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Ðîçãëÿíóòî îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîåôiöi¹íòà, çàëåæíîãî âiä
÷àñîâî¨ çìiííî¨, áiëÿ íåâiäîìî¨ ôóíêöi¨, ÿêà ¹ ðîçâ'ÿçêîì ìiøàíî¨ çàäà÷i
äëÿ ñëàáêî íåëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ. Çíàéäåíî äîñòàòíi
óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó ç ïðîñòîðiâ Ñîáîë¹âà öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà: óëüòðàïàðàáîëi÷íå ðiâíÿííÿ, îáåðíåíà çàäà÷à, iíòåã-
ðàëüíà óìîâà ïåðåâèçíà÷åííÿ, ðîçâ'ÿçîê ìàéæå âñþäè.

1. Âñòóï. Äëÿ ìîäåëþâàííÿ áàãàòüîõ ÿâèù ôiçèêè, ìåõàíiêè, áiîëîãi¨, åêîíî-
ìiêè (÷èñåëüíîñòi ïîïóëÿöié, òåîði¨ áiíàðíèõ åëåêòðîëiòiâ, òåîði¨ àçiàòñüêèõ, àìåðè-
êàíñüêèõ òà ¹âðîïåéñüêèõ îïöiîíiâ, ïðîöåñiâ äèôóçi¨ ç iíåðöi¹þ òîùî) âèêîðèñòî-
âóþòü çàäà÷i äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü (äèâ. [12, 14, 15] i íàâåäåíó òàì áiá-
ëiîãðàôiþ). Îáåðíåíi çàäà÷i ïîâ'ÿçàíi ç ïîøóêîì ïðè÷èí ÿâèù çà ¨õíiìè âiäîìèìè
íàñëiäêàìè. Ç ìàòåìàòè÷íî¨ òî÷êè çîðó öå îçíà÷à¹ âèçíà÷åííÿ íåâiäîìèõ êîåôiöi-
¹íòiâ ÷è ïðàâèõ ÷àñòèí ðiâíÿíü çà äîäàòêîâèõ óìîâ íà ðîçâ'ÿçêè öèõ ðiâíÿíü.

Îáåðíåíi çàäà÷i âèçíà÷åííÿ ïðàâèõ ÷àñòèí óëüòðàïàðàáîëi÷íèõ ðiâíÿíü, ÿêi ìiñ-
òÿòü îäíó ÷è äåêiëüêà íåâiäîìèõ ôóíêöié, äîñëiäæåíî ó ïðàöÿõ [3, 8, 9, 20]. Óìîâè
îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíèõ çàäà÷ âiäøóêàííÿ êîåôiöi¹íòiâ ëiíiéíèõ ïàðàáî-
ëi÷íèõ i ãiïåðáîëi÷íèõ ðiâíÿíü çíàéäåíi, çîêðåìà, ó ïðàöÿõ [1, 2, 7, 11, 13], [17]�[19],
[21]�[23]. Äëÿ ¨õíüîãî âèçíà÷åííÿ âèêîðèñòàíî: ìåòîäè òåîði¨ îïòèìàëüíîãî êîíòðî-
ëþ [23], ïðîäîâæåííÿ çà ïàðàìåòðîì, íåðóõîìî¨ òî÷êè, çðiçêè òà ðåãóëÿðèçàöi¨ [2, 11],
íàïiâãðóï [19], ÷èñåëüíi ìåòîäè [21], âëàñòèâîñòi ôóíêöi¨ �ðiíà [13, 17, 18], òåîðiþ
îïåðàòîðíèõ ðiâíÿíü [1, 7].

Ó öié ïðàöi ðîçãëÿíóòî îáåðíåíó çàäà÷ó ç iíòåãðàëüíîþ óìîâîþ ïåðåâèçíà÷åí-
íÿ çíàõîäæåííÿ êîåôiöi¹íòà, çàëåæíîãî âiä ÷àñó, áiëÿ íåâiäîìî¨ ôóíêöi¨, ÿêà ¹
ðîçâ'ÿçêîì ìiøàíî¨ çàäà÷i äëÿ ñëàáêî íåëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ.
Çà äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íàáëèæåíü âèçíà÷åíî äîñòàòíi óìîâè iñíóâàííÿ
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òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i, ÿêèé íàëåæèòü äî ïðîñòîðiâ Ñîáîë¹âà. Ïðÿìi ìiøà-
íi çàäà÷i äëÿ íåëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü áóëî äîñëiäæåíî ó ïðàöÿõ
[4, 5, 10, 16].

2. Îñíîâíi ïîçíà÷åííÿ òà ôóíêöiîíàëüíi ïðîñòîðè. Íåõàé Ω ⊂ Rn i
D ⊂ Rl � îáìåæåíi îáëàñòi ç ìåæàìè ∂Ω ∈ C2 i ∂D ∈ C1; T ∈ (0,∞), x ∈ Ω,
y ∈ D, t ∈ (0, T ), G = Ω × D, Qτ = Ω × D × (0, τ), τ ∈ (0, T ], ΣT = ∂Ω ×
D × (0, T ), ST = Ω × ∂D × (0, T ), n, l ∈ N, Gξ = {(x, y, t) : (x, y) ∈ G, t = ξ},
ξ ∈ [0, T ].

Âèêîðèñòîâóâàòèìåìî òàêi ïðîñòîðè:

L∞(QT ) := {w : w � âèìiðíà òà iñíó¹ òàêà ñòàëà C, ùî |w(x, y, t)| ≤ C ìàéæå
âñþäè íà QT }, ‖w;L∞(QT )‖ = inf{C : |w(x, y, t)| ≤ C ìàéæå âñþäè íà QT };

L2(G) :=

{
w : w � âèìiðíà,

∫
G

(w(x, y))2 dx dy <∞

}
,

‖w;L2(G)‖ =

(∫
G

(w(x, y))2 dx dy

) 1
2

;

L2(QT ) :=

{
w : w� âèìiðíà,

∫
QT

(w(x, y, t))2 dx dy dt <∞

}
,

‖w;L2(QT )‖ =

( ∫
QT

(w(x, y, t))2 dx dy dt

) 1
2

;

W 1,2(·) � ìíîæèíà âñiõ ðîçïîäiëiâ w, ÿêi ðàçîì çi ñâî¨ìè ïîõiäíèìè ïåðøîãî
ïîðÿäêó çà âñiìà çìiííèìè íàëåæàòü äî ïðîñòîðó L2(·),

‖w;W 1,2(0, T )‖ =

( T∫
0

(
(w(t))2 + (w′(t))2

)
dt

) 1
2

;

‖w;W 1,2(G)‖ =

(∫
G

(
(w(x, y))2 +

n∑
i=1

(wxi(x, y))2 +

l∑
j=1

(wyj (x, y))2
)
dx dy

) 1
2

;

‖w;W 1,2(Ω)‖ =

(∫
Ω

(
(w(x))2 +

n∑
i=1

(wxi(x))2
)
dx

) 1
2

;

‖w;W 1,2(QT )‖ =

( ∫
QT

(
(w(x, y, t))2 + (wt(x, y, t))

2 +

n∑
i=1

(wxi(x, y, t))
2+

+

l∑
j=1

(wyj (x, y, t))
2
)
dx dy dt

) 1
2

;

Ck(O) � ïðîñòið k�ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié íà O;
C([0, T ];L2(G)) � ïðîñòið íåïåðåðâíèõ ôóíêöié ([0, T ]→ L2(G));
C1(D;C1(Ω)) � ïðîñòið íåïåðåðâíî-äèôåðåíöiéîâíèõ ôóíêöié (D → C1(Ω)).
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3. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi QT ðîçãëÿíåìî çàäà÷ó äëÿ ðiâíÿííÿ

ut+

l∑
i=1

λi(x, y, t)uyi−
n∑

i,j=1

(aij(x, y, t)uxi)xj+(c(t)+b(x, y))u+g(x, y, t, u)=f(x, y, t)(1)

ç ïî÷àòêîâîþ óìîâîþ

(2) u(x, y, 0) = u0(x, y), (x, y) ∈ G,
êðàéîâèìè óìîâàìè

(3) u|ΣT = 0, u|S1
T

= 0

òà óìîâîþ ïåðåâèçíà÷åííÿ

(4)
∫
G

K(x, y)u(x, y, t) dx dy = E(t), t ∈ [0, T ],

äå u(x, y, t), c(t) � íåâiäîìi ôóíêöi¨, S1
T :=

{
(x, y, t)∈ST :

l∑
i=1

λi(x, y, t) cos(ν, yi)<0
}
,

ν � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi ST .

Ïîçíà÷èìî S2
T :=

{
(x, y, t)∈ST :

l∑
i=1

λi(x, y, t) cos(ν, yi) ≥ 0
}
. Ïðèïóñòèìî, ùî

(S) iñíó¹ òàêà ïîâåðõíÿ ç äîäàòíîþ ìiðîþ Ëåáåãà Γ1 ⊂ ∂D ⊂ Rl−1, ùî S1
T =

Ω× Γ1 × (0, T ).

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:

(A) aij ∈ C([0, T ];L2(G)), i, j = 1, . . . , n,
n∑
i=1

aij(x, y, t)ξiξj ≥ a0|ξ|2 äëÿ ìàéæå âñiõ

(x, y, t) ∈ QT òà äëÿ âñiõ ξ ∈ Rn, a0 � äîäàòíà ñòàëà;
(B) b ∈ L∞(G), b(x, y) ≥ b0 äëÿ ìàéæå âñiõ (x, y) ∈ G, b0 � ñòàëà;

(E) E ∈W 1,2(0, T ), E(0) =

∫
G

K(x, y)u0(x, y) dx dy;

(F) f ∈ C([0, T ];L2(G));
(G) g(x, y, t, ξ) âèìiðíà çà çìiííèìè (x, y, t) â îáëàñòi QT äëÿ âñiõ ξ ∈ R1 i íåïå-

ðåðâíà çà ξ äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , ïðè÷îìó òàêà, ùî iñíó¹ äîäàòíà
ñòàëà g0, ùî |g(x, y, t, ξ)−g(x, y, t, η)| ≤ g0|ξ−η| äëÿ ìàéæå âñiõ (x, y, t) ∈ QT
òà âñiõ ξ, η ∈ R1;

(K) K ∈ C1(D;C1(Ω)), K
∣∣
∂Ω×D = 0, K|Ω×Γ2

= 0, äå Γ2 = ∂D \ Γ1;

(L) λi ∈ C(QT ), λiyi ∈ L∞(QT ), i = 1, . . . , l;
(U) u0, u0,yj , u0,xi ∈ L2(G), i = 1, . . . , n, j = 1, . . . , l, u0|∂Ω×D = 0, u0|Ω×Γ1

= 0.

4. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ïðÿìî¨ çàäà÷i. Ïðèïóñòèìî ñïî÷àòêó,
ùî â ðiâíÿííi (1) c(t) = c∗(t), äå c∗ ∈ C([0, T ]), � âiäîìà ôóíêöiÿ; ðîçãëÿíåìî ìiøàíó
çàäà÷ó äëÿ ðiâíÿííÿ (1) ç ïî÷àòêîâîþ óìîâîþ (2) òà êðàéîâèìè óìîâàìè (3).

Çàïðîâàäèìî òàêi ïðîñòîðè:

V1(QT ) :=
{
w : w, wxi ∈ L2(QT ), i = 1, . . . , n, w

∣∣
ΣT

= 0
}

;

V2(G) :=
{
w : w ∈W 1,2(G), w

∣∣
∂Ω×D = 0, w

∣∣
Ω×Γ1

= 0
}

;

V3(QT ) := {w : w ∈W 1,2(QT ), w|S1
T

= 0, w
∣∣
ΣT

= 0};
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V4(QT ) :=
{
w : w ∈ V3(QT ), wxixj ∈ L2(QT ), i, j = 1, . . . , n

}
.

Òåîðåìà 1. Íåõàé ñïðàâäæóþòüñÿ óìîâè (A), (B), (G), (L), (F), (U), (S) òà:

1) aijxi , aijt ∈ L∞(QT ), byk ∈ L∞(QT ), fyk ∈ L2(QT ), c∗ ∈ C([0, T ]), i, j =
1, . . . , n, k = 1, . . . , l;

2) iñíó¹ òàêà ñòàëà g1, ùî äëÿ ìàéæå âñiõ (x, y, t) ∈ QT òà âñiõ ξ ∈ R1 âèêî-

íóþòüñÿ íåðiâíîñòi |gyi(x, y, t, ξ)| ≤ g1, i = 1, . . . , l; g(x, y, t, 0)|S1
T

= 0;

3) f |S1
T

= 0.

Òîäi iñíó¹ ¹äèíà ôóíêöiÿ u∗ ∈ V3(QT ) ∩ C([0, T ];L2(G)), ÿêà çàäîâîëüíÿ¹ óìîâó (2)
òà ðiâíiñòü ∫

QT

(
u∗t v +

l∑
i=1

λi(x, y, t)u
∗
yiv +

n∑
i,j=1

aij(x, y, t)u
∗
xivxi+

+(c∗(t) + b(x, y))u∗v + g(x, y, t, u∗)v

)
dx dy dt =

∫
QT

f(x, y, t)v dx dy dt(5)

äëÿ âñiõ ôóíêöié v ∈ V1(QT ). Êðiì òîãî, u∗ ∈ V4(QT ) ∩ C([0, T ];L2(G)) òà u∗ ¹

ðîçâ'ÿçêîì ìàéæå âñþäè çàäà÷i (1)�(3).

Äîâåäåííÿ òåîðåìè ïðîâîäèìî çà ñõåìàìè äîâåäåííÿ òåîðåì 1, 2 i ëåìè 1 iç [4]
òà òåîðåìè 3 i ëåìè 1 iç [8].

Çàóâàæåííÿ 1. Äëÿ ïîõiäíèõ ôóíêöi¨ u∗ âèêîíóþòüñÿ îöiíêè∫
QT

l∑
i=1

(u∗yi)
2 dx dy dt ≤M,

∫
QT

(u∗t )
2 dx dy dt ≤M,

äå ñòàëà M çàëåæèòü âiä ôóíêöi¨ u0 òà êîåôiöi¹íòiâ i ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (1).

5. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i.

Îçíà÷åííÿ 1. Ïàðó ôóíêöié (u(x, y, t), c(t)) íàçâåìî ðîçâ'ÿçêîì çàäà÷i (1)�(4),
ÿêùî u ∈ V4(QT ) ∩ C([0, T ];L2(G)), c ∈ ([0, T ]), ïðè÷îìó öi ôóíêöi¨ äëÿ ìàéæå âñiõ
(x, y, t) ∈ QT çàäîâîëüíÿþòü ðiâíÿííÿ (1) i, êðiì òîãî, ôóíêöiÿ u(x, y, t) çàäîâîëüíÿ¹
óìîâè (2) òà (4).

Ïîçíà÷èìî

A(t) := −E′(t) +

∫
G

K(x, y)f(x, y, t) dx dy,

B(x, y, t) :=

l∑
i=1

(λi(x, y, t)K(x, y))yi +

l∑
i,j=1

(Kxj (x, y)aij(x, y, t))xi −K(x, y)b(x, y).

Iç (1) òà (4) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (1) � (4) çàäîâîëüíÿ¹ òàêó ðiâíiñòü:

E(t)c(t) = A(t) +

∫
Gt

B(x, y, t)u dx dy −
∫
Gt

K(x, y)g(x, y, t, u) dx dy, t ∈ [0, T ].(6)
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Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1 òà óìîâè (K), (E). Äëÿ òîãî, ùîá

ïàðà ôóíêöié (u(x, y, t), c(t)), äå u ∈ V4(QT ) ∩ C([0, T ];L2(G)), c ∈ C([0, T ]), áóëà
ðîçâ'ÿçêîì çàäà÷i (1)�(4) íåîáõiäíî i äîñòàòíüî, ùîá öÿ ïàðà çàäîâîëüíÿëà ðiâíÿííÿ
(1) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , à òàêîæ (2) i (6).

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé (u∗(x, y, t), c∗(t)) ¹ ðîçâ'ÿçêîì çàäà÷i (1)�(4). Ïðî-
äèôåðåíöiþ¹ìî óìîâó (4) îäèí ðàç ïî t

(7)
∫
G

K(x, y)u∗t (x, y, t) dx dy = E′(t), t ∈ [0, T ].

Íà ïiäñòàâi (1) i (7) îòðèìó¹ìî∫
Gt

K(x, y)
(
f(x, y, t)−

l∑
i=1

λi(x, y, t)u
∗
yi +

n∑
i,j=1

(aij(x, y, t)u
∗
xi)xj−

−b(x, y)u∗ − c∗(t)u∗ − g(x, y, t, u∗)
)
dx dy = E′(t), t ∈ [0, T ].(8)

Ïðîiíòåãðó¹ìî ÷àñòèíàìè â (8), âðàõóâàâøè óìîâó (K)

−E(t)c∗(t) +

∫
Gt

(
K(x, y)f(x, y, t)+

+B(x, y, t)u∗ −K(x, y)g(x, y, t, u∗)
)
dx dy = E′(t), t ∈ [0, T ].(9)

Ç (9) âèïëèâà¹, ùî (u∗(x, y, t), c∗(t)) çàäîâîëüíÿ¹ ðiâíiñòü (6). Êðiì òîãî, u∗ çàäîâîëü-
íÿ¹ óìîâó (2), à òàêîæ ðiâíÿííÿ (1) ïðè c(t) = c∗(t) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT .

Äîñòàòíiñòü. Íåõàé c∗ ∈ C([0, T ]), u∗ ∈ V4(QT ) ∩ C([0, T ];L2(G)) i äëÿ íèõ
âèêîíóþòüñÿ (2), (6) òà (1) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT . Òîäi u∗ ¹ ðîçâ'ÿçêîì ìàéæå
âñþäè çàäà÷i (1) � (3) ç ôóíêöi¹þ c∗ çàìiñòü c â ðiâíÿííi (1).

Ïðèéìåìî E∗(t) =

∫
Gt

K(x, y)u∗(x, y, t) dx dy, t ∈ [0, T ]. Òàê ñàìî, ÿê ó äîâåäåííi

íåîáõiäíîñòi, çíàõîäèìî, ùî

E∗(t)c∗(t) = −(E∗(t))′ +

∫
Gt

(
K(x, y)f(x, y, t) +B(x, y, t)u∗−

−K(x, y)g(x, y, t, u∗)
)
dx dy, t ∈ [0, T ].(10)

Ç iíøîãî áîêó, c∗(t) òà u∗(x, y, t) çàäîâîëüíÿþòü ðiâíiñòü

E(t)c∗(t) = −(E(t))′ +

∫
Gt

(
K(x, y)f(x, y, t) +B(x, y, t)u∗−

−K(x, y)g(x, y, t, u∗)
)
dx dy, t ∈ [0, T ].(11)

Iç (10), (11) âèïëèâà¹

(E∗(t)− E(t))c∗(t) = −(E∗(t)− E(t))′, t ∈ [0, T ].(12)



ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÄËß ÓËÜÒÐÀÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 169

Ïðîiíòåãðó¹ìî (12) i âðàõóâàâøè, ùî E∗(0) = E(0) =

∫
G

K(x, y)u0(x, y) dx dy, îòðè-

ìà¹ìî E∗(t) = E(t), t ∈ [0, T ], à îòæå, äëÿ u∗(x, y, t) âèêîíó¹òüñÿ óìîâà ïåðåâèçíà-
÷åííÿ (4). Ëåìó äîâåäåíî. �

Ïîçíà÷èìî λ1 = max
i

esssup
QT

|λiyi(x, y, t)|;

γ0 = γ0(Ω) � êîåôiöi¹íò iç íåðiâíîñòi Ôðiäðiõñà∫
Ω

|v(x)|2 dx ≤ γ0

∫
Ω

n∑
i=1

|vxi(x)|2 dx,(13)

ÿêà âèêîíó¹òüñÿ äëÿ ôóíêöié v ∈W 1,2
0 (Ω);

C1 :=
3

min
[0;T ]

(E(t))2
max
[0;T ]

(
(A(t))2 + 2

∫
G

(g(x, y, t, 0))2 dx dy +

+

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)∫
G

|u0(x, y)|2 dx dy
)

;

C2 :=
3

min
[0;T ]

(E(t))2
max
[0;T ]

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)
×

×
∫
QT

(
(f(x, y, t))2 + (g(x, y, t, 0))2

)
dx dy dt,

C3 := C1 −
a0

γ0
+
λ1l

2
− b0 + g0.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà

iñíó¹ òàêå δ1 > 0, ùî C3 +
C2

δ1
+ δ1 ≤ 0.(14)

Çàóâàæèìî, ùî óìîâà (14) âèêîíó¹òüñÿ, çîêðåìà, êîëè C3 < 0, 4C2 < C2
3 .

Ïîçíà÷èìî:

δ > 0 � íàéáiëüøå ç ÷èñåë δ1, äëÿ ÿêèõ âèêîíó¹òüñÿ (14);

M1 :=
1

δ

∫
QT

(
(f(x, y, t))2 + (g(x, y, t, 0))2

)
dx dy dt+

∫
G

(u0(x, y))2 dx dy;

M2 := C1 +
C2

δ
=

3

min
[0;T ]

(E(t))2
max
[0;T ]

(
(A(t))2 + 2

∫
G

(g(x, y, t, 0))2 dx dy +

+

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)
M1

)
;
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M3 :=
2

min
[0,T ]

(E(t))2

∫
QT

(B(x, y, t))2 dx dy dt+ (g0)2T

∫
G

(K(x, y))2 dx dy;

M4 := min

{
T ;

1

−2C3 − 2C2

δ − δ

}
M1

δ
;

M5 := M3M4;

M6 :=
2

min
[0,T ]

(E(t))2
sup
[0,T ]

∫
G

(B(x, y, t))2 dx dy + g0

∫
G

(K(x, y))2 dx dy;

M7 :=

√
M6M1

δ
.

Òåîðåìà 2. Íåõàé E(t) 6= 0 äëÿ âñiõ t ∈ [0, T ], âèêîíóþòüñÿ óìîâè (A), (B), (L),
(U), (G), (E), (K), (F), (S), (14) i aijxi ∈ L∞(QT ), byk ∈ L∞(QT ), fyk ∈ L2(QT ),
i, j = 1, . . . , n, k = 1, . . . , l, f |S1

T
= 0 òà M5 < 1. Òîäi iñíó¹ ðîçâ'ÿçîê çàäà÷i (1)�(4).

Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ïîñëiäîâíèõ íàáëèæåíü. Ïîáóäó¹ìî íàáëèæåííÿ
(um(x, y, t), cm(t)) ðîçâ'ÿçêó çàäà÷i (1)�(4), äå ôóíêöi¨ cm(t), m ∈ N, âèçíà÷àþòüñÿ
òàê, ùî âîíè çàäîâîëüíÿþòü ðiâíîñòi

c1(t) := 0,

cm(t) =
1

E(t)

(
A(t) +

∫
Gt

(
B(x, y, t)um−1 −K(x, y)g(x, y, t, um−1)

)
dx dy

)
,

t ∈ [0;T ], m ≥ 2,(15)

à um çàäîâîëüíÿ¹ ðiâíiñòü∫
Qτ

(
umt v +

l∑
i=1

λi(x, y, t)u
m
yiv +

n∑
i,j=1

aij(x, y, t)u
m
xivxj + (cm(t) + b(x, y))umv+

+g(x, y, t, um)v
)
dx dy dt =

∫
Qτ

f(x, y, t)v dx dy dt, m ≥ 1, τ ∈ (0;T ],(16)

um(x, y, 0) = u0(x, y), (x, y) ∈ G,(17)

ïðè÷îìó (16) âèêîíó¹òüñÿ äëÿ âñiõ v ∈ V1(QT ).
Íà ïiäñòàâi òåîðåìè 1 äëÿ êîæíîãî m ∈ N iñíó¹ ¹äèíà ôóíêöiÿ um ∈ V3(QT ) ∩

C([0, T ];L2(G)), äëÿ ÿêî¨ âèêîíóþòüñÿ (16), (17).
Äîâåäåìî, ùî cm(t) ≥ −M2 äëÿ âñiõ m ∈ N, t ∈ [0;T ]. Íåõàé cm(t) ≥ c0m äëÿ

âñiõ t ∈ [0, T ], äå c0m ∈ R. Çíàéäåìî îöiíêó äëÿ
∫
G

|um(x, y, τ)|2 dx dy. Âèáåðåìî â

(16) v = um∫
Qτ

(
umt u

m +

l∑
i=1

λi(x, y, t)u
m
yiu

m +

n∑
i,j=1

aij(x, y, t)u
m
xiu

m
xj + (cm(t) + b(x, y))(um)2+
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+g(x, y, t, um)um
)
dx dy dt =

∫
Qτ

f(x, y, t)um dx dy dt, τ ∈ (0;T ], m ≥ 1.(18)

Âðàõóâàâøè óìîâè (A), (B), (L), (U), (G), (F), ç (18) îòðèìó¹ìî íåðiâíiñòü∫
G

(um(x, y, τ))2 dx dy+

∫
S2
τ

l∑
i=1

λi(x, y, t)(u
m)2 cos(ν, yi) dσ+2a0

∫
Qτ

n∑
i=1

(umxi)
2 dx dy dt+

+

∫
Qτ

(−λ1l + 2c0m + 2b0 − 2g0 − 2δ)(um)2 dx dy dt ≤ 1

δ

∫
Qτ

(
(f(x, y, t))2+

+(g(x, y, t, 0))2
)
dx dy dt+

∫
G

(u0(x, y))2 dx dy, τ ∈ (0;T ], m ≥ 1.(19)

Çàñòîñóâàâøè äî òðåòüîãî äîäàíêó ç (19) íåðiâíiñòü (13), îòðèìó¹ìî∫
G

(um(x, y, τ))2 dx dy +

∫
S2
τ

l∑
i=1

λi(x, y, t)(u
m)2 cos(ν, yi) dσ+

+

∫
Qτ

(
2a0

γ0
− λ1l + 2c0m + 2b0 − 2g0 − 2δ

)
(um)2 dx dy dt ≤ 1

δ

∫
Qτ

(
(f(x, y, t))2+

+(g(x, y, t, 0))2
)
dx dy dt+

∫
G

(u0(x, y))2 dx dy, τ ∈ (0;T ], m ≥ 1.(20)

Çà óìîâè, ùî
2a0

γ0
− λ1l + 2c0m + 2b0 − 2g0 − 2δ ≥ 0, ç (20) îäåðæó¹ìî îöiíêó∫
G

(um(x, y, τ))2 dx dy ≤M1, τ ∈ (0;T ], m ≥ 1.(21)

Ïiäíiñøè îáèäâi ÷àñòèíè ðiâíîñòi (15) äî êâàäðàòà òà âèêîðèñòàâøè íåðiâíiñòü Ãåëü-
äåðà, îòðèìó¹ìî îöiíêó

(cm(t))2 ≤ 3

(E(t))2

(
(A(t))2 +

(∫
G

(B(x, y, t))2 dx dy + 2

∫
G

(K(x, y)g0)2 dx dy

)
×

×
∫
G

(um−1)2 dx dy + 2

∫
G

(g(x, y, t, 0))2 dx dy

)
, t ∈ [0;T ], m ≥ 2.(22)

Ç (21) i (22) âèïëèâà¹, ùî |cm(t)| ≤ M2, t ∈ [0;T ], m ∈ N. Çàóâàæèìî, ùî ÿêùî
çàìiñòü c0m âèáðàòè −M2, òî âðàõóâàâøè óìîâó (14), îòðèìó¹ìî

2a0

γ0
−λ1l+2c0m+2b0−2g0−2δ =

2a0

γ0
−λ1l−2M2+2b0−2g0−2δ = −2C3−

2C2

δ
−δ ≥ 0.

Îòæå, äëÿ âñiõ m ∈ N
cm(t) ≥ −M2,

i ìîæíà îáðàòè c0m := −M2 äëÿ âñiõ m ∈ N.
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Äîâåäåìî, ùî ïîñëiäîâíiñòü {(um(x, y, t), cm(t))}∞m=1 çáiãà¹òüñÿ äî ðîçâ'ÿçêó çà-
äà÷i (1)�(4). Ïîçíà÷èìî

zm := zm(x, y, t) = um(x, y, t)− um−1(x, y, t),

rm(t) := cm(t)− cm−1(t), m ≥ 2.

Ç (15) âèïëèâàþòü ðiâíîñòi

rm(t) =
1

E(t)

∫
G

(
B(x, y, t)zm−1 −K(x, y)

(
(g(x, y, t, um−1)− g(x, y, t, um−2)

))
dx dy,

t ∈ [0, T ], m ≥ 2.(23)

Ïiäíiñøè îáèäâi ÷àñòèíè öèõ ðiâíîñòåé äî êâàäðàòà, ïðîiíòåãðóâàâøè çà çìiííîþ t
òà âðàõóâàâøè, ùî íà ïiäñòàâi óìîâè (G)∫
Qτ

(
g(x, y, t, um)−g(x, y, t, um−1)

)
zm dx dy dt≤g0

∫
Qτ

(zm)2 dx dy dt, τ ∈ (0;T ], m ≥ 2,

îòðèìà¹ìî

T∫
0

(rm(t))2 dt ≤M3

∫
QT

(zm−1)2 dx dy dt, m ≥ 2.(24)

Îñêiëüêè ç (17) âèïëèâà¹, ùî zm(x, y, 0) = 0, (x, y) ∈ G, m ≥ 2, òî ç (16),
çíàõîäèìî, ùî äëÿ âñiõ ôóíêöié v ∈ V1(QT ) ñïðàâäæóþòüñÿ ðiâíîñòi

1

2

∫
G

(zm(x, y, τ))2 dx dy +

∫
Qτ

( l∑
i=1

λi(x, y, t)z
m
yiz

m +

n∑
i,j=1

aij(x, y, t)z
m
xiz

m
xj+

+b(x, y)(zm)2 + (g(x, y, t, um)− g(x, y, t, um−1))zm+

+(cm(t)um − cm−1(t)um−1)zm
)
dx dy dt = 0, τ ∈ (0;T ], m ≥ 2.(25)

Çàóâàæèìî, ùî

(cm(t)um − cm−1(t)um−1)zm = cm(t)(zm)2 + rm(t)um−1zm,

à òîìó∫
Qτ

(cm(t)um − cm−1(t)um−1)zm dx dy dt ≥
(
−M2 −

δ

2

) ∫
Qτ

(zm)2 dx dy dt−

− 1

2δ

τ∫
0

(rm(t))2

∫
Gt

(um−1)2 dx dy

 dt ≥
(
−M2 −

δ

2

) ∫
Qτ

(zm)2 dx dy dt−

−M1

2δ

τ∫
0

(rm(t))2 dt, τ ∈ (0, T ], m ≥ 2.(26)
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Òîäi, âðàõîâóþ÷è óìîâè (A), (B), (L), (U), (G), (F) òà (26), ç (25) îòðèìó¹ìî
íåðiâíiñòü ∫

G

(zm(x, y, τ))2 dx dy +

∫
S2
τ

l∑
i=1

λi(x, y, t)(z
m)2 cos(ν, yi) dσ+

+2a0

∫
Qτ

n∑
i,j=1

(zmxi)
2 dx dy dt+

∫
Qτ

(
2b0 − λ1l − 2g0 − 2M2 − δ

)
(zm)2 dx dy dt ≤

≤ M1

δ

T∫
0

(rm(t))2 dt, τ ∈ (0;T ], m ≥ 2.(27)

Çàñòîñóâàâøè äî òðåòüîãî äîäàíêà ç (27) íåðiâíiñòü (13), îòðèìà¹ìî îöiíêó∫
G

(zm(x, y, τ))2 dx dy +

∫
S2
τ

l∑
i=1

λi(x, y, t)(z
m)2 cos(ν, yi) dσ +

∫
Qτ

(
2b0 − lλ1 − 2g0+

+
2a0

γ0
− 2M2 − δ

)
(zm)2 dx dy dt ≤ M1

δ

T∫
0

(rm(t))2 dt, τ ∈ (0;T ], m ≥ 2.(28)

Îñêiëüêè âèêîíó¹òüñÿ óìîâà (14), òî ç (28) çíàõîäèìî îöiíêè∫
G

(zm(x, y, τ))2 dx dy ≤ M1

δ

T∫
0

(rm(t))2 dt, τ ∈ (0;T ], m ≥ 2(29)

òà ∫
QT

(zm)2 dx dy dt ≤M4

T∫
0

(rm(t))2 dt, m ≥ 2.(30)

Ç (24) òà (30) âèïëèâà¹, ùî

T∫
0

(rm(t))2 dt ≤M5

T∫
0

(rm−1(t))2 dt ≤ (M5)m−2

T∫
0

(r2(t))2 dt, m ≥ 2.(31)

Iç (23) ëåãêî îòðèìàòè îöiíêó

(rm(t))2 ≤M6

∫
G

(zm−1(x, y, t))2 dx dy, t ∈ [0, T ], m ≥ 2.(32)

Âðàõóâàâøè (29), ç (32) çíàéäåìî

|rm(t)| ≤M7

 T∫
0

(rm−1(t))2 dt


1
2

, t ∈ [0, T ], m ≥ 2.(33)
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Âèêîðèñòàâøè (31), (33) òà óìîâó M5 < 1, îòðèìà¹ìî, øî äëÿ âñiõ k,m ∈ N, m ≥ 3,
ñïðàâäæó¹òüñÿ îöiíêà

|cm+k(t)− cm(t)| ≤
m+k∑
i=m+1

|ri(t)| ≤M7

m+k∑
i=m+1

 T∫
0

(ri−1(t))2 dt


1
2

≤

≤
m+k∑
i=m+1

M7(M5)
i−3
2

 T∫
0

(r2(t))2 dt


1
2

≤M7
(M5)

m−2
2 (1− (M5)

k
2 )

1− (M5)
1
2

 T∫
0

(r2(t))2 dt


1
2

≤

≤M7
(M5)

m−2
2

1− (M5)
1
2

 T∫
0

(r2(t))2 dt


1
2

, m ≥ 3.(34)

Iç (34) âèïëèâà¹, ùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå m0, ùî äëÿ âñiõ k, m ∈ N,
m > m0, âèêîíóþòüñÿ íåðiâíîñòi ‖cm+k(t)−cm(t);C([0, T ])‖ ≤ ε. Îòæå, ïîñëiäîâíiñòü
{cm}∞m=1 ¹ ôóíäàìåíòàëüíîþ â C([0, T ]).

Òîäi ç (30) òà (27) âèïëèâà¹, ùî {um}∞m=1 ¹ ôóíäàìåíòàëüíîþ â L2(QT ) ∩
C([0, T ];L2(G)) i {umxi}

∞
m=1 ¹ ôóíäàìåíòàëüíîþ â L2(QT ), à òîìó ïðè m→∞

um → u ñèëüíî â L2(QT ) ∩ C([0, T ];L2(G)),

umxi → uxi ñèëüíî â L
2(QT ), i = 1, . . . , n,

cm → c ñèëüíî â C([0, T ]).(35)

Iç çàóâàæåííÿ 1 âèïëèâà¹, ùî∫
QT

l∑
i=1

(umyi)
2 dx dy dt ≤M,

∫
QT

(umt )2 dx dy dt ≤M,(36)

à îñêiëüêè |cm| ≤ M2 äëÿ âñiõ m ∈ N, òî ñòàëà M íå çàëåæèòü âiä m i îöiíêè (36)
âèêîíóþòüñÿ äëÿ âñiõ m ∈ N. Òîìó ç (36) âèïëèâàþòü òàêi çáiæíîñòi ïðè m→∞:

umyi → uyi ñëàáêî â L
2(QT ), i = 1, . . . , l,

umt → ut ñëàáêî â L2(QT ).(37)

Âðàõóâàâøè (35), (37), ç (16) òà (15) îòðèìà¹ìî, ùî ïàðà (u(x, y, t), c(t)) çàäî-
âîëüíÿ¹ ðiâíiñòü (6) òà∫

Qτ

(
utv +

l∑
i=1

λi(x, y, t)uyiv +

n∑
i,j=1

aij(x, y, t)uxivxj + (c(t) + b(x, y))uv+

+g(x, y, t, u)v
)
dx dy dt =

∫
Qτ

f(x, y, t)v dx dy dt, τ ∈ (0;T ],(38)

äëÿ âñiõ v ∈ V1(QT ). Iç (38) âèïëèâà¹, ùî∫
Ω

(
utw +

l∑
i=1

λi(x, y, t)uyiw +

n∑
i,j=1

aij(x, y, t)uxiwxj + (c(t) + b(x, y))uw+
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+g(x, y, t, u)w
)
dx =

∫
Ω

f(x, y, t)w dx(39)

äëÿ ìàéæå âñiõ (y, t) ∈ D × (0;T ) òà äëÿ âñiõ w ∈ W 1,2
0 (Ω). Ç (39) îòðèìó¹ìî, ùî

u äëÿ ìàéæå âñiõ (y, t) ∈ D × (0;T ) ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i Äiðiõëå äëÿ
åëiïòè÷íîãî ðiâíÿííÿ

n∑
i,j=1

(aij(x, y, t)uxi)xj = F (x, y, t), x ∈ Ω,(40)

u|∂Ω = 0,(41)

äå F (x, y, t) = f(x, y, t)−ut−
l∑
i=1

λi(x, y, t)uyi − (c(t)+ b(x, y))u−g(x, y, t, u). Îñêiëüêè

âèêîíó¹òüñÿ óìîâà (3) òà F (·, y, t) ∈ L2(Ω) äëÿ ìàéæå âñiõ (y, t) ∈ D × (0;T ), òî,
çãiäíî ç òåîðåìîþ 7.3 [6, c. 130], iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê u çàäà÷i (40) �
(41), ïðè÷îìó uxixj (·, y, t) ∈ L2(Ω), òîìó u(·, y, t) ∈ W 2,2

0 (Ω) äëÿ ìàéæå âñiõ (y, t) ∈
D × (0;T ). Îòæå, u ∈ V4(QT ) ∩ C([0, T ];L2(G)), ïàðà (u(x, y, t), c(t)) çàäîâîëüíÿ¹
ðiâíÿííÿ (1) äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , òîìó íà ïiäñòàâi ëåìè 1 (u(x, y, t), c(t)) ¹
ðîçâ'ÿçêîì çàäà÷i (1) � (4) â îáëàñòi QT . Òåîðåìó äîâåäåíî. �

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2. Òîäi çàäà÷à (1)�(4) íå ìîæå

ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî
(
u(1)(x, y, t), c(1)(t)

)
,
(
u(2)(x, y, t), c(2)(t)

)
� äâà ðîçâ'ÿçêè

çàäà÷i (1) � (4). Òîäi ïàðà ôóíêöié (ũ(x, y, t), c̃(t)), äå

ũ(x, y, t) = u(1)(x, y, t)− u(2)(x, y, t), c̃(t) = c(1)(t)− c(2)(t),

çàäîâîëüíÿ¹ óìîâó ũ(x, y, 0) ≡ 0, ðiâíiñòü∫
Qτ

(
ũtv +

l∑
i=1

λi(x, y, t)ũyiv +

n∑
i,j=1

aij(x, y, t)ũxivxj + b(x, y)ũv + (c(1)(t)u(1)−

−c(2)(t)u(2))v + (g(x, y, t, u(1))− g(x, y, t, u(2)))v

)
dx dy dt = 0, τ ∈ [0, T ],(42)

äëÿ âñiõ v ∈ V1(QT ) òà

c̃(t) =
1

E(t)

∫
Gt

(
B(x, y, t)ũ+K(x, y)(g(x, y, t, u(1))− g(x, y, t, u(1)))

)
, t ∈ [0, T ].(43)

Âèáðàâøè â (42) v = ũ, ìàòèìåìî∫
Qτ

(
ũtũ+

l∑
i=1

λi(x, y, t)ũyi ũ+

n∑
i,j=1

aij(x, y, t)ũxi ũxj + (c(1)(t)u(1) − c(2)(t)u(2))ũ+

+b(x, y)(ũ)2 + (g(x, y, t, u(1))− g(x, y, t, u(2)))ũ

)
dx dy dt = 0, τ ∈ (0;T ].
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Çâiäñè, àíàëîãi÷íèìè ïåðåòâîðåííÿìè, ÿê ç (25) áóëî îòðèìàíî (30), çíàõîäèìî îöií-
êó ∫

QT

(ũ)2 dx dy dt ≤M4

T∫
0

(c̃(t))2 dt.(44)

Ç (43) ëåãêî îòðèìàòè íåðiâíiñòü
T∫

0

(c̃(t))2 dt ≤M3

∫
QT

(ũ)2 dx dy dt,

à âðàõóâàâøè îöiíêó (44), çíàéäåìî

(1−M5)

T∫
0

(c̃(t))2 dt ≤ 0.

Îñêiëüêè M5 < 1, òî c̃(t) ≡ 0, à òîìó c(1)(t) ≡ c(2)(t). Òîäi ç (44) âèïëèâà¹:∫
QT

(ũ)2 dx dy dt ≤ 0, à òîìó u(1) = u(2) â QT . Òåîðåìó äîâåäåíî. �
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INVERSE PROBLEM OF DETERMINING OF MINOR
COEFFICIENT FOR SEMILINEAR ULTRAPARABOLIC

EQUATION

Nataliya PROTSAKH
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We consider the inverse problem of determining of the time depended coe�-
cient near the unknown function that is a solution for the initial-boundary value
problem for semilinear ultraparabolic equation. Conditions of the existence and
the uniqueness of solution from Sobolev spaces for the problem are obtained.

Key words: ultraparabolic equation, inverse problem, integral overdetermi-
nation condition, solution almost everywhere.


