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We prove that each monomorphic functor with finite supports F': Comp —
Comp has a unique extension F': TYCH — TYCH to the category TYCH
of Tychonoff spaces and their arbitrary maps such that F|Tych = Fjs where
Fp : Tych — Tych is the extension of the functor F' to the category Tych of
Tychonoff spaces and their continuous maps, constructed by Chigogidze.
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In this article we describe a general construction of an extension of a monomorphic
functor F' : Comp — Comp with finite supports in the category Comp of compact
Hausdorff spaces and their continuous maps to a functor F : TYCH — TYCH in the
category TYCH whose objects are Tychonov spaces and morphisms are arbitrary (not
necessarily continuous) maps between Tychonoff spaces. More information on functors
in the category Comp can be found in the book [4].

We shall say that a functor F': Comp — TYCH

e is monomorphic if F preserves monomorphisms, which means that for any injecti-
ve continuous map f : X — Y between compact Hausdorff spaces the map
Ff:FX — FY is injective;

e has finite supports if for each compact Hausdorff space X and each a € F' X there
is a finite subset A C X such that a € Fiq x(FA) where i4 x : A — X is the
identity inclusion.

More information on monomorphic functors with finite supports can be found in
the paper [1].

Given a functor F' : Comp — TYCH we first extend F' to a functor Fj : Tych —
TYCH defined on the category Tych of Tychonoff spaces and their continuous maps.
Given a Tychonoff space X let 58X be the Stone-Cech compactification of X and K(X)
be the family of all compact subsets of X. For each compact subset K € K(X) let
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ix gx : K — X C BX bethe identity inclusion of K into the Stone-Cech compactification
of X. Applying the functor F' to the inclusion ix gx : K — X, we get a map Fig gx :
FK — F(8X).

Now let

FsX = |J Fikpx(FK).
Kek(X)

For any continuous function f : X — Y between Tychonoff spaceslet 5f : X — BY
be the Stone-Cech extension of f and Fgf : FgX — FgY be the restriction of the map
FBf to FgX. In such way we define the extension Fg : Tych — TYCH of the functor F
to the category Tych. For functors /' : Comp — Comp the extension Fj3 was introduced
and studied by Chigogidze in [2].

Now assuming that the functor F' : Comp — TY CH is monomorphic and has finite
supports, we shall further extend the functor Fj3 to a functor F: TYCH — TYCH
defined on the category TYCH of Tychonoff spaces and their arbitrary (not necessarily
continuous) maps. For a Tychonoff space X let [X]|<“ be the family of all finite subspaces
of X.

Proposition 1. If a functor F' : Comp — TYCH has finite supports, then
FsX = |J Fiapx(FA).
Ag[X]<w

Proof. The inclusion |J ¢(xj<w Fia,sx(FA) C FgX follows from the inclusion [X]<* C
K(X). To prove the reverse inclusion, fix any element a € FgX and find a compact subset
K C X such that a € Fig gx(FK). Find an element b € FK such that a = Fik gx (D).
Since F has finite supports, there exists a finite subset A C K such that b € Fia g (FA)
and hence b = Fia i(c) for some ¢ € FA. Since i4 gx = ix,gx ©4,K, We get
a = F’L'ngx(b) =

= Figpx(Fiak(c)) =

= F(ik px oiax)(c) =

= FZ’A’Bx(C) S FiA’gx(FA).

Now we are able to prove the main result of this note.

Theorem 1. Each monomorphic functor F': Comp — TYCH with finite supports has
a unique extension F': TYCH — TYCH such that F|Tych = Fjp.

Proof. For any Tychonoff space X put FX = FzX. Given any function f : X — Y
between Tychonoff spaces and any a € FX = F3X, find a finite subspace 4; C X
such that a € Fia, gx(FA;1). Such subspace exists by Proposition 1. Find an element
a1 € FA; such that a = Fia, gx(a1). Applying the functor Fjz to the continuous map
fi=flA1: A1 =Y, we get amap Fgf; : FA; — FgY. Finally, put

F’f(a) = Fgfl(al) S FBY =FY.
Let us show that the value F'f(a) = Fsfi(a1) depends only on a (but not on A; or ay).
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Let Ay C X be afinite set such that a € F'ia, gx(F'A2) and as € F'As be an element
such that a = Fig, gx(az). Consider the finite set A = A; U Ao, and for i € {1,2} let
ia; 41 A:A; — A denote the identity inclusion. Let a; = Fia, a(a;) € FA and observe
that

a= FiAi,gx(ai) =Figgx o FiA“A(ai) = F’L'Aﬁx(&i).
Since the functor F' is monomorphic, the map Fij gx is injective and hence a; = as.
Then

Fgfi(ar) = Fp(f|A) 0 Fia, a(a1) = Fp(flA)(a1) = Fp(f|A)(az) = Fs(f[|A2)(az),

so the map F : FX — FY is well-defined.

Thus, we obtain an extension of the functor F' : Comp — TYCH to the functor
F : TYCH — TYCH such that F|Tych = Fg. To see that this extension is unique,
observe that for any function f : X — Y between Tychonoff spaces and any a € FX =
Fs X, we can apply Proposition 1 and find a finite set A C X with a € F'i4 gx F'A and an
element a; € FA such that a = Fia gx(a1). Let B = f(A) C Y. Applying the functor F
to the equality f|A = foia x we obtain the equality Fy(f|A) = F(f|A) = FfoFisx =
Ff o Fgia x, which implies that the value Ff(a) = Ff o Fgia x(a1) = Fs(f|A)(a1) is
uniquely determined. O

Theorem 1 allows us to aks the following problem which will be considered in
subsequent publications.

Problem 1. Detect monomorphic functors F : Comp — TYCH with finite support
whose extension F' : TYCH — TYCH preserves certain property P of functions between
Tychonoff spaces.

In the role of the property P we can consider one of properties of generalized conti-
nuity, listed in the survey [3].
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ITPOJOB2KEHHA MOHOMOP®HOI'O ®YHKTOPA 31
CKIHYEHHNMUW HOCIAMU
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Hosemerno, mo KoxkeH MOHOMOPdHMIA GYHKTOP 31 CKIHYEHHUMH HOCISIMHU
F: Comp — Comp mae upomosxenns F: TYCH — TYCH na kareropito
TYCH TuxOHIBCHKAX TIPOCTOPIB 1 AOBLIbHUX BimoOpakeHb (He 060B’sI3KOBO
menepeppunx). IIpmaomy F|Tych = Fj, ae Fs : Tych — Tych — mobymo-
Bane Uirorigze npomosxkenns ¢pyukropa F' Ha kareropiio Tych tuxoHiBChbKIX
MPOCTOPIB i HemmepepBHUX BiT00PAKEHb.

Karowoei caosa: mMorOMOpP(di3M, MOHOMOPDHUN DYHKTOD, CKIHIEHHMH HO-
ciit, mpomoBKeHHsT (PYyHKTODA.



