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We investigate p-elliptic functions (meromorphic in C functions satisfying
the conditions g(u + w1) = g(u), g(u + w2) = pg(u), wi,ws € C, p € C\{0},
Imi—f > 0). In the case p = 1 this is the classical theory of elliptic functions.
p-Elliptic functions generate so-called p-loxodromic functions and vice versa.
We generalize the elliptic Weierstrass gp-function and find the corresponding
p-loxodromic function in the case |p| = 1.
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2. INTRODUCTION
As usual, C* = C\{0}.

Definition 1. Let wi,wy be complex numbers such that Im"’2 > 0. A meromorphic in
C function g is called p-elliptic, if there exists p € C* such that for every u € C

glu+wr) =g(u), g(u+wz)=pg(u). (1)
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The second property is called the multi p-periodicity of period w,. Note that
(1) implies g(u 4+ mwy + nwz) = p"g(u), where m,n € Z.

Denote the class of p-elliptic functions by &,.

If p = 1 we obtain the classical theory of elliptic functions, which are well known
due to the works of K. Jacobi, N. Abel, K. Weierstrass. The theories of loxodromic
(multiplicatively periodic) and elliptic functions are dual (see [1], [2], [3]).

3. RELATION BETWEEN p-LOXODROMIC AND p-ELLIPTIC FUNCTIONS

We are going to show that the p-elliptic functions generate the so-called p-loxodromic
functions and vice versa.

Definition 2. Let ¢ € C*, 0 < |¢q| < 1. A meromorphic in C* function f is said to be

p-loxodromic of multiplicator g if there exists p € C*, p # 1, such that for every
zeC*

f(qz) =pf(2). (2)

Let £L,, denote the class of p-loxodromic functions of multiplicator g.
If f is meromorphic in C* and p-loxodromic of multiplicator ¢ = 627”7?, Imz—f >0,
that is f € Lgp, then the function

g(u) = f (62”%1)
is meromorphic in C and p-elliptic of periods wy,ws. Indeed, for all u € C we have

Qg YEmestnwy 2min—2 2mi %
g(u 4+ mwy +nwy) = f (6 T =fleM e ) =

= f (") = prf (7 ) = prg(u).

Hence, g € &,.
Conversely, if g € £, and z € C*, then the function
— (2L
1(2) = g (5= log )

is well defined because g admits the period wy and log z € C/2inZ. In other words we have

here that the composition of a multivalent mapping and a univalent one is a univalent
2722
w1

function. Hence, if we set g =€ , Img—f > 0, we obtain

flgz) =g (% log(qz)) =9 (wz + %log z) =
= pg (;%Tlogz) —pf(2).

Thus, f € Lgp.
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4. GENERALIZATION OF THE WEIERSTRASS (-FUNCTION

Taking into account the fact that o and g’ generate the field of elliptic functions, it
will be interesting to obtain a counterpart of g in the theory of p-elliptic functions.
Therefore, in this section we generalize the elliptic Weierstrass gp-function

where wy,ws € C, Imz—f >0, w = mwi+ nwy, m,n € Z. The proposed generalized
function will be a p-elliptic function.
Let p = €' and

If p=1, we have

We suppose further p # 1.
Definition 3. Let p = e'®, p # 1. The function of the form
@a(u) = ga(u) + Ca,

()~ (-5)
a\ &) € a\ T 5
9o\ 3 9o \" 3

et — 1 ’
is called the generalized Weierstrass p-function.

where

C(y =

We prove the following theorem.
Theorem 1. The generalized Weierstrass p-function oo belongs to &, with p = ' # 1.

Proof. Let us consider the derivative of g,,
eina
= —2 _—_—
2 oy
w

We have

ln/(¥ U’La
!
go(u+we) = -2 E 5 =2 E =
Wy — Mw; — Nw U — mw n—1)wy)3
mnEZ U Wy 1 2 m, nEZ 1= ( ) 2)
ei(n—l)(x

=2 Z (u—mw; — (n— Dwy)3 = ¢ga(u)

m,neEZ

Thus, we obtain

Galu +w2) — g, (u) = 0. 3)
Note that the function (g, + C) satisfies (3) for any C € C. Put
C = C,.

Then relation (3) implies
ga(u+w2) +C, _eia(ga( )+C ) :A
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where A is a constant. Let us define A. Setting u = —%* in the preceding equality, we
obtain

Ja (%) — e, (—%) + (1 =0, = A.

Taking into account the choice of C, we conclude that A = 0. Hence, we have
go(u+wz) + Ca =€ (ga(u) + Ca), (4)

that is we have shown that the function g, = go + C, is multi p-periodic of period ws.
It remains to prove the uniqueness of C,. We suppose that there is a constant C
such that the function (ga + C) is multi p-periodic of period wo, that is

Jo(u+we)+C = eio‘(ga(u) + C).
Using (4), we obtain C' — C, = ¢*(C' — C,), which implies C = C,. Let us now consider
the period wi. We have

ino

e
"(u4w)) =-2 =
9al ) mZn;Z (u 4wy — mwy — nws)3

e
-] =g (u).

Z (u—(m—Dw; — nws)3 9o (1)

Hence, ¢/,(u 4+ w1) = ¢, (u). We can deduce from this the following

ga(u+wl)+ca:ga(u)+ca+37 (5)

where B is some constant.
Let us now define B. Using equalities (4) and (5), we obtain

Jo(u+ w2 +wi1) + Co = ga(u +wa) + Co + B,

Jo(u+ w1 +we)+Cy = em(ga(quwl) +C’a) = em(ga(u) + Cy +B).

We can write B in the form

Go(u +ws) — 6mga (u) + Co (1 — 6m)

B = -
et —1

w
Setting u = —72, we have

g (G) e ()

et —1

According to the definition of C,, we can conclude B = C, — C, = 0. Since B =0,
equalities (4), (5) imply that the function p, = go+C4q belongs to &, with p = €', p # 1,
which completes the proof.
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5. GENERALIZATION OF THE WEIERSTRASS ( AND o FUNCTIONS

Let us now consider the function
1 eimx eina ueimx
u) = — ,
Ca(w) U+Z<uw+ w + w? )

where wi,wy € C,Im% > 0,w = mwy + nws, m,n € Z. The remainders of the series
converge uniformly on the compact subsets of C, see [4].

Differentiating (, we obtain g,(u) = —(.(u). Hence, po(u) = ga(u) + Co =
= Cq — ¢/, (u). We can rewrite (, as follows

1 ino 1 1 u 2 2
Ca(u)—u-i-ze Z(u—w+w+w2>’ m?® 4+ n? # 0.

neZ meZ

Fix n € Z and denote

m=#0
1 1 U
Xn(u)—Z(u_w w“rw2>, 77/750
meZ

Then, (, can be rewritten as follows

Calu) =Y €™ xn(u). (6)

neZ
Let f(u) =1— 2. We have J;l((;‘)) = ﬁ Hence, we obtain

RS i[5 DR,
/ C_WO/f(C)dclng log £(0)

for any branch of log f and specifically for the branch defined by the condition
log f(0) =log 1 = 0. Thus, we have

u

A:1og<175).

(—w
0

1
By A* denote C with radial slits from w to co. Integrating (Xo(t) - t) and x,,(t) along
a path in A* which connects the points 0 and u, we obtain

2

/U<X0(t)—1> dt = Z <log (1—5)4—54—;;2), (7)
0

m#0,n=0
2

/uxn(t)dtzz(1og(1—Z)+Z+2“w2>, n #0. (8)
0

mEeEZ
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Let us consider the entire functions
2

oo(u) =u H (1—%)e%+2u?,

m#0,n=0

_ WY et
on(u) = H (1 w)e 22 n#£0.
meZ
Using these functions, we can rewrite (7) and (8) in the form

/u (Xo(t) - 1) dt = log Uol(tu)7 /uxn(t)dt ~log o ().

0

If we differentiate these relations, then we obtain

_ oo(u) _ ou(w)
XO(U) - O'()(’U/)7 X'n(u) - O'n(’u,)
Taking into account such representations of x,(u), n € Z, we can rewrite (6) as follows
ina U’;L(u)
(u)=> e .
Calw) = 3 e 2

nez

Hence, @, can be rewritten in the next form

o) = 1 3 e )= 0o
nez n

Remark 1. If we consider the product [] on(u), then we obtain the Weierstrass o-
neZ
function. If & = 0, then (p is the Weierstrass (-function.

6. p-LOXODROMIC FUNCTION THAT CORRESPONDS TO THE GENERALIZED
WEIERSTRASS (-FUNCTION

Let us consider the function

(pg)"z 1
pp(z) = Z G-q)® gl <1, |g| <pl < i
neZ

Since |pq| < 1, ¢" — 0 as n — +00, and ’q‘ < 1, the remainders of the series converge

uniformly on the compact subsets of C*.
The function p, belongs to L. Indeed,

_ (pa)"az P
pp(qz) = T;Z (g2 — q")2 7% (z— qn—1)2
(pg)" 'z
= T a1 p(2).
P2 oo Y

The following theorem holds.

Theorem 2. If ¢ = 627”%, Im% > 0, then pp (e2mﬁ) = —lez@a(u), p=e 1.
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Proof. Let us consider the function

f(z):m iolk(qz_lﬂ)

nO k=

The remainders of the first series converge if |p| < W’ and of the second if |¢| < [p].
Hence, if |g| < |p| < ﬁ, the function f is meromorphic in C*. It is easy to verify that
the functions f and p, are connected as follows

pp(z) = —2f'(2). (9)
All points satisfying the equation
T =", neZ (10)

are simple poles of the function f ( iy ) If u satisfies relation (10), then (u + mw1),

m € Z, satisfy it as well. Thus, f (e%iﬁ) has the poles at the points w = mw; + nws,
m,n € Z.
Let now calculate the residues of f (QQﬂZ“’Ll) at the points w. If n > 0, then

. 2i U—w . n U —w w1,
lim (v —w (6 ) = lim — % = lim — T = — .
u—)w( )f u—)w(pq) 27”%1 _ 627”571 u—)wp 62“’”11 (u—w) _ 1 271

Similarly, if n < 0,n = —k, then we obtain

lim(ufw)f(e% )*hmp( W)< ; ! 1+1>

U—rw u—w 6727rzn—16727mnq .
. " (u —w) w1 g,
T uw i u—w) _q | 2mi
Thus, the principal parts corresponding to each pole w take the form %upfw

Since f (e”™"*1 ) is a meromorphic in C function of variable u, in virtue of the

Mittag-Leffler theorem [4] there exists a meromorphic function F'(v) with the same poles
and principal parts. That is there exists an entire function G(u) such that

f (62“@*‘1) = G(u) + F(u).

Applying the theorem of expansion into the simple fraction [4] to the function F(u),
we obtain

n

wr |1 u? p
F = — —_ JR—
(u) 2mi u+zw2u—w
w#0
Since the double series _ ﬁ is convergent (see [3], [4]), the series on the right hand
side of preceding equality is uniformly convergent on the compact subsets of C.

Hence, we obtain

T 1
f(2 WI):G(uH% E+Z%up—w . (11)
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Relation (9) implies
27 2 gy 27
pp<e wl) =—e" e f (e wl).
Differentiating equality (11), we have

2 n
2mi W1 Wi 1 D D
— 0, A w = 7G _— _— _———
Pr (P ' > 270 () 472 2 Z (oﬂ (u— w)2>

w#0
According to the definition of p, we can deduce
2
ami ) _ W1y w1
—pp (¥ ) = S5G (W) + 15 (palu) = Ca)
or this can be rewritten in the form
2 2
wi 2mi ) _ Wi Wi
hpalu) +pp (P ) = 500 — 256 (). (12)

The function on the left hand side of equality (12) is p-elliptic as the sum of two
p-elliptic functions. Thus, an entire function on the right hand side of (12) is p-elliptic.
Since |p| = 1 then (1) implies that every entire p-elliptic function is bounded in C. Thus,
by the Liouville theorem it is constant. The only constant function g € £, in the case
p # 1is g = 0. Hence, we can conclude from (12) the equality

wi

P (62”51) =~ 59alu).
P A2
This completes the proof.
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Busueno p-enintumani dynkuil (mepomopdui y C dynkuii, mo 3a1080/15-
uaoTs ymMosu g(u +w1) = g(u), g(u + w2) = pg(u), wi,w2 € C, Im22 > 0,
p € C\{0}). V¥V Bunaaky p = 1 — me kyacu4na Teopig eminTuaHuX (GyHKIIHA.
HoBemeno 38’430k p-eminrudHux GYHKIIN 3 P-JIOKCOAPOMHUME. ¥ 3araJIbHEHO
emintruany p-dyukmiio BeitepmTpacca. 3HaiizeHo p-JI0KCOAPOMHY (BYHKILIO,
saKa BiamoBinae ysaraapHeniil p-dynkmnii Beitepmrpacca y sumanky |[p| = 1.

Karouosi crosa: p-emintwana byHKIA, @-byarmis Beitepmrpacca,
p-ytokcoapoMHa (byHKIis, y3araapHeHa ©-(yuknia BeitepmTpacca.



