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Âèçíà÷åíî êëàñ ñèìåòðè÷íèõ âiäíîøåíü i äîâåäåíî, ùî ìîíî¨ä óñiõ
ñèëüíèõ åíäîòîïiçìiâ äîâiëüíîãî ñèìåòðè÷íîãî âiäíîøåííÿ òàêîãî êëàñó ¹
içîìîðôíèì âiíöåâîìó äîáóòêó ìîíî¨äà ñèëüíèõ åíäîìîðôiç- ìiâ êàíîíi-
÷íî¨ ñèëüíî¨ ôàêòîð-ñèñòåìè ç äåÿêîþ ìàëîþ êàòåãîði¹þ.

Êëþ÷îâi ñëîâà: íàïiâãðóïà, ìîíî¨ä, ñèìåòðè÷íå âiäíîøåííÿ, åíäîòî-
ïiçì, ñèëüíèé åíäîòîïiçì, âiíöåâèé äîáóòîê, óçàãàëüíåíèé ëåêñèêîãðàôi÷-
íèé äîáóòîê.

1. Âñòóï. Íàïiâãðóïà åíäîìîðôiçìiâ �íàéâàæëèâiøà ïîõiäíà ñòðóêòóðà áóäü-
ÿêî¨ àëãåáðè÷íî¨ ñèñòåìè. �¨ àáñòðàêòíi âëàñòèâîñòi äàþòü çìîãó åôåêòèâíî âèâ÷àòè
áóäîâó âèõiäíî¨ ñèñòåìè. Ó äîñëiäæåííi íàïiâãðóï åíäîìîðôiçìiâ ðåëÿöiéíèõ ñè-
ñòåì ïåâíó óâàãó ïðèäiëÿþòü âèçíà÷åíîñòi áiíàðíèõ âiäíîøåíü ñâî¹þ íàïiâãðóïîþ
åíäîìîðôiçìiâ [1, 2], âèâ÷åííþ ¨õíüî¨ ðåãóëÿðíîñòi [3, 4] òà êîìáiíàòîðíèõ âëàñòè-
âîñòåé [5], îïèñó áóäîâè íàïiâãðóï åíäîìîðôiçìiâ áiíàðíèõ âiäíîøåíü ç òî÷íiñòþ äî
içîìîðôiçìó [6, 7].

Îäíèì iç óçàãàëüíåíü åíäîìîðôiçìó äëÿ ðåëÿöiéíèõ ñèñòåì ¹ ïîíÿòòÿ åíäîòî-
ïiçìó, ââåäåíå Á. Â. Ïîïîâèì â [8, ñ. 188], äå çà äîïîìîãîþ íàïiâãðóïè åíäîòîïiç-
ìiâ ç òî÷íiñòþ äî içîòîïiçìó áóëè ñõàðàêòåðèçîâàíi ïåâíi ñòðóêòóðè µ-àðíèõ âiä-
íîøåíü. Äàëi ç'ÿñóâàëè, ùî íàïiâãðóïà åíäîòîïiçìiâ äîâiëüíîãî áiíàðíîãî âiäíîøå-
ííÿ, âèçíà÷åíîãî íà äåÿêié ìíîæèíi, ¹ âiäïîâiäíiñòþ (ó ñåíñi Î. Ã. Êóðîøà [9, ñ.
110]) ñèìåòðè÷íî¨ íàïiâãðóïè íà òié ñàìié ìíîæèíi. Äîâåäåíî, ùî íàïiâãðóïà âñiõ
åíäîòîïiçìiâ äîâiëüíîãî âiäíîøåííÿ åêâiâàëåíòíîñòi ¹ âiäïîâiäíiñòþ íàïiâãðóïè åí-
äîìîðôiçìiâ òi¹¨ ñàìî¨ åêâiâàëåíòíîñòi [10]. Îòðèìàíî òî÷íi çîáðàæåííÿ äåÿêèõ âiä-
ïîâiäíîñòåé íàïiâãðóïè åíäîìîðôiçìiâ äîâiëüíîãî âiäíîøåííÿ åêâiâàëåíòíîñòi é âè-
â÷åíî ¨õíi âëàñòèâîñòi [10, 11]. Ó [12] âèðiøåíà ïðîáëåìà âèçíà÷åíîñòi åôåêòèâíèõ i
çâ'ÿçíèõ áiíàðíèõ âiäíîøåíü ñâî¹þ íàïiâãðóïîþ åíäîòîïiçìiâ.

Çàïðîïîíîâàíà Â. Ôëåéøåðîì [7] êîíñòðóêöiÿ âiíöåâîãî äîáóòêó ìîíî¨äà ç ìà-
ëîþ êàòåãîði¹þ (ÿê óçàãàëüíåííÿ âiíöåâîãî äîáóòêó ìîíî¨äiâ) äàëà çìîãó ç òî÷íiñòþ
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äî içîìîðôiçìó îïèñàòè áóäîâó íàïiâãðóï åíäîìîðôiçìiâ ðiçíèõ àëãåáðè÷íèõ ñèñ-
òåì. Íàïðèêëàä, ó [13] öþ êîíñòðóêöiþ çàñòîñóâàëè äëÿ îïèñó òî÷íîãî çîáðàæåííÿ
ìîíî¨äà åíäîìîðôiçìiâ äîâiëüíî¨ äi¨. Â [14] äîâåäåíî, ùî áóäü-ÿêà íàïiâãðóïà åíäî-
ìîðôiçìiâ âiëüíîãî äîáóòêó íàïiâãðóï ìàêñèìàëüíîãî w-êëàñó içîìîðôíà âiíöåâîìó
äîáóòêó íàïiâãðóïè ïåðåòâîðåíü i ìàëî¨ êàòåãîði¨.

Ìè âèâ÷à¹ìî íàïiâãðóïè ñèëüíèõ åíäîòîïiçìiâ ñèìåòðè÷íèõ âiäíîøåíü çàäàíî-
ãî êëàñó. Çàçíà÷èìî, ùî ïîíÿòòÿ ñèëüíîãî åíäîìîðôiçìó äëÿ ãðàôiâ ââiâ Ê. ×óëiê
[15, ñ. 136]. Ó [16, ñ. 610] Ó. Êíàóåð i Ì. Íiïîðòå äîâåëè òåîðåìó ïðî òî÷íå çîáðàæåí-
íÿ ìîíî¨äà ñèëüíèõ åíäîìîðôiçìiâ ñêií÷åííîãî íåîði¹íòîâàíîãî ãðàôà áåç êðàòíèõ
ðåáåð ó âèãëÿäi âiíöåâîãî äîáóòêó ãðóïè òà êàòåãîði¨. Â [17, ñ. 748] äîâåäåíî, ùî
ìîíî¨ä âñiõ ñèëüíèõ åíäîìîðôiçìiâ áóäü-ÿêîãî íåñêií÷åííîãî íåîði¹íòîâàíîãî ãðà-
ôà çàäàíîãî êëàñó ìîæå áóòè òî÷íî çîáðàæåíèé ÿê âiíöåâèé äîáóòîê âiäïîâiäíîãî
ìîíî¨äà ïåðåòâîðåíü i äåÿêî¨ ìàëî¨ êàòåãîði¨.

2. Îñíîâíi ïîíÿòòÿ òà äîïîìiæíi ëåìè. Íåõàé A,B,A′, B′ � äîâiëüíi íåïî-
ðîæíi ìíîæèíè.

Óïîðÿäêîâàíà ïàðà (f, g) âiäîáðàæåíü f : A → A′, g : B → B′ íàçèâà¹òüñÿ
ãîìîòîïiçìîì âiäíîøåííÿ ρ ⊆ A×B â ρ′ ⊆ A′ ×B′, ÿêùî ç (x, y) ∈ ρ âèïëèâà¹, ùî
(xf, yg) ∈ ρ′ äëÿ áóäü-ÿêèõ x ∈ A, y ∈ B.

Ãîìîòîïiçì (f, g) áiíàðíîãî âiäíîøåííÿ ρ â ρ′ íàçèâà¹òüñÿ ñèëüíèì ãîìîòîïiç-

ìîì, ÿêùî ç (xf, yg) ∈ ρ′ âèïëèâà¹, ùî (x, y) ∈ ρ äëÿ áóäü-ÿêèõ x ∈ A, y ∈ B.
Ãîìîòîïiçì âiäíîøåííÿ ρ ⊆ X ×X â ñåáå íàçèâà¹òüñÿ åíäîòîïiçìîì.
Ìíîæèíà âñiõ åíäîòîïiçìiâ âiäíîøåííÿ ρ ñòîñîâíî îïåðàöi¨ ïîêîìïîíåíòíîãî

ìíîæåííÿ óòâîðþ¹ íàïiâãðóïó, ÿêó áóäåìî ïîçíà÷àòè ÷åðåç Et(ρ).
Åíäîòîïiçì (ϕ,ψ) âiäíîøåííÿ ρ ⊆ X ×X íàçèâà¹òüñÿ ñèëüíèì åíäîòîïiçìîì,

ÿêùî ç (xϕ, yψ) ∈ ρ âèïëèâà¹, ùî (x, y) ∈ ρ äëÿ áóäü-ÿêèõ x, y ∈ X.
Ìíîæèíà âñiõ ñèëüíèõ åíäîòîïiçìiâ âiäíîøåííÿ ρ ñòîñîâíî îïåðàöi¨ ïîêîìïî-

íåíòíîãî ìíîæåííÿ óòâîðþ¹ ìîíî¨ä, ÿêèé ïîçíà÷èìî ÿê SEt(ρ).
Åíäîòîïiçì âiäíîøåííÿ ρ, â ÿêîìó êîæíà êîìïîíåíòà ái¹êòèâíà, íàçèâà¹òüñÿ

àâòîòîïiçìîì.
Ìíîæèíà âñiõ àâòîòîïiçìiâ âiäíîøåííÿ ρ ñòîñîñâíî îïåðàöi¨ ïîêîìïîíåíòíîãî

ìíîæåííÿ óòâîðþ¹ ãðóïó, ÿêó áóäåìî ïîçíà÷àòè ÷åðåç At(ρ).
Çàçíà÷èìî, ùî åíäîòîïiçì (ϕ,ψ), äå ϕ = ψ, âèçíà÷à¹ åíäîìîðôiçì âiäíîøåí-

íÿ ρ. Îòîæ, íàïiâãðóïà åíäîìîðôiçìiâ End(ρ) ç òî÷íiñòþ äî içîìîðôiçìó ìiñòèòüñÿ
â íàïiâãðóïi åíäîòîïiçìiâ Et(ρ).

ßêùî ρ ⊆ X ×X i x ∈ X, òî ïîêëàäåìî N(x) = {y ∈ X | (x, y) ∈ ρ}.

Âèêîíó¹òüñÿ òàêà ëåìà.

Ëåìà 1. Íåõàé X � äîâiëüíà íåïîðîæíÿ ìíîæèíà, ρ ⊆ X × X � ñèìåòðè÷íå

âiäíîøåííÿ, a, b ∈ X. Iñíó¹ ñèëüíèé åíäîòîïiçì (τ, σ) âiäíîøåííÿ ρ òàêèé, ùî

τ ∈ End(ρ), σ ∈ End(ρ), i aτ = bσ òîäi é òiëüêè òîäi, êîëè N(a) = N(b).

Äîâåäåííÿ. Íåõàé (τ, σ) ∈ SEt(ρ) çàäîâîëüíÿ¹ óìîâó ëåìè. Ïîçàÿê τ ∈ End(ρ), òî
cτ ∈ N(aτ) äëÿ áóäü-ÿêîãî c ∈ N(a). Âðàõîâóþ÷è, ùî aτ = bσ, îòðèìó¹ìî cτ ∈
N(bσ). Îñêiëüêè (τ, σ) ∈ SEt(ρ), òî c ∈ N(b). Íà ïiäñòàâi äîâiëüíîñòi âèáîðó c ∈ X
ìà¹ìî N(a) ⊆ N(b). Äîâåäåííÿ îáåðíåíîãî âêëþ÷åííÿ ¹ àíàëîãi÷íèì.



ÌÎÍÎ�Ä ÑÈËÜÍÈÕ ÅÍÄÎÒÎÏIÇÌIÂ ÑÈÌÅÒÐÈ×ÍÎÃÎ ÂIÄÍÎØÅÍÍß
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 84 7

Âiçüìåìî òåïåð a, b ∈ X òàêi, ùî N(a) = N(b), âèçíà÷èìî ïåðåòâîðåííÿ τ i σ
ìíîæèíè X òàê:

xτ = x, xσ =


a, ÿêùî x = b,

b, ÿêùî x = a,

x â iíøèõ âèïàäêàõ

äëÿ âñiõ x ∈ X.
Çðîçóìiëî, ùî τ ∈ End(ρ). Òàêîæ öiëêîì î÷åâèäíî, ùî ç (x, y) ∈ ρ âèïëèâà¹

(xσ, yσ) ∈ ρ äëÿ òàêèõ x, y, ùî 1) x 6= y, x, y ∈ {a, b} àáî 2) x ∈ X\{a, b}, y ∈ X\{a, b}.
Íåõàé òåïåð x, y ∈ {a, b}, x = y. Òîäi

(x, x) ∈ ρ⇒ x ∈ N(x) iN(xσ) = N(x)⇒ xσ ∈ N(x) = N(xσ)⇒ (xσ, xσ) ∈ ρ.
ßêùî x ∈ {a, b}, y ∈ X\{a, b}, òî

(x, y) ∈ ρ⇒ y ∈ N(x)⇒ yσ ∈ N(xσ)⇒ (xσ, yσ) ∈ ρ.
Âèïàäîê x ∈ X\{a, b}, y ∈ {a, b} ðîçãëÿäàþòü àíàëîãi÷íî. Ó ïiäñóìêó îòðèìó¹ìî, ùî
σ ∈ End(ρ).

Çàóâàæèìî, ùî (τ, σ) = (τ−1, σ−1). Òîìó äëÿ äîâåäåííÿ òîãî, ùî (τ, σ) ∈ SEt(ρ),
äîñòàòíüî äîâåñòè, ùî (τ, σ) ∈ Et(ρ). Äîâåäåìî öå. Ñïðàâäi, ç (x, y) ∈ ρ âèïëèâà¹
(xτ, yσ) ∈ ρ, ùî ¹ öiëêîì î÷åâèäíèì, ÿêùî y /∈ {a, b}. Ðîçãëÿíåìî âñi ìîæëèâi âè-
ïàäêè.

1. ßêùî x, y ∈ {a, b}, òî
(x, y) ∈ ρ⇒ x ∈ N(y)⇒ x ∈ N(x)⇒ x ∈ N(yσ)⇒ (xτ, yσ) ∈ ρ.

2. Íåõàé x ∈ X\{a, b}, y ∈ {a, b}. Òîäi
(x, y) ∈ ρ⇒ x ∈ N(y)⇒ x ∈ N(yσ)⇒ xτ ∈ N(yσ)⇒ (xτ, yσ) ∈ ρ.

3. ßêùî æ x, y /∈ {a, b}, òî (xτ, yσ) = (x, y) ∈ ρ.
Îòîæ, (τ, σ) ∈ SEt(ρ). �

Çàóâàæèìî, ùî åíäîìîðôiçìè τ, σ ç ëåìè 1 ¹ ñèëüíèìè. Ñïðàâäi, íåõàé óìîâà
ëåìè 1 âèêîíó¹òüñÿ, τ ∈ End(ρ) i (aτ, cτ) ∈ ρ äëÿ äåÿêèõ a, c ∈ X. Òîäi cτ ∈ N(aτ), i
âðàõóâàâøè aτ = bσ, îòðèìó¹ìî cτ ∈ N(bσ). Îñêiëüêè (τ, σ) ∈ SEt(ρ), òî c ∈ N(b).
Àëå N(b) = N(a), òîäi c ∈ N(a) i (a, c) ∈ ρ. Îòæå, τ ∈ SEnd(ρ). Àíàëîãi÷íî ìîæíà
äîâåñòè, ùî σ ∈ SEnd(ρ).

Ç ëåìè 1 âèïëèâà¹, ùî íà ìíîæèíi X ïðèðîäíî âèíèêà¹ âiäíîøåííÿ

ν = {(x, y) ∈ X ×X | N(x) = N(y)},
ÿêå î÷åâèäíî ¹ âiäíîøåííÿì åêâiâàëåíòíîñòi. Äàëi, íà ôàêòîð-ìíîæèíi X/ν âèçíà-
÷èìî âiäíîøåííÿ δ, ïðèéíÿâøè

δ = {(xν , yν) ∈ X/ν ×X/ν | (x, y) ∈ ρ},
äå xν ¹ êëàñîì åêâiâàëåíòíîñòi, ÿêèé ìiñòèòü x ∈ X.

Ïðèðîäíå âiäîáðàæåííÿ γ : X → X/ν, x 7→ xν âèçíà÷à¹ ñèëüíèé ãîìîòîïiçì
(γ, γ) âiäíîøåíü ρ ⊆ X×X i δ ⊆ X/ν×X/ν, ÿêèé, âiäïîâiäíî äî ëåìè 1 i çàóâàæåííÿ
äî íå¨, çàäà¹ ñèëüíèé ãîìîìîðôiçì γ öèõ âiäíîøåíü. Ðåëÿöiéíà ñèñòåìà (X/ν, δ)
íàçèâà¹òñÿ êàíîíi÷íîþ ñèëüíîþ ôàêòîð-ñèñòåìîþ.
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Íåõàé (U, ζ), (Yu, ρu)u∈U � äîâiëüíi ðåëÿöiéíi ñèñòåìè.

Îçíà÷åííÿ 1. Óçàãàëüíåíèì ëåêñèêîãðàôi÷íèì äîáóòêîì U((Yu)u∈U ) ðåëÿöiéíèõ
ñèñòåì (U, ζ) i (Yu, ρu)u∈U íàçèâà¹òüñÿ ìîäåëü (U((Yu)u∈U ), ω), äå

U((Yu)u∈U ) = {(u, au) | u ∈ U, au ∈ Yu}
i ((u, au), (v, bv)) ∈ ω òîäi é òiëüêè òîäi, êîëè (u, v) ∈ ζ àáî u = v i (au, bv) ∈ ρu (äèâ.
[16, ñ. 608]).

Òâåðäæåííÿ 1. Íåõàé X � äîâiëüíà íåïîðîæíÿ ìíîæèíà, ρ ⊆ X ×X � ñèìåò-

ðè÷íå âiäíîøåííÿ, ν i δ � âèçíà÷åíi ðàíiøå âiäíîøåííÿ åêâiâàëåíòíîñòi íà X i X/ν,
âiäïîâiäíî, U = X/ν � êàíîíi÷íà ñèëüíà ôàêòîð-ñèñòåìà. Âiçüìåìî äëÿ êîæíîãî

u ∈ U ìíîæèíó Yu òàêó, ùî |Yu| = |u|, i âçà¹ìíî îäíîçíà÷íå âiäîáðàæåííÿ µu : u→
Yu. Òîäi

(X, ρ) ∼= (U((Yu)u∈U ), ω),

äå ζ = δ,

ρu = {(y, y′) ∈ Yu × Yu | (yµ−1u , y′µ−1u ) ∈ ρ}
ïðè u ∈ U, ω âèçíà÷åíå â îçíà÷åííi 1.

Äîâåäåííÿ. Âèçíà÷èìî âiäîáðàæåííÿ ξ : X → U((Yu)u∈U ), ïðèéíÿâøè xξ = (u, xu),
äå u = xν i xu = xµu. Âiäîáðàæåííÿ ξ î÷åâèäíî ¹ ái¹êòèâíèì. Íåõàé x, y ∈ X i
xξ = (u, xu), yξ = (v, yv). ßêùî u 6= v, òî

(x, y) ∈ ρ⇐⇒ (u, v) ∈ δ ⇐⇒ (xξ, yξ) ∈ ω.
ßêùî u = v, òîáòî N(x) = N(y), òî

(x, y) ∈ ρ⇐⇒ (xξ, yξ) ∈ ω.
�

Äàëi åëåìåíòè ìíîæèíè X áóäåìî îòîòîæíþâàòè ç âiäïîâiäíèìè ¨ì åëåìåíòàìè
ç óçàãàëüíåíîãî ëåêñèêîãðàôi÷íîãî äîáóòêó U((Yu)u∈U ).

Íåõàé W ⊆ U((Yu)u∈U ). Ïåðøîþ ïðîåêöi¹þ ìíîæèíè W íà ôàêòîð-ñèñòåìó
X/ν íàçèâà¹òüñÿ ìíîæèíà

p1(W ) = {u ∈ U | (u, xu) ∈W}.
Ïîçíà÷èìî u = {(u, xu) | xu ∈ Yu}.

Ëåìà 2. Íåõàé V = U((Yu)u∈U ), ω ⊆ V × V , U = X/ν i (ϕ,ψ) ∈ SEt(ω). Òîäi

p1(uϕ) ∩ p1(vϕ) = ∅ i p1(uψ) ∩ p1(vψ) = ∅,

äëÿ äîâiëüíèõ ðiçíèõ u, v ∈ U .

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå: iñíóþòü ðiçíi u, v ∈ U òàêi, ùî p1(uϕ) ∩
p1(vϕ) = p1(r) äëÿ äåÿêîãî r ⊆ V, r 6= ∅. Çi ñòðóêòóðè ôàêòîð-ñèñòåìè U i ìíî-
æèíè V âèïëèâà¹, ùî N(u, xu) = N(u, yu) äëÿ áóäü-ÿêîãî u ∈ U i áóäü-ÿêèõ
xu, yu ∈ Yu. Îñêiëüêè (ϕ,ψ) ∈ SEt(ω), äëÿ áóäü-ÿêèõ (u, yu), (v, yv) ∈ rϕ−1, òî
N(u, yu) = N(v, yv), à öå ìîæëèâî òiëüêè ó âèïàäêó, êîëè u = v. Ìiðêóâàííÿ äëÿ
ïåðåòâîðåííÿ ψ ¹ àíàëîãi÷íèìè. Ç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹ òâåðäæåííÿ
ëåìè. �
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Íàñëiäîê 1. Íåõàé V = U((Yu)u∈U ), ω ⊆ V × V , U = X/ν, |U | < ∞ i (ϕ,ψ) ∈
SEt(ω). Òîäi |p1(uϕ)| = |p1(uψ)| = 1 äëÿ áóäü-ÿêîãî u ∈ U.

Ïðèêëàä 1. Íåõàé X = N � ìíîæèíà íàòóðàëüíèõ ÷èñåë, ρ = (ρ1∪ρ−11 )\(ρ2∪ρ−12 ),
äå ρ1 = {(x, x+ 1) | x ∈ X} i

ρ2 = {(3, 4)} ∪ {(xi, xi + 1) | x0 = 3, xi = xi−1 + 4, i ∈ N}.
Ôàêòîð-ñèñòåìà X/ν ñêëàäà¹òüñÿ ç êëàñó 1ν = {1, 3} i êëàñiâ âèãëÿäó xν = {x},
x ∈ X\{1, 3}. Òîäi

V = X/ν((xν)xν∈X/ν) = {(1ν , 1), (1ν , 3)} ∪ {(xν , x) | x ∈ X\{1, 3}}.
Âèçíà÷èìî ïåðåòâîðåííÿ ϕ i ψ ìíîæèíè X, ïðèéíÿâøè

xϕ = x+ 4 äëÿ áóäü-ÿêîãî x ∈ X,

xψ =


7, ÿêùî x = 1,

5, ÿêùî x = 3,

x+ 4 â iíøèõ âèïàäêàõ,
ùî ìîæíà çàïèñàòè òàê:

ϕ =

(
1 2 3 4 5 6 7 . . . x . . .
5 6 7 8 9 10 11 . . . x+ 4 . . .

)
,

ψ =

(
1 2 3 4 5 6 7 . . . x . . .
7 6 5 8 9 10 11 . . . x+ 4 . . .

)
.

Íåâàæêî ïåðåêîíàòèñÿ, ùî (ϕ,ψ) ∈ SEt(ρ), äå äëÿ êëàñó 1ν = {1, 3} ìà¹ìî 1ϕ =
5 ∈ 5ν , 3ϕ = 7 ∈ 7ν . Àíàëîãi÷íî 1ψ = 7 ∈ 7ν , 3ψ = 5 ∈ 5ν . Âèçíà÷èìî ïåðåòâîðåííÿ
ϕ′ : V → V i ψ′ : V → V, ïðèéíÿâøè (xν , x)ϕ

′ = ((xϕ)ν , xϕ), (xν , x)ψ
′ = ((xψ)ν , xψ)

äëÿ áóäü-ÿêîãî (xν , x) ∈ V. Î÷åâèäíî (ϕ′, ψ′) � ñèëüíèé åíäîòîïiçì âiäíîøåííÿ ω ⊆
V ×V i p1(xνϕ)∩p1(yνϕ) = ∅, p1(xνψ)∩p1(yνψ) = ∅ äëÿ áóäü-ÿêèõ xν 6= yν ∈ X/ν, àëå
íà ïiäñòàâi íåñêií÷åííîñòi ìíîæèíèX ìà¹ìî |p1(1νϕ)| = |{5ν , 7ν}| 6= 1 i |p1(1νψ)| 6= 1.

Íåõàé X � äîâiëüíà íåïîðîæíÿ ìíîæèíà. Ïîçíà÷èìî ÷åðåç G êëàñ óñiõ ñèìåò-
ðè÷íèõ âiäíîøåíü ρ, âèçíà÷åíèõ íà ìíîæèíi X, äëÿ ÿêèõ çà áóäü-ÿêîãî (ϕ,ψ) ∈
SEt(ρ) âèêîíó¹òüñÿ óìîâà:

(1) ∀xν ∈ X/ν ∃yν ∈ X/ν : xνϕ ⊆ yν , xνψ ⊆ yν
Çàóâàæèìî òàêå: ÿêùî ρ ∈ G, òî ïðè ðiçíèõ xν , yν ∈ X/ν âèïàäîê xνϕ ⊆ zν

i yνψ ⊆ zν äëÿ äåÿêîãî zν ∈ X/ν ¹ íåìîæëèâèì. Äîâåäåìî ñïî÷àòêó, ùî ϕ i ψ �
åíäîìîðôiçìè âiäíîøåííÿ ρ ∈ G, äå (ϕ,ψ) ∈ Et(ρ). Ñïðàâäi, íåõàé a, b ∈ X òàêi, ùî
(a, b) ∈ ρ. Íåõàé a ∈ aν i b ∈ bν . Îñêiëüêè (ϕ,ψ) ∈ Et(ρ), òî (aϕ, bψ) ∈ ρ i aϕ ∈ aνϕ,
bψ ∈ bνψ. Âðàõîâóþ÷è, ùî ρ ∈ G, îäåðæó¹ìî bνψ ⊆ cν , bνϕ ⊆ cν äëÿ äåÿêîãî
cν ∈ X/ν. Àëå òîäi (aϕ, b′) ∈ ρ äëÿ áóäü-ÿêîãî b′ ∈ cν , à òàêîæ i äëÿ b′ = bϕ, çâiäêè
îòðèìó¹ìî (aϕ, bϕ) ∈ ρ i ϕ ∈ End(ρ). Äîâåäåííÿ òîãî, ùî ψ ∈ End(ρ), ¹ àíàëîãi÷íèì.
Íåõàé òåïåð x, y ∈ X òàêi, ùî xν 6= yν . Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè,
øî iñíó¹ òàêèé a ∈ N(x), ùî a /∈ N(y). Îñêiëüêè ϕ ∈ End(ρ), òî aϕ ∈ N(xϕ) = N(z).
Âðàõîâóþ÷è, ùî (ϕ,ψ) ∈ SEt(ρ), îòðèìó¹ìî a ∈ N(zψ−1) = N(y), ùî ñóïåðå÷èòü
íàøîìó ïðèïóùåííþ. Îòîæ, óìîâà (1) äëÿ áóäü-ÿêîãî ρ ∈ G çàäîâîëüíÿ¹ óìîâó
íàñëiäêó 1.
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Íåõàé (τ, σ) ∈ Et(ρ). Âèçíà÷èìî ïåðåòâîðåííÿ τ∗ ôàêòîð-ñèñòåìè X/ν òàê:
xντ

∗ = (xτ)ν äëÿ âñiõ xν ∈ X/ν. Ç îçíà÷åííÿ êëàñó G é îñòàííüîãî çàóâàæåííÿ
âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. Äëÿ áóäü-ÿêîãî (ϕ,ψ) ∈ SEt(ρ), ρ ∈ G âèêîíó¹òüñÿ ðiâíiñòü ϕ∗ =
ψ∗ i ϕ∗ � ñèëüíèé ií'¹êòèâíèé ãîìîìîðôiçì âiäíîøåííÿ δ ⊆ X/ν ×X/ν.

Íàñëiäîê 2. Íåõàé X � ñêií÷åííà ìíîæèíà òà ρ ∈ G. Äëÿ êîæíî¨ êàíîíi÷íî¨

ñèëüíî¨ ôàêòîð-ñèñòåìè (X/ν, δ) âèêîíó¹òüñÿ ðiâíiñòü

SEnd(δ) = Aut(δ).

3. Ñèëüíi åíäîòîïiçìè ñèìåòðè÷íèõ âiäíîøåíü. Íåõàé K � ìàëà êàòå-
ãîðiÿ, S � ìîíî¨ä ç îäèíèöåþ 1, ÿêèé äi¹ ñïðàâà íà ìíîæèíi X = ObK îá'¹êòiâ
êàòåãîði¨ K. Ïðèéìåìî

M =
⋃

a,b∈X

MorK(a, b)

i ïîçíà÷èìî ÷åðåç Map(X,M) ìíîæèíó âñiõ âiäîáðàæåíü ç X â M.
Íåõàé

W = {(s, f) | s ∈ S, f ∈ Map(X,M), xf ∈ MorK(x, xs) ∀x ∈ X}.
Äëÿ âñiõ (r, f), (p, q) ∈W âèçíà÷èìî îïåðàöiþ

(r, f)(p, q) = (rp, fqr),

äå x(fqr) = (xf)((xr)q) äëÿ âñiõ x ∈ X i (xf)(xr)q � êîìïîçèöiÿ ìîðôiçìiâ ó êàòå-
ãîði¨ K. Çàçíà÷èìî, ùî êîìïîçèöiÿ ìîðôiçìiâ ó öié êîíñòðóêöi¨ âèçíà÷à¹òüñÿ çëiâà
íàïðàâî.

ÌíîæèíàW ç òàêèì ìíîæåííÿì ¹ ìîíî¨äîì ç îäèíèöåþ (1, e), äå âiäîáðàæåííÿ
e ∈ Map(X,M) òàêå, ùî xe ∈ Mor(x, x), � òîòîæíèé ìîðôiçì äëÿ êîæíîãî îá'¹êòà x
â K.

Ìîíî¨äW íàçèâà¹òñÿ âiíöåâèì äîáóòêîì ìîíî¨äà S ç ìàëîþ êàòåãîði¹þ K [16,
ñ. 609] i ïîçíà÷à¹òüñÿ ÷åðåç SwrK.

Íåõàé çàäàíà äîâiëüíà ñóêóïíiñòü êàòåãîðié Ci, i ∈ I. Âèçíà÷èìî íîâó êàòåãî-
ðiþ

∏
i∈I Ci, ïðèéíÿâøè

Ob

(∏
i∈I

Ci

)
=
∏
i∈I

ObCi, i Mor

(∏
i∈I

Ci

)
=
∏
i∈I

MorCi.

Äîáóòîê ìîðôiçìiâ ó öié êàòåãîði¨ âèçíà÷à¹òüñÿ ïîêîìïîíåíòíî. Îòðèìàíà êàòåãîðiÿ
íàçèâà¹òüñÿ äîáóòêîì êàòåãîðié Ci, i ∈ I.

Íåõàé òåïåð P = U(Yu)u∈U , ω ⊆ P × P � äîâiëüíå âiäíîøåííÿ êëàñó G. Âèçíà-
÷èìî ìàëó êàòåãîðiþ KG, ïðèéíÿâøè

ObKG = {Yu | u ∈ U}, MorKG =
⋃

u,v∈U
Map(Yu, Yv),

äå Map(Yu, Yv) � ìíîæèíà âñiõ âiäîáðàæåíü ç Yu â Yv. Ïîçíà÷èìî ÷åðåç K2
G äîáóòîê

êàòåãîði¨ KG íà ñåáå, à ÷åðåç K � ïîâíó ïiäêàòåãîðiþ êàòåãîði¨ K2
G, ÿêà ðîçãëÿäà¹-

òüñÿ íà ìíîæèíi îá'¹êòiâ

ObK = {(Yu, Yu) ∈ ObKG ×ObKG | u ∈ U} .
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Ìîíî¨ä SEnd(δ) ïðèðîäíî äi¹ ñïðàâà íà ObK

(Yu, Yu)τ
∗ = (Yuτ∗ , Yuτ∗),

äå τ∗ ∈ SEnd(δ). Îòæå, îòðèìó¹ìî âiíöåâèé äîáóòîê SEnd(δ)wrK ìîíî¨äà SEnd(δ)
i ìàëî¨ êàòåãîði¨ K.

Íåõàé (τ∗, hf,g) ∈ SEnd(δ)wrK, äå τ∗ ∈ SEnd(δ), hf,g ∈ Map(ObK,MorK).
Òîäi (Yu, Yu)hf,g ∈ Map((Yu, Yu), (Yuτ∗ , Yuτ∗)) äëÿ âñiõ (Yu, Yu) ∈ ObK. Ïîçíà÷èìî
(Yu, Yu)hf,g = (fu, gu), äå (yu, yu)(fu, gu) = (yufu, yugu) ∈ (Yuτ∗ , Yuτ∗) äëÿ âñiõ yu ∈
Yu.

Âèêîíó¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé P = U((Yu)u∈U ), ω ⊆ P × P � äîâiëüíå âiäíîøåííÿ êëàñó G i

K � ìàëà êàòåãîðiÿ, âèçíà÷åíà ðàíiøå. Òîäi

SEt(ω) ∼= SEnd(δ)wrK.

Äîâåäåííÿ. Íåõàé ω � äîâiëüíå âiäíîøåííÿ êëàñó G, (ϕ,ψ) ∈ SEt(ω). Çãiäíî ç òâåðä-
æåííÿì 2, ϕ∗ ∈ SEnd(δ). Îçíà÷èìî âiäîáðàæåííÿ hϕ,ψ : ObK→ MorK òàê:

(Yu, Yu)hϕ,ψ = (ϕu, ψu),

äå äëÿ êîæíîãî u ∈ U ìàòèìåìî

(ϕu, ψu) : (Yu, Yu)→ (Yuϕ∗ , Yuϕ∗)

i

(au, bu)(ϕu, ψu) = (auϕu, buψu) = (au′ , bu′),

ÿêùî ((u, au), (u, bu))(ϕ,ψ) = ((u′, au′), (u
′, bu′)) äëÿ áóäü-ÿêèõ (au, bu) ∈ Yu × Yu.

Îòæå, ((u, au), (u, bu))(ϕ,ψ) = ((uϕ∗, auϕu), (uϕ
∗, buψu)) i êîðåêòíî çàäàíèì ¹

âiäîáðàæåííÿ

θ : SEt(ω)→ SEnd(δ)wrK, (ϕ,ψ) 7→ (ϕ∗, hϕ,ψ).

Íåõàé òåïåð (ϕ,ψ), (τ, σ) ∈ SEt(ω) � òàêi åíäîòîïiçìè, ùî

(ϕ,ψ)θ = (ϕ∗, fϕ,ψ), (τ, σ)θ = (τ∗, gτ,σ)

i ((ϕ,ψ)(τ, σ))θ = ((ϕτ)∗hϕτ,ψσ).
Òîäi äëÿ áóäü-ÿêèõ (u, au), (v, bv) ∈ P

((u(ϕτ)∗, au(ϕτ)u), (v(ϕτ)
∗, bv(ψσ)v)) = ((u, au), (v, bv))(ϕτ, ψσ) =

= ((u, au)ϕτ, (v, bv)ψσ) =

= (((u, au)ϕ)τ, ((v, bv)ψ)σ) =

= ((uϕ∗, auϕu)τ, (vϕ
∗, bvψv)σ) =

= (((uϕ∗)τ∗, (auϕu)τuϕ∗), ((vϕ
∗)τ∗, (bvψv)σvψ∗)) =

= ((u(ϕ∗τ∗), au(ϕuτuϕ∗)), (v(ϕ
∗τ∗), bv(ψvσvϕ∗))).

Îòîæ, îòðèìàëè, ùî (ϕτ)∗ = ϕ∗τ∗, (ϕτ)u = ϕuτuϕ∗ i (ϕτ)v = ψvσvϕ∗ .
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Òåïåð äëÿ áóäü-ÿêîãî (Yu, Yu) ∈ ObK ìà¹ìî

(Yu, Yu)hϕτ,ψσ = ((ϕτ)u, (ψσ)u) =

= (ϕuτuϕ∗ , ψuσuϕ∗) =

= ((ϕu, ψu)(τuϕ∗ , σuϕ∗)) =

= (Yu, Yu)(fϕ,ψ(gτ,σ)ϕ∗,ϕ∗).

Îòæå, hϕτ,ψσ = fϕ,ψ(gτ,σ)ϕ∗,ϕ∗ .
Îòîæ,

((ϕ,ψ)(τ, σ))θ = (ϕτ, ψσ)θ =

= ((ϕτ)∗, hϕτ,ψσ) =

= (ϕ∗τ∗, fϕ,ψ(gτ,σ)ϕ∗,ϕ∗) =

= (ϕ∗, fϕ,ψ)(τ
∗, gτ,σ) =

= (ϕ,ψ)θ(τ, σ)θ.

Íåõàé òåïåð (ϕ,ψ), (τ, σ) ∈ SEt(ω) òàêi, ùî (ϕ,ψ) 6= (τ, σ). Òîäi äëÿ áóäü-ÿêèõ
((u, au), (u, bu)) ∈ P × P ìàòèìåìî

((u, au), (u, bu))(ϕ,ψ) 6= ((u, au), (u, bu))(τ, σ)⇐⇒
⇐⇒ ((u, au)ϕ, (u, bu)ψ) 6= ((u, au)τ, (u, bu)σ)⇐⇒

⇐⇒ (u, au)ϕ 6= (u, au)τ àáî (u, bv)ψ 6= (v, bv)σ ⇐⇒
⇐⇒ (uϕ∗, auϕu) 6= (uτ∗, auτu) àáî (vϕ∗, bvψu) 6= (vτ∗, bvσu).

Òîäi uϕ∗ 6= uτ∗ àáî auϕu 6= auτu, ùî âèïëèâà¹ ç ïåðøî¨ íåðiâíîñòi, àáî vψ∗ 6= vσ∗ àáî
bvϕu 6= bvτv, ùî âèïëèâà¹ ç äðóãî¨ íåðiâíîñòi. Ó ïiäñóìêó, (ϕ,ψ)θ 6= (τ, σ)θ ó áóäü-
ÿêîìó âèïàäêó. Îòæå, âiäîáðàæåííÿ θ ¹ ií'¹êòèâíèì. Ñþð'¹êòèâíiñòü θ âèïëèâà¹ ç
éîãî ñòðóêòóðè. Òåîðåìà äîâåäåíà. �

Çàóâàæèìî, ùî âñi ñèìåòðè÷íi âiäíîøåííÿ, âèçíà÷åíi íà ñêií÷åííié ìíîæèíi
X, çàäîâîëüíÿþòü óìîâó (1). Ñïðàâäi, íåõàé X � ñêií÷åííà ìíîæèíà, ρ ⊆ X × X
� ñèìåòðè÷íå âiäíîøåííÿ, (τ, σ) � éîãî ñèëüíèé åíäîòîïiçì. Äîâåäåìî, ùî τ∗, σ∗ �
ái¹êòèâíi ïåðåòâîðåííÿ ôàêòîð-ñèñòåìè X/ν, âèçíà÷åíî¨, ÿê ó ïóíêòi 2. Ñïðàâäi, íå-
õàé xν 6= yν , òîäi iñíó¹ òàêèé a ∈ N(x), ùî a /∈ N(y). Îñêiëüêè, çãiäíî ç ëåìîþ 1 i
çàóâàæåííÿì äî íå¨, τ ∈ SEnd(ρ), òî aτ ∈ N(xϕ) i aτ /∈ N(yϕ), çâiäêè (xτ)ν 6= (yτ)ν i
τ∗ ¹ ií'¹êòèâíèì ïåðåòâîðåííÿì. Ñþð'¹êòèâíiñòü τ∗ ¹ î÷åâèäíîþ. Ìiðêóâàííÿ ùîäî
ïåðåòâîðåííÿ σ∗ àíàëîãi÷íi. Îòæå, íà ïiäñòàâi ñêií÷åííîñòiX â îáðàçi êîæíîãî ïåðå-
òâîðåííÿ τ, σ ìíîæèíè X áóäü-ÿêîãî ñèëüíîãî åíäîòîïiçìó (τ, σ) öüîãî âiäíîøåííÿ
çàâæäè ¹ õî÷à á îäèí ïðåäñòàâíèê êîæíîãî êëàñó åêâiâàëåíòíîñòi ν.

Ïðèïóñòèìî òåïåð, ùî iñíóþòü òàêi x, y ∈ X, ùî (x, y) ∈ ν, àëå (xτ, yσ) /∈ ν. Òîäi
çíàéäåòüñÿ òàêèé z ∈ N(xτ), ùî z /∈ N(yσ). ×åðåç òå, ùî (τ, σ) ∈ SEt(ρ), îäåðæó¹ìî
zσ−1 ∈ N(x) = N(y). Îñêiëüêè σ ∈ End(ρ), òî z ∈ N(yσ), ùî ñóïåðå÷èòü íàøîìó
ïðèïóùåííþ.
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Îòîæ, íàñëiäêîì ç òåîðåìè 1 ¹ òàêèé ðåçóëüòàò.

Òåîðåìà 2. Íåõàé X � ñêií÷åííà ìíîæèíà, P = U((Yu)u∈U ), ω ⊆ P ×P � äîâiëüíå

ñèìåòðè÷íå âiäíîøåííÿ, K � ìàëà êàòåãîðiÿ, âèçíà÷åíà âèùå. Òîäi

SEt(ω) ∼= Aut(δ)wrK.

Íàñëiäîê 3. Íåõàé X � ñêií÷åííà ìíîæèíà, P = U((Yu)u∈U ), ω ⊆ P×P � äîâiëüíå

ñèìåòðè÷íå âiäíîøåííÿ. Òîäi

|SEt(ω)| =
∑

ϕ∈Aut(δ)

( ∏
u∈U
|Yuϕ||Yu|

)2
.
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THE MONOID OF STRONG ENDOTOPISMS OF A SYMMETRIC
RELATION
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In this paper we de�ne a class of symmetric relations on an arbitrary set
and prove that the monoid of all strong endotopisms of an arbitrary symmetric
relation from a certain class is isomorphic to the wreath product of a monoid of
all strong endomorphisms of a canonical strong quotient and a small category.
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