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We investigate p-elliptic functions (meromorphic in C functions satisfying
the conditions g(u + ω1) = g(u) , g(u + ω2) = pg(u), ω1, ω2 ∈ C, p ∈ C\{0},
Imω2

ω1
> 0). In the case p = 1 this is the classical theory of elliptic functions.

p-Elliptic functions generate so-called p-loxodromic functions and vice versa.
We generalize the elliptic Weierstrass ℘-function and �nd the corresponding
p-loxodromic function in the case |p| = 1.
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2. Introduction

As usual, C∗ = C\{0}.

De�nition 1. Let ω1, ω2 be complex numbers such that Imω2

ω1
> 0. A meromorphic in

C function g is called p-elliptic, if there exists p ∈ C∗ such that for every u ∈ C

g(u+ ω1) = g(u), g(u+ ω2) = pg(u). (1)
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The second property is called the multi p-periodicity of period ω2. Note that
(1) implies g(u+mω1 + nω2) = png(u), where m,n ∈ Z.

Denote the class of p-elliptic functions by Ep.
If p = 1 we obtain the classical theory of elliptic functions, which are well known

due to the works of K. Jacobi, N. Abel, K. Weierstrass. The theories of loxodromic
(multiplicatively periodic) and elliptic functions are dual (see [1], [2], [3]).

3. Relation between p-loxodromic and p-elliptic functions

We are going to show that the p-elliptic functions generate the so-called p-loxodromic
functions and vice versa.

De�nition 2. Let q ∈ C∗, 0 < |q| < 1. A meromorphic in C∗ function f is said to be

p-loxodromic of multiplicator q if there exists p ∈ C∗, p ̸= 1, such that for every

z ∈ C∗

f(qz) = pf(z). (2)

Let Lqp denote the class of p-loxodromic functions of multiplicator q.

If f is meromorphic in C∗ and p-loxodromic of multiplicator q = e2πi
ω2
ω1 , Imω2

ω1
> 0,

that is f ∈ Lqp, then the function

g(u) = f
(
e2πi

u
ω1

)
is meromorphic in C and p-elliptic of periods ω1, ω2. Indeed, for all u ∈ C we have

g(u+mω1 + nω2) = f
(
e2πi

u+mω1+nω2
ω1

)
= f

(
e2πin

ω2
ω1 e2πi

u
ω1

)
=

= f
(
qne2πi

u
ω1

)
= pnf

(
e2πi

u
ω1

)
= png(u).

Hence, g ∈ Ep.
Conversely, if g ∈ Ep and z ∈ C∗, then the function

f(z) = g
( ω1

2iπ
log z

)
is well de�ned because g admits the period ω1 and log z ∈ C/2iπZ. In other words we have
here that the composition of a multivalent mapping and a univalent one is a univalent

function. Hence, if we set q = e2πi
ω2
ω1 , Imω2

ω1
> 0, we obtain

f(qz) = g
( ω1

2iπ
log(qz)

)
= g

(
ω2 +

ω1

2iπ
log z

)
=

= pg
( ω1

2iπ
log z

)
= pf(z).

Thus, f ∈ Lqp.
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4. Generalization of the Weierstrass ℘-function

Taking into account the fact that ℘ and ℘′ generate the �eld of elliptic functions, it
will be interesting to obtain a counterpart of ℘ in the theory of p-elliptic functions.

Therefore, in this section we generalize the elliptic Weierstrass ℘-function

℘(u) =
1

u2
+

∑
ω ̸=0

(
1

(u− ω)2
− 1

ω2

)
,

where ω1, ω2 ∈ C, Imω2

ω1
> 0, ω = mω1 + nω2, m, n ∈ Z. The proposed generalized

function will be a p-elliptic function.
Let p = eiα and

gα(u) =
1

u2
+

∑
ω ̸=0

(
einα

(u− ω)2
− einα

ω2

)
.

If p = 1, we have
g0(u) = ℘(u).

We suppose further p ̸= 1.

De�nition 3. Let p = eiα, p ̸= 1. The function of the form

℘α(u) = gα(u) + Cα,

where

Cα =
gα

(ω2

2

)
− eiαgα

(
−ω2

2

)
eiα − 1

,

is called the generalized Weierstrass ℘-function.

We prove the following theorem.

Theorem 1. The generalized Weierstrass ℘-function ℘α belongs to Ep with p = eiα ̸= 1.

Proof. Let us consider the derivative of gα,

g′α(u) = −2
∑
ω

einα

(u− ω)3
.

We have

g′α(u+ ω2) = −2
∑

m,n∈Z

einα

(u+ ω2 −mω1 − nω2)3
= −2

∑
m,n∈Z

einα

(u−mω1 − (n− 1)ω2)3
=

= −2eiα
∑

m,n∈Z

ei(n−1)α

(u−mω1 − (n− 1)ω2)3
= eiαg′α(u).

Thus, we obtain
g′α(u+ ω2)− eiαg′α(u) = 0. (3)

Note that the function (gα + C) satis�es (3) for any C ∈ C. Put
C = Cα.

Then relation (3) implies

gα(u+ ω2) + Cα − eiα
(
gα(u) + Cα

)
= A,
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where A is a constant. Let us de�ne A. Setting u = −ω2

2 in the preceding equality, we
obtain

gα

(ω2

2

)
− eiαgα

(
−ω2

2

)
+ (1− eiα)Cα = A.

Taking into account the choice of Cα, we conclude that A = 0. Hence, we have

gα(u+ ω2) + Cα = eiα
(
gα(u) + Cα

)
, (4)

that is we have shown that the function ℘α = gα + Cα is multi p-periodic of period ω2.
It remains to prove the uniqueness of Cα. We suppose that there is a constant C

such that the function
(
gα + C

)
is multi p-periodic of period ω2, that is

gα(u+ ω2) + C = eiα
(
gα(u) + C

)
.

Using (4), we obtain C−Cα = eiα
(
C−Cα

)
, which implies C = Cα. Let us now consider

the period ω1. We have

g′α(u+ ω1) = −2
∑

m,n∈Z

einα

(u+ ω1 −mω1 − nω2)3
=

= −2
∑

m,n∈Z

einα

(u− (m− 1)ω1 − nω2)3
= g′α(u).

Hence, g′α(u+ ω1) = g′α(u). We can deduce from this the following

gα(u+ ω1) + Cα = gα(u) + Cα +B, (5)

where B is some constant.
Let us now de�ne B. Using equalities (4) and (5), we obtain

gα(u+ ω2 + ω1) + Cα = gα(u+ ω2) + Cα +B,

gα(u+ ω1 + ω2) + Cα = eiα
(
gα(u+ ω1) + Cα

)
= eiα

(
gα(u) + Cα +B

)
.

We can write B in the form

B =
gα(u+ ω2)− eiαgα(u) + Cα(1− eiα)

eiα − 1
.

Setting u = −ω2

2
, we have

B =
gα

(ω2

2

)
− eiαgα

(
−ω2

2

)
eiα − 1

− Cα.

According to the de�nition of Cα, we can conclude B = Cα − Cα = 0. Since B = 0,
equalities (4), (5) imply that the function ℘α = gα+Cα belongs to Ep with p = eiα, p ̸= 1,
which completes the proof.
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5. Generalization of the Weierstrass ζ and σ functions

Let us now consider the function

ζα(u) =
1

u
+

∑
ω ̸=0

(
einα

u− ω
+

einα

ω
+

ueinα

ω2

)
,

where ω1, ω2 ∈ C, Imω2

ω1
> 0, ω = mω1 + nω2, m, n ∈ Z. The remainders of the series

converge uniformly on the compact subsets of C, see [4].
Di�erentiating ζα we obtain gα(u) = −ζ ′α(u). Hence, ℘α(u) = gα(u) + Cα =

= Cα − ζ ′α(u). We can rewrite ζα as follows

ζα(u) =
1

u
+

∑
n∈Z

einα
∑
m∈Z

(
1

u− ω
+

1

ω
+

u

ω2

)
, m2 + n2 ̸= 0.

Fix n ∈ Z and denote

χ0(u) =
1

u
+

∑
m ̸=0

(
1

u−mω1
+

1

mω1
+

u

m2ω2
1

)
,

χn(u) =
∑
m∈Z

(
1

u− ω
+

1

ω
+

u

ω2

)
, n ̸= 0.

Then, ζα can be rewritten as follows

ζα(u) =
∑
n∈Z

einαχn(u). (6)

Let f(u) = 1− u
ω . We have f ′(u)

f(u) = 1
u−ω . Hence, we obtain

u∫
0

dζ

ζ − ω
=

u∫
0

f ′(ζ)

f(ζ)
dζ = log f(u)− log f(0)

for any branch of log f and speci�cally for the branch de�ned by the condition
log f(0) = log 1 = 0. Thus, we have

u∫
0

dζ

ζ − ω
= log

(
1− u

ω

)
.

By A∗ denote C with radial slits from ω to ∞. Integrating

(
χ0(t)−

1

t

)
and χn(t) along

a path in A∗ which connects the points 0 and u, we obtain

u∫
0

(
χ0(t)−

1

t

)
dt =

∑
m ̸=0,n=0

(
log

(
1− u

ω

)
+

u

ω
+

u2

2ω2

)
, (7)

u∫
0

χn(t)dt =
∑
m∈Z

(
log

(
1− u

ω

)
+

u

ω
+

u2

2ω2

)
, n ̸= 0. (8)
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Let us consider the entire functions

σ0(u) = u
∏

m ̸=0,n=0

(
1− u

ω

)
e

u
ω+ u2

2ω2 ,

σn(u) =
∏
m∈Z

(
1− u

ω

)
e

u
ω+ u2

2ω2 , n ̸= 0.

Using these functions, we can rewrite (7) and (8) in the form
u∫

0

(
χ0(t)−

1

t

)
dt = log

σ0(u)

u
,

u∫
0

χn(t)dt = log σn(u).

If we di�erentiate these relations, then we obtain

χ0(u) =
σ′
0(u)

σ0(u)
, χn(u) =

σ′
n(u)

σn(u)
.

Taking into account such representations of χn(u), n ∈ Z, we can rewrite (6) as follows

ζα(u) =
∑
n∈Z

einα
σ′
n(u)

σn(u)
.

Hence, ℘α can be rewritten in the next form

℘α(u) = Cα +
∑
n∈Z

einα
σ′2
n (u)− σ′′

n(u)σn(u)

σ2
n(u)

.

Remark 1. If we consider the product
∏
n∈Z

σn(u), then we obtain the Weierstrass σ-

function. If α = 0, then ζ0 is the Weierstrass ζ-function.

6. p-loxodromic function that corresponds to the generalized

Weierstrass ℘-function

Let us consider the function

ρp(z) =
∑
n∈Z

(pq)nz

(z − qn)2
, |q| < 1, |q| < |p| < 1

|q|
.

Since |pq| < 1, qn → 0 as n → +∞, and

∣∣∣∣qp
∣∣∣∣ < 1, the remainders of the series converge

uniformly on the compact subsets of C∗.
The function ρp belongs to Lqp. Indeed,

ρp(qz) =
∑
n∈Z

(pq)nqz

(qz − qn)2
=

∑
n∈Z

pnqn−1z

(z − qn−1)2
=

= p
∑
n∈Z

(pq)n−1z

(z − qn−1)2
= pρp(z).

The following theorem holds.

Theorem 2. If q = e2πi
ω2
ω1 , Imω2

ω1
> 0, then ρp

(
e2πi

u
ω1

)
= − ω2

1

4π2℘α(u), p = eiα ̸= 1.
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Proof. Let us consider the function

f(z) =

+∞∑
n=0

(pq)n

z − qn
+

+∞∑
k=1

1

pk

(
1

qkz − 1
+ 1

)
.

The remainders of the �rst series converge if |p| < 1
|q| , and of the second if |q| < |p|.

Hence, if |q| < |p| < 1
|q| , the function f is meromorphic in C∗. It is easy to verify that

the functions f and ρp are connected as follows

ρp(z) = −zf ′(z). (9)

All points satisfying the equation

e2πi
u
ω1 = qn, n ∈ Z (10)

are simple poles of the function f
(
e2πi

u
ω1

)
. If u satis�es relation (10), then (u+mω1),

m ∈ Z, satisfy it as well. Thus, f
(
e2πi

u
ω1

)
has the poles at the points ω = mω1 + nω2,

m, n ∈ Z.
Let now calculate the residues of f

(
e2πi

u
ω1

)
at the points ω. If n > 0, then

lim
u→ω

(u− ω)f
(
e2πi

u
ω1

)
= lim

u→ω
(pq)n

u− ω

e2πi
u
ω1 − e2πi

ω
ω1

= lim
u→ω

pn
u− ω

e
2πi
ω1

(u−ω) − 1
=

ω1

2πi
pn.

Similarly, if n < 0, n = −k, then we obtain

lim
u→ω

(u− ω)f
(
e2πi

u
ω1

)
= lim

u→ω
pn(u− ω)

(
1

e−2πin
ω2
ω1 e−2πin u

ω1 − 1
+ 1

)
=

= lim
u→ω

pn(u− ω)

e
2πi
ω1

(u−ω) − 1
=

ω1

2πi
pn.

Thus, the principal parts corresponding to each pole ω take the form ω1

2πi
pn

u−ω .

Since f
(
e2πi

u
ω1

)
is a meromorphic in C function of variable u, in virtue of the

Mittag-Le�er theorem [4] there exists a meromorphic function F (u) with the same poles
and principal parts. That is there exists an entire function G(u) such that

f
(
e2πi

u
ω1

)
= G(u) + F (u).

Applying the theorem of expansion into the simple fraction [4] to the function F (u),
we obtain

F (u) =
ω1

2πi

 1

u
+

∑
ω ̸=0

u2

ω2

pn

u− ω

 .

Since the double series
∑

ω ̸=0
1

|ω|3 is convergent (see [3], [4]), the series on the right hand

side of preceding equality is uniformly convergent on the compact subsets of C.
Hence, we obtain

f
(
e2πi

u
ω1

)
= G(u) +

ω1

2πi

 1

u
+

∑
ω ̸=0

u2

ω2

pn

u− ω

 . (11)
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Relation (9) implies

ρp

(
e2πi

u
ω1

)
= −e2πi

u
ω1 f ′

(
e2πi

u
ω1

)
.

Di�erentiating equality (11), we have

−ρp

(
e2πi

u
ω1

)
=

ω1

2πi
G′(u)− ω2

1

4π2

− 1

u2
+

∑
ω ̸=0

(
pn

ω2
− pn

(u− ω)2

) .

According to the de�nition of ℘α we can deduce

−ρp

(
e2πi

u
ω1

)
=

ω1

2πi
G′(u) +

ω2
1

4π2
(℘α(u)− Cα)

or this can be rewritten in the form

ω2
1

4π2
℘α(u) + ρp

(
e2πi

u
ω1

)
=

ω2
1

4π2
Cα − ω1

2πi
G′(u). (12)

The function on the left hand side of equality (12) is p-elliptic as the sum of two
p-elliptic functions. Thus, an entire function on the right hand side of (12) is p-elliptic.
Since |p| = 1 then (1) implies that every entire p-elliptic function is bounded in C. Thus,
by the Liouville theorem it is constant. The only constant function g ∈ Ep in the case
p ̸= 1 is g ≡ 0. Hence, we can conclude from (12) the equality

ρp

(
e2πi

u
ω1

)
= − ω2

1

4π2
℘α(u).

This completes the proof.
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Âèâ÷åíî p-åëiïòè÷íi ôóíêöi¨ (ìåðîìîðôíi ó C ôóíêöi¨, ùî çàäîâîëü-
íÿþòü óìîâè g(u + ω1) = g(u), g(u + ω2) = pg(u), ω1, ω2 ∈ C, Imω2

ω1
> 0,

p ∈ C\{0}). Ó âèïàäêó p = 1 � öå êëàñè÷íà òåîðiÿ åëiïòè÷íèõ ôóíêöié.
Äîâåäåíî çâ'ÿçîê p-åëiïòè÷íèõ ôóíêöié ç p-ëîêñîäðîìíèìè. Óçàãàëüíåíî
åëiïòè÷íó ℘-ôóíêöiþ Âåé¹ðøòðàcñà. Çíàéäåíî p-ëîêñîäðîìíó ôóíêöiþ,
ÿêà âiäïîâiäà¹ óçàãàëüíåíié ℘-ôóíêöi¨ Âåé¹ðøòðàñcà ó âèïàäêó |p| = 1.
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