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‘We prove the correctness of an inverse problem for a time fractional sub-
diffusion equation. This problem is to find a solution of direct problem, which
is classical in time with values in the space of periodic spatial distributions, its
initial data and a source term of the equation. We show that the same kind
time integral over-determination conditions may be used.
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Inverse Cauchy and boundary-value problems for a time fractional diffusion equati-
ons with different unknown quantities and under different over-determination conditions
are actively studied in connection with their applications (see, for instance, [1]-[9]).

We study the inverse problem for a time fractional diffusion equation. This problem
is to find a solution for direct problem, classical in time with values in the space of
periodic spatial distributions, its initial data and a source term of the equation. We use
the time integral over-determination conditions. Such kind of conditions generalise the
multi-point conditions. Space integral over-determination conditions have been used, for
instance, in [4, 10, 11] for study the inverse problems.

Note that the sufficient conditions of classical solvability of fractional Cauchy and
boundary-value problems were obtained, for example, in [12]-[17], the existence and uni-
queness theorems to the boundary-value problems for partial differential equations in
Sobolev spaces were obtained by Yu. Berezansky, V. I. Gorbachuk and M. L. Gorbachuk,
Ya. Roitberg, J.-L. Lions, E. Magenes, V. A. Mikhailets, A. A. Murach and others (see
[18] and references therein), and in [19] the existence and uniqueness theorems to the
space fractional Cauchy problem in Schwartz spaces were proved. The solvability of
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some nonclassical direct problems for partial differential equations with integral initi-
al conditions, in particular, in the space of periodic spatial variable functions, have been
established, for example, in [20, 21], the multi-point non-local problem for parabolic
pseudo-differential equations with non-smooth symbols has been investigated in [22].
The inverse problem on determination only the initial data of the solution (classical in
time with values in the space of periodic spatial distributions) of a time fractional di-
ffusion equation, or only a source term of a such type equation, were studied in [8] and
[9], respectively.

1. Auxiliary definitions. Assume that N is a set of natural numbers, Z, = NU{0},
D(R) is the space of infinitely differentiable functions with compact supports, S(R) is
the space of rapidly decreasing infinitely differentiable functions [23, p. 90], while D’(R)
and §’(R) are the spaces of linear continuous functionals (distributions) over D(R) and
S(R), respectively, and the symbol (f, ) stands for the value of the distribution f on
the test function ¢. Note that S’(R) is the space of slowly increasing distributions.

Recall that the Caputo derivative (or the Caputo-Djrbashian derivative) of order
a € (0,1) is defined by

¢
1 0 v(x,T) v(z,0)
‘Div(z,t) = ——— | = dr — .
P = g [3t/(t—7’)a A }
0
Let Xj.(z) = sinkz, k € N. Similarly to [23, p. 120], we denote by Dj_(R) the space

of periodic distributions, i.e., the space of v € D’'(R) such that

v(x 4 27) = v(z) = —v(—x) Vo € R.

The formal series
(1) S 0 Xi(@), zeR
k=1

is the Fourier series of the distribution v € D}_(R), and numbers
2

™

2
Vg (v, Xi)on = ;(thk)

are its Fourier coefficients. Here h(z) is an even function from D(R) possessing the
properties:
]-7 € (— ) b
o) = TECTEET=E) <.
0, zeR\(—m,m)
Note that

T

vp =2 [ v(@)Xp(x)de for ve Dy (R)N L (R),

and then the series (1) is the classical Fourier series of v by the system Xy, k € N.
As it is known (see |23, p. 123]|) D5 (R) C S'(R), the series (1) of v € D) (R)
converges in §’'(R) to v, and for the Fourier coefficients the estimates hold

(I+k)"™wv| < C(v,m) VkeN

with some m € Z, where C(v,m) is the positive constant, the same for all k£ € N.
We use the following: for v € R



RESTORATION OF A SOLUTION’S INITIAL DATA AND A SOURCE
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 157

H(R) = {v € Dy (B) ¢ ol sy = sup sl (14 K)7 < oo}

(note that H7¢(R) c H?(R) for all € > 0, v € R),

C([0,T]; H(R)) is the space of continuous in ¢ € [0, T functions v(z, t) with values

v(-,t) € H(R) endowed with the norm ||11HC([0 T ®) = tre%a)%] lv(, ) mr (m) »

Cy((0,T]; HY(R)) is the space of continuous in ¢ € (0, T functions v(z, ¢) with values

v(-,t) € H?(R) endowed with the norm ”chb( sup [v(-, )|l v (w),

(0,7);H~ (R)) - te(0,T)

C2,0([0,T]; HY(R)) = {v € C([0,T]; H*T(R)) :* D*v € Cb((O,T];HV(R))} is its
subspace endowed with the norm

[1°D% ||

Wl . (0750 ) = ™2 {”“”c([o,T];HW(R)) & ((0.71:H7(R)) }

2. The inverse problem. We study the inverse problem

(2) ‘Difu — ugy = Fo(x), (z,t) € Qr =R x (0,7,

(3) u(z,0) = Fi(z), z€R,

(4) u(z, t)dt = ®o(z), [ u(z,t)dt = ®1(z), = €R, to,t1 € (0,T]
/ /

where a € (0,1), &g, P, are given functions, T is a given positive number, u, Fy, F; are
unknown functions.
Let the following assumption holds:

(A) v E R, @07q)1 c H’Y+4(R), to,t1 € (O,T}, to 75 t1.

Expand the functions Fj(x), ®;(x), j € {0,1}, in the formal Fourier series by the
system Xp(x), k € N:

(5) Fi(x) =Y FjXp(z), z€R,
k=1
(6) Oj(x) =Y PuXi(z), TER, j=0,1.
k=1

Definition 1. The vector-function
(u, Fo, F1) € Moy = Co,o ([0.T): H(B)) x H (R) x HT(R)

given by the series
(7) u(z,t) = Zuk(t)Xk(x), (x,t) € Qr
k=1

and (5), satisfying the equation (2) in §’(R) for every ¢t € (0,7] and the conditions (3),
(4), is called a solution of the problem (2)—(4).
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Substituting the function (7) in the equation (2) and the conditions (3), (4), we
obtain the problems

(8) Diuy, + k*uy, = For, t € (0,T], up(0) = Fig,
to t1

(9) /Uk(t)dt = Py, /uk(t)dt =&, keN,
0 0

for the unknown wuy(t), t € [0,7T] and Fji, j =0,1, k € N.
So, the vector-functions (uy(t), Fog, F1x) (k € N) of the Fourier coefficients of the
solution satisfy the inverse problems (8), (9).

We use the Mittag-Leffler function E, ,(z) = Z;O:O 1“(#:-“)'

The function E, ,(—x) (z > 0) is infinitely differentiable for a € (0,1], > 0 and
compactly monotonic. We have 0 < E, ,(—k*t*) < 1forallt >0, p > a,

E,u(—z) < FT’#’ x>0, where ry, is a positive constant,
x
and the asymptotic behavior [12]
1
Eopu(—x) = O(f>, T — +00.

x
Theorem 1. Assume that v € R, Fy € HY(R), F; € H" 2(R). Then there emists a
unique solution u € Co4([0,T]; HY(R)) to the direct problem (2), (3). It is given by (7)
where

(10)  wg(t) = Fopk ™ 2[1 = Ea 1 (—k*t*)] + FipEBa(—k°t*), t€[0,T], keN.

The solution depends continuously on the data (Fy, Fi), and the following inequality
holds:

(11) < aol|Follgv®) + a1||F1l| a2 ®),s

lelle, . (o210 @)
where aj, j € {0,1} are positive constants independent of data.

Proof. 1t follows from the theorem 1 in [8] that there exists the unique solution u €
C2,4([0,T]; HY(R)) to the problem (2), (3) under the theorem’s conditions, that it is
given by (7) where

t
ur(t) = Fo /To‘_lEma(—kQTo‘)dT + FixEqq(—K*%), t€0,T], keN.
0
By the link
t
)\/Ta_lEa,a(—ATa)dT =1—E,1(—\t%),
0
we obtain the formulas (10) and, using [8, th.1], we obtain (11). This inequality implies
that a solution of the problem is unique and depends continuously on the data. O
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Theorem 2. Assume that (A) holds. Then there exists a unique solution (u, Fy, Fy) €
Mo~ of the inverse problem (2)—(4). It is given by the Fourier series (7) and (6) where
ug(t) are defined by (10),

P ® _
(12) Fo = [ 52 Eaa(—K#) = 2 B o(—%15) |2 G,
d P
P =[5 (= Baa (k) = 52 (1= Eaa(-k)] G

Gk = Ea,2(_k2t?) - Ea,?(_thoa)a ke N.
The solution depends continuously on the data ®o, 1 and the following inequality holds:

HUHCM([O’T];HV(R)) + [ Follmr @) + [[F1ll vz )

(13) < bol[®ol|mr+a(r) + 01l @1l mo+aw),
where bj, j € {0,1} are positive constants independent of data.

Proof. Using (10), we write the conditions (9) as follows

to to

Fokk*Q/ {1 fEa,l(fk%a)}dt+F1k/Ea,1(fk2to‘)dt — ®yy,
0 0
t1 t1

FOkk*/ {1 - Ea,l(—k%a)}dt n Flk/Ea,l(—tha)dt — By,
0 0

k € N. Note that [§]
tj
/Ea,l(—k%a)dt =t;FEao(—K*t;*), j=0,1, keN.
0

From here, according to the assumption (A), we find the expressions (12) for the
unknown Fourier coefficients Fj;, k € N, j = 0,1. The numbers Gy, # 0 for all k£ € N by
the mentioned monotonic property of the Mittag—Leffler function.

Let us show that the founded solution belongs to M, .

Taking the behavior of the Mittag—Leffler function for large k and the formulas (12)
into account, one obtains

(L4 k)7 o] < co[|or|(1+ k)7+2 + [@14](1 + )72,

(L F) 772 Fiil < co |[@0kl(1+ k)7 4+ [@1](1+ K)H], ke,

where ¢g is a positive constant, and therefore,

1Bl sy < co[lI@ollarrvagey + 1@l s2e

[ F1]| e )y < co [||¢0||Hv+4(R) + ||(I)1HH“/+4(R)]~
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So, under the theorem’s assumptions, Fy € H(R), F; € HYT2(R). Then, using
(11), we obtain the inequality (13). The inequality (13) implies that a solution of the
problem is unique and depends continuously on the problem’s data. O

3. Remarks. 1. The obtained result can be transferred to the case of the boundary
value problem for a time fractional diffusion equation
‘Diu — A(z, D)u = Fy(x),
where A(x, D) is an elliptic differential expression of the second order with infinitely di-
fferentiable coefficients and when the corresponding Sturm-Liouville problem has positive

eigenvalues.
2. In the case a € (1,2)
¢
1 Vrr(x,T) 1 8 vr(z ~ u(z,0)
°Dfv(x, t) = dr = 2 ]
vu(@?) F(z—a)/(t—r)a—l TTre-aw) at —ral o1
0

and we may study the inverse problem

(14) ‘Difu — ugy = Fo(x), (z,t) € Qr =R x (0,7,

(15) u(z,0) = Fi(z), w(x,0) = Fy(x), xR,

(16) u(z, t)dt = ®o(x), [ u(z,t)dt = P1(z), z €R,
/ /

where ®g, ®1, F> are the given functions, T is a given positive number, u, Fy, F; are
unknown functions, to,t1 € (0,77, to # t1.

By [8, th.1], assuming v € R, 6 € (0,1), Fy € HY"20(R), F; € H'"2(R), j = 1,2, we
obtain the existence of the unique solution u € Cs ([0, 7]; H”(R)) to the direct problem
(14), (15). It is given by (7) where
(17)
up(t) = Fopk ™2 [1=Ea1(—k*t*)] + FiiEa 1 (—k*t*) + FoytEq o(—k*t*), t € [0,T7], k € N.

The solution depends continuously on the data (Fy, Fy, F3), and the following inequality
holds:

2
(18) Ilull (0.1 (®) < aol|Follreooy + Y a5 || Fjll e m),
: =

where a;, j € {0,1,2} are positive constants independent of data.
Using (17), we write the conditions (16) as follows

0 to to
FOk/ﬁ/ [1 - Eml(—k?ta)}dt T Flk/Ea,l(—k%a)dt + Fy /tEa,z(—thQ)dt — By,
0 0
t1 t1

FOkk_Q/ [1—Ea1( th")}dt—kFlk/Eal th‘X)dt—kng/tEag( K2V dt = By,
0 0
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tj k2t
« 1 2_ «
k € N. Note that /tEM(—k% Ydt = —T7 / Eqpn(—2)ze'dz = t7Eq s(—kt;),

0
k € N and we have

Fork ™2t [1 - Ea,g(—thS‘)} + FiptoEao(—k28)dt = Bop, — Fopt2Ba 5(—k%t3),
Forh™2t1 [1 = Bop(—K*9)] + Fupt Bap(—FH8) = 1 — FaptEo s (K17,
k € N. From here if
Gy i= Epo(—k*Y) — Eqo(—k*5) #0Vk €N
we may find the expressions
o
For, = [(%.k - FthoEaﬁ(*k%g))Eag(*kzt‘f)*
)
(71’“ — Popt1 Ea, (—k%g))Ea,Q(—k%g)}k? Gt
t1
(19) -
P = [ = Puti Baa(-k%45) ) (1~ Baa(-k*45)) -

o
(%’“ — FartoBas(— k2t8‘)) (1- Ea,g(—th?))} e

which imply the inequalities

1
[ Foll oy < ch||q>j||H“f+2+29(R) + col[ || gv20 (my
j=0

1
IEu |2y < sll®g [y + ol [Fal e,
j=0
and, by using (18),
1
||U| ‘CQ,@ ([O,T];HV(R)) < Z Cj||(I)j||H7+4(R) + CQ||F2HH“/+2(R)a
j=0

where ¢;, j € {0,1,2} are positive constants independent of problem’s data.

In the case a € (1,2), the function E, 2(—%) does not monotonic. But it has a finite
number of real positive zeroes. So, assuming ®¢, ®; € H'4(R), F, € H"*2(R), under
severe constraints of existing tg,t; € (0,T] such that tg # ¢; and Gy, # 0 for all £k € N we
obtain that there exists the unique solution

(U,FO,F1) S ./\/la,%g = C’Q’a([O,T];HW(R)) X Hv+29(R) % erg(R)
of the inverse problem (14)—(16) for all § € (0,1), that it is given by the Fourier series

(7) and (5) with wuy defined by (17), Fog, F1x defined by (19) and depends continuously
on the data ®q, ®q, F5.

4. Conclusion. For a time fractional sub-diffusion equation we prove the correctness
of the inverse problem which is to find a classical in time with values in the space of
periodic spatial distributions solution for the direct problem, its initial data and a source
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term of the equation under the same kind time integral over-determination conditions.
More complicated situation is for a time fractional super-diffusion equation. The numbers
t1,t2 can not be arbitrarily taken from (0,77 in such type over-determination conditions.

10.

11.

12.

13.

14.

15.

16.

17.

18.

REFERENCES

J. Nakagawa, K. Sakamoto, and M. Yamamoto, Querview to mathematical analysis for fracti-
onal diffusion equation — new mathematical aspects motivated by industrial collaboration, J.
Math-for-Ind. 2 (2010), no. A, 99-108.

Y. Zhang and X. Xu, Inverse source problem for a fractional diffusion equation, Inverse
Probl. 27 (2011), no. 3, Art. ID 035010.

W. Rundell, X. Xu, and L. Zuo, The determination of an unknown boundary condition in
fractional diffusion equation, Appl. Anal. 92 (2013), no. 7, 1511-1526.

T. S. Aleroev, M. Kirane, and S. A. Malik, Determination of a source term for a time
fractional diffusion equation with an integral type over-determination condition, Electron. J.
Differ. Equ. 2013 (2013), no. 270, 1-16.

Y. Hatano, J. Nakagawa, Sh. Wang, and M. Yamamoto, Determination of order in fractional
diffusion equation, J. Math-for-Ind. 5 (2013), no. A, 51-57.

B. Jim and W. Rundell, A turorial on inverse problems for anomalous diffusion processes,
Inverse Probl. 31 (2015), no. 3, Art. ID 035003.

Ja. Janno, Determination of the order of fractional derivative and a kernel in an inverse
problem for a generalized time fractional diffusion equation, Electron. J. Differ. Equ. 2016
(2016), no. 199, 1-28.

H. Lopushanska, A. Lopushansky, and O. Myaus, Inverse problem in a space of periodic
spatial distributions for a time fractional diffusion equation, Electron. J. Differ. Equ. 2016
(2016), no. 14, 1-14.

A. Lopushansky, H. Lopushanska, and O. Myaus, An inverse fractional source problem in a
space of periodic spatial distributions, Frac. Diff. Calc. 6 (2016), no. 2, 267-274.

M. Hussein, D. Lesnic, and M. 1. Ismailov, An inverse problem of finding the time-dependent
diffusion coefficient from an integral condition, Math. Methods Appl. Sci. 39 (2016), no. 5,
963-980.

M. Ivanchov, Inverse problems for equations of parabolic type, Math. Studies, Monograph
Ser., VNTL Publ., Lviv, 2003.

M. M. Djrbashian and A. B. Nersessyan, Fractional derivatives and Cauchy problem for
differentials of fractional order, Izv. Akad. Nauk Arm. SSR, Mat. 3 (1968), no. 3, 3-29.
A.N. Kochubei, A Cauchy problem for evolution equations of fractional order, Dif. Eqs 25
(1989), no. 8, 967-974.

Yu. Luchko, Boundary value problem for the generalized time-fractional diffusion equation
of distributed order, Fract. Calc. Appl. Anal. 12 (2009), no. 4, 409-422.

M. M. Meerschaert, E. Nane, and P. Vallaisamy, Fractional Cauchy problems on bounded
domains, Ann. Probab. 37 (2009), no. 3, 979-1007.

A. A. Voroshylov and A. A. Kilbas, Ezistence conditions for a classical solution of the cauchy
problem for the diffusion-wave equation with a partial Caputo derivative, Dokl. Math. 75
(2007), no. 3, 407-410.

Z. Li and M. Yamamoto, Initial boundary-value problems for linear diffusion equation with
multiple time-fractional derivatives, arXiv: 1306.2778v1.

V. A. Mikhailets and A. A. Murach, Hérmander spaces, interpolation, and elliptic problems,
Birkhauser, Basel, 2014.



RESTORATION OF A SOLUTION’S INITIAL DATA AND A SOURCE
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 163

19.

20.

21.

22.

23.

V. V. Gorodetsky and V. A. Litovchenko, The Cauchy problem for pseudo-differential equati-
ons in spaces of distributions of type S’, Dop. Acad. Sci. Ukraine 10 (1992), no. 6, 5-9 (in
Ukrainian).

R. Jebari, Solvability and positive solutions of a system of higher order fractional boundary
value problem with integral conditions, Frac. Diff. Calc. 6 (2016), no. 2, 179-199.

B. Y. Ptashnyk, V. S. Ilkiv, I. Ya. Kmit, and V. M. Polishchuk, Nonlocal boundary-value
problems for equations with partial derivatives, Naukova dumka, Kyiv, 2002 (in Ukrainian).
Ja. M. Drin’, Classical solvability of multi-point non-local problem for parabolic pseudo-
differential equation with non-smooth symbol, J. of Lviv Polytechnic Nat. Univ. “Phys. and
Math. Sciences”, 804 (2010), no. 21, 5-28 (in Ukrainian).

V. S. Vladimirov, Generelized functions in mathematical physycs, Nauka, Moskow, 1979 (in
Russian).

Cmammas: naditiwna do pedkonezii 02.06.2017
doonpauyvosana 30.10.2017
nputinama do dpyxy 13.11.2017

BITHOBJIEHHA IIO9YATKOBIX JAHNX PO3B’A3KY
TA ITPABOI YACTHUHN PIBHAHHA JPOBOBOI AN®Y3I1l

B IIPOCTOPI IIEPIOJANYHUX Y3ATAJIBHEHUX ®YHKIIIN

Tanuaa JIOMTYIIIAHCBKA!, Onbra M’SIVC

L Tvsicoruti nayionarvnud ynisepcumem im. Isana Ppanka
eya. Yuisepcumemcora, 1, 79000, JIveis
e-mail: lhp Qukr.net
Hautonanvrut ynieepcumem “/Iveiscvra noaimexrnixa”
eyns. C. Bandepu, 12, 79001, Jlveis
e-mail: myausolya@mail.Tu

JloBoamMo KOpeKTHICTH 00epHeHOI 3a/1a4i A piBHAHHS CyO-mudys3ii 3 pe-
TyJIIPU30BAHOIO TIOXITHOIO IPOBOBOrO MOPSIIKY 33 WaCOM, IO MOJSTa€ y 3Ha-
XO/I?KEHHI PO3B’A3KYy HPsMOI 33/1a9i, KJIACHIHOTO 33 YaCOM 31 3HAYEHHSIMU B
IPOCTOPi mepioandnnx y3arajbHeHuX (GYHKINN, H0ro HEBIIOMHUX MOYATKOBHX
JAHUX 1 TpaBOl YACTUHU PIBHAHHSA. 3’ SICOBYEMO, IO MOYKHA BUKOPUCTOBYBATH
OTHAKOBOTO BUTJISY IHTErpaJibHi 33 9aCOM YMOBU TE€PEBU3HATEHHSI.

Karwosi caosa: moxigHA IpoOOBOTO MOPSIKY, OOepHEHA 3aa4a, Tepioamd-
Ha y3arajabHeHa (DyHKIIs, iIHTerpaabHa 33 9aCOM YMOBA MePEBU3HAUECHHSI.



