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We describe asymptotic behavior of nonpositive M-subharmonic functions
in the unit ball in terms of smoothness properties of the measure which is
determined by the Riesz measure and boundary values on the unit sphere.
We generalize recent results of the second author using more general growth
(decrease) scale.
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Let us introduce definitions and notations which will be used in this paper. Let
C™, n € N denote the n-dimensional complex space with the inner product (z,w) =
2?21 zjw;, and the corresponding norm |z| = /(z, z), z,w € C". We denote by B the
unit ball {z € C": |z| < 1} with the boundary S = {z € C" : |z| = 1}.

Let u be a measurable function locally integrable on B. For 0 < p < oo we define

1

my(r, 1) = (/S |u(r§)|pdo(§)> Co<r<l,

where do is the Lebesgue measure on the unit sphere S normalized so that o(S) = 1.
We are interested in description of asymptotic behavior of m,(r, w), where u belongs
to a class of subharmonic functions in B. Such problems were considered in [4], [5], [8],
[1], [2], [10]. The aim of this paper is to generalize results [10] in two directions. We start
with definition of M-subharmonic functions which are the main object of our research.
For z,w € B, define the involutive automorphism ,, of the unit ball B given by

w— Puz — (1 — |w|?)2Qy2

pulz) = ()
where Ppz = 0, P,z = %w, w # 0, is the orthogonal projection of C™ onto the

subspace generated by w and Q,, = I — P, ([6, 7]).
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The invariant Laplacian A on B is defined by

Af(a) = A(f o 9a)(0),
where f € C?(B), A is the ordinary Laplacian. We note that u € C? is an M-subhar-

monic function if and only if (Au)(a) > 0 for all a € B.
The Green function for the invariant Laplacian ([3], [9], [7, Chap. 6.2]) is defined by

G(z,w) = g(¢w(2)), where g(z) = %L [ (1 —#2)n~1¢=2n g,
If 11 is a nonnegative Borel measure on B, the function G, defined by

@w:LGwmww

is called the (invariant) Green potential of u, provided G, # +oo. It is known that (|7,
Chap. 6.4]) the last condition is equivalent to

1) [ 0= oy duu) < .

An upper semicontinuous function v : B — [—00,00), with u # —o0, is M-
subharmonic on B if

(2) M@<Lu@&ﬂmd0

for all @ € B and all r sufficiently small. A continuous function u for which the equality
holds in (2) is said to be M-harmonic on B.

Let C2(B) denote the class of twice continuously differentiable functions with
compact support in B. For the M-subharmonic functions the following theorem holds.

Theorem A ([7]). If u is M-subharmonic on B, then there exists a unique Borel
measure [, on B such that

(3) /B Yy = /B uAipdr

for all ¢ € C3(B), where dr(z) = % is the invariant volume measure on B, A

is the volume measure, i.e. du, = Audr in the sense of distributions.

If u is M-subharmonic on B, the unique Borel measure p, satisfying (3) is called
the Riesz measure of u.

Forze B, £ €S
() Puoz{ﬁijgﬁ, PU(:) = [ PG au(e

are called the Poisson kernel of B and the Poisson integral, respectively, where p is a
complex Borel measure on S.

An M-subharmonic function w on B has an M-harmonic majorant on B if there
exists an M-harmonic function h on B such that u(z) < h(z) for all z € B. Furthermore,
if there exists an M-harmonic function H satisfying u(z) < H(z), for all z € B, and
H(z) < h(z) for any M-harmonic majorant h of u, then H is called the least M-harmonic
magorant of u, and will be denoted by H,,.
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Theorem B (Riesz Decomposition Theorem, [9, Th.2.16]). Suppose that u #Z —o0
is M-subharmonic on B and has an M-harmonic majorant on B. Then

(5) u(z) = () = [ Glewiduaw).
where (., s the Riesz measure of u and H, is the least M-harmonic majorant u.

Note that, if v < 0, u Z —o0, is M-subharmonic on B, then v = 0 is an M-
harmonic majorant. Therefore, for H,, in representation (5), we have H,(z) <0, z € B.
Since, every (nonnegative) M-harmonic function on B can be represented by the Poisson
integral ([7, Prop. 5.10]), there exists a nonnegative Borel measure v on S such that

(6) H,(z) = =P[V|(2), z € B.

Define for a,b € B the nonisotropic metric on S by d(a,b) = |1 — (a,b)|'/? (|6,
Chap. 5.1]). For £ € S and § > 0 we set C(&,8) = {z € B : d(2,£) < 6Y/?}.
Given an M-subharmonic function u, let us define

4n?

(7) dA(w) =

dv(w) + (1 — |w]*)" dpr, (w)

for w € B, where v is the nonnegative Borel measure on S defined by (6), u,, is its Riesz
measure.

In [10] the second author described the growth of pth means, 1 < p < 22(2:%), of
nonpositive M-subharmonic functions in the unit ball in C™ in terms of smoothness
properties of the measure A.

Theorem C. Let u be a nonpositive M-subharmonic function in B, u % —oo0, 1 < p <
22(2:}), 0<~v<2n,neN. Then
(8) my (r,u) = O ((1 - r)'y_") ,rtl

holds if and only if

1

) (/S M (C(E,0)) da(g)> T 0@, 0<b<1.

As a corollary we have got criteria of the growth of pth means, 1 < p < 22(2:}), of

the invariant Green potential in the unit ball in C™ in terms of smoothness properties of
the Riesz measure ([2]) that generalize a result of M. Stoll [8].

Note that in Theorem C the growth of M-subharmonic functions is described by
using power functions, and the case v = 2n is not covered. An example from [1] shows
that (9) does not imply (8) in the case n = 1 and v = 2 . More precisely, it is proved

that for the measure du(w) = (if(lzj? one has
1
(10) my(r,u) = (1+ 0(1))27(1 — r) log T 7 11,

p

while (foh /\p(C(go,6))d<p> =62, 0 — 0+.
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The purpose of this paper is to describe the asymptotic behavior of the pth means
of M-subharmonic functions by using a wider class than that of power functions and to
investigate the case v = 2n.

The following theorem is a generalization of Theorem C and the main result of this
paper.

Theorem 1. Let u be a nonpositive M-subharmonic function in B, n € N, u # —oo,
1<p< 22(2:%). Let ®: [0,2] — [0,00) be a function such that for allt > 1 and 0 < t6 < 2
we have

2n
(11) B(15) = O (M@(a))

for some positive increasing function ¥ satisfying floo % < oo and P(ct) < (t), ¢> 1.
Then

(12) mp(T7U)=O<M), P11

holds if and only if

(13) ([ ceomae) —o@a. o<s<t
s
Specifying ¢ in Theorem 1 we can get the following corollary.

Corollary 1. Let u be a nonpositive M-subharmonic function in B, u # —oo, 1 < p <

22(2:%). Lete > 0, ®: [0,2] — [0,00) be an increasing function such that for allt > 1 and

0 < td <2 we have ®(t5) = O (logliﬁ@(a)>' Then
®(1—-r
mp(r,u):O<(1(T)n)), rtl

holds if and only if

(/s o (0(5’5)”0(&“)); —0(®(5), 0<5<1.

Example 1. The function ®(t) = b;T t € [0,2], where o € (0,2n), B € R satisfies
the assumptions of Theorem 1.

In fact, let firstly, 8 <0, 0 < a < 2n. Since (log £)? < (log 5)?, t > 1 we get
et C()t2n 5« COth

log” 5 T logke+1) logﬂg  log®(e +1t)

B(t8) = o(9),

log” (1+t
where k > 1, ¢g = max;; O‘f%(j ).

Now, let 5 >0, 0 < a < 2n. Since

)8 8
(log 5)° (1 logt> < (1+ logt

(log 5)° log < log

B
) , 0<td <2
7

e
2
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we deduce

e C~Ot2n
log” 5 “ logF(e +t)
(1+ 12£)7 log* (e + 1)

log §

B(t5) =

where k > 1, ¢y = max . Thus, the function ®(¢) satisfies inequali-
>
ty (11) with ¢(z) = 2%, k > 1.
t2'n.

One can check that the function ®(¢) = 5+, t € (0,2], ®(0) = 0 does not satisfy

log# €7

th—a

(11) for any S € R. In this limit case we have the following statement.

Theorem 2. Let u be a nonpositive M-subharmonic function in B, n € N, u £ —oo,
1<p< 2=l Let B>1 and »> 1. If

2(n=1)"
(14) (/S NP (C(€,0)) do(5)> "0 (52” log” g) ,0<d6<2,
then
(15) my (r,u) = O ((1 — )" log?t” 1:“> , rtl.
Proof of Theorem 1. Sufficiency. Let us define the kernel
K(w) = m, ifwe B, z € B;
) "+

WP(Z,g), lf’U)GS, z € B.

The following properties of K (z,w) are described in [10] and will be used later.
Proposition A. For z,w = p¢ € B the following hold:

a) Forw € {w: |pu(z)| > 1} the inequality
(1 —=*)"
16 0< K(2,w) S e =57
1o B S O

holds for some ¢ > 0.

b) plir{lﬁ g(_zpéﬁl = 2P (2,€) uniformly in { € S.
c)

(17) K (z,w)| >

ntl (1—]¢)"

, 2€ B, we B.
a2 1— (zw) ° v

Denote

B*(z&) - {w €B: |pu(z)| < %}

Since representation for M-subharmonic functions (5) can be rewritten as

u(z) = f/BK(z,w)d)\(w),



ON DECREASE OF NONPOSITIVE M-SUBHARMONIC FUNCTIONS
ISSN 2078-3744. Bicuuk JIpBiB. yu-Ty. Cepis mex.-mart. 2017. Bumyck 83 95

let us estimate the absolute values of
ui(z) == / K(z,w)d\(w) and wus(z) := / K(z,w)d\(w).
B*(=.1) B\B*(2.})
We start with uq. In this case
dA\(w) = (1 — |w|?)"dpy (w) and wuy(2) = / G(z,w)dp, (w).
B* (=)

Thus we can use the same method of proof as that in the proof of Theorem 1.5 ([2]).
By definition

0 < un(z) = /B g Sl = /B oy Sl 0)

Now we need the following lemma.

Lemma A ([7]). Let 0 < § < & be fixed. Then g satisfies the following two inequalities:

n+1 o
g(z) = e (1-1z19)", z € B,
(18) 9(z) <c(6)(1 = 2", z € B, |2 >,

where ¢(0) is a positive constant. Furthermore, if n > 1 then

(19) g(2) = 2|72, |2 <6

By (19) we have g(z) < c|z|72"*2 for |z| < § and some positive constant c. Thus,

@l <e [ @ dut)

4

Denote z = r¢, where r = |z[,  <r <1 and w = |w|n, £&,n € S. Let
K(Za01702) = {w €B: |T - |’LUH < 017d(£v77) < 02}'
The following inclusion is proved in [2]
1 2
(20) B* (z 4) cK<z,3(1—r)74ﬁ(1—T)%>.
We denote

K(z):

K (Z 2(1 —r),4v2(1 - r)5> ,
K(z) = K (z §(1 )8Vl - r)%> .

In [2] it is proved that
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I = /S s (rE) [P (€)

<a-n [ (R en) dulul.

llw]—r|<3(1-r)

To obtain the final estimate of I, for a fixed r € (%, 1), we define the measure v
on the balls {D(n,t) : n € S,t > 0} by

(D0 0) = A({pc € B lp—r < S0 = r)d(¢m) < t}).

It can be expanded to the family of all Borel sets on B in the standard way. It is clear
that

2
v (D(n, 1) = (1=r)"u({pC € B:lp—r| < Z(1=r).d(¢.m) < t}).
Lemma B ([2]). Let v be a finite positive Borel measure on S, 0 <6 < 1, and p > 1.
Then
p—1 NP p
Y (D(€,0))dv(€) < 53 Y (D(§,0)) do(8),
where N is a positive constant independent of p and §.

By using Lemma B we get

S T w1 (& () dAol)
[lw|—r|<3(1—r)
:(17:)% /s v (D(n,8\/§(1 - r)%)) dn ()

<t =g [, (Plnsvan —nh) asta

_cs(mp) /S X (R (rm)) dor(n).

C(L—r)mp
Note that if p¢ € K (rn) then
(21) 1= {pCm| < [L=(¢,ml+ (1= p) (¢, )] < (4c] + 5 + 1)(1 — 7).

Hence, by the assumption of the theorem

I < sl — r)’"p/sx\p (Cn, (4 + 1 +1)(1 — 1)) do(n)

(22) <eo(l— 1) "POP((4c3 +c1 + 1)(1 —7)).
Since for all ¢ > 1 and 0 < td < 2 the inequality ®(td) < mq)(é) holds we get
_ (4¢3 +c1 + 1)%mP _OP(1—r)
L <cg(l—r)"P (1 — 1) = Gg—
1< c(l—r) YP(log(4c3 + ¢1 + 2)) (1=r) =2 (1—r)r
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where 1) is a positive increasing function satisfying fl d—t) < 00.

(23) [lutorine <a (P

—/BK(z,w)dS\ w

Let us estimate

where d\(w) = dn dv(w )+(1—|w|)”XB\B*(Z&)( w)dp(w), xg is the characteristic functi-

n+1
on of a set E. We may assume that [z| > 1.
We denote
Ey = Ex(2) = {w €B: ‘1 - <|Z|w> < 2kHi(1 - |z|)} , k€Zy.
z
One has that for w € Epyq \ Eg, |1 — (z,w)| > 28711 — |2]).

By (16) we get that
(e o[ Qe )
wa@l <e [ f i) < /B dA(w).

B 11— (zw)>" 1= (zw)*

Arguments from [2] give

[lng Tlr] ~
4"cy A (Ex)
By Holder’s inequality (% + % =1)
(“"&Z“] 2BV <[ Sy D)ty
= 2 m 22 (k)
[log, ﬁ] N P ') p/q [log, Tlr] ~
AP (Ey) (W(k))a 1 N (Ey) (w(k))P—t
k=1 k=1 k=1
Therefore
[logsy 1 7‘ p 1
(Ex( P
[lmatopine <= > /S LD
k=1
[log, 1 71 p 1 ~
S X g [V (CEFT )
k=1
[logy 7= 7‘]
k)Pt
< (1 _Cin)np (QZ};szk P (2k+1(1 - T))

[log, 1—T]

Cg@p(]_ — 7’) 9(k+1)2n P (w(k))p71
SW z <z/1(10g(e+2k+1))) 92npk

k=1




Igor CHYZHYKOV, Mariia VOITOVYCH
98 ISSN 2078-3744. Bicuux JIpBiB. yu-Ty. Cepis mex.-mar. 2017. Bunyck 83

_es®r(l—7) Yr(k) _ e®P(1—r) g~ 1
> 1_T7zp pr l<:10g2 1_7«7%!7 ;w(k
<P —7)

- (1—r)w

Thus 1o VB (1 )
C10\1, P, Y - T
Pd g
[ atre)raate) < 2R
The latter inequality together with (23) completes the proof of the sufficiency.
Necessity. By (17)

n+1 — 22"
K(z,w)d\(w) > d\
/ (z,w) 4n? |1 — (z,w)|?" (w)

n+1 / (1- |z|
> — ——————d\(w).
4n? C(&,1-r) ‘1 <Z,’U}>|2 ( )

Further we argue as in the proof of Theorem 1.5 ([2]). Since, for w € C(§,1 — r),
|1 — (z,w)| < 2(1 —|z]), we have

n+1 AMC(E,1—7r
|u( )| = 4An+1p2 ((1(_r)n ))

From the assumption of the theorem it follows that

n+1 \’ [ AP(C(1 - )P (1 —1)
(i) [ G < [ oo < G
Thus
NP (C(&1—=r))do(§) < PP(1—7), 0<r<l.
s
O
Proof of Theorem 2. We choose ¢(x) = Repeating arguments from the proof of the

sufficiency of Theorem 1 with ®(§) = 62" log we arrive to the estimate

[log, 2]

Cs KD 2np 1. Bp e
[ atorar©) < g > S (=) g™ g
s k=1
[logy 1= 7] Bp e
log™? szrA—=
— ced™P(1 — )P ] /3+%) E k(p 1) 2 (I-7)
= cs4™ (1= 7)™ log? (log 2k‘+1((il—r) + log 2k+1)p(B+>)
[10g2 1iT} 1
< od™ (1 — )P 1P (B> € E' L (p—1)s
< 4™ (1 =)™ log 1—r P (log § + log 2k+1)p>

n +52) = 1
< e1a(1— 1) log” kz:: T
e
1—7
This yields (15). Theorem 2 is proved. O

<ci(l—r)" logp(6+%)
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