. �
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Ç òåîðåìè 1 i òâåðäæåííÿ 1 âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 1. Íåõàé (X,X1, X2)
M∼ (Y, Y1, Y2) i ìíîæèíè X1 òà X2 ìàþòü

äèç'þíêòíi çàìèêàííÿ. Òîäi ìíîæèíè Y1 òà Y2 ìàþòü òàêîæ äèç'þíêòíi çàìè-
êàííÿ.

Òâåðäæåííÿ 2. Íåõàé

(X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I) òà (Z, {Zi : i ∈ I})

M∼ (K, {Ki : i ∈ I}).

Òîäi (X ⊕ Z, (Xi ⊕ Zi)i∈I)
M∼ (Y ⊕K, (Yi ⊕Ki)i∈I).

Äîâåäåííÿ. Íåõàé h1 : F (X)→ F (Y ), h2 : F (Z)→ F (K) � òîïîëîãi÷íi içîìîðôiçìè.
Ðîçãëÿíåìî âiäîáðàæåííÿ h : X⊕Z → F (Y⊕K) îçíà÷åíå ÿê h(v) = h1(v), ÿêùî v ∈ X
i h(v) = h2(v), ÿêùî v ∈ Z. Ïiäãðóïà òîïîëîãi÷íî¨ ãðóïè F (Y ⊕K) ïîðîäæåíà ìíî-
æèíîþ Y ¹ òîïîëîãi÷íî içîìîðôíîþ âiëüíié òîïîëîãi÷íié ãðóïi F (Ys), îòæå, âiäîáðà-
æåííÿ h ¹ íåïåðåðâíèì. Àíàëîãi÷íî ðîçãëÿíåìî âiäîáðàæåííÿ g : Y ⊕K → F (X⊕Z)
îçíà÷åíå ÿê g(v) = g1(v), ÿêùî v ∈ Y i g(v) = g2(v), ÿêùî v ∈ P . Òîäi ïðîäîâæåííÿ
h∗ : F (X ⊕ Z) → F (Y ⊕K), g∗ : F (Y ⊕K) → F (X ⊕ Z) ¹ âçà¹ìíî îáåðíåíèìè íåïå-
ðåðâíèìè ãîìîìîðôiçìàìè, òîáòî ãîìîìîðôiçì i ¹ òîïîëîãi÷íèì içîìîðôiçìîì. Çà
ïîáóäîâîþ h(Xi) ⊆ G(Yi), h(Zi) ⊆ G(Pi), çâiäêè h(Xi ⊕ Zi) ⊆ G(Yi ⊕ Ki), äëÿ âñiõ
i ∈ I. Àíàëîãi÷íî g(Yi) ⊆ G(Xi), g(Ki) ⊆ G(Zi), çâiäêè h(Yi ⊕Ki) ⊆ G(Xi ⊕Zi), äëÿ

âñiõ i ∈ I. Îòæå, (X ⊕ Z, (Xi ⊕ Zi)i∈I)
M∼ (Y ⊕K, (Yi ⊕Ki)i∈I). �

Òâåðäæåííÿ 2 ëåãêî ïåðåíîñèòüñÿ íà âèïàäîê äîâiëüíî¨ êiëüêîñòi äîäàíêiâ.

Òåîðåìà 2. Íåõàé (X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I), à ïðîñòið Z òàêèé, ùî âèêîíàíî

ïðèíàéìíi îäíó ç äâîõ óìîâ:

(1) ïðîñòið Z ¹ ëîêàëüíî êîìïàêòíèì;
(2) ïðîñòið (X ⊕ Y )× Z ¹ k-ïðîñòîðîì.

Òîäi (X × Z, (Xi × Z)i∈I)
M∼ (Y × Z, (Yi × Z)i∈I).

Äîâåäåííÿ. Íåõàé h : F (X)→ F (Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî h(G(Ai))
⊆ G(Bi). Îçíà÷èìî òîïîëîãi÷íèé içîìîðôiçì h1 : F (X × Z) → F (Y × Z) ìåòîäîì,
îïèñàíèì ó òâåðäæåííi 1.1 [2]. Íåõàé x ∈ X i h(x) = yε11 y

ε2
2 . . . yεnn . Ðîçãëÿíåìî âiä-

îáðàæåííÿ t : X × Z → F (Y × Z), ïðèéíÿâøè t(x, z) = (y1, z)
ε1(y2, z)

ε2 . . . (yn, z)
εn .

ßêùî âèêîíàíî ïðèíàéìíi îäíó ç äâîõ óìîâ (1) àáî (2), òî âiäîáðàæåííÿ t áó-
äå íåïåðåðâíèì. Ïðîäîâæèìî âiäîáðàæåííÿ t äî íåïåðåðâíîãî ãîìîìîðôiçìó âiëü-
íèõ òîïîëîãi÷íèõ ãðóï T : F (X × Z) → F (Y × Z). Àíàëîãi÷íî ìîæíà ïîáóäóâà-
òè íåïåðåðâíèé ãîìîìîðôiçì, îáåðíåíèé äî T , òîáòî T � òîïîëîãi÷íèé içîìîð-
ôiçì [2]. Çà ïîáóäîâîþ T (Xi × Z) ⊆ G(Yi × Z) i T−1(Yi × Z) ⊆ G(Xi × Z). Îòæå,
(X × Z, (Xi × Z)i∈I)

M∼ (Y × Z, (Yi × Z)i∈I). �

Òâåðäæåííÿ 3. Íåõàé (X, (Xi)i∈I)
M∼ (Y, (Yi)i∈I), à ïðîñòið (X ⊕ Y )n ¹ k-ïðîñòî-

ðîì. Òîäi ((Xn, (Xn
i )i∈I)

M∼ ((Y n, Y n
i )i∈I).
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Äîâåäåííÿ. Ç òîãî, ùî (X ⊕ Y )n ¹ k-ïðîñòîðîì, âèïëèâà¹, ùî ïðîñòið Xm× Y n−m ¹
k-ïðîñòîðîì äëÿ âñiõ m = 0, . . . , n. Òîìó çà òâåðäæåííÿì 2

(Xm × Y n−m, {Xm
i × Y n−m

i : i ∈ I}) M∼ (Xm+1 × Y n−m−1, {Xm+1
i × Y n−m−1

i : i ∈ I})

äëÿ âñiõ m = 0, . . . , n− 1. Òîáòî,

(Xn, (Xn
i )i∈I)

M∼ (Xn−1 × Y, (Xn−1
i × Yi)i∈I)

M∼

(Xn−2 × Y 2, (Xn−2
i × Y 2

i )i∈I)
M∼ . . .

M∼ (Y n, {Y n
i : i ∈ I}).

�

Òåîðåìà 3. Íåõàé (X, {Ai : i ∈ I}) M∼ (Y, {Bi : i ∈ I}) i íåõàé h : F (X) → F (Y )
� òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî h(G(Ai)) = G(Bi). Ïðèïóñòèìî, ùî iñíó-
þòü íåïåðåðâíi âiäîáðàæåííÿ f : X → X1, g : Y → Y1 i òîïîëîãi÷íèé içîìîð-
ôiçì j : F (X1) → F (Y1) òàêèé, ùî j ◦ f∗ = g∗ ◦ h, äå f∗ : F (X) → F (X1) i
g∗ : F (Y )→ F (Y1) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f i g. Òîäi

(X1, {Ci : i ∈ I})
M∼ (Y1, {Di : i ∈ I}),

äå Ci = f(A1) i Di = g(Yi).

Äîâåäåííÿ. Ùîá äîâåñòè ëåìó, äîñòàòíüî ç'ÿñóâàòè, ùî j(Ai) ⊂ G(Bi) äëÿ âñiõ i ∈ I.
Íåõàé x ∈ Ai, v ∈ f−1(x). Òîäi j(x) = g∗ ◦ h(v). Îñêiëüêè v ∈ Ai, òî i(v) ∈ G(Bi),
îòæå, j(x) = g∗ ◦ i(v) ∈ G(Bi). Àíàëîãi÷íî äîâîäèòüñÿ, ùî j

−1(Bi) ⊂ G(Ai). �

Âiäîáðàæåííÿ f i g ðîçãëÿíóòi ó òåîðåìi 3 íàçèâàþòüM -åêâiâàëåíòíèìè. ßêùî
çàìiñòü ôóíêòîðà âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè ðîçãëÿíóòè ôóíêòîð âiëüíî¨ àáåëåâî¨
òîïîëîãi÷íî¨ ãðóïè, òî îòðèìà¹ìî îçíà÷åííÿ A-åêâiâàëåíòíèõ âiäîáðàæåíü.

Òâåðäæåííÿ 4. Íåõàé (Xs)s∈S, (Ys)s∈S � äâi ñiì'¨ òîïîëîãi÷íèõ ïðîñòîðiâ òàêèõ,

ùî Xs
M∼ Ys äëÿ âñiõ s ∈ S. Íåõàé òàêîæ (Qi)i∈I � äîâiëüíà ñiì'ÿ ïiäìíîæèí â S,

X =
⊕
s∈S

Xs, Y =
⊕
s∈S

Ys, Zi =
⊕

s∈Qi

Xs i Pi =
⊕

s∈Qi

Ys. Òîäi:

1) (X, {Xs : i ∈ S})
M∼ (Y, {Ys : s ∈ S});

2) (X, {Zi : i ∈ I})
M∼ (Y, {Pi : i ∈ I}).

Äîâåäåííÿ. Íåõàé hs : F (Xs) → F (Ys) � òîïîëîãi÷íi içîìîðôiçìè. Ðîçãëÿíåìî âi-
äîáðàæåííÿ h :

⊕
s∈S

Xs → F (
⊕
s∈S

Ys), îçíà÷åíå ÿê h(x) = hs(x), ÿêùî x ∈ Xs. Îñêiëü-

êè ïiäïðîñòið Ys ¹ P -âêëàäåíèì ó
⊕
s∈S

Ys, òî ïiäãðóïà òîïîëîãi÷íî¨ ãðóïè F (
⊕
s∈S

Ys)

ïîðîäæåíà ìíîæèíîþ Ys ¹ òîïîëîãi÷íî içîìîðôíîþ âiëüíié òîïîëîãi÷íié ãðóïi. ßê
ç'ÿñîâàíî ó [5], ïðîäîâæåííÿ âiäîáðàæåííÿ h äî ãîìîìîðôiçìó âiëüíèõ òîïîëîãi÷íèõ
ãðóï ¹ òîïîëîãi÷íèì içîìîðôiçìîì. Òîìó âiäîáðàæåííÿ h ¹ íåïåðåðâíèì. Çà ïîáó-
äîâîþ h(Xs) ⊆ G(Ys), h−1(Ys) ⊆ G(Xs), h(Zi) ⊆ G(Pi), h

−1(Pi) ⊆ G(Zi). �

Ñêàæåìî, ùî ïðîñòîðè X òà Y ïåðåáóâàþòü ó âiäíîøåííi M∗, ÿêùî (X, {a}) M∼
(Y, {b}) äëÿ äåÿêèõ a ∈ X, b ∈ Y . Î÷åâèäíî, (X, {x1})

M∼ (X, {x2}) äëÿ äîâiëüíèõ



42
Íàçàð Ïèð÷

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 84

x1, x2 ∈ X (âiäïîâiäíèé içîìîðôiçì çàäà¹òüñÿ ÿê ïðîäîâæåííÿ âiäîáðàæåííÿ i(x) =
x1x
−1x2). Íåõàé a1 ∈ X, b1 ∈ Y � äîâiëüíi òî÷êè. Òîäi

(X, {a1})
M∼ (X, {a}) M∼ (Y, {b}) M∼ (Y, {b1}).

Îòîæ, âiäíîøåííÿ M∗ ¹ ðåôëåêñèâíèì, ñèìåòðè÷íèì i òðàíçèòèâíèì âiäíî-
øåííÿì íà ìíîæèíi òèõîíîâñüêèõ ïðîñòîðiâ. Íàçâåìî éîãî âiäíîøåííÿì M∗-
åêâiâàëåíòíîñòi. Àíàëîãi÷íî ìîæåìî îçíà÷èòè âiäíîøåííÿ A∗-åêâiâàëåíòíîñòi òà
L∗-åêâiâàëåíòíîñòi. Âiäíîøåííÿ M∗-åêâiâàëåíòíîñòi íà ìíîæèíi òèõîíîâñüêèõ
ïðîñòîðiâ ¹ ñèëüíiøèì çà âiäíîøåííÿ M -åêâiâàëåíòíîñòi. Çàóâàæèìî, ùî íà ïiä-
ñòàâi òåîðåìè 2.1 ç [6] ó âèïàäêó àáåëåâèõ ãðóï i âiëüíèõ ëîêàëüíèõ îïóêëèõ
ïðîñòîðiâ âiäíîøåííÿ A-åêâiâàëåíòíîñòi çáiãà¹òüñÿ ç âiäïîâiäíèì âiäíîøåííÿì
A∗-åêâiâàëåíòíîñòi, à âiäíîøåííÿ L-åêâiâàëåíòíîñòi çáiãà¹òüñÿ ç âiäïîâiäíèì âiäíî-
øåííÿì L∗-åêâiâàëåíòíîñòi. Íåõàé {Xs}s∈S � ñiì'ÿ ïðîñòîðiâ ç âiäìi÷åíèìè òî÷êàìè
xs ∈ Xs. Òîäi ôàêòîð-ïðîñòið

∨
s∈S(Xs, xs) =

⊕
s∈S

Xs/
⊕
s∈S

xs áóäå íàçèâàòèñÿ áóêåòîì

ñiì'¨ (Xs, xs).

Òâåðäæåííÿ 5. Íåõàé (Xs, xs)s∈S, (Ys, ys)s∈S � äâi ñiì'¨ òîïîëîãi÷íèõ ïðîñòîðiâ

òàêi, ùî Xs
M∗

∼ Ys äëÿ âñiõ s ∈ S. Íåõàé òàêîæ {Qi : i ∈ I} � äîâiëüíà ñiì'ÿ ïiä-
ìíîæèí â S, X =

∨
s∈S

(Xs, xs), Y =
∨
s∈S

(Ys, ys), Zi =
∨

s∈Qi

(Xs, xs) i Pi =
∨

s∈Qi

(Ys, ys).

Òîäi :

1) (X, {Xs : i ∈ S})
M∼ (Y, {Ys : s ∈ S});

2) (X, {Zi : i ∈ I})
M∼ (Y, {Pi : i ∈ I}).

Äîâåäåííÿ. Íåõàé hs : F (Xs) → F (Ys) � òîïîëîãi÷íi içîìîðôiçìè òàêi, ùî h(xs) =
ys äëÿ âñiõ s ∈ S. Ðîçãëÿíåìî âiäîáðàæåííÿ h :

∨
s∈S

Xs → F (
∨
s∈S

Ys) îçíà÷åíå ÿê

h(x) = hs(x), ÿêùî x ∈ Xs òà âiäîáðàæåííÿ g :
∨
s∈S

Ys → F (
∨
s∈S

Xs) îçíà÷åíå ÿê

g(x) = h−1s (x), ÿêùî x ∈ Xs. Îñêiëüêè ïiäïðîñòið Ys ¹ ðåòðàêòîì ó
∨
s∈S

Ys, òî

ïiäãðóïà òîïîëîãi÷íî¨ ãðóïè F (
∨
s∈S

Ys) ïîðîäæåíà ìíîæèíîþ Ys ¹ òîïîëîãi÷íî içî-

ìîðôíîþ âiëüíié òîïîëîãi÷íié ãðóïi F (Ys), òîìó âiäîáðàæåííÿ h i g � êîðåêòíî
îçíà÷åíi òà íåïåðåðâíi. Ïðîäîâæèìî âiäîáðàæåííÿ h òà g äî íåïåðåðâíèõ ãîìîìîð-
ôiçìiâ h∗ : F (

∨
s∈S

Xs) → F (
∨
s∈S

Ys), g
∗ : F (

∨
s∈S

Ys) → F (
∨
s∈S

Xs) Íåõàé x ∈ Xs. Òîäi

g∗ ◦ h∗(x) = g∗ ◦ hs(x) = gs ◦ hs(x) = x. Òîáòî, g∗ ◦ h∗|X = 1X . Îòæå, g
∗ ◦ h∗ = 1F (X).

Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî h∗ ◦ g∗ = 1F (Y ), òîáòî, ãîìîìîðôiçì h∗ ¹ òîïîëîãi-

÷íèì içîìîðôiçìîì. Çà ïîáóäîâîþ h(Xs) ⊆ G(Ys), h
−1(Ys) ⊆ G(Xs), h(Zi) ⊆ G(Pi),

h−1(Pi) ⊆ G(Zi). �

Òâåðäæåííÿ 6. Ç òîãî, ùî (X, {Xs : s ∈ S})
M∼ (Y, {Ys : s ∈ S}) âèïëèâà¹

(X, {Xs : s ∈ S})
A∼ (Y, {Ys : s ∈ S}),

à ç (X, {Xs : s ∈ S})
A∼ (Y, {Ys : s ∈ S}) âèïëèâà¹ (X, {Xs : s ∈ S})

L∼ (Y, {Ys : s ∈ S}).
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Äîâåäåííÿ. Íåõàé i : F (X)→ F (Y )� òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî i(G(Xs)) =
G(Ys) äëÿ âñiõ s ∈ S. Äëÿ òîïîëîãi÷íîãî içîìîðôiçìó i : F (X)→ F (Y ) iñíó¹ òîïîëî-
ãi÷íèé içîìîðôiçì iA : A(X)→ A(Y ) òàêèé, ùî iA ◦ px = py ◦ i, äå px : F (X)→ A(X),
py : F (Y )→ A(Y ) � ãîìîìîðôiçìè, ùî ïðîäîâæóþòü òîòîæíi âiäîáðàæåííÿ çàäàíi,
âiäïîâiäíî, íà X òà Y . Äîâåäåìî, ùî iA(Ga(Xs)) = Ga(Ys), äå ÷åðåç Ga(Xs) ïîçíà-
÷èìî ãðóïîâó îáîëîíêó ìíîæèíè Xs ó âiëüíié àáåëåâié òîïîëîãi÷íié ãðóïi ïðîñòîðó
X, ÷åðåç Ga(Ys) � ïîçíà÷èìî ãðóïîâó îáîëîíêó ìíîæèíè Ys ó âiëüíié àáåëåâié
òîïîëîãi÷íié ãðóïi ïðîñòîðó Y . Íåõàé x ∈ Xs, òîäi ia(x) = px(i(x)) ∈ Ga(Ys),
îñêiëüêè i(x) ∈ G(Ys). Àíàëîãi÷íî äîâîäèòüñÿ, ùî i−1a (Ys) ∈ GXs

(A), òîáòî

(X, {Xs : s ∈ S})
A∼ (Y, {Ys : s ∈ S}). Íåõàé òåïåð (X, {Xs : s ∈ S})

A∼ (Y, {Ys : s ∈ S}),
à i : A(X) → A(Y ) � òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî i(Ga(Xs)) = Ga(Ys).
Âiëüíà àáåëåâà òîïîëîãi÷íà ãðóïà A(X) ïðèðîäíî âêëàäà¹òüñÿ ó âiëüíèé ëîêàëü-
íî îïóêëèé ïðîñòið L(X) ó ÿê ïiäãðóïà ç öiëèìè êîåôiöi¹íòàìè [7]. Ïîçíà÷èìî
÷åðåç tx : A(X) → L(X), ty : A(Y ) → L(Y ) âiäïîâiäíi âêëàäåííÿ. Òîäi iñíó¹ ëi-
íiéíèé ãîìåîìîðôiçì iL : L(X) → L(Y ) òàêèé, ùî iL ◦ tx = ty ◦ i. Äîâåäåìî, ùî
iL(GL(Xs)) = GL(Ys), äå ÷åðåç GL(A) ïîçíà÷èìî ëiíiéíó îáîëîíêó ìíîæèíè A
ó âiëüíîìó ëîêàëüíî îïóêëîìó ïðîñòîði òîïîëîãi÷íîãî ïðîñòîðó X, ÷åðåç GL(Ys)
� ïîçíà÷èìî ëiíiéíó îáîëîíêó ìíîæèíè B ó âiëüíîìó ëîêàëüíî îïóêëîìó ïðî-
ñòîði òîïîëîãi÷íîãî ïðîñòîðó Y . Íåõàé x ∈ Xs, òîäi iL(x) = px(i(x)) ∈ GL(Ys),
îñêiëüêè i(x) ∈ Ga(Ys). Àíàëîãi÷íî äîâîäèòüñÿ, ùî i−1L (Ys) ∈ GL(Xs), òîáòî

(X, {Xs : s ∈ S})
L∼ (Y, {Ys : s ∈ S}). �

Òâåðäæåííÿ 7. Íåõàé (X,A)
M∼ (Y,B) i ïðîñòið (X ⊕ Y )n ¹ k-ïðîñòîðîì. Òîäi

(Xn, A×Xn−1, A2 ×Xn−2 . . . An)
M∼ (Y n, B × Y n−1, B2 × Y n−2 . . . Bn).

Äîâåäåííÿ. Íåõàé h : F (X)→ F (Y )� òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî h(G(A)) =
G(B). Ìåòîäîì, îïèñàíèì ó òâåðäæåííi ç [2], ìîæíà �ïðîäîâæèòè� içîìîðôiçì h äî
içîìîðôiçìó hn : F (X

n)→ F (Y n). Çà ïîáóäîâîþ hn(X
k×An−k) ⊆ G(Y k×Bn−k). �

3. Êîíñòðóêöi¨ äëÿ ïîáóäîâè åêâiâàëåíòíèõ íàáîðiâ.

Òâåðäæåííÿ 8. Íåõàé X
M∗

∼ Y , òîïîëîãi÷íèé ïðîñòið (X ⊕ Y )n ¹ k-ïðîñòîðîì,
x1, x2, . . . xn ∈ X i y1, y2, . . . yn ∈ Y . Òîäi íàáîðè

(Xn, {x1} ×Xn−1, {x1} × {x2} ×Xn−2, . . . , {x1} × {x2} × · · · × {xn})
òà

(Y n, {y1} × Y n−1, {y1} × {y2} × Y n−2, . . . , {y1} × {y2} × · · · × {yn})
¹ M -åêâiâàëåíòíèìè.

Äîâåäåííÿ. Äëÿ êîæíîãî i ∈ {1, . . . , n} iñíó¹ òîïîëîãi÷íèé içîìîðôiçì hi : F (X) →
F (Y ) òàêèé, ùî hi(xi) = yi. Ìåòîäîì îïèñàíèì ó [2] �ïðîäîâæèìî� ñiì'þ içîìîð-
ôiçìiâ {hi} äî òîïîëîãi÷íîãî içîìîðôiçìó h : F (Xn)→ F (Y n). Çà ïîáóäîâîþ

h({x1} × {x2} × · · · × {xi} ×Xn−i) ⊆ G({y1} × {y2} × · · · × {yi} × Y n−i)

i

h−1({y1} × {y2} × · · · × {yi} × Y n−i) ⊆ G({x1} × {x2} × · · · × {xi} ×Xn−i).
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�

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó ïîçíà÷èìî ÷åðåç S(X) =
∞
⊕
i=1
Xn âiëüíó òîïîëîãi÷íó

íàïiâãðóïó ïðîñòîðó X. Ç òâåðäæåíü 2 i 3 âèïëèâàþòü òàêi íàñëiäêè.

Òâåðäæåííÿ 9. ßêùî (X, (Xs)s∈S)
M∼ (Y, (Ys)s∈S) i ïðîñòið S(X ⊕ Y ) ¹ k-

ïðîñòîðîì, òî (S(X), (S(Xs))s∈S)
M∼ (S(Y ), (S(Ys))s∈S).

Òâåðäæåííÿ 10. ßêùî (X, (Xs)s∈S)
M∼ (Y, (Ys)s∈S) i ïðîñòið S(X ⊕ Y ) ¹ k-

ïðîñòîðîì, òî (S(X), (Xn)n∈N)
M∼ (S(Y ), (Y n)n∈N).

Òâåðäæåííÿ 11. Íåõàé (X, (Xs)s∈S)
A∼ (Y, (Ys)s∈S) i òîïîëîãi÷íèé ïðîñòið (X ⊕

Y )n ¹ k-ïðîñòîðîì, òî (SPn
GX, (SP

n
GXs)s∈S)

A∼ (SPn
GY, (SP

n
GYs)s∈S).

Äîâåäåííÿ. ßê ç'ÿñóâàëè ó [6], ôàêòîð-âiäîáðàæåííÿ px : X
n → SPn

GX i py : Y
n →

SPn
GY ¹ A-åêâiâàëåíòíèìè, òîìó çà òâåðäæåííÿì 3 ìàòèìåìî, ùî

(SPn
GX, (SP

n
GXs)s∈S)

A∼ (SPn
GY, (SP

n
GYs)s∈S).

�

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó ïîçíà÷èìî ÷åðåç SA(X) =
∞⊕
i=1

SPnX âiëüíó òîïî-

ëîãi÷íó íàïiâãðóïó íàä ïðîñòîðîì X. Ç òâåðäæåíü 2 i 11 âèïëèâàþòü òàêi íàñëiäêè.

Òâåðäæåííÿ 12. ßêùî (X, (Xs)s∈S)
A∼ (Y, (Ys)s∈S) i ïðîñòið S(X ⊕ Y ) ¹ k-ïðîñ-

òîðîì, òî (SA(X), (SA(Xs))s∈S)
M∼ (SA(Y ), (SA(Ys))s∈S).

Òâåðäæåííÿ 13. ßêùî (X, (Xs)s∈S)
A∼ (Y, (Ys)s∈S) i ïðîñòið S(X ⊕ Y ) ¹ k-ïðîñ-

òîðîì, òî (SA(X), {SPnX : n ∈ N}) A∼ (SA(Y ), {SPnY : n ∈ N}).

Äëÿ òèõîíîâñüêîãî ïðîñòîðó X ïîçíà÷èìî ÷åðåç µX ïîïîâíåííÿ çà Äü¹äîííå
òèõîíîâñüêîãî ïðîñòîðó X. Äëÿ òîïîëîãi÷íî¨ ãðóïè G ïîçíà÷èìî ÷åðåç wG ïîïîâ-
íåííÿ çà Âåéëåì òîïîëîãi÷íî¨ ãðóïè G.

Òåîðåìà 4. Íåõàé (X, (Xs)s∈S)
M∼ (Y, (Ys)s∈S). Òîäi (µX, (Xs)s∈S)

M∼ (µY, (Ys)s∈S)

Äîâåäåííÿ. Íåõàé i : F (X) → F (Y ) � içîìîðôiçì òàêèé, ùî i(G(Xs)) = G(Ys) äëÿ
âñiõ s ∈ S. Içîìîðôiçì i ìîæíà ïðîäîâæèòè äî içîìîðôiçìó j : wF (X) → wF (Y )
òàêîãî, ùî j|F (X) = i. Îñêiëüêè ôóíêòîðè w◦F òà F ◦µ � ïðèðîäíî åêâiâàëåíòíi [8],
òî içîìîðôiçì j ìîæíà ðîçãëÿäàòè ÿê içîìîðôiçì j : F (µX) → F (µY ) i j(G(Xs)) =
i(G(Xs) = G(Ys). �

Äëÿ âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ ãðóï òâåðäæåííÿ àíàëîãi÷íå äî òâåðäæåí-
íÿ 9 âèïëèâà¹ ç ðåçóëüòàòiâ [9].

Òåîðåìà 5. Íåõàé (X,X1, X2)
M∼ (Y, Y1, Y2) i äëÿ ïiäìíîæèí X1 òà X2 â X âèêîíó-

¹òüñÿ îäíà ç òàêèõ âëàñòèâîñòåé:

(1) iñíó¹ âiäêðèòà ìíîæèíà U , ùî ìiñòèòü îäíó ç äâîõ ìíîæèí X1 àáî X2 i
íå ïåðåòèíà¹ iíøó;
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(2) iñíóþòü âiäêðèòi ìíîæèíè U1, U2 òàêi, ùî X1 ⊆ U1, X2 ⊆ U2, U1∩X2 = ∅,
U2 ∩X1 = ∅;

(3) iñíóþòü âiäêðèòi ìíîæèíè U1, U2 òàêi, ùî X1 ⊆ U1, X2 ⊆ U2, U1∩U2 = ∅.
Òîäi âiäïîâiäíà âëàñòèâiñòü áóäå âèêîíóâàòèñü äëÿ ìíîæèí Y1 òà Y2 â Y .

Äîâåäåííÿ. Óìîâà (1) åêâiâàëåíòíà óìîâi X1 ∩X2 = ∅ ∨ X1 ∩X2 = ∅.
Óìîâà (2) åêâiâàëåíòíà óìîâi X1 ∩X2 = ∅ ∧ X1 ∩X2 = ∅.
Óìîâà (3) åêâiâàëåíòíà óìîâi X1 ∩X2 = ∅.
Äàëi çàëèøà¹òüñÿ çàñòîñóâàòè òåîðåìó 1 i òâåðäæåííÿ 1. �

Òâåðäæåííÿ, ÿêå àíàëîãi÷íå äî òâåðäæåííÿ 5, ìîæíà ñôîðìóëþâàòè íå òiëüêè
äëÿ äâîõ, àëå äëÿ äîâiëüíî¨ ciì'¨ ïiäìíîæèí òèõîíîâñüêîãî ïðîñòîðó.

Çàóâàæåííÿ 1. Ó [3] i [10] âèâ÷àëè ω-çàìêíåíi, ñåêâåíöiàëüíî çàìêíåíi òà b-
çàìêíåíi ïiäìíîæèíè ó âiëüíèõ òîïîëîãi÷íèõ ãðóïàõ. Òâåðäæåííÿ àíàëîãi÷íå äî
òâåðäæåííÿ 1 ìîæíà ñôîðìóëþâàòè äëÿ ω-çàìèêàííÿ, ñåêâåíöiàëüíîãî çàìèêàííÿ
òà b-çàìèêàííÿ.

Íåõàé B(X) � áóëåàí ìíîæèíè X (àáî ìíîæèíà âñiõ ïiäìíîæèí ìíîæèíè X).
Ç òåîðåìè 1 i òâåðäæåííÿ 1 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 14. Íåõàé F : B(X)S → B(X) � äåÿêà ôóíêöiÿ, ÿêà ¹ êîìïîçèöi¹þ

îïåðàöié ïåðåòèíó, îá'¹äíàííÿ òà çàìèêàííÿ. ßêùî (X, (Xs)s∈S)
M∼ (Y, (Ys)s∈S), òî

(X,F ((Xs)s∈S))
M∼ (Y, F ((Ys)s∈S)).

Òåîðåìà 6. Íåõàé F1, F2 : B(X)S → B(X) � äåÿêi ôóíêöi¨, êîæíà ç ÿêèõ ¹ êîì-

ïîçèöi¹þ îïåðàöié ïåðåòèíó, îá'¹äíàííÿ òà çàìèêàííÿ. ßêùî (X, (Xs)s∈S)
M∼

(Y, (Ys)s∈S), ïiäïðîñòið F1({Xs : s ∈ S}) ¹ P -âêëàäåíèì ó X, ïiäïðîñòið F1({Ys :
s ∈ S}) ¹ P -âêëàäåíèì ó Y , òî

F1((Xs)s∈S)/(F1((Xs)s∈S) ∩ F2((Xs)s∈S)
M∼ F1((Ys)s∈S)/(F1((Ys)s∈S) ∩ F2((Ys)s∈S).

Äîâåäåííÿ. Çà òåîðåìîþ 1 i òâåðäæåííÿì 1 iñíó¹ òîïîëîãi÷íèé içîìîðôiçì h : F (X)
→ F (Y ) òàêèé, ùî

h(〈F1((Xs)s∈S)〉) = 〈F1((Ys)s∈S)〉 i h(〈F2({(Xs)s∈S)〉) = 〈F2((Ys)s∈S)〉.

Ç P -âêëàäåíîñòi ïiäïðîñòîðiâ F1((Xs)s∈S) i F1((Ys)s∈S) âèïëèâà¹, ùî çâóæåííÿ içî-
ìîðôiçìó h íà ïiäãðóïó 〈F1((Xs)s∈S)〉 ¹ òîïîëîãi÷íèì içîìîðôiçìîì, òàêèì, ùî

h(〈F1((Xs)s∈S) ∩ F2((Xs)s∈S)〉) = 〈F1((Xs)s∈S) ∩ F2((Xs)s∈S)〉.

Òîáòî,

(F1((Xs)s∈S), F1({Xs : s ∈ S}) ∩ F2((Xs)s∈S))
M∼

M∼ (F1({Ys : s ∈ S}), F1({Ys : s ∈ S}) ∩ F2({Ys : s ∈ S})),
çâiäêè [4] ìàòèìåìî, ùî

F1((Xs)s∈S)/(F1((Xs)s∈S) ∩ F2((Xs)s∈S))
M∼ F1((Ys)s∈S)/(F1((Ys)s∈S) ∩ F2((Ys)s∈S)).

�
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Çàóâàæåííÿ 2. Âñi òâåðäæåííÿ öi¹¨ ïðàöi áóäóòü ñïðàâäæóâàòèñü òàêîæ äëÿ âiäíî-
øåíü A-åêâiâàëåíòíîñòi òà L-åêâiâàëåíòíîñòi.
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