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Äîñëiäæåíî ãåíåðàòîðè ìàðêîâñüêèõ ïðîöåñiâ â àïðîêñèìàöi¨ Ïóàññîíà
òà Ëåâi. Ïðîöåñè íîðìóþòüñÿ íåëiíiéíèìè ìíîæíèêàìè. Çíàéäåíî àñèìï-
òîòè÷íå çîáðàæåííÿ ãåíåðàòîðiâ ìàðêîâñüêèõ ïðîöåñiâ ó ïðîñòîði Rd.

Êëþ÷îâi ñëîâà: ìàðêîâñüêèé ïðîöåñ, àïðîêñèìàöiÿ Ïóàññîíà, àïðîêñè-
ìàöiÿ Ëåâi, ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ãåíåðàòîð.

1. Âñòóï. Äîñëiäæåííÿì ìàðêîâñüêèõ âèïàäêîâèõ åâîëþöié òà ¨õíiõ àïðîêñè-
ìàöié ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü, ñåðåä ÿêèõ ìîæíà âèäiëèòè [1]�[7]. Çîêðå-
ìà, â [3] äîñëiäæåíî ïðîöåñè ç íåçàëåæíèìè ïðèðîñòàìè â ñõåìàõ ïóàññîíîâî¨ àïðîê-
ñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi. Â òàêèõ ïðîöåñàõ âiäñóòíÿ äèôóçiéíà ñêëàäîâà, à ìiæ
ñòðèáêàìè ïðîòiêà¹ ìàðêîâñüêèé ïðîöåñ. Â àïðîêñèìàöiÿõ Ïóàññîíà òà Ëåâi ãåíåðà-
òîð ïðîöåñó íîðìó¹òüñÿ ëiíiéíèì ìíîæíèêîì t

ε [1]. Ïðîòå â äåÿêèõ âèïàäêàõ òàêå
íîðìóâàííÿ íå äîöiëüíå. Òîìó âèíèêà¹ ïîòðåáà ðîçãëÿäàòè íîðìóþ÷èé ìíîæíèê, ÿê

íåëiíiéíó ôóíêöiþ
t

g(ε)
. Ìåòà íàøî¨ ïðàöi � çíàéòè òàêi ïàðàìåòðè â çîáðàæåííi

ãåíåðàòîðà âèïàäêîâîãî ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè ó âèïàäêó d-âèìiðíîãî
åâêëiäîâîãî ïðîñòîðó Rd.

2. Àïðîêñèìàöiÿ Ïóàññîíà. Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ ç íåçà-
ëåæíèìè ïðèðîñòàìè ηε1(·) òà òðà¹êòîðiÿìè â îáëàñòi âèçíà÷åííÿ ïðîñòîðó Rd[0;∞),
ÿêi íîðìóþòüñÿ ìíîæíèêîì g1(ε)→ 0, g1(ε) > 0 ïðè ε→ 0

ηε1(t) = η
(

t
g1(ε)

)
, t > 0,

äå η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ÿêi âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεϕ(u) = (g1(ε))−1
∫
Rd

(ϕ(u+ v)− ϕ(u))Γε(dv),
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äå ϕ(u) � äiéñíîçíà÷íà, äîðiâíþ¹ 0 íà íåñêií÷åííîñòi òà ç sup-íîðìîþ, ϕ(u) íà-
ëåæèòü êëàñó C5(Rd), u = (u1, u2, . . . , ur). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó
C3(Rd). Òàêå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.

Íåõàé âèêîíóþòüñÿ óìîâè ïóàññîíîâî¨ àïðîêñèìàöi¨:

(P1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε =

∫
Rd

vΓε(dv) = g1(ε)
( d∑
k=1

bk + θεb

)
i

cε =

∫
Rd

vvTΓε(dv) = g1(ε)
( d∑
k,r=1

ckcr + θεc

)
,

äå v = (v1, v2, . . . , vr), b <∞, c <∞, |θεb | → 0, |θεc | → 0, g1(ε)→ 0, ε→ 0.
(P2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ:

Γεg =

∫
Rd

g(v)Γε(dv) = g1(ε)(Γg + θεg).

äëÿ âñiõ g, ÿêi íàëåæàòü êëàñó C3(Rd), |θεg| → 0. ßäðî iíòåíñèâíîñòi Γ0(dv),
çàäàíî íà êëàñi ôóíêöié, ùî âèçíà÷à¹ Γg òàêèì ñïiââiäíîøåííÿì:

Γg =

∫
Rd

g(v)Γ0(dv).

(P3) Ó ãðàíè÷íîìó ãåíåðàòîði âiäñóòíÿ äèôóçiéíà ñêëàäîâà, òîáòî âèêîíó¹òüñÿ
òàêà óìîâà:

c =

∫
Rd

vvTΓ0(dv) = 0.

(P4) Ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ

lim
c→∞

∫
|v|>c

vvTΓ0(dv) = 0,

ÿêå âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.

Òåîðåìà 1. Ãåíåðàòîð ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè

Γεϕ(u) = (g1(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv)

ó ñõåìi ïóàññîíîâî¨ àïðîêñèìàöi¨ ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ

Γεϕ(u) =

d∑
k=1

bk
∂ϕ(u)

∂uk
+

∫
Rd

[ϕ(u+ v)− ϕ(u)−
d∑
k=1

vk
∂ϕ(u)

∂uk
]Γ0(dv) + θεϕ,

äå |θε|→0, g1(ε)→0 ïðè ε→0.
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Äîâåäåííÿ. Ðîçãëÿíåìî ãåíåðàòîð ïðîöåñó

Γεϕ(u) = (g1(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv) = (g1(ε))−1
∫
Rd

[
ϕ(u+ v)− ϕ(u)−

−
d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γε(dv) + (g1(ε))−1

∫
Rd

d∑
k=1

vk
∂ϕ(u)

∂uk
Γε(dv)+

+
1

2
(g1(ε))−1

∫
Rd

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur
Γε(dv).

Ôóíêöiÿ

ψu(v) = ϕ(u+ v)− ϕ(u)−
d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

íàëåæèòü êëàñó C3(Rd).
Ç óìîâ (Ð1), (Ð2) ìàòèìåìî

Γεϕ(u) =

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γ0(dv)+

+

d∑
k=1

bk
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

ckcr
∂2ϕ(u)

∂uk∂ur
+ θεb + θεc + θεψ.

Çàñòîñîâóþ÷è óìîâó (Ð3), îòðèìà¹ìî òàêå àñèìïòîòè÷íå çîáðàæåííÿ

Γεϕ(u) =

d∑
k=1

bk
∂ϕ(u)

∂uk
+

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk

]
Γ0(dv) + θεϕ.

Òåîðåìó äîâåäåíî. �

3. Àïðîêñèìàöiÿ Ëåâi. Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ ç íåçàëåæíè-
ìè ïðèðîñòàìè, ÿêi íîðìóþòüñÿ ìíîæíèêîì g2(ε), äå g2(ε) = o(g1(ε))

ηε2(t) = η
(

t
g2(ε)

)
, t > 0,

äå η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ÿêi âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεϕ(u) = (g2(ε))−1
∫
Rd

(ϕ(u+ v)− ϕ(u))Γε(dv),

äå ϕ(u) � äiéñíîçíà÷íà, äîðiâíþ¹ 0 íà íåñêií÷åííîñòi òà ç sup-íîðìîþ, ϕ(u) íà-
ëåæèòü êëàñó C5(Rd), u = (u1, u2, . . . , ur). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó
C3(Rd). Òàêå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.
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Íåõàé âèêîíóþòüñÿ óìîâè àïðîêñèìàöi¨ Ëåâi.

(L1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε =

∫
Rd

vΓε(dv) = g1(ε)

d∑
k=1

b1k + g2(ε)
( d∑
k=1

bk + θεb

)
òà

cε =

∫
Rd

vvTΓε(dv) = g2(ε)
( d∑
k,r=1

ckcr + θεc

)
,

äå v = (v1, v2, . . . , vr), bk <∞, ck <∞, |θεb | → 0, |θεc | → 0, g2(ε)→ 0, g1(ε)→ 0,
ε→ 0.

(L2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ:

Γεg =

∫
Rd

g(v)Γε(dv) = g2(ε)(Γg + θεg)

äëÿ âñiõ g, ÿêi íàëåæàòü êëàñó C3(Rd). ßäðî iíòåíñèâíîñòi Γ0(dv), çàäàíî íà
êëàñi ôóíêöié, ùî âèçíà÷à¹ Γg òàêèì ñïiââiäíîøåííÿì:

Γg =

∫
Rd

g(v)Γ0(dv).

(L3) Âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
c→∞

∫
|v|>c

vvTΓ0(dv) = 0,

ÿêå âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.

Òåîðåìà 2. Ãåíåðàòîð ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè

Γεϕ(u) = (g2(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv)

ó ñõåìi àïðîêñèìàöi¨ Ëåâi ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ:

Γεϕ(u) = (g1(ε))−1
d∑
k=1

b1k
∂ϕ(u)

∂uk
+

d∑
k=1

(bk − b0k)
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

(ck − c0k)
∂2ϕ(u)

∂uk∂ur
+

+

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk

]
Γ(0)(dv) + θεϕ,

äå b0 =

∫
Rd

vΓ(0)(dv), c0 =

∫
Rd

vvTΓ(0)(dv), |θε|→0, g1(ε)→0, g2(ε)→0 ïðè ε→0.
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Äîâåäåííÿ. Ðîçãëÿíåìî ãåíåðàòîð ïðîöåñó

Γεϕ(u) = (g2(ε))−1
∫
Rd

[ϕ(u+ v)− ϕ(u)]Γε(dv) =

(g2(ε))−1
∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γε(dv)+

(g2(ε))−1
∫
Rd

d∑
k=1

vk
∂ϕ(u)

∂uk
Γε(dv) +

1

2
(g2(ε))−1

∫
Rd

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur
Γε(dv).

Ôóíêöiÿ

ψu(v) = ϕ(u+ v)− ϕ(u)−
d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

íàëåæèòü êëàñó C3(Rd).
Ç óìîâ (L1), (L2) ìàòèìåìî

Γεϕ(u) =

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk
− 1

2

d∑
k,r=1

vkvr
∂2ϕ(u)

∂uk∂ur

]
Γ0(dv)+

+(g1(ε))−1
d∑
k=1

b1k
∂ϕ(u)

∂uk
+

d∑
k=1

bk
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

ckcr
∂2ϕ(u)

∂uk∂ur
+ θεb + θεc + θεψ.

Çàñòîñîâóþ÷è óìîâó (L3) òà çâiâøè âiäïîâiäíi äîäàíêè, îòðèìà¹ìî àñèìïòîòè÷íå
çîáðàæåííÿ

Γεϕ(u) = (g1(ε))−1
d∑
k=1

b1k
∂ϕ(u)

∂uk
+

d∑
k=1

(bk − b0k)
∂ϕ(u)

∂uk
+

1

2

d∑
k,r=1

(ck − c0k)
∂2ϕ(u)

∂uk∂ur
+

+

∫
Rd

[
ϕ(u+ v)− ϕ(u)−

d∑
k=1

vk
∂ϕ(u)

∂uk

]
Γ(0)(dv) + θεϕ.

Òåîðåìó äîâåäåíî. �

Îòæå, òàêå íîðìóâàííÿ äà¹ çìîãó îöiíèòè ñòðèáêè â àïðîêñèìàöi¨ ïðîöåñiâ ç
íåçàëåæíèìè ïðèðîñòàìè â ïðîñòîði Rd òà çíàéòè ¨õíi àñèìïòîòè÷íå çîáðàæåííÿ.
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The generators of Markov processes in the Poisson and Levy approximati-
on are considered. These processes are normalized by nonlinear factors. An
asymptotic representation for generators of Markov processes is found in Rd.
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