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A class of degenerated second order elliptic-parabolic equations of non-
divergent structure is considered. For solutions of the boundary value problems
of these equations the coercive estimation in an appropriate Sobolev space is
established.
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1. Introduction. Let © be a bounded domain in R" with the boundary 9Q C C?,
let 2 x (0;T) be the cylinder, where T' € (0;00). Let us consider in Q7 the boundary
value problem

n

lu= Z aij (@, t)uij + (@, thup —ue = f(2,1), (1)
i,j=1
ull'(@r) =0, (2)
where for ¢,j € {1,...,n}, w; = %{;‘mi, u; = g;,

L(Qr) = (00x[0, T)U(2x (z,t) : t = 0) is parabolic boundary of@r, and
U(a,t) = w(@)A(B)e(T - 1), (3)
where w(z)€A, satisfies the condition of Muckenhoupt (see [8]),
A(t)=0, A(£)€C[0,T], ¢(2)20,¢'(2) 20, 9(2)€CM[0, TT, (0) = ¢'(0) = 0, p(2)=B2¢'(2),

here B is a positive constant.
Assume that for the coefficients of the operator 7777 the following conditions hold:
If ||a;; (x, t)|| is a real symmetrical matrix with elements measurable in Qr for every
(z,t)eQr and £ER™ then the inequalities
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n

(@)<Y aii(@, )€ <y w(@) ¢l (4)

i,j=1

hold, where 7 is a constant from the interval [0, 1].

The purpose of this paper is to obtain a coercive estimation for problem (1)—(2) in
an appropriate Sobolev space.

The obtained estimation can be used when proving a unique strong (almost
everywhere) solvability of the first boundary value problem (1)—(2) at every

f(z, ) €Ly (Qr).

The theory of degenerated elliptic-parabolic equations ascends to the classical paper
by Keldysh [1] in which the correct statements of the boundary value problems for the
equations of kind (1) with one space variable were found. G.Fickera [2] has established a
weak solvability of the first boundary value problem for a wide class of the second order
equations with the non-negative characteristic form (see also [3]). As to strong solvability
of the first boundary value problem for elliptic-parabolic equations in the non-divergent
form with smooth coefficients, we shall note in this connection the papers [4-6]. The
similar result for the equations of kind (1) is the case when the coefficients satisfy the
Cordes condition is obtained in [7].

The paper is organized as follows. In Section 2 we present some definitions and
preliminary results. In Section 3 we give main results.

2. Definitions and preliminary results. For R > 0 and 2°€Q we denote the ball
{x : |r—2° < R} by Br(z°) and the cylinder Bg(z°)x(0,T) by QF(z°). Let Br(z%)CQ.
We say that u(z,t)€A(QE(x0)) if u(z, t)eC’oo(@g(mO)), ul,_, = 0 and supp ueQr(z°) for
some p€(0, R).

We say that u(z,t)€A;(QE(20)) if wu(, t)eC"X’(@g(xo)), ul,_o = 0. Finally,
u(z,t)eB(QE(20)) if u(x,t)eA(@?(xo)) and ul,_p = u¢|,_p = 0. In the sequel,
the notation C(-) shows that a positive constants C' depends only on the contents of
brackets.

Let us introduce the Banach spaces of the functions u(z,t) given on Qr with finite
norms

lellwy fQT (u® + Y07 yu3, dudt) 2,
||U’H (QT) IQT + Zz 1’u’zl + 21 = 1u:1: T )dxdt)§7
el 2t my = ||uuw2,w<QT 1l gy

Hun;i(QT) =
fQ u + Zz 1u Zz Jj= lum xL) + u + wQ(T t)utt + ?/}(.I t)z;” 1utt)dxdf)%

1
Hu||w2 »@r) fQT (u? + Ez 1“ DEs ui +° (x, tyug,)dedt )= .

Suppose that wzjw(QT) is a subspace of the space w;fp(QT) that contains the set of all
functions from C°°(Qr) vanishing on the parabolic boundary T'(Qr).
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Consider the model operator
0? 0
Zy = w(z)A + (=, t)atQ ~ o

where A = Zz 1 &Ez is the Laplace operator.

Lemma 1. If the function (x,t) satisfies (3) and conditions () are fulfilled, then there
exists Ty (Y (z,t),n) such that T<Ty and for any function u(x,t)€A(QER(x0)) the estimate

/ laﬁ () Z ui” +u? + 2 (z, t)ud, + Y(x,t) Z uff] dzdt <

QE(20) i=1 i=1
< (1+ DS) / (Zou)?dzdt (5)
QF (z°)
holds, where S = S(¢,n) is some constant, D = D(T) = ¢(T) + ¢1(T) and ¢(T) =

sup ¢'(t), q(T)= sup @(t).
te[0,7T) t€[0,T)

3. Coercive estimates for weak solutions and main result.

Lemma 2. If the conditions of the previous lemma are fulfilled, then for any function
u(z, )€ A(QE(2Y)), where T<T2(v,n, ) the following estimate is true:

I= / < Z“u”"'“t + %, t)ufy + (1) Zutt>dxdt

i=1

<Oy / (Zu)?dadt,
QF ()
where Co = Ca (1, m, §).

Lemma 3. If conditions (4), (5) are fulfilled for the coefficients of the operator Z, then
at T<Ty the following estimate is true for any function u(z,t)€ A(QE ("))

[[ull,, 72 (QE(20)) Ca(¥, 9, n)”ZU‘”lg(QR(mO))

Lemma 4. If conditions (4), (5) are fulfilled for the coefficients of the operator Z, then for
every T<Ty and € > 0 the following estimate holds for any function u(z,t)€ A1 (QE(2)):

||u||w§:i(Q§/2(I0))<CS||Zu||l2(Q¥(:ED)) +ellull 22 (g a0y + [ully, (o (20))-

Corollary 1. If the coefficients of the operator Z satisfy conditions (4), (5), then for
every T<Ts and € > 0 the estimate

1l 22 @y <Cr3( 61 0, D Z0ly ) + N0l 22 ) + Cral 61 0, D)l

holds for any function u(z,t)eC>®(Qr(2)), where ul,_, = 0.



T. GADJIEV, S. ALIEV, G. GASANOVA
98 ISSN 2078-3744. Bicuuk JIpBiB. yn-ty. Cepis mex.-mar. 2016. Bumyck 81

Lemma 5. If the coefficients of the operator Z satisfy conditions (4), (5), then there
exists p1(n,o,Q) such that for every T<T» and § > 0 the estimate

+016(¢7 57 n, p1, Q)

H“”ng(QlT(pl))ng(?/%5,n,PlaQ)||ZUH12(QT)+5||U||w§fb(QT) c ||U||52(QT)

holds for any function u(z,t)€C*(Qp(2°)), where ul,_, = 0 and Q%(p1) = Qr\Q7(p1).
Lemma 6. Under the conditions of Lemma 5 the estimate

Hu||w§i(QT)<CZ7(Q/}7 67 n, P, Q)qu||12(QT) + 028(¢7 §u n, p1, Q) ||u||12(QT)
holds for any u(as,t)Ew;:i(QT) and T<T,.

Theorem 1. If conditions (4), (5) are fulfilled, then there exists To = To(),6,n,Q) such
that for every T<T5 the estimate

2
||u||w§j)(Q)<C29(¢a ,m, Q)HZUHZQ(Q)

holds for any function u(x,t)Ewgi(Q)
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OLTHKUN PO3B’A3KIB EJIIIITUYHO-ITAPABOJITYHUX
PIBHAHDb

Tarip TAJIDKUEB, Coaran AJIIEB, T'onens TACAHOBA

Incmumym mamemamuky & METAHIKU,
HAH Asepbatioocany, Baxy, Asepbatidocan
e-mail: tgadjiev@mail.az

JociaKeHo Kac BUPOIKEHUX €IINTUIHO-TIapAbOoiYHUX PIBHSHB APYroro
NOpsiIKy B HenusepreHTHIiN (opwmi. Bu3Hadueno orinky po3B’si3kiB KpaitoBux
3a/1a4 Jid MX PIBHAHB y BianoBigamx npocropax Cobosesa.

Karouwoei caosa: eninTudHO-11apabosiivyHi piBHIHHS, KpalioBi 3a1a4i, mIpoc-
1ip CoboJieBa.



