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We describe asymptotic behavior of nonpositive M-subharmonic functions
in the unit ball in terms of smoothness properties of the measure which is
determined by the Riesz measure and boundary values on the unit sphere.
We generalize recent results of the second author using more general growth
(decrease) scale.
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Let us introduce de�nitions and notations which will be used in this paper. Let
Cn, n ∈ N denote the n-dimensional complex space with the inner product 〈z, w〉 =∑n
j=1 zjwj , and the corresponding norm |z| =

√
〈z, z〉, z, w ∈ Cn. We denote by B the

unit ball {z ∈ Cn : |z| < 1} with the boundary S = {z ∈ Cn : |z| = 1}.
Let u be a measurable function locally integrable on B. For 0 < p <∞ we de�ne

mp(r, u) =

(∫
S

|u(rξ)|p dσ(ξ)

) 1
p

, 0 < r < 1,

where dσ is the Lebesgue measure on the unit sphere S normalized so that σ(S) = 1.
We are interested in description of asymptotic behavior of mp(r, u), where u belongs

to a class of subharmonic functions in B. Such problems were considered in [4], [5], [8],
[1], [2], [10]. The aim of this paper is to generalize results [10] in two directions. We start
with de�nition ofM-subharmonic functions which are the main object of our research.

For z, w ∈ B, de�ne the involutive automorphism ϕw of the unit ball B given by

ϕw(z) =
w − Pwz − (1− |w|2)1/2Qwz

1− 〈z, w〉

where P0z = 0, Pwz = 〈z,w〉
|w|2 w, w 6= 0, is the orthogonal projection of Cn onto the

subspace generated by w and Qw = I − Pw ([6, 7]).
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The invariant Laplacian ∆̃ on B is de�ned by

∆̃f(a) = ∆(f ◦ ϕa)(0),

where f ∈ C2(B), ∆ is the ordinary Laplacian. We note that u ∈ C2 is an M-subhar-

monic function if and only if (∆̃u)(a) > 0 for all a ∈ B.
The Green function for the invariant Laplacian ([3], [9], [7, Chap. 6.2]) is de�ned by

G(z, w) = g(ϕw(z)), where g(z) = n+1
2n

∫ 1

|z|(1− t
2)n−1t−2n+1dt.

If µ is a nonnegative Borel measure on B, the function Gµ de�ned by

Gµ(z) =

∫
B

G(z, w)dµ(w)

is called the (invariant) Green potential of µ, provided Gµ 6≡ +∞. It is known that ([7,
Chap. 6.4]) the last condition is equivalent to

(1)

∫
B

(1− |w|2)ndµ(w) <∞.

An upper semicontinuous function u : B → [−∞,∞), with u 6≡ −∞, is M-
subharmonic on B if

(2) u(a) 6
∫
S

u(ϕa(rξ))dσ(ξ)

for all a ∈ B and all r su�ciently small. A continuous function u for which the equality
holds in (2) is said to beM-harmonic on B.

Let C2
0 (B) denote the class of twice continuously di�erentiable functions with

compact support in B. For theM-subharmonic functions the following theorem holds.

Theorem A ([7]). If u is M-subharmonic on B, then there exists a unique Borel
measure µu on B such that

(3)

∫
B

ψdµu =

∫
B

u∆̃ψdτ

for all ψ ∈ C2
0 (B), where dτ(z) = dA(z)

(1−|z|2)n+1 is the invariant volume measure on B, A

is the volume measure, i.e. dµu = ∆̃udτ in the sense of distributions.

If u is M-subharmonic on B, the unique Borel measure µu satisfying (3) is called
the Riesz measure of u.

For z ∈ B, ξ ∈ S

(4) P(z, ξ) =

{
1− |z|2

|1− 〈z, ξ〉|2

}n
, P[µ](z) =

∫
S

P(z, ξ)dµ(ξ)

are called the Poisson kernel of B and the Poisson integral, respectively, where µ is a
complex Borel measure on S.

An M-subharmonic function u on B has an M-harmonic majorant on B if there
exists anM-harmonic function h on B such that u(z) 6 h(z) for all z ∈ B. Furthermore,
if there exists an M-harmonic function H satisfying u(z) 6 H(z), for all z ∈ B, and
H(z) 6 h(z) for anyM-harmonic majorant h of u, thenH is called the leastM-harmonic
majorant of u, and will be denoted by Hu.
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Theorem B (Riesz Decomposition Theorem, [9, Th.2.16]). Suppose that u 6≡ −∞
isM-subharmonic on B and has anM-harmonic majorant on B. Then

(5) u(z) = Hu(z)−
∫
B

G(z, w)dµu(w),

where µu is the Riesz measure of u and Hu is the leastM-harmonic majorant u.

Note that, if u 6 0, u 6≡ −∞, is M-subharmonic on B, then v ≡ 0 is an M-
harmonic majorant. Therefore, for Hu in representation (5), we have Hu(z) 6 0, z ∈ B.
Since, every (nonnegative)M-harmonic function on B can be represented by the Poisson
integral ([7, Prop. 5.10]), there exists a nonnegative Borel measure ν on S such that

(6) Hu(z) = −P[ν](z), z ∈ B.

De�ne for a, b ∈ B̄ the nonisotropic metric on S by d(a, b) = |1 − 〈a, b〉|1/2 ([6,
Chap. 5.1]). For ξ ∈ S and δ > 0 we set C(ξ, δ) = {z ∈ B : d(z, ξ) < δ1/2}.

Given anM-subharmonic function u, let us de�ne

(7) dλ(w) =
4n2

n+ 1
dν(w) + (1− |w|2)ndµu(w)

for w ∈ B̄, where ν is the nonnegative Borel measure on S de�ned by (6), µu is its Riesz
measure.

In [10] the second author described the growth of pth means, 1 < p < 2n−1
2(n−1) , of

nonpositive M-subharmonic functions in the unit ball in Cn in terms of smoothness
properties of the measure λ.

Theorem C. Let u be a nonpositive M-subharmonic function in B, u 6≡ −∞, 1 < p <
2n−1

2(n−1) , 0 6 γ < 2n, n ∈ N. Then

(8) mp (r, u) = O
(
(1− r)γ−n

)
, r ↑ 1

holds if and only if

(9)

(∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O (δγ) , 0 < δ < 1.

As a corollary we have got criteria of the growth of pth means, 1 < p < 2n−1
2(n−1) , of

the invariant Green potential in the unit ball in Cn in terms of smoothness properties of
the Riesz measure ([2]) that generalize a result of M. Stoll [8].

Note that in Theorem C the growth of M-subharmonic functions is described by
using power functions, and the case γ = 2n is not covered. An example from [1] shows
that (9) does not imply (8) in the case n = 1 and γ = 2 . More precisely, it is proved

that for the measure dµ(w) = dA(w)
1−|w| one has

(10) mp(r, u) = (1 + o(1))2π(1− r) log
1

1− r
, r ↑ 1,

while

(∫ 2π

0
λp(C(ϕ, δ)) dϕ

) 1
p

� δ2, δ → 0+.
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The purpose of this paper is to describe the asymptotic behavior of the pth means
ofM-subharmonic functions by using a wider class than that of power functions and to
investigate the case γ = 2n.

The following theorem is a generalization of Theorem C and the main result of this
paper.

Theorem 1. Let u be a nonpositive M-subharmonic function in B, n ∈ N, u 6≡ −∞,
1 6 p < 2n−1

2(n−1) . Let Φ: [0, 2]→ [0,∞) be a function such that for all t > 1 and 0 < tδ < 2

we have

(11) Φ(tδ) = O

(
t2n

ψ(log(e+ t))
Φ(δ)

)
for some positive increasing function ψ satisfying

∫∞
1

dt
ψ(t) <∞ and ψ(ct) � ψ(t), c > 1.

Then

(12) mp (r, u) = O

(
Φ(1− r)
(1− r)n

)
, r ↑ 1

holds if and only if

(13)

(∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O (Φ(δ)) , 0 < δ < 1.

Specifying ψ in Theorem 1 we can get the following corollary.

Corollary 1. Let u be a nonpositive M-subharmonic function in B, u 6≡ −∞, 1 ≤ p <
2n−1

2(n−1) . Let ε > 0, Φ: [0, 2]→ [0,∞) be an increasing function such that for all t > 1 and

0 < tδ 6 2 we have Φ(tδ) = O
(

t2n

log1+ε(e+t)
Φ(δ)

)
. Then

mp (r, u) = O

(
Φ(1− r)
(1− r)n

)
, r ↑ 1

holds if and only if (∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O (Φ(δ)) , 0 < δ < 1.

Example 1. The function Φ(t) = tα

logβ e
t

, t ∈ [0, 2], where α ∈ (0, 2n), β ∈ R satis�es

the assumptions of Theorem 1.

In fact, let �rstly, β 6 0, 0 < α < 2n. Since (log e
δ )β < (log e

tδ )β , t > 1 we get

Φ(tδ) =
tαδα

logβ e
tδ

6
c0t

2n

logk(e+ t)

δα

logβ e
δ

=
c0t

2n

logk(e+ t)
Φ(δ),

where k > 1, c0 = maxt>1
logk(1+t)
t2n−α .

Now, let β > 0, 0 < α < 2n. Since

(log e
δ )β

(log e
tδ )β

=
(

1 +
log t

log e
tδ

)β
≤
(

1 +
log t

log e
2

)β
, 0 < tδ 6 2
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we deduce

Φ(tδ) =
tαδα

logβ e
tδ

6
c̃0t

2n

logk(e+ t)
Φ(δ),

where k > 1, c̃0 = max
t>1

(1 + log t
log e

2
)β logk(e+ t)

t2n−α
. Thus, the function Φ(t) satis�es inequali-

ty (11) with ψ(x) = xk, k > 1.

One can check that the function Φ(t) = t2n

logβ e
t

, t ∈ (0, 2], Φ(0) = 0 does not satisfy

(11) for any β ∈ R. In this limit case we have the following statement.

Theorem 2. Let u be a nonpositive M-subharmonic function in B, n ∈ N, u 6≡ −∞,
1 ≤ p < 2n−1

2(n−1) . Let β > 1 and κ > 1. If

(14)

(∫
S

λp (C(ξ, δ)) dσ(ξ)

) 1
p

= O
(
δ2n logβ

e

δ

)
, 0 < δ < 2,

then

(15) mp (r, u) = O

(
(1− r)n logβ+κ e

1− r

)
, r ↑ 1.

Proof of Theorem 1. Su�ciency. Let us de�ne the kernel

K(z, w) =


G(z, w)

(1− |w|2)n
, if w ∈ B, z ∈ B;

n+ 1

4n2
P(z, ξ), if w ∈ S, z ∈ B.

The following properties of K(z, w) are described in [10] and will be used later.

Proposition A. For z, w = ρξ ∈ B̄ the following hold:

a) For w ∈ {w : |ϕw(z)| > 1
4} the inequality

(16) 0 6 K(z, w) 6 c
(1− |z|2)n

|1− 〈z, w〉|2n

holds for some c > 0.

b) lim
ρ→1−

G(z,ρξ)
(1−ρ2)n = n+1

4n2 P(z, ξ) uniformly in ξ ∈ S.
c)

(17) |K(z, w)| > n+ 1

4n2

(1− |z|2)n

|1− 〈z, w〉|2n
, z ∈ B, w ∈ B̄.

Denote

B∗
(
z,

1

4

)
=
{
w ∈ B : |ϕw(z)| < 1

4

}
.

Since representation forM-subharmonic functions (5) can be rewritten as

u(z) = −
∫
B̄

K(z, w)dλ(w),
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let us estimate the absolute values of

u1(z) :=

∫
B∗(z, 14 )

K(z, w)dλ(w) and u2(z) :=

∫
B\B∗(z, 14 )

K(z, w)dλ(w).

We start with u1. In this case

dλ(w) = (1− |w|2)ndµu(w) and u1(z) =

∫
B∗(z, 14 )

G(z, w)dµu(w).

Thus we can use the same method of proof as that in the proof of Theorem 1.5 ([2]).
By de�nition

0 6 u1(z) =

∫
B∗(z, 14 )

G(z, w)dµ(w) =

∫
B∗(z, 14 )

g(ϕw(z))dµ(w).

Now we need the following lemma.

Lemma A ([7]). Let 0 < δ < 1
2 be �xed. Then g satis�es the following two inequalities:

g(z) >
n+ 1

4n2
(1− |z|2)n, z ∈ B,

(18) g(z) 6 c(δ)(1− |z|2)n, z ∈ B, |z| > δ,

where c(δ) is a positive constant. Furthermore, if n > 1 then

(19) g(z) � |z|−2n+2, |z| 6 δ.

By (19) we have g(z) 6 c|z|−2n+2 for |z| 6 1
4 and some positive constant c. Thus,

|u1(z)| 6 c
∫
B∗(z, 14 )

|ϕw(z)|−2n+2
dµ(w).

Denote z = rξ, where r = |z|, 1
2 < r < 1 and w = |w|η, ξ, η ∈ S. Let

K(z, σ1, σ2) = {w ∈ B : |r − |w|| 6 σ1, d(ξ, η) 6 σ2} .

The following inclusion is proved in [2]

(20) B∗
(
z,

1

4

)
⊂ K

(
z,

2

3
(1− r), 4

√
2(1− r) 1

2

)
.

We denote

K(z) := K

(
z,

2

3
(1− r), 4

√
2(1− r) 1

2

)
,

K̃(z) := K

(
z,

2

3
(1− r), 8

√
2(1− r) 1

2

)
.

In [2] it is proved that
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I1 :=

∫
S

|u1(rξ)|pdσ(ξ)

6 c1(1− r)n
∫

||w|−r|< 2
3 (1−r)

µp−1
(
K̃ (rη)

)
dµ(|w|η).

To obtain the �nal estimate of I1, for a �xed r ∈ ( 1
2 , 1), we de�ne the measure ν1

on the balls {D(η, t) : η ∈ S, t > 0} by

ν1(D(η, t)) = λ
({
ρζ ∈ B : |ρ− r| < 2

3
(1− r), d(ζ, η) < t

})
.

It can be expanded to the family of all Borel sets on B in the standard way. It is clear
that

ν1(D(η, t)) � (1− r)nµ
({
ρζ ∈ B : |ρ− r| < 2

3
(1− r), d(ζ, η) < t

})
.

Lemma B ([2]). Let ν be a �nite positive Borel measure on S, 0 < δ < 1
2 , and p ≥ 1.

Then ∫
S

νp−1(D(ξ, δ))dν(ξ) 6
Np

δ2n

∫
S

νp(D(ξ, δ)) dσ(ξ),

where N is a positive constant independent of p and δ.

By using Lemma B we get

I1 ≤
c2

(1− r)n(p−1)

∫
||w|−r|< 2

3 (1−r)

λp−1
(
K̃ (rη)

)
dλ(|w|η)

=
c2

(1− r)n(p−1)

∫
S

νp−1
1

(
D(η, 8

√
2(1− r) 1

2 )
)
dν1(η)

6
c2N

p

(128)n(1− r)np

∫
S

νp1

(
D(η, 8

√
2(1− r) 1

2 )
)
dσ(η)

=
c3(n, p)

(1− r)np

∫
S

λp
(
K̃(rη)

)
dσ(η).

Note that if ρζ ∈ K̃(rη) then

(21) |1− 〈ρζ, η〉| 6 |1− 〈ζ, η〉|+ (1− ρ) |〈ζ, η〉| 6 (4c24 + c5 + 1)(1− r).

Hence, by the assumption of the theorem

I1 6 c3(1− r)−np
∫
S

λp
(
C(η, (4c22 + c1 + 1)(1− r))

)
dσ(η)

6 c6(1− r)−npΦp((4c22 + c1 + 1)(1− r)).(22)

Since for all t > 1 and 0 < tδ < 2 the inequality Φ(tδ) ≤ t2n

ψ(log(e+t))Φ(δ) holds we get

I1 6 c6(1− r)−np (4c22 + c1 + 1)2np

ψp(log(4c22 + c1 + 2))
Φp(1− r) = c̃6

Φp(1− r)
(1− r)np
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where ψ is a positive increasing function satisfying
∫∞

1
dt
ψ(t) <∞.

(23)

∫
S

|u1(rξ)|pdσ(ξ) 6 c̃6

(
Φ(1− r)
(1− r)n

)p
.

Let us estimate

u2(z) = −
∫
B

K(z, w)dλ̃(w)

where dλ̃(w) = 4n2

n+1dν(w)+(1−|w|)nχB\B∗(z, 14 )(w)dµ(w), χE is the characteristic functi-

on of a set E. We may assume that |z| ≥ 1
2 .

We denote

Ek = Ek(z) =

{
w ∈ B :

∣∣∣∣1−〈 z

|z|
, w

〉∣∣∣∣ < 2k+1(1− |z|)
}
, k ∈ Z+.

One has that for w ∈ Ek+1 \ Ek, |1− 〈z, w〉| > 2k−1(1− |z|).
By (16) we get that

|u2(z)| 6 c
∫
B

(1− |z|2)n

|1− 〈z, w〉|2n
dλ̃(w) 6 c

∫
B

(1 + |w|)n(1− |z|2)n

|1− 〈z, w〉|2n
dλ̃(w).

Arguments from [2] give

|u2(z)| 6 4nc7
(1− |z|)n

[log2
1

1−r ]∑
k=1

λ̃ (Ek)

22n(k−2)
.

By H�older's inequality ( 1
p + 1

q = 1)

([log2
1

1−r ]∑
k=1

λ̃ (Ek)

22nk

)p
=

([log2
1

1−r ]∑
k=1

λ̃ (Ek) (ψ(k))
1
q

22nk(ψ(k))
1
q

)p

6

[log2
1

1−r ]∑
k=1

λ̃p (Ek) (ψ(k))
p
q

22npk

( ∞∑
k=1

1

ψ(k)

)p/q
≤ C

[log2
1

1−r ]∑
k=1

λ̃p (Ek) (ψ(k))p−1

22npk
.(24)

Therefore∫
S

|u2(rξ)|pdσ(ξ) 6
c8

(1− r)np

[log2
1

1−r ]∑
k=1

∫
S

λ̃p (Ek(rξ)) (ψ(k))p−1

22npk
dσ(ξ)

=
c8

(1− r)np

[log2
1

1−r ]∑
k=1

(ψ(k))p−1

22npk

∫
S

λ̃p
(
C
(
ξ, 2k+1(1− r)

))
dσ(ξ)

≤ c8
(1− r)np

[log2
1

1−r ]∑
k=1

(ψ(k))p−1

22npk
Φp(2k+1(1− r))

≤c8Φp(1− r)
(1− r)np

[log2
1

1−r ]∑
k=1

(
2(k+1)2n

ψ(log(e+ 2k+1))

)p
(ψ(k))p−1

22npk
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≤c8Φp(1− r)
(1− r)np

∞∑
k=1

ψp−1(k)

ψp(k log 2)
≤ c9Φp(1− r)

(1− r)np
∞∑
k=1

1

ψ(k)

≤c10Φp(1− r)
(1− r)np

.

Thus ∫
S

|u2(rξ)|pdσ(ξ) 6
c̃10(n, p, γ)Φp(1− r)

(1− r)np
.

The latter inequality together with (23) completes the proof of the su�ciency.
Necessity. By (17)

|u(z)| >
∫
B

K(z, w)dλ(w) >
n+ 1

4n2

∫
B

(1− |z|2)n

|1− 〈z, w〉|2n
dλ(w)

>
n+ 1

4n2

∫
C(ξ,1−r)

(1− |z|2)n

|1− 〈z, w〉|2n
dλ(w).

Further we argue as in the proof of Theorem 1.5 ([2]). Since, for w ∈ C(ξ, 1 − r),
|1− 〈z, w〉| 6 2(1− |z|), we have

|u(z)| > n+ 1

4n+1n2

λ(C(ξ, 1− r))
(1− r)n

.

From the assumption of the theorem it follows that(
n+ 1

22(n+1)n2

)p ∫
S

λp(C(ξ, 1− r))
(1− r)np

dσ(ξ) 6
∫
S

|u(rξ)|pdσ(ξ) 6 cp11

Φp(1− r)
(1− r)np

.

Thus ∫
S

λp(C(ξ, 1− r))dσ(ξ) 6 cp11Φp(1− r), 0 < r < 1.

�

Proof of Theorem 2. We choose ψ(x) = xκ . Repeating arguments from the proof of the

su�ciency of Theorem 1 with Φ(δ) = δ2n logβ e
δ we arrive to the estimate∫

S

|u2(rξ)|pdσ(ξ) 6
c8

(1− r)np

[log2
1

1−r ]∑
k=1

k(p−1)κ

22npk
(2k+1(1− r))2np logβp

e

2k+1(1− r)

= c84np(1− r)np logp(β+κ) e

1− r

[log2
1

1−r ]∑
k=1

k(p−1)κ
logβp e

2k+1(1−r)

(log e
2k+1(1−r) + log 2k+1)p(β+κ)

≤ c84np(1− r)np logp(β+κ) e

1− r

[log2
1

1−r ]∑
k=1

k(p−1)κ 1

(log e
2 + log 2k+1)pκ

≤ c12(1− r)np logp(β+κ) e

1− r

∞∑
k=1

1

kκ

≤ c13(1− r)np logp(β+κ) e

1− r
.

This yields (15). Theorem 2 is proved. �
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