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Ç'ÿñîâàíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ
çàëåæíèõ âiä ÷àñó êîåôiöi¹íòiâ ïðè ïåðøèõ ïîõiäíèõ íåâiäîìî¨ ôóíêöi¨
ó äâîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi, ðîçòàøóâàííÿ ÷àñòèíè
ìåæi ÿêî¨ âèçíà÷à¹òüñÿ íåâiäîìèìè çàëåæíèìè âiä ÷àñó ôóíêöiÿìè.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, âiëüíà ìåæà, ïàðàáîëi÷íå ðiâíÿííÿ,
ôóíêöiÿ Ãðiíà.

Ìè äîñëiäæó¹ìî çàäà÷ó, ÿêà ïî¹äíó¹ äâà òèïè çàäà÷, à ñàìå, êîåôiöi¹íòíó îáåð-
íåíó çàäà÷ó i çàäà÷ó ç âiëüíîþ ìåæåþ. Êîæåí iç öèõ òèïiâ âèâ÷àëè ðàíiøå, ïðîòå
¨õí¹ ïî¹äíàííÿ â îäíié çàäà÷i íåäîñòàòíüî âèâ÷åíå ïèòàííÿ. Ó [1]�[4] äîñëiäæåíî
îáåðíåíi çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîåôiöi¹íòà ïðè ìîëîäøié ïîõiäíié
íåâiäîìî¨ ôóíêöi¨ â îäíîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿííÿõ â îáëàñòÿõ ç âiäîìèìè
ìåæàìè. Çàìiíîþ íåçàëåæíèõ çìiííèõ çàäà÷i ç âiëüíèìè ìåæàìè ìîæíà çâåñòè äî
êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷ â îáëàñòÿõ ç ôiêñîâàíèìè ìåæàìè. Òàêèé ïiäõiä äà¹
çìîãó îá'¹äíàòè äâà òèïè çàäà÷ � êîåôiöi¹íòíi îáåðíåíi çàäà÷i òà çàäà÷i ç âiëüíèìè
ìåæàìè â îäèí. Ó ïðàöÿõ [5]�[8] çíàéäåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíèõ
çàäà÷ âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó ñòàðøèõ êîåôiöi¹íòiâ â îäíî- òà äâîâèìiðíèõ
ïàðàáîëi÷íèõ ðiâíÿííÿõ â îáëàñòÿõ ç âiëüíèìè ìåæàìè. Äîñëiäæåííÿ îáåðíåíèõ
çàäà÷ äëÿ äâîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç íåâiäîìèìè çàëåæíèìè âiä ÷àñó ìî-
ëîäøèìè êîåôiöi¹íòàìè â îáëàñòÿõ ç âiëüíèìè ìåæàìè ¹ àêòóàëüíèì.

1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi ΩT = {(x1, x2, t) : 0 < x1 < l(t),
0 < x2 < h(t), 0 < t < T}, äå l = l(t), h = h(t) � íåâiäîìi ôóíêöi¨, ðîçãëÿäà¹ìî
îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîåôiöi¹íòiâ b1(t), b2(t) ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = ∆u+ b1(t)ux1 + b2(t)ux2 + f(x1, x2, t), (x1, x2, t) ∈ ΩT , (1)

çà óìîâ
u(x1, x2, 0) = φ(x1, x2), (x1, x2) ∈ [0, l(0)]× [0, h(0)], (2)

c⃝ Ñíiòêî Ã., 2016
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u(0, x2, t) = µ1(x2, t), u(l(t), x2, t) = µ2(x2, t), (x2, t) ∈ [0, h(t)]× [0, T ],

u(x1, 0, t) = µ3(x1, t), u(x1, h(t), t) = µ4(x1, t), (x1, t) ∈ [0, l(t)]× [0, T ], (3)

l′(t) = −
h(t)∫
0

ux1(l(t), x2, t)dx2 + µ5(t), h′(t) = −
l(t)∫
0

ux2(x1, h(t), t)dx1 + µ6(t),

l(t)∫
0

h(t)∫
0

u(x1, x2, t)dx2dx1 = µ7(t),

l(t)∫
0

h(t)∫
0

x2u(x1, x2, t)dx2dx1 = µ8(t), t ∈ [0, T ]. (4)

Çàìiíîþ çìiííèõ y1 =
x1
l(t)

, y2 =
x2
h(t)

çàäà÷ó (1)�(4) çâîäèìî äî îáåðíåíî¨ çàäà÷i

ç íåâiäîìèìè (l(t), h(t), b1(t), b2(t), v(y1, y2, t)), äå v(y1, y2, t) = u(y1l(t), y2h(t), t), â
îáëàñòi QT = {(y1, y2, t) : 0 < y1 < 1, 0 < y2 < 1, 0 < t < T}

vt =
1

l2(t)
vy1y1

+
1

h2(t)
vy2y2

+
b1(t) + y1l

′(t)

l(t)
vy1

+
b2(t) + y2h

′(t)

h(t)
vy2

+

+f(y1l(t), y2h(t), t), (y1, y2, t) ∈ QT , (5)

v(y1, y2, 0) = φ(y1l(0), y2h(0)), (y1, y2) ∈ [0, 1]× [0, 1], (6)

v(0, y2, t) = µ1(y2h(t), t), v(1, y2, t) = µ2(y2h(t), t), (y2, t) ∈ [0, 1]× [0, T ],

v(y1, 0, t) = µ3(y1l(t), t), v(y1, 1, t) = µ4(y1l(t), t), (y1, t) ∈ [0, 1]× [0, T ], (7)

l′(t) = −h(t)
l(t)

1∫
0

vy1(1, y2, t)dy2 + µ5(t), t ∈ [0, T ], (8)

h′(t) = − l(t)

h(t)

1∫
0

vy2(y1, 1, t)dy1 + µ6(t), t ∈ [0, T ], (9)

h(t)l(t)

1∫
0

1∫
0

v(y1, y2, t)dy1dy2 = µ7(t), t ∈ [0, T ], (10)

h2(t)l(t)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2 = µ8(t), t ∈ [0, T ]. (11)

2. Îñíîâíi ðåçóëüòàòè. Óìîâè íà âèõiäíi äàíi, çà ÿêèõ iñíó¹ ¹äèíèé ðîçâ'ÿçîê
çàäà÷i (5)�(11), çàçíà÷åíi â òàêèõ òåîðåìàõ.

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1) f ∈ C1,0([0,∞) × [0,∞) × [0, T ]), φ ∈ C2([0,∞) × [0,∞)),
µi ∈ C2,1([0,∞) × [0, T ]), i = 1, 2, µj ∈ C2,1([0,∞) × [0, T ]), j = 3, 4,
µk ∈ C[0, T ], k = 5, 6, µn ∈ C1[0, T ], n = 7, 8;
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2) f(x1, x2, t) > 0, (x1, x2, t) ∈ [0,∞) × [0,∞) × [0, T ], 0 < φ0 6 φ(x1, x2) 6
φ1 < ∞, (x1, x2) ∈ [0,∞) × [0,∞), φx1(x1, x2) > 0, φx2(x1, x2) > 0,
(x1, x2) ∈ [0, l(0)] × [0, h(0)], φx1(x1, x2) − φx1(x1, h(0) − x2) > 0,

φx2(x1, h(0) − x2) − φx2(x1, x2) > 0, (x1, x2) ∈ [0, l(0)] ×
[
0, h(0)2

)
, µn(t) > 0,

n = 7, 8, t ∈ [0, T ];
3) óìîâè óçãîäæåííÿ íóëüîâîãî òà ïåðøîãî ïîðÿäêiâ.

Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî T0, 0 < T0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíè-
ìè äàíèìè, ùî iñíó¹ ðîçâ'ÿçîê (l, h, b1, b2, v) ∈ (C1[0, T0])

2 × (C[0, T0])
2 × C2,1(QT0

),
l(t) > 0, h(t) > 0, t ∈ [0, T0], çàäà÷i (5)�(11).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

1) f ∈ C1,0([0,∞) × [0,∞) × [0, T ]), µi ∈ C3,1([0,∞) × [0, T ]), i = 1, 2,
µj ∈ C3,1([0,∞)× [0, T ]), j = 3, 4;

2) 0 < φ0 6 φ(x1, x2) 6 φ1 < ∞, (x1, x2) ∈ [0,∞) × [0,∞),
φx1(x1, x2) − φx1(x1, h(0) − x2) > 0, φx2(x1, h(0) − x2) − φx2(x1, x2) > 0,

(x1, x2) ∈ [0, l(0)] ×
[
0, h(0)2

)
, φx1(x1, x2) > 0, φx2(x1, x2) > 0,

(x1, x2) ∈ [0, l(0)]× [0, h(0)], µn(t) > 0, n = 7, 8, t ∈ [0, T ].

Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî t0, 0 < t0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè
äàíèìè, ùî çàäà÷à (5)�(11) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ (l, h, b1, b2, v) ∈
(C1[0, t0])

2 × (C[0, t0])
2 × C2,1(Qt0), l(t) > 0, h(t) > 0, t ∈ [0, t0].

3. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (5)�(11). Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çà-
äà÷i (5)�(11)  ðóíòó¹òüñÿ íà çâåäåííi çàäà÷i äî ñèñòåìè ðiâíÿíü ñòîñîâíî íåâiäîìèõ
i çàñòîñóâàííi äî íå¨ òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó. Ñïî÷àòêó âèçíà÷èìî
çíà÷åííÿ íåâiäîìèõ ôóíêöié l(t), h(t) ó ïî÷àòêîâèé ìîìåíò ÷àñó. Ç óìîâ (2), (4)
îòðèìó¹ìî

l0∫
0

h0∫
0

φ(x1, x2)dx2dx1 = µ7(0),

l0∫
0

h0∫
0

x2φ(x1, x2)dx2dx1 = µ8(0), (12)

l0 = l(0), h0 = h(0). Ïîçíà÷èâøè

l0∫
0

φ(x1, x2)dx1 = ψ(l0, x2), ïîäàìî (12) ó âèãëÿäi

h0∫
0

ψ(l0, x2)dx2 = µ7(0),

h0∫
0

x2ψ(l0, x2)dx2 = µ8(0).

Çãiäíî ç ïðèïóùåííÿìè òåîðåìè

l0φ0 6 ψ(l0, x2) 6 l0φ1.

Òîäi

l0h0φ0 6
h0∫
0

ψ(l0, x2)dx2 6 l0h0φ1.
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Ôóíêöiÿ y =

h0∫
0

ψ(l0, x2)dx2 çà äîâiëüíîãî ôiêñîâàíîãî l0 > 0 ìîíîòîííî çðîñòàþ÷à

ñòîñîâíî h0. Îòîæ, iñíó¹ ¹äèíå çíà÷åííÿ h0(l0), ÿêå ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

h0(l0)∫
0

ψ(l0, x2)dx2 = µ7(0).

Îòæå,

µ7(0)

l0φ1
6 h0(l0) 6

µ7(0)

l0φ0
,

φ0µ
2
7(0)

2l0φ2
1

6
h0(l0)∫
0

x2ψ(l0, x2)dx2 6 φ1µ
2
7(0)

2l0φ2
0

.

Òîäi y =

h0∫
0

x2ψ(l0, x2)dx2 ìîíîòîííî ñïàäíà ôóíêöiÿ çìiííî¨ l0, ÿêà ïåðåòíå ïðÿ-

ìó y = µ8(0) òiëüêè â îäíié òî÷öi. Îòæå, iñíó¹ ¹äèíèé ðîçâ'ÿçîê l0, h0 ñèñòåìè
ðiâíÿíü(12).

Çâåäåìî çàäà÷ó (5)�(7) äî çàäà÷i ç íóëüîâèìè ïî÷àòêîâîþ òà êðàéîâèìè óìîâà-
ìè. Ââåäåìî ïîçíà÷åííÿ

µ0(y1, y2, t) = µ1(y2h(t), t)− µ1(0, t) + µ3(y1l(t), t) + y1(µ2(y2h(t), t)− µ2(0, t)−

−µ1(y2h(t), t) + µ1(0, t)) + y2(µ4(y1l(t), t)− µ3(y1l(t), t)− µ1(h(t), t) + µ1(0, t))−
−y1y2(µ2(h(t), t)− µ2(0, t)− µ1(h(t), t) + µ1(0, t)),

v0(y1, y2, t) = φ(y1l0, y2h0) + µ0(y1, y2, t)− µ0(y1, y2, 0),

ṽ(y1, y2, t) = v(y1, y2, t)− v0(y1, y2, t),

L =
∂

∂t
− 1

l2(t)

∂2

∂y21
− 1

h2(t)

∂2

∂y22
.

Äëÿ ôóíêöi¨ ṽ(y1, y2, t) îòðèìó¹ìî çàäà÷ó

Lṽ =
b1(t) + y1l

′(t)

l(t)
vy1(y1, y2, t) +

b2(t) + y2h
′(t)

h(t)
vy2(y1, y2, t)−

−Lv0(y1, y2, t) + f(y1l(t), y2h(t), t), (y1, y2, t) ∈ QT ,

ṽ(y1, y2, 0) = 0, (y1, y2) ∈ [0, 1]× [0, 1],

ṽ(0, y2, t) = ṽ(1, y2, t) = 0, ṽ(y1, 0, t) = ṽ(y1, 1, t) = 0, (y1, y2, t) ∈ QT . (13)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G = G(y1, y2, t, η1, η2, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ
ðiâíÿííÿ

Lṽ = 0

ðîçâ'ÿçîê çàäà÷i (13) ïîäàìî ó âèãëÿäi

ṽ(y1, y2, t) =

t∫
0

1∫
0

1∫
0

G(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1l

′(τ)

l(τ)
vη1

(η1, η2, τ)− Lv0(η1, η2, τ)+
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+
b2(τ) + η2h

′(τ)

h(τ)
vη2(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (y1, y2, t) ∈ QT .

Ïîçíà÷èâøè w1(y1, y2, t) = vy1
(y1, y2, t), w2(y1, y2, t) = vy2

(y1, y2, t), p(t) = l′(t),
q(t) = h′(t), ïîâåðíåìîñü äî ôóíêöi¨ v

v(y1, y2, t) = v0(y1, y2, t) +

t∫
0

1∫
0

1∫
0

G(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (14)

(y1, y2, t) ∈ QT .

Ïðîäèôåðåíöiþâàâøè (14) çà çìiííèìè y1, y2, îäåðæó¹ìî

w1(y1, y2, t) = v0y1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy1(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
×

×w1(η1, η2, τ) +
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (y1, y2, t) ∈ QT , (15)

w2(y1, y2, t) = v0y2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy2(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
×

×w1(η1, η2, τ) +
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ, (y1, y2, t) ∈ QT . (16)

Ç óìîâ (8)�(11) çíàõîäèìî

p(t) = −h(t)
l(t)

1∫
0

w1(1, y2, t)dy2 + µ5(t), t ∈ [0, T ], (17)

q(t) = − l(t)

h(t)

1∫
0

w2(y1, 1, t)dy1 + µ6(t), t ∈ [0, T ], (18)

h(t) =

µ8(t)
1∫
0

1∫
0

v(y1, y2, t)dy1dy2

µ7(t)
1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2

, t ∈ [0, T ], (19)
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l(t) =

µ2
7(t)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2

µ8(t)

(
1∫
0

1∫
0

v(y1, y2, t)dy1dy2

)2 , t ∈ [0, T ]. (20)

Ïðîäèôåðåíöiþâàâøè óìîâè (10), (11) çà çìiííîþ t i âèêîðèñòàâøè (5), îòðèìó¹ìî

b1(t) =
1

∆(t)

((
l(t)h(t)

1∫
0

µ4(y1l(t), t)dy1 − µ7(t)

)
F1(t)−

−l(t)F2(t)

1∫
0

(µ4(y1l(t), t)− µ3(y1l(t), t))dy1

)
, t ∈ [0, T ], (21)

b2(t) =
1

∆(t)

(
F2(t)h(t)

1∫
0

(µ2(y2h(t), t)− µ1(y2h(t), t))dy2−

−h2(t)F1(t)

1∫
0

y2(µ2(y2h(t), t)− µ1(y2h(t), t))dy2

)
, t ∈ [0, T ], (22)

äå

F1(t) =
h(t)

l(t)

1∫
0

(w1(0, y2, t)− w1(1, y2, t))dy2 +
l(t)

h(t)

1∫
0

(w2(y1, 0, t)− w2(y1, 1, t))dy1+

−l(t)h(t)
1∫

0

1∫
0

f(y1l(t), y2h(t), t)dy1dy2 + h(t)

(
h(t)

l(t)

1∫
0

w1(1, y2, t)dy2 − µ5(t)

)
×

×
1∫

0

µ2(y2h(t), t)dy2 + l(t)

(
l(t)

h(t)

1∫
0

w2(y1, 1, t)dy1 − µ6(t)

) 1∫
0

µ4(y1l(t), t)dy1 + µ′
7(t),

F2(t) =
h2(t)

l(t)

1∫
0

y2(w1(0, y2, t)− w1(1, y2, t))dy2 − l(t)

1∫
0

w2(y1, 1, t)dy1+

+l(t)

1∫
0

1∫
0

(w2(y1, y2, t)− y2h
2(t)f(y1l(t), y2h(t), t))dy1dy2+

+h2(t)

(
h(t)

l(t)

1∫
0

w1(1, y2, t)dy2 − µ5(t)

) 1∫
0

y2µ2(y2h(t), t)dy2+

+l(t)h(t)

(
l(t)

h(t)

1∫
0

w2(y1, 1, t)dy1 − µ6(t)

) 1∫
0

µ4(y1l(t), t)dy1 + µ′
8(t),
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∆(t) = h(t)

1∫
0

(µ2(y2h(t), t)− µ1(y2h(t), t))dy2

(
l(t)h(t)

1∫
0

µ4(y1l(t), t)dy1−

−µ7(t)

)
− l(t)h2(t)

1∫
0

y2(µ2(y2h(t), t)− µ1(y2h(t), t))dy2×

×
1∫

0

(µ4(y1l(t), t)− µ3(y1l(t), t))dy1.

Îòîæ, çàäà÷ó (5)�(11) çâåäåíî äî ñèñòåìè ðiâíÿíü (14)�(22) ñòîñîâíî íå-
âiäîìèõ (v(y1, y2, t), w1(y1, y2, t), w2(y1, y2, t), p(t), q(t), h(t), l(t), b1(t), b2(t)). ßêùî
(l, h, b1, b2, v) ∈ (C1[0, T ])2 × (C[0, T ])2 × C2,1(QT ) ¹ ðîçâ'ÿçêîì çàäà÷i (5)�(11),
òî (v, w1, w2, p, q, h, l, b1, b2) ∈ (C(QT ))

3 × (C[0, T ])6 � ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(14)�(22). Ïðàâèëüíèì ¹ i îáåðíåíå òâåðäæåííÿ.

Íåõàé (v, w1, w2, p, q, h, l, b1, b2) � íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(14)�(22). Ïðîäèôåðåíöiþ¹ìî (14) çà çìiííèìè y1, y2. Ïðàâi ÷àñòèíè îòðèìàíèõ
ðiâíîñòåé i ðiâíîñòåé (15), (16) çáiãàþòüñÿ, òîìó ìîæåìî çðîáèòè âèñíîâîê, ùî
wi(y1, y2, t) = vyi(y1, y2, t), i = 1, 2. Îòæå, ôóíêöiÿ v ∈ C2,1(QT ) çàäîâîëüíÿ¹
ðiâíÿííÿ

vt =
1

l2(t)
vy1y1 +

1

h2(t)
vy2y2 +

b1(t) + y1p(t)

l(t)
vy1 +

b2(t) + y2q(t)

h(t)
vy2+

+f(y1l(t), y2h(t), t), (y1, y2, t) ∈ QT , (23)

òà óìîâè (6), (7) äëÿ äîâiëüíèõ íåïåðåðâíèõ íà [0, T ] ôóíêöié l(t), h(t), p(t), q(t), b1(t),
b2(t). Ç ðiâíîñòåé (19), (20) âèïëèâàþòü óìîâè (10), (11). Ïðèïóùåííÿ òåîðåìè äàþòü
ïiäñòàâè ïðîäèôåðåíöiþâàòè (19), (20) çà t. Âèêîðèñòàâøè òå, ùî ôóíêöiÿ v(y1, y2, t)
çàäîâîëüíÿ¹ ðiâíÿííÿ (23), òà âiäíÿâøè âiä îòðèìàíèõ ðiâíîñòåé (21), (22), îäåðæó-
¹ìî

µ7(t)((p(t)− l′(t))h(t) + (q(t)− h′(t))l(t)) = 0,

µ8(t)((p(t)− l′(t))h(t) + 2(q(t)− h′(t))l(t)) = 0.

Çâiäñè ðîáèìî âèñíîâîê, ùî p(t) = l′(t), q(t) = h′(t), l, h ∈ (C1[0, T ])2 i ôóíêöiÿ
v(y1, y2, t) çàäîâîëüíÿ¹ ðiâíÿííÿ (5). Ç (17), (18) îòðèìó¹ìî óìîâè (8), (9).

Îòæå, åêâiâàëåíòíiñòü çàäà÷i (5)�(11) òà ñèñòåìè ðiâíÿíü (14)�(22) ó çàçíà÷å-
íîìó ñåíñi äîâåäåíî.

Çâåäåìî ∆(t) äî âèãëÿäó

∆(t) = l(t)h2(t)

( 1∫
0

1∫
0

w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

y2w2(y1, y2, t)dy2dy1−

−
1∫

0

1∫
0

y2w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

w2(y1, y2, t)dy2dy1

)
=



ÂÈÇÍÀ×ÅÍÍß ÊÎÅÔIÖI�ÍÒIÂ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 149

=
1

2
l(t)h2(t)

( 1∫
0

1∫
0

(1− 2y2)w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

w2(y1, y2, t)dy2dy1+

+

1∫
0

1∫
0

w1(y1, y2, t)dy2dy1

1∫
0

1∫
0

(2y2 − 1)w2(y1, y2, t)dy2dy1

)
.

Â (15) âñi äîäàíêè, êðiì φy1(y1l0, y2h0), ïðè t → 0 ïðÿìóþòü äî íóëÿ. Òîäi
çãiäíî ç óìîâàìè òåîðåìè ç (15) ìîæåìî çðîáèòè âèñíîâîê ïðî iñíóâàííÿ òàêîãî
÷èñëà t1, 0 < t1 6 T , ùî

w1(y1, y2, t) >
l0
2

min
(y1,y2)∈[0,1]×[0,1]

φy1(y1l0, y2h0) ≡M1 > 0, (y1, y2, t) ∈ Qt1 .

Òîäi
1∫

0

1∫
0

w1(y1, y2, t)dy2dy1 > 0, t ∈ [0, t1].

Àíàëîãi÷íî ç (16) ìîæåìî ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t2, 0 < t2 6 T , ùî

w2(y1, y2, t) >
h0
2

min
(y1,y2)∈[0,1]×[0,1]

φy2(y1l0, y2h0) ≡M2 > 0, (y1, y2, t) ∈ Qt2 .

Òîäi
1∫

0

1∫
0

w2(y1, y2, t)dy2dy1 > 0, t ∈ [0, t2].

Ïîäàìî âèðàçè
1∫
0

1∫
0

(1−2y2)w1(y1, y2, t)dy2dy1,
1∫
0

1∫
0

(2y2−1)w2(y1, y2, t)dy2dy1 ó âèãëÿäi

1∫
0

1∫
0

(1− 2y2)w1(y1, y2, t)dy2dy1 =

=

1∫
0

1
2∫

0

(1− 2y2)(w1(y1, y2, t)− w1(y1, 1− y2, t))dy2dy1, (24)

1∫
0

1∫
0

(2y2 − 1)w2(y1, y2, t)dy2dy1 =

=

1∫
0

1
2∫

0

(1− 2y2)(w2(y1, 1− y2, t)− w2(y1, y2, t))dy2dy1. (25)

Ïiäñòàâèìî (15) â (24). Âñi äîäàíêè, êðiì φy1(y1l0, y2h0) − φy1(y1l0, h0(1 − y2)), ïðè
t → 0 ïðÿìóþòü äî íóëÿ. Òîäi ìîæåìî ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t3, 0 < t3 6 T ,
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ùî
1∫

0

1∫
0

(1− 2y2)w1(y1, y2, t)dy2dy1 > l0
2

1∫
0

1
2∫

0

(1− 2y2)×

×(φy1(y1l0, y2h0)− φy1(y1l0, h0(1− y2)))dy2dy1 > 0, t ∈ [0, t3].

Ïiäñòàâèâøè (16) â (25), ìîæåìî çðîáèòè âèñíîâîê ïðî iñíóâàííÿ òàêîãî ÷èñëà t4,
0 < t4 6 T , ùî

1∫
0

1∫
0

(2y2 − 1)w2(y1, y2, t)dy2dy1 > h0
2

1∫
0

1
2∫

0

(1− 2y2)×

×(φy2(y1l0, h0(1− y2))− φy2(y1l0, h0y2))dy2dy1 > 0, t ∈ [0, t4].

Âèçíà÷èìî îöiíêè ôóíêöié l(t) i h(t). Çãiäíî ç óìîâàìè òåîðåìè ç (14) ìîæåìî
ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t5, 0 < t5 6 T , ùî

v(y1, y2, t) >
φ0

2
≡M0 > 0, (y1, y2, t) ∈ Qt5 . (26)

Âèêîíàííÿ (26) ðiâíîñèëüíå âèêîíàííþ íåðiâíîñòi∣∣∣∣µ0(y1, y2, t)− µ0(y1, y2, 0) +

t∫
0

1∫
0

1∫
0

G(y1, y2, t, η1, η2, τ)×

×
(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ) +

b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6M0, (y1, y2, t) ∈ Qt5 . (27)

Âðàõóâàâøè (27), ç (14) îäåðæó¹ìî

v(y1, y2, t) 6 φ1 +M0 ≡M3 <∞, (y1, y2, t) ∈ Qt5 . (28)

Òîäi äëÿ ðîçâ'ÿçêiâ ðiâíÿíü (19), (20) ñïðàâäæóþòüñÿ íåðiâíîñòi

0 < H0 6 h(t) 6 H1 <∞, 0 < L0 6 l(t) 6 L1 <∞, t ∈ [0, t5]. (29)

Îòæå,

∆(t) > C0 > 0, t ∈ [0, t0], t0 = min{ti}, i = 1, 5. (30)

Âèçíà÷èìî îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (14)�(22). Ïîçíà÷èìî
Wi(t) = max

(y1,y2)∈[0,1]×[0,1]
|wi(y1, y2, t)|, i = 1, 2. Ç (17), (18), (21), (22), âðàõóâàâøè

(28)�(30), îäåðæó¹ìî

|p(t)| 6 C1 + C2W1(t), |q(t)| 6 C3 + C4W2(t), |b1(t)| 6 C5 + C6W1(t) + C7W2(t),

|b2(t)| 6 C8 + C9W1(t) + C10W2(t), t ∈ [0, t0]. (31)

Âèêîðèñòàâøè (29), (31) òà îöiíêè ôóíêöi¨ Ãðiíà [9], ç (15), (16) îòðèìó¹ìî

W1(t) 6 C11 + C12

t∫
0

(1 +W1(τ) +W2(τ) +W1(τ)W2(τ) +W 2
1 (τ) +W 2

2 (τ))
dτ√
t− τ

,
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W2(t) 6 C13 + C14

t∫
0

(1 +W1(τ) +W2(τ) +W1(τ)W2(τ)+

+W 2
1 (τ) +W 2

2 (τ))
dτ√
t− τ

, t ∈ [0, t0].

Çâiäñè äëÿ ôóíêöi¨ R(t) =W1(t) +W2(t) îäåðæó¹ìî íåðiâíiñòü

R(t) 6 C15 + C16

t∫
0

R(τ) +R2(τ)√
t− τ

dτ, t ∈ [0, t0].

Ìåòîä ðîçâ'ÿçóâàííÿ îñòàííüî¨ íåðiâíîñòi ïîäàíî â [10]. Çâiäñè îòðèìó¹ìî îöiíêó

R(t) 6M4 <∞, t ∈ [0, t6],

äå M4 i t6, 0 < t6 6 t0, âèçíà÷àþòüñÿ âiäîìèìè âåëè÷èíàìè. Òîäi

|w1(y1, y2, t)| 6M4, |w2(y1, y2, t)| 6M4, |p(t)| 6 B1 <∞,

|q(t)| 6 B2 <∞, |b1(t)| 6 B3 <∞, |b2(t)| 6 B4 <∞, t ∈ [0, t6].

Âèçíà÷èìî îïåðàòîð P i ïîáóäó¹ìî ìíîæèíó N òàê, ùîá îïåðàòîð P ïåðåâîäèâ
N â ñåáå. Âiçüìåìî äîâiëüíi (v, w1, w2, p, q, h, l, b1, b2), äëÿ ÿêèõ ïðàâèëüíi âèçíà÷åíi
îöiíêè. Îöiíèìî ïðàâi ÷àñòèíè ðiâíÿíü (15), (16):∣∣∣∣v0y1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy1(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6 C11 + C17

√
t, (y1, y2, t) ∈ Qt6 ,∣∣∣∣v0y2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy2(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6 C13 + C18

√
t, (y1, y2, t) ∈ Qt6 .

Âèáèðàþ÷è ÷èñëî t7, 0 < t7 6 t6, òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü
C11 + C17

√
t6 6M4, îòðèìà¹ìî∣∣∣∣v0y1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy1(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6M4, (y1, y2, t) ∈ Qt7 .



152
Ãàëèíà ÑÍIÒÊÎ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

Àíàëîãi÷íî ìîæåìî ââàæàòè, ùî iñíó¹ òàêå ÷èñëî t8, 0 < t8 6 t6, ùî
C13 + C18

√
t8 6M4. Òîäi∣∣∣∣v0y2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

Gy2(y1, y2, t, η1, η2, τ)

(
b1(τ) + η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
b2(τ) + η2q(τ)

h(τ)
w2(η1, η2, τ)− Lv0(η1, η2, τ) + f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ 6
6M4, (y1, y2, t) ∈ Qt8 .

Ïîäàìî ñèñòåìó ðiâíÿíü (14)�(22) ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (v(y1, y2, t), w1(y1, y2, t), w2(y1, y2, t), p(t), q(t), h(t), l(t), b1(t), b2(t)), à îïåðàòîð
P = (P1, . . . , P9) âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü (14)�(22). Ïîçíà÷èìî
N = {(v, w1, w2, p, q, h, l, b1, b2) ∈ (C(QT0

))3 × (C[0, T0])
6 : M0 6 v(y1, y2, t) 6 M3,

M1 6 w1(y1, y2, t) 6 M4, M2 6 w2(y1, y2, t) 6 M4, H0 6 h(t) 6 H1, L0 6 l(t) 6 L1,
|p(t)| 6 B1, |q(t)| 6 B2, |b1(t)| 6 B3, |b2(t)| 6 B4}, T0 = min{t7, t8}. Ìíîæèíà N
çàäîâîëüíÿ¹ óìîâè òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó, à îïåðàòîð P ïåðåâîäèòü
N â ñåáå. Òå, ùî îïåðàòîð P öiëêîì íåïåðåðâíèé íà N , äîâîäèòüñÿ ÿê ó [10].

Îòîæ, çà òåîðåìîþ Øàóäåðà ïðî íåðóõîìó òî÷êó iñíó¹ ðîçâ'ÿçîê ñèñòåìè ðiâ-
íÿíü (14)�(22), à îòæå, i ðîçâ'ÿçîê çàäà÷i (5)�(11) ïðè (y1, y2, t) ∈ QT0

.
4. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (5)�(11). Ïðèïóñòèìî, ùî (li(t), hi(t), b1i(t),

b2i(t), vi(y1, y2, t)), i = 1, 2, � äâà ðîçâ'ÿçêè çàäà÷i (5)�(11). Ïîçíà÷èìî

l′i(t)

li(t)
= pi(t),

h′i(t)

hi(t)
= qi(t),

b1i(t)

li(t)
= si(t),

b2i(t)

hi(t)
= ri(t), i = 1, 2,

p(t) = p1(t)− p2(t), q(t) = q1(t)− q2(t), s(t) = s1(t)− s2(t), r(t) = r1(t)− r2(t),

v(y1, y2, t) = v1(y1, y2, t)− v2(y1, y2, t).

Ôóíêöi¨ p(t), q(t), s(t), r(t), v(y1, y2, t) çàäîâîëüíÿþòü ðiâíÿííÿ

vt =
1

l21(t)
vy1y1 +

1

h21(t)
vy2y2 + (s1(t) + y1p1(t))vy1 + (r1(t) + y2q1(t))vy2+

+

(
1

l21(t)
− 1

l22(t)

)
v2y1y1 +

(
1

h21(t)
− 1

h22(t)

)
v2y2y2 + (s(t) + y1p(t))v2y1+

+(r(t) + y2q(t))v2y2
+ f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t), (y1, y2, t) ∈ QT , (32)

òà óìîâè

v(y1, y2, 0) = 0, (y1, y2) ∈ [0, 1]× [0, 1], (33)

v(0, y2, t) = µ1(y2h1(t), t)− µ1(y2h2(t), t), v(1, y2, t) = µ2(y2h1(t), t)− µ2(y2h2(t), t),

v(y1, 0, t) = µ3(y1l1(t), t)− µ3(y1l2(t), t),

v(y1, 1, t) = µ4(y1l1(t), t)− µ4(y1l2(t), t), (y1, y2, t) ∈ QT , (34)

p(t) = −h1(t)
l21(t)

1∫
0

vy1
(1, y2, t)dy2 + µ5(t)

(
1

l1(t)
− 1

l2(t)

)
−
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−
(
h1(t)

l21(t)
− h2(t)

l22(t)

) 1∫
0

v2y1(1, y2, t)dy2, t ∈ [0, T ], (35)

q(t) = − l1(t)

h21(t)

1∫
0

vy2(y1, 1, t)dy1 + µ6(t)

(
1

h1(t)
− 1

h2(t)

)
−

−
(
l1(t)

h21(t)
− l2(t)

h22(t)

) 1∫
0

v2y2(y1, 1, t)dy1, t ∈ [0, T ], (36)

1∫
0

1∫
0

v(y1, y2, t)dy1dy2 = µ7(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
, t ∈ [0, T ], (37)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2 = µ8(t)

(
1

l1(t)h21(t)
− 1

l2(t)h22(t)

)
, t ∈ [0, T ]. (38)

Çâåäåìî çàäà÷ó (32)�(34) äî çàäà÷i ç íóëüîâèìè êðàéîâèìè óìîâàìè. Ââåäåìî
ïîçíà÷åííÿ

ψ(y1, y2, t) = (1−y1)(µ1(y2h1(t), t)−µ1(y2h2(t), t))+y1(µ2(y2h1(t), t)−µ2(y2h2(t), t))+

+(1− y2)(µ3(y1l1(t), t)− µ3(y1l2(t), t)) + y2(µ4(y1l1(t), t)− µ4(y1l2(t), t))−
−y1y2(µ2(h1(t), t)− µ2(h2(t), t)),

ṽ(y1, y2, t) = v(y1, y2, t)− ψ(y1, y2, t),

L1 =
∂

∂t
− 1

l21(t)

∂2

∂y21
− 1

h21(t)

∂2

∂y22
− (s1(t) + y1p1(t))

∂

∂y1
− (r1(t) + y2q1(t))

∂

∂y2
.

Äëÿ ôóíêöi¨ ṽ(y1, y2, t) îòðèìó¹ìî çàäà÷ó

L1ṽ = −L1ψ(y1, y2, t) +

(
1

l21(t)
− 1

l22(t)

)
v2y1y1 +

(
1

h21(t)
− 1

h22(t)

)
v2y2y2+

+(s(t) + y1p(t))v2y1 + (r(t) + y2q(t))v2y2 + f(y1l1(t), y2h1(t), t)−
−f(y1l2(t), y2h2(t), t), (y1, y2, t) ∈ QT ,

ṽ(y1, y2, 0) = 0, (y1, y2) ∈ [0, 1]× [0, 1],

ṽ(0, y2, t) = ṽ(1, y2, t) = 0, ṽ(y1, 0, t) = ṽ(y1, 1, t) = 0, (y1, y2, t) ∈ QT . (39)

Çîáðàçèâøè ðîçâ'ÿçîê çàäà÷i (39) çà äîïîìîãîþ ôóíêöi¨ Ãðiíà

G̃ = G̃(y1, y2, t, η1, η2, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

L1ṽ = 0,

ïîâåðíåìîñü äî ôóíêöi¨ v(y1, y2, t)

v(y1, y2, t) = ψ(y1, y2, t)+

t∫
0

1∫
0

1∫
0

G̃(y1, y2, t, η1, η2, τ)

((
1

l21(τ)
− 1

l22(τ)

)
v2η1η1(η1, η2, τ)+

+

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ) + (s(τ) + η1p(τ))v2η1(η1, η2, τ)+
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+(r(τ) + η2q(τ))v2η2(η1, η2, τ)− L1ψ(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT . (40)

Îñêiëüêè äëÿ bi(t), i = 1, 2, ñïðàâäæóþòüñÿ ðiâíîñòi, àíàëîãi÷íi äî (21), (22), òî
çâiäñè îòðèìó¹ìî

s(t)

1∫
0

(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2 + r(t)

1∫
0

(µ4(y1l2(t), t)− µ3(y1l2(t), t))dy1+

+p(t)

1∫
0

µ2(y2h2(t), t)dy2 + q(t)

1∫
0

µ4(y1l2(t), t)dy1 = F3(t), t ∈ [0, T ], (41)

r(t)

( 1∫
0

(1− y2)(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

1∫
0

µ4(y1l2(t), t)dy1+

+

1∫
0

y2(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

1∫
0

µ3(y1l2(t), t)dy1 −
1∫

0

(µ2(y2h2(t), t)−

−µ1(y2h2(t), t))dy2

1∫
0

1∫
0

v2(y1, y2, t)dy1dy2

)
+ p(t)

( 1∫
0

y2µ1(y2h2(t), t)dy2×

×
1∫

0

µ2(y2h2(t), t)dy2 −
1∫

0

y2µ2(y2h2(t), t)dy2

1∫
0

µ1(y2h2(t), t)dy2

)
+

+q(t)

1∫
0

(1− y2)(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

1∫
0

µ4(y1l2(t), t)dy1 =

= F3(t)

1∫
0

(1− y2)(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2 +

1∫
0

(µ2(y2h2(t), t)−

−µ1(y2h2(t), t))dy2

(
s1(t)

1∫
0

(1− y2)(µ2(y2h1(t), t)− µ2(y2h2(t), t)−

−µ1(y2h1(t), t) + µ1(y2h2(t), t))dy2 + r1(t)

1∫
0

(µ3(y1l1(t), t)− µ3(y1l2(t), t))dy1+

+p1(t)

1∫
0

(1− y2)(µ2(y2h1(t), t)− µ2(y2h2(t), t))dy2 − µ′
7(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
+

+
1

l21(t)

1∫
0

(1−y2)(vy1
(1, y2, t)−vy1

(0, y2, t))dy2−
1

h21(t)

1∫
0

vy2
(y1, 0, t)dy1+

1∫
0

1∫
0

(1−y2)×
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×(f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t))dy1dy2 +
1

h21(t)

1∫
0

1∫
0

vy2(y1, y2, t)dy1dy2+

+

(
1

h21(t)
− 1

h22(t)

)(
µ′
8(t)

l1(t)
−

1∫
0

v2y2(y1, 0, t)dy1 +

1∫
0

1∫
0

v2y2(y1, y2, t)dy1dy2

)
+

(
1

l21(t)
−

− 1

l22(t)

)(
µ′
8(t)

h22(t)
+

1∫
0

(1− y2)(v2y1
(1, y2, t)− v2y1

(0, y2, t))dy2

))
, t ∈ [0, T ], (42)

F3(t) = −s1(t)
1∫

0

(µ2(y2h1(t), t)− µ2(y2h2(t), t)− µ1(y2h1(t), t) + µ1(y2h2(t), t))dy2−

−r1(t)
1∫

0

(µ4(y1l1(t), t)− µ4(y1l2(t), t)− µ3(y1l1(t), t) + µ3(y1l2(t), t))dy1−

−p1(t)
1∫

0

(µ2(y2h1(t), t)− µ2(y2h2(t), t))dy2 − q1(t)

1∫
0

(µ4(y1l1(t), t)− µ4(y1l2(t), t))dy1+

+µ′
7(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
− 1

l21(t)

1∫
0

(vy1(1, y2, t)− vy1(0, y2, t))dy2−

− 1

h21(t)

1∫
0

(vy2(y1, 1, t)− vy2(y1, 0, t))dy1 −
(

1

l21(t)
− 1

l22(t)

) 1∫
0

(v2y1(1, y2, t)−

−v2y1(0, y2, t))dy2 −
(

1

h21(t)
− 1

h22(t)

) 1∫
0

(v2y2(y1, 1, t)− v2y2(y1, 0, t))dy1−

−
1∫

0

1∫
0

(f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t))dy1dy2.

Çàóâàæèìî, ùî äëÿ

∆(t) = l2(t)h
2
2(t)

1∫
0

(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2

( 1∫
0

µ4(y1l2(t), t)dy1−

−
1∫

0

1∫
0

v2(y1, y2, t)dy1dy2

)
−

1∫
0

y2(µ2(y2h2(t), t)− µ1(y2h2(t), t))dy2×

×
1∫

0

(µ4(y1l2(t), t)− µ3(y1l2(t), t))dy1

âèêîíó¹òüñÿ íåðiâíiñòü (30).
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Ïðîäèôåðåíöiþâàâøè (40) çà çìiííèìè y1, y2, îäåðæó¹ìî

vy1(y1, y2, t) = ψy1(y1, y2, t) +

t∫
0

1∫
0

1∫
0

G̃y1(y1, y2, t, η1, η2, τ)

((
1

l21(τ)
− 1

l22(τ)

)
×

×v2η1η1(η1, η2, τ) +

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ) + (s(τ) + η1p(τ))v2η1(η1, η2, τ)+

+(r(τ) + η2q(τ))v2η2(η1, η2, τ)− L1ψ(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT , (43)

vy2(y1, y2, t) = ψy2(y1, y2, t) +

t∫
0

1∫
0

1∫
0

G̃y2(y1, y2, t, η1, η2, τ)

((
1

l21(τ)
− 1

l22(τ)

)
×

×v2η1η1(η1, η2, τ) +

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ) + (s(τ) + η1p(τ))v2η1(η1, η2, τ)+

+(r(τ) + η2q(τ))v2η2(η1, η2, τ)− L1ψ(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT . (44)

Âèðàçèìî li(t), hi(t) ÷åðåç pi(t), qi(t)

li(t) = li(0) exp

 t∫
0

pi(τ)dτ

 , hi(t) = hi(0) exp

 t∫
0

qi(τ)dτ

 , i = 1, 2,

äå l1(0) = l2(0) = l0, h1(0) = h2(0) = h0. Çâiäñè, âèêîðèñòàâøè ðiâíîñòi

ex − ey = (x− y)

1∫
0

ey+τ(x−y)dτ,

f(yh1(t))− f(yh2(t)) = y(h1(t)− h2(t))

1∫
0

fy(y(h2(t) + σ(h1(t)− h2(t))), t)dσ,

îòðèìó¹ìî

1

l1(t)
− 1

l2(t)
= − 1

l0

t∫
0

p(τ)dτ

1∫
0

exp

(
−

t∫
0

(σp(τ) + p2(τ))dτ

)
dσ,

1

h1(t)
− 1

h2(t)
= − 1

h0

t∫
0

q(τ)dτ

1∫
0

exp

(
−

t∫
0

(σq(τ) + q2(τ))dτ

)
dσ,

µi(y2h1(t), t)− µi(y2h2(t), t) =

= y2(h1(t)− h2(t))

1∫
0

µix2(y2(h2(t) + σ(h1(t)− h2(t))), t)dσ, i = 1, 2,

µj(y1l1(t), t)− µj(y1l2(t), t) =
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= y1(l1(t)− l2(t))

1∫
0

µjx1(y1(l2(t) + σ(l1(t)− l2(t))), t)dσ, j = 3, 4. (45)

Ðiâíîñòi (45) ìîæåìî âèêîðèñòàòè äëÿ çîáðàæåííÿ ðiçíèöü l1(t)− l2(t),
1

l21(t)
− 1

l22(t)
,

h1(t) − h2(t),
1

h21(t)
− 1

h22(t)
, µix1(y2h1(t), t) − µix1(y2h2(t), t), µix1x1(y2h1(t), t) −

µix1x1(y2h2(t), t), µit(y2h1(t), t)−µit(y2h2(t), t), i = 1, 2, µjx2(y1l1(t), t)−µjx2(y1l2(t), t),
µjx2x2(y1l1(t), t) − µjx2x2(y1l2(t), t), µjt(y1l1(t), t) − µjt(y1l2(t), t), j = 3, 4,
f(y1l1(t), y2h1(t), t)− f(y1l2(t), y2h2(t), t).

Ïiäñòàâèâøè (43), (44) â (35), (36), (41), (42) i âèêîðèñòàâøè (45), îòðèìó¹ìî
ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó (35), (36), (41),
(42) ñòîñîâíî íåâiäîìèõ (p(t), q(t), s(t), r(t)) ç ÿäðàìè, ùî ìàþòü iíòåãðîâíi îñîáëè-
âîñòi. Ç âëàñòèâîñòåé ðîçâ'ÿçêiâ òàêèõ ñèñòåì âèïëèâà¹, ùî ñèñòåìà ìà¹ òiëüêè òðè-
âiàëüíèé ðîçâ'ÿçîê.

Îòæå, l1(t) = l2(t), h1(t) = h2(t), b11(t) = b12(t), b21(t) = b22(t),
v1(y1, y2, t) = v2(y1, y2, t), (y1, y2, t) ∈ Qt0 .
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DETERMINATION OF THE MINOR COEFFICIENTS IN A

PARABOLIC EQUATION IN A FREE BOUNDARY DOMAIN
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We �nd unique solvability ñonditions of the inverse problem of �nding the
time-dependent coe�cients of the �rst derivatives of unknown function in two-
dimensional parabolic equation in a domain for which the location of boundary
part is described by the unknown time-dependent functions.
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