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The linear higher-order systems of PDE’s with analytic coefficients in bidisc
are considered. We study boundedness of the L-index in joint variables of their
analytic solutions, where L(z1,22) = (l1(21, 22), l2(21, 22)), I;: D* — Ry is
continuous function, j € {1,2}, D?* = {(z1,22) € C?: |z1| < 1, |22| < 1}.
The main tool of investigations is known Hayman’s theorem. Some analytic
solutions in bidisc for these system of PDE’s are given.
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1. Introduction. Let L(z1,22) = (l1(21,22), l2(21,22)) be a positive continuous
vector function in the unit bidisc D? = {(21,22) € C?: |z1] < 1, |22| < 1}. Recently, we
published few papers [7, 8, 9] which are devoted to the theory of analytic functions in D?.
For these functions there was introduced a concept of bounded L-index in joint variables
(see definition below). Also we deduced counterparts of known criteria of boundedness of
L-index in joint variables. In this paper, we present an application of obtained theorems
to system of PDE’s.

The class of functions of bounded index have been used in the theory value distri-
bution and differential equations (see full bibliography in [4]). In particular, every entire
function is a function of bounded value distribution if and only if its derivative is a
function of bounded index [15]. Similar result for entire bivariate function are deduced
by F. Nuray and R. F. Patterson [21]. It is known that every entire solution of the di-

n—1
fferential equation f(™(t)+ 3 a;fU)(t) = 0 (t € C) is a function of bounded index [24].
§=0

More general results for entire solutions of PDE’s are obtained by A. I. Bandura and
O. B. Skaskiv [1, 2, 4, 10]. But there are only two researches [13, 23] where authors study
bounded index of entire solutions for systems of PDE’s. In particular, M. T. Bordulyak
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[13] considered the next system
OO OEDY

where for all j € {1,...,m} [K?|| =s, {f(K?)(z)};ll is the set of all possible s-order
partial derivatives of the function f, the entire functions a;, gk ;, h; are functions with
separable variables of the form g(z) = [[j_, g;(2;). She obtained sufficient conditions
for boundedness of the L-index in joint variables for every entire solution of system (1),
where L(2) = (l1(|21]), ..., ln(]2x|)) and each function [;: Ry —Ry is continuous. Earlier
M. Salmassi [23] established that every entire solution of the system

@ [0l MOE M TOE) 4 an f(2) = 9(2), a0 0,
bo fOm2)(2) 4 by fOm2=(2) 4 .. 4 by, f(2) = h(2), by # 0,

i eot IS ) = hi(2), G € {1, m)

z = (21,22),

is a function of bounded index in joint variables, where a; € C, b; € C, h(z) and g(z) are
arbitrary entire functions in C? of bounded index in joint variables. Unlike M. T. Bor-
dulyak, he did not suppose that h(z) and g(z) are functions with separable variables.

In the present paper, we consider homogeneous systems of form (1) in two variables
with analytic coefficients in the unit bidisc. As M. Salmassi, we do not assume that the
coefficients are functions with separable variables. At first, three systems of PDE’s with
specified coeflicients are studied. For each system we find a function L = (I3, l2) such that
every its analytic solution has bounded L-index in joint variables. Finally, the developed
methods helps us to deduce sufficient conditions providing boundedness of L-index of
analytic solutions for a more general homogeneous system.

Note that the same problem is considered in [12] for analytic functions in the unit
ball.

2. Main definitions and notations. We consider two-dimensional complex space
C?. This helps to distinguish main methods of investigation.

We need some standard notations. Denote Ry = [0,+00), 0 = (0,0) € R%, 1 =
(1,1) e R%, R = (r1,72) € R2, 2 = (21,22) € C% For A = (a1,a2) € R?, B = (by,bs) €
R? we will use formal notations without violation of the existence of these expressions

AB = (albl,agbg), A/B ES (al/bl,ag/bg), b1 }é O, bg ;é 0, AB = a?lagz, be Z2,

and the notation A < B means that a; < b;, j € {1,2}; the relation A < B is defined
similarly. For K = (k1, k2) € Z2 denote || K| = k1 + ko, K! = k1ks!.

The bidisc {z € C* : [z; — 27| < rj, j = 1,2} is denoted by D*(2°, R) and the
closed bidisc {z € C%: |z; — z;)| <rj, j =1,2} is denoted by D?[2%, R], D? = D?(0, 1),

8”+‘1F(z1,22

D={z€C: |zl <1}. For p, ¢ € Z; and the partial derivative 9041 ) of analytic

function F(z) in D? we will use the notation

8p+qF(2:1, 22)

FPa) () = pPa) —
) (Br22) = "5 700

Let L(z) = (l1(2),12(z)), where [;(z) : D* — Ry is a continuous function such that

(Ve € D?): Ii(2) > B/(1 = |z), j € {1,2},
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where § > 1 is a some constant. S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir [17],
[27] imposed a similar condition for a function I: G — Ry, where G is arbitrary domain
in C. A. I. Bandura and O. B. Skaskiv [11, 12] used the similar condition to consider
analytic functions in the unit ball of bounded L-index in joint variables.

An analytic function F: D? — C [7, 8, 9] is called a function of bounded L-index
(in joint variables), if there exists ng € Zy such that for all z = (21, 22) € D? and for all

(p1,p2) € Z2+

3)

1P 1Rk ()
1ma | JP1 D2 < 151 7K k
pilp2! I (2)157 (2) kilkal 17 (2)152 (2)

:O§k1+k2§n0}.

The least such integer ny is called the L-indez in joint variables of the function F(z) and
is denoted by N(F,L,D?) = ng. This is an analog of the definition of entire function of
bounded L-index or bounded index (L = 1) in joint variables in C? (see [5], [20, 21, 22])
and the definition of analytic in a domain function of bounded index [16]. Note that a
primary definition of entire in C function of bounded index was supposed by B. Lepson
[19]. Other approach (so-called L-index in a direction) is considered in [4, 1, 6].

By Q(D?) we denote the class of functions L, which satisfy the condition

(4) (Vry €10,8], 7 €{1,2}): 0 <A ;(R) < A 5(R) < o0,

where

A (R) = inf inf{ L(2) e pe [zO,R/L(zo)]},

20eD? lj(ZO)
A2 (R) = 316152 sup { lljj((;))) 1z € D? [2% R/L(2")] } )

It is easy to prove that the function L;(z1,22) = (8'/(1 — |z1]), 8'/(1 — |22])) belongs to
Q(D?), where 3’ > 3. We need the following theorem from [8].

Teopema 1 (|8]). Let L € Q(D?). An analytic function F in D? has bounded L-index
in joint variables if and only if there exist p € Z4 and ¢ € Ry such that for each
2 = (21, 22) € D? the next inequality

. {|F(j1,j2)(z)| | (k2 ()]
JHETT

———— ki +ka<p
I (2)15* (=) }

, - 1+ Jjo=p+1; <c-max
B TR } {

holds.

This proposition and its generalizations [26, 18, 5, 8] are analogs of known Hayman’s
Theorem [15] in theory of functions of bounded index. M.T. Bordulyak [14] apllied the
theorem to investigate l-index boundedness of entire solutions of linear high-order di-
fferential equations. Later, A. I. Bandura and O. B. Skaskiv [2] used the same method to
study bounded L-index in direction of entire solutions of PDE’s. We will apply Theorem 1
to systems of PDE’s.
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3. General result. Let us consider the following system of PDE’s
aeo(2)FEO(2)+ 3 ang m(2) PO (2) = 0,
0<j1+j2<k—1

az-11(2)FEID(2) + 3 an, g (2) FURI(2) = 0
(5) 01 +j2<h—1

k41,0, (2) FOP (2) + S Gkt (2)FU)(2) = 0.
0<j14da<h—1

Theorem 1. Let L € Q(D?), a;;, j,(2) be analytic functions in D?, which satisfy the
following conditions for all z € D? :

(6)  ai () (2)1 (2) < CHT @) (D) aikir—ii1(2)]s igpa—iio1(2) #0,
where 0 < j1 +jo < k—1,7€ {1,...,k+ 1} and C > 0 is some constant. If analytic
function F(z1,22) in D? is a solution of (5) then F(21,22) is of bounded L-index in joint

variables.

Proof. From the first equation we have:
> an () FUNR)(2)
0<j1+j2<k—1

<
a1 k,0(2)] h

FEO ()] <

< ¥ mallpeseic S ot @R @FC )
o< tgach—1 1BLk0( 0< 1472 <h—1

whence

|FU132) (2)]

max —_——
01+ <k=1 111 (2)152(2)

F k,0) . . L
|lk lo(Z)| <Y CHMELPEIFTR() <G
1) o0g e

Similarly, for i-th equation of system (5) it can be proved that
F(kiivi) z F(jhjZ) z
M <G max %
57 (2)l5(2) 0<i+i2<k=1 11 (2)152 (2)
Finally, we obtain
k) FOie)
ax M tk1+ky=kp;< max C;- max w
I (2)l5% (2) 1<i<k+1 " 0<iita<k—1 [ (2)132(2)
By Theorem 1 this means that F'(z1, z2) is of bounded L-index in joint variables. O

To formulate one-dimensional corollary, we consider the following linear higher-order
differential equation:

k—1
(7) ap(O) M0+ a; ()P () =0
j=0

Corollary 1. Let | € Q(D) and analytic functions a;(t) in D satisfy the conditions:
®)  (VteD) (Vje{0,1,....k=1}) laj()F (1) < Cl*(B)|ar(t)], ar(t) #0,
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where C' > 0 is a some constant. If an analytic function f in D satisfies equation (7)
then f has bounded [-index.

M. Sheremeta [25] considered equation (7) with coefficients which are analytic functi-
ons of bounded I-index. As M. Bordulyak in [14] for entire functions, we replaced the
restriction by inequality (8). Thus, Corollary 1 is a new proposition for analytic functions
in the unit disc.

4. Examples of linear higher-order systems of PDE.

Corollary 2. Every analytic function F(z1,22) in D?, satisfying the following system of
partial differential equations

2F(2’0)(21, 29) + 7(,213—1) : F(l’o)(Zh Z2) + % : 4(21_1)%(22_,_1) “F(21,22) =0,
9) (2P0 (e, 2) + Gy - FOV (0 2) + 3 - e - Pl 2) = 0,
2F(1’1) (Zl, 22) + (225'_1) . F(l’o)(zl, 2’2) + % . m . F(Zl, 22) = 0,

is a function of bounded L-index in joint variables, where

1 1
(10) L(2) = (l(2),l2(2)) = < T RV e |22|)> .

Proof. Using (4) it is easy to show that the function L belongs to Q(D?) (see similar
propositions in [3]). Now we check validity of (6) for system (9):

= 3 < <2MI3(z),
lz1i=1] o = /T =211+ 2[(1 = |z1]) — (VL= 21[]1 + 22[(1 = |z1]))?
3la(z) 3 6 < oM (),

- <
2+ 1]z + 1/ =21+ 22[(1 = |22]) © (VI = 2f[1+ 22](1 = [22]))?
1

li(2) 2

— < <
lz2+ 1] |z + 1\/|1 —21|[1 + 22|(1 — |z1]) ~ 11— 21[1 + 22|/(1 — [za[)(1 — [22]) —
§2Ml1(z)l2(z),

1
< < 2MI2(2),
2‘21—1‘3|22—|—1| - 2|1—21||1+22|(1—|21|)2 - 1( )
1 1
< < 2MIi2(2),
2‘21—1”2’24—”3 - 2|1—Zl||1+22|(1—|22|)2 - 2( )
1 1/2

<
2[z0 = 1Pz + 12 7 [1 = 2|1+ 22[(1 = [22[)(1 = [22])

Hence, by Theorem 1 the function F' has bounded L-index in joint variables. O

Example 1. The function

= cos ! = 3 —
F(z1,22) = EENICED) Z @2n)!((z1 — D22 + 1))’

n=0
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is a solution of system (9). Indeed, formally find all first and second order partial deri-
vatives

F(l’o)(zl,ZQ) =sin ! . L ,
(2’1 — 1)(22 + 1) 2(2’1 — 1) (Z1 — 1)(2’2 + 1)
1 1

FOY (2, 2) = sin

Ve - Dz 1) 2/ - Dzt Dz + 1)

(2.0) (2, 29) = —co ! ' : B
F'5% (21, 22) s (z1 = D)(22+1) 4(z1 —1)3(22 + 1)
. 1 3
CVE D@D A6 - ) D))
(0,2) 21,29) = — COS ! ’ : B
F (21, 22) (21— D)(22 + 1) 4(z1 — 1)(22 +1)3
— sin ! ’ >
Vi =Dz +1) 4y — (22 + 1) (22 + 1)’
(LD (2, 2) = — cos ! : 1 B
FU5 (21, 22) (z1— D(za+1) 4(z1 —1)% (22 +1)2
. 1 1

(21— D22+ 1) 4(/(z1 = D(z2 +1)*
We choose a branch of square root such that v/1 = 1 and take into account that ﬁ sin ——

N
can be extended to an entire function. Substituting these derivatives in system (9), it is

easy to check that the function F'(z1, z2) is its solution. Then by Corollary 2 the function
F has bounded L-index in joint variables with L given in (10).

Corollary 3. Every analytic function F(z1,22) in D?, satisfying the following system of
partial differential equations
FCO (21, 29) + oy - FO0 (21, 22)
1
(A1) FO (a1, 20) + gy - £V (@ 2) — e
FOU (21, 20) + m CFO) (5 20) — m F(z1,2) =0,

2
BN CESIEIC T
2

is a function of bounded L-index in joint variables, where

1 1
(12) L(z>:(l1‘z>’l2<z”z(|1+z1|1—z2|<1—zl|>’|1+zl|1—22<1—|ZQ|>>'

To prove Corollary 3 it is sufficient to check assumptions of Theorem 1.

Example 2. Analytic function in the unit bidisc
F(e1,2) 1
z1,22) =exp | ————~ |,
AN CE )

satisfies system of partial differential equations (11). Hence, by Corollary 3 the function
F is of bounded L-index in joint variables, where L is given in (12).
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Corollary 4. An analytic function F(z1,z0) in D?, satisfying the following system of
partial differential equations

F(2’0)(21,22) + (21%1) . F(l’o)(2’1,22) _ (z2+1)2 . F(Zl,ZQ) =
(13) F(0,2)(21722) + % . F(O’l)(zl722) - (2;22-"_%1)2 . F(Zl,ZQ) = 0

F(l’l)(21,22) + (21{‘1-1) . F(O’l)(zl,Zg) + (222%1)3 . F(Zl722) =0,

has bounded L-index in joint variables, where

1 [21]
1+‘22_1|.1+| 1

zo—1|

(14) L(z) = (Li(2),l2(2)) =

1—|Z1| ' 1—|2’2|

In view of Theorem 1 it is necessary to check validity of (6) (see a scheme in
Corollary 2).

Example 3. Analytic function in the unit bidisc

zZ9 — 1 z1

21+1eXp22—1’

is a solution of system of partial differential equations (13). By Corollary 4 the function
F has bounded L-index in joint variables, where L is given in (14).

F(Zl,Z2) =
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OBMEXKEHICTD L-IHIAEKCY 3A CYKVIIHICTIO
SMIHHUX TA AHAJIITUYHI ¥ BIKPY3I PO3B’A3KN
AEAKNX CUCTEM PYII
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PosrisinyTo cuctemu iHIMHWX PIBHAHD 3 YaCTHUHHUMU TOXiTHUMU BUIIAX
HOpAAKIB 3 aHajiTwaamMu y Oikpy3i koedimienramu. locaimkeno obmexe-
Hicth L-iHgexcy 3a CyKymHICTIO 3MIHHUX IXHIX aHAJITHYHAX PO3B A3KIB, 1€
L(z1,2) = (li(z1,22), l2(21,22)), I; : D* — R, — memepeppma byHKIis,
j € {1,2}, D* = {(z1,22) € C*: |z1] < 1, |z2| < 1}. Ocuosrmm 3aco-
6oM mocrimkenHs: € Teopema Xeiimana. HaBemeno mesiki amasituani y 6ikpy3si
PO3B’d3KM TAKHX CHCTEM PIBHSHb 3 YaCTUHHUMU ITOX1THAMU.

Karouosi crosa: anamitnaHa (yHKINs, OIKPYyT, MYHKIS TBOX 3MIHHUX,
obmexennit L-iagekc 3a cykymmicTio 3Mminaumx, cucrema Jjixitiamx PYII su-
X TMOpsiaKiB, aHajgiThaHA Teopis mudepenmiansanx PUIL amamiTiasmit
PO3B’ 430K, JiHiliHe audepeHIia bHe PIBHAHHS BUIUX TOPAIKIB.



