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1. Introduction.
The initial-boundary value problems for the nonlinear parabolic equations with time
depended delay are considered. A typical example of the equations being studied here is

n t

ut_z(ai(:v,t)uw)wﬁao(x,t)u‘f' / co(z,t, s)u(z, s)ds = f(z,1), e

i=1 t—(t)

(x,t) € Q := Q x (0,T), where n € N, Q is a domain in R®, T > 0, ay,...,a, are
measurable positive functions on @, 7 is a nonnegative continuous function, ¢ is a
measurable bounded function, f is an integrable function, u is an unknown function.

Equations with time delay arise in modelling population dynamics, in non-
Newtonian filtration, heat flux, etc. ([5]). The equations of type (1) with constant
delay were investigated in [1], [2], [3], [6], [7] and others. A good reference overview of
such papers can be found in [3]. Note that in these papers the semigroup theory is used.

Partial differential equations with a variable delay are less studied, and we know
only publications of Rezounenko and Chueshov (in particular, [4], [8]), where equations
of type (1), with 7 = 7(u), are considered. In [4], a certain abstract parabolic problem
with the state dependent delay term of a rather general structure is considered. In [§],
the nonlinear partial functional differential equations with main linear elliptic operator
and non-local nonlinear term is considered. For proving existence of solutions of problems
considered in [4], [8] Galerkin’s approximations are used.
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To the best of our knowledge, the initial-boundary value problems for parabolic
equations with time dependent delay is an untreated topic in the literature. These
problems are considered in our paper. Existence and uniqueness of solution of the problem
are proved. The methods of investigation as in [10] are used.

The paper is organized as follows. In Section 2, the main notations and functional
spaces are introduced. The statement of the problem and formulation of the main result
are given in Section 3. The main result is proved in Section 4.

2. Notations and auxiliary facts.

Let n be a natural number, R™ be the standard linear space of ordered collections
z = (21,...,2,) of real numbers with the norm |z| := (|z1|> + ... + |z.|?)"/2. Suppose
that Q C R” is a bounded domain with a piecewise smooth boundary 02, 092 =TqUT',
where T is the closure of an open set on 92 (in particular, either Ty = @) or T'g = 99Q),
Iy :=90Q\To, v = (v1,...,,) is a unit outward pointing normal vector on 9S). Let
T>0and Q:=Qx (0,T), So:=To x (0,T), Sy :=T; x (0,T).

Now let us give the definitions of the following functional spaces. First, denote by
H(Q) the Sobolev space of the functions v € Ly(f2) such that v,, € La(Q) (i = 1,n),

1/2 -
with the norm ||v|| g1 () = (Hv||%2(m + 30 v, %2(9)) / . Let H'(Q) be the closure
of the space C1(Q) := {v e C*(Q) | v|p, = 0} in H* ().

Denote by Ly(0,T; H(Q)) the space of measurable functions w : (0,T) — H'(Q)
such that for a.e. t — Hw(t)||H1(Q) € Ly(0,7).

Denote by F(Q) the space of vector-functions (fo, f1,--.,fn) € [L2(Q)]**™ such
that f; € L2(Q), and for each i € {1,...,n}, fi = 0 a.e. in some neighborhood of the
surface X1.

Finally, define C3(0,T) as the subset of the set C'(0,7T) whose elements are of
compact support in (0,7). Also denote by C([t1,t2]; L2(2)) (t1,t2 € R, t1 < t2) the
space of continuous functions w : [t1, ta] = L2(Q).

3. Statement of the problem and main result.

In this paper we consider the problem of finding a function u : Q x [-79,T] — R
satisfying (in some sense) the equation

n

wp — Z dixl g,i(;v,tu7 V’u,) + ao(m,t,m VU) + / C(l’,t, S,U(.’E, 3))ds

=1 t—7(t)
"9
=-> o fim ) + folw,0), (01) €Q, (2)
=1 I
the boundary conditions
ul =0, a;(x,t,u, Vu) v; =0, 3
O 2 il Q

and the initial condition

u(z,t) = uo(z,t), (x,t) € Q x [~7,0]. (4)
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Here 7 : [0,7] — R is a continuous function such that 7(¢) > 0 for all ¢ € [0,7],
To = max{—t i[%fT](t — 7(t)),0} (assume [—0,0] = {0}), 7" := max 7(¢), and a; :
€

QxR SR c:Qx (—10,T) xR =R, fi: Q=R (i=0,n), up: Q x [~79,0] = R
are given real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.

Define A to be the set of the collections (ag, a1, ..., a,) of the functions satisfying
the following assumptions:

(A;) for every i € {0,1,...,n},

Q X R1+n > (x7t7p7§) = a’i(x7tapa 5) € R

is a Caratheodory function, i.e., a;(x,t,-,-) : R'™™ — R is a continuous function for a.e.
(x,t) € Q, and a;(-,-, p,€) : Q@ — R is a measurable function for every (p,£) € R*™;

(Az) for every i € {0,1,...,n}, for every (p,£) € R and for a.e. (7,t) € Q the
estimate .,

lai(@,t,p,€)| < Cr(lpl + D 1&51) + hi(x, 1),
j=1

is valid, where C; is a positive constant (depending on (ag,a1...,a,)), and h; € La(Q);

(A3) for every (p1,&1), (p2,€2) € R1T™ and for a.e. (z,t) € Q the inequality
Z (ai(xa t,p1, 51) - ai(mv t, p2, 52)) (511 - 522) + (QO(xv t,p1, 51) - ao(.’t, t, p2, 52)) (pl - p2)
i=1

> —Kolp1 — pal*,

holds, where Ky > 0 is a constant;

(Ay) for every (p,€) € RY™ and for a.e. (z,t) € Q we have

n n
Za’i(];7tapa g)f? + aO(xvtapaE)p > Ky Z |£1‘2 - K2|p|2 - g(T7t)a
=1

i= i=1
where K7, K5 are positive constants (depending on (ag, a;...,a,)), and 0 < g € L1(Q).

Define C to be the set of the functions c(z,t,s,p), (x,t,s,p) € Q@ x (—79,T) x R,
satisfying the following assumptions:

(C1) ¢ is a Caratheodory function, i.e., ¢(z,t,s,-) : R — R is a continuous function
for a.e. (x,t,s) € Qx(—70,T), and c(-,-, -, p) : @ X (—79,T) — R is a measurable function
for every p € R; in addition, ¢(x,t,s,0) =0 for a.e. (x,t,s) € Q x (—79,T);

(C2) there exists a constant L > 0 (depending on c¢) such that for every p1, po € R
and for a.e. (z,t,s) € Q x (—79,T) the inequality

‘c($7t787p1)_C($7tvsap2)’ §L|P1 _P2| (5)
holds.
Remark. From the condition ¢(x,t,s,0) = 0 and (Cz) it follows that for every p € R, and
for a.e. (x,t,s) € Q X (—70,T) the estimate
e(,t,5,p)] < Llp| (6)
is valid.
Now we can give a definition of a weak solution to problem (2)—(4).
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Definition 1. Let (ag, a1, ...,an) € A, ¢ €C,(fo, f1, ..., fn) EF(Q), uo € C([—T0, 0]; L2(2)).
The function u € Lo(0,T; HY(Q)) N C ([—70,T); L2(R)) is called a weak solution of
problem (2)-(4) if u satisfies the initial condition

ul ) = uo(, )|y @) =0 VE € [=70,0], (7)
and the integral equality

" t
//{Z ai(z,t,u, Vu)vg, o + ao(x, t, u, Vu)vp + vp / c(x,t, s,u(x,s)) ds
g =l o)

t—

—uwp’} dzdt = //{Z": five, 0+ fovtp} dxdt (8)
G =

holds for every v € H' () and ¢ € C3(0,7).

Theorem 1. If (ag, a1, ...,a,) € A, c € C, (fo, f1,-.-, fn) € F(Q), uo € C([—70,0]; L2(2)),
then problem (2)-(4) has a unique weak solution. Moreover, the weak solution u of this
problem satisfies the estimate

) ,
tre%n;]/m(x,t)\ dx—i—//{z; |ux1
Q Q =
n ‘ ) ,
< CQ(é/{l_Zl ‘fz‘ +g} dmdt+tEI[IiaT§0]Sz/|uo(x,t)| dacdt), (9)

where Cy is a positive constant depending only on K1, Ko, L, 19, T.

2—|—|u\2} dxdt

4. Proof of the main result.

The following auxiliary result, which had been proved in [10], will be used in the
sequel. B
Lemma 1. Suppose that w € Ly (0, T; H*(Q)) satisfies the following identity

// { Zgivxicp + govp — wvap’} dedt =0, wve€ ﬁ]l(Q)7 pE C&((LT), (10)
o i=1

for some g; € L2(Q) (j =0,n). Then w € C([0,T]; L2(2)) and for every 6 € C*([0,T7),
v € HYQ), and t1,ts € [0,T] (t1 < t2), we have

9(t2)/w(m,t2)v(a:) dx — H(tl)/w(a:,tl)v(a:) dx

Q Q

to n
"‘// { Zgi%ﬁ + govh — wv@’} dzdt = 0, (11)
FA A

%G(tg)/|w(9:,t2)|2 dx — %H(tl)/hu(x,tl)\Z dx
Q Q
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to to n
1
—5//|w|20’ dwdt—l—//{ZgiwIi +gow}9 drdt = 0. (12)
t1 Q t1 Q i=1

Proof of Theorem 1. For a function w : @ — R we denote
Clj(w)(.’L‘,t) = aj(x,t,w(x,t),Vw(x,t)), (J),t) € Q7 Jj=0,n,
c(w)(z,t,s) = c(x,t,5,w(z, ), (2,t,5) € Qx (=70,T).

Let us prove Theorem 1 in three steps: firstly we prove the uniqueness of solution of
problem (2)—(4), later, its existence and, finally, we prove correctness of estimate (9).

First step (uniqueness of solution). Assume the opposite. Let u; and us be two
different weak solutions of problem (2)-(4). Consider the difference between (8) with
u = ug and (8) with v = w;. From the obtained integral identity by Lemma 1 with
w=1uj —ug, § = e M (A =const > 0), t; =0, to = T, we obtain (see (12))

,AT/\w z, T)? de + = // lw|?e /\tdl‘dt—F//{ (@i(u1) — ai(u2))(u1,z;, — u2,4;)

+(ao(ur) — ag(uz))(ur —u2) +w(x,t) / [e(ur)(x,t,8) — c(uz)(x,t, s)] ds}e_’\tdxdt = 0.

t—7(t)

(13)
From condition (A3z) we have
> (ai(w) = ai(us))(ur e, — uae,) + (ao(ur) — ao(uz))(ur — us)
i=1
—Koluy — us|?. (14)
Extend w(z,t) by 0 for all (z,t) € Qx{(—o00, —79) U (T, +00)}. Note that w(z,t) =0

for a.e. (x,t) € Qx[—7p,0]. Using condition (Cz), the Fubini Theorem (see, e.g., [13, p.91])
and Holder’s inequality (see e.g., [13, p.92]) we obtain

’// s t C(ul)(%ﬂs) — c(uz)(z,t, s)] dS)e_“da:dt’

t— T(t)

// |w(x, t)] / le(ur)(x,t, 8) (ug)(x7t,5)|ds)e_’\tdxdt

t—7(t)

L/d;z:/|w 2, b)] / |w(a;,s)|ds>e*”dt

t—7(t)

T ¢
At At
SL/da:/|wx t)le” 2 6_7 /|w(x,s)|ds>dt
Q 0 t—r+
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T T t
N 1/2 v 9 1/2
< LVT+/ (/|w(:c,t)|2ef tdt) (/ei dt /|w(a“,s)\ ds) dzx. (15)
Q 0 0 t—7+

Now consider the second integral in the right side of inequality (15). Changing the order
of integration, for a.e. z € Q2 we have

s+7t

T ¢ T
/e”‘tdt / |w(z, s)|?ds < / lw(z, s)|?ds / e Mdt =
0 t—7t —r+

S

T
=211 - 67/\T+) / lw(z, s)|?e*ds.
0

Substituting in (15) the last term from the obtained above relations chain instead of the
first one, we obtain

t

| [[wto( [ letw)ats) = cluz)(o.t.5)] ds)e o
Q

t—7(t)

< Ly/7tA"1(1 — e*”*)// lw(z,t)|?e~ M dadt. (16)
Q
Using (14), (16), from (13) we obtain

A2 —Kg— L\/TtA"1(1 —e 2T) lw(z,t)|2e Mdtdz < 0. (17)
e Y

Choosing A big enough and such that \/2 — Ko — Ly/A~17+H(1 —e=>") > 0, from (17)
we obtain u; = usg for a.e. (z,t) € Q, i.e., a contradiction to our assumption. Therefore,
a solution of problem (2)—(4) is unique.

Second step (existence of solution). For proving existence of a weak solution of
problem (2)-(4) Galerkin’s method is used. Let {w; |j € N} be a full linear independent
set of the functions from H'(9), which is an orthonormalized basis in L (f2). For each
ke N, set

ag(t) := [ uo(z, t)wg(z)dz, € [—7,0]. (18)
/

Obviously, oy, € C([—70,0]) (k € N).
For all m € N we denote

uom (2, 1) ==Y on(t)wp(z), (z,t) € Qx [-79,0)]. (19)
k=1
It is clear that
nax o (s ) = wo,m (5 Dl o) —2 (20)
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According to Galerkin’s method, for every m € N we put

m
Um(x7t) = Z C7n,k(t)wk(z)7 (‘T7t) € ﬁ X [7TOaT]a (21)
k=1
where ¢ 1,...,Cm,m are continuous on [—7y,T] and absolutely continuous on [0,7

functions, which are solutions of the Cauchy problem for the system of ordinary di-
flerential equations with delay

n

/um,twj dx + / { Z(ai(um) — fi)wj 2, + (ao(um) — fo)w;

Q o =t
¢
+w;(z) / c(um)(ac,hs)ds} dx=0, te€l0,T7], j=1,m, (22)
t—7(t)
Cm k() = ag(t), te[-70,0], k=1 m. (23)
Note that from (19), (21) and (23) it follows that
U (2,1) = ug,m(z,t) for a.e. (x,t) € Q x [—79,0]. (24)
m
The linear independence of functions wy, . .., w,, yields that the matrix (f wkwjdw) o
Q J=

is invertible. Thus the system of ordinary differential equations with delay (22) can be
transformed to the normal form. Hence, according to the theorems of existence and
extension of the solution to this problem (see [11, p. 54], [12, p. 31]), we obtain a global
solution €1 m, ... .., Cm,m of problem (22), (23). This solution is defined on the interval
[—70, Trm), where 0 < T,,, < T. Here the braces “)” means either “)” or “|”. Further we will
obtain the estimates that imply the equality [—7o, Tpn) = [—70, T

Now we shall obtain estimates of w,, for each m € N. Multiply the equation of
system (22) with a number j € {1,...,m} by ¢, e, where A > 0 is a positive
number, and sum over j € {1,...,m}. Integrating the obtained equality over t € [0, o],
where o € [0,T,,,), and using the integration-by-parts formula and equality (24), we have

1 AT
_Aa/‘um(l‘,O')P dz — §/|Uo,m(l‘,0)|2 dx + 5/ [um (2, 1))~ dadt
%) ) 00

g
n

t
+//{Zaz U ) Uim,z; F @0 (U ) Uy, + U (2, 1) / c(um)(z,t, s ds} “AMdzdt

0o =1 —7(t)

H-

o

= // { Zflumm + foum}e_)‘tdxdt. (25)
0 =1
Further we need Cauchy inequality in the form

2ab < glal®* +e7b]?, a,bER, e>0. (26)
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Now, extend um,(z,t) = 0 for all (z,t) € Q x ((—o0, —79) U (T, +00)). Then, using
(6) and Holder’s inequality we obtain

‘//um (1) / c(um)(z, t, ) ds)e_’\tdxdt‘

t—7(t)

</ |um(x,t)|( / le(um)(z, t, s)| ds)e_)‘tdxdt

0 Q t—7(t)

/dx/|um:ct —At(/ [t 5)lds) i

7.

o t
< L/dm/ |um(x,t)|e_% (6_% / |um(9c,s)|ds)dt
0 t—7t

Q

< LVt l J|um(x,t)|2e_“dt 2 oe‘“dt t|um(ac,s)|2ds Uﬂdl‘- (27)
f1(/ )U(fer e

0

Now, let us estimate the second integral from the right side of the inequality above, for
a.e. x € €,

o t b+7_+
/ )‘tdt/ (z,8)Pds< /|um z,8)|%ds /e_Mdt
ot s

=11 - e_>‘7+)/|um(a:, s)|2e e ds
o

o 0
—ala- e_’\T+)(/ o (2, 1) 2=t + / [ . )P
0 —T0
Here changing order of integration for a.e. z € Q, and (24) were used.

Substituting in the right side of (27) the last item from the obtained above chain of
relations instead of the first one, and using Holder’s inequality we obtain

t

’/U/um(x’t)< / C(Um)(Lt,S)dS)e’”dxdt‘ <
0Q

t—7(t)

o 0
éL\/TJF)\*l(l—e*)‘T*)(Q/ g (z, £)[2e~ M dadt + //|u0’m(x7t)|26_’\tda:dt>. (28)

0Q —T0Q2
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From condition (A4) we have

// Za@ U ) U, ggl+ao(um)um}da:dt>//{ immx 2

0o =1

Kolum|*—g(x, t)} dxdt.

(29)
Applying inequality (26), we obtain the estimate

// ZZfomLJFfOUm} “Mdrdt < = //{mez (z,t)]

[t (2, 1)) } 7)‘tdxdt+f//2\fl x,t)[2e”Mdxdt, (30)

1=0

where € > 0 is arbitrary.
From (25), using (28) — (30), for each o € (0,T,,) we obtain

/\umxa| de + (2K, —¢) //Z\um% z,t)2e " Mdrdt

OQZI

—|—<)\ — 2Ky —e —4Ly/TtA1(1 - e—>"'+)> / |t (, 1) |2~ dxdt

_1//Z|f1xt|2 _’\tdacdt—i—Q// (z,t)e Mdxdt

0 o =0 00

+2LTO\/T+/\*1(1 — e*’\T+ max /|U0m z,1) | dx. (31)

—70,0

Taking € = K1, A = Ao, where )¢ is a solution of the 1nequahty

AN—2Ky — Ky —4L T+A_1(1—€_)‘T+) >07 (32)

from (31) we obtain

max /|um(x,t)|2 dz + Cs //{me,%(gg,mu [ (1) } dadt
Q i=1

te[0,T]

n
< 04// (Z |fi(z,t)]? +g(x,t))d1‘dt—|—0r max /|u0 m(z,t)|?dz, (33)
G i—0 t€ 77’0,
where Cs, Cy, Cy are positive constants depending only on K L o, 7", T.
From (20) it follows that the sequence { I[nax }f\uo m (2, 1) [2dr}oo_; is bounded.

—70,

Hence from (33) we obtain for all o € (0,7,,) the estimates

/Ium,(x,<7)\2 dz < Cs, (34)
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/ / \um @)+ (D)2} drdt < O, (35)

where Cg, C7 > 0 are independent of m,T,,, c. Estimate (34) implies that there exists
an independent of T, constant that bounds the functions ¢ 1, ..., Cmm o0 [—To, Tpn)-
Thus [—70, Tin) = [—70, 1.

Condition (Az) and estimate (35) yield

J[ i) e 0 dwar < ¢, i~ (36)

where Cg > 0 is independent of m.
Using (6), the Cauchy—Schwarz inequality, (20) and (34) we obtain

//‘/ c(um)(x,t, ) ds‘ dgcdt<L2T+TO ///|umxs| dsdxdt

t—7(t) Q —7o

< LQT(T + To)(// |um(x,t)|2 dxdt +19 ter[ri?)(o] / \uo,m(ac,t)|2dx) < Cy, (37)

where Cg > 0 is a constant independent of m.

Since the spaces Lo(Q) is reflexive, and estimates (34)—(37) hold, we obtain the
existence of a subsequence (we denote it {um,}men again), functions v, € La(Q), u €
Ly(0,T; H'(2)), xi € L2(Q) (i =0,7n), and ¢ € Ly(Q) such that

U (-, T) — vi() weakly in  Lo(Q), (38)
Um — U x —weakly in  Loo(0,T; La(9)), (39)
m oo
U — U weakly in  Lo(0,T; H'(2)), (40)
a;(Um,) X weakly in L2(Q) (i =0,n). (41)
¢
c(Upm)ds — ¢ weakly in La(Q). (42)

t—7(t)
Let us prove that u is a weak solution of problem (2)—(4).
Fix the numbers j,m € N such that m > j. Multiplying the equation of system (22)
with number j by the function € C'([0,T]) we integrate the obtained equality over
t € [0,T]. Letting m — oo, and taking into account (20), (24), (38)—(42), we obtain

o(T) / v, (2w, (z) da — 6(0) / o (@, 0)w; () dar

Q

/ / ww; 0 dwdt+ / / — )W)z + (x0+ ¢ — fo)w; }9 dedt=0.  (43)
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This equality yields that for every v € H*(Q) and 6 € C*([0,T]) the equality

6(T) /v*(x)v(:lc) dx — 9(0)/u0(:1c70)v(a:) dx

Q Q

// wvld dxdt + // " — fi)ve, + (xo — fo + C)U}G dzdt =0 (44)

i=

holds.
Notice that if we take § = ¢ € C}(0,T) in (44) then we have the identity

// — fi)vz, 0+ (xo— fo+ Qv —uve } dzdt =0 Yv e H(Q), Yo € CL(0,T).

(45)
According to Lemma 1, (45) imply that

u e C([0,T]; La(2)) (46)

and for every v € H'(Q) and 6 € C1(]0,T)) the equality

9(T)/u(at,T)v(a:) dx — 0(0) /u(m,O)v(m) dx

Q Q

_//uvgf dde// zn: — fi)ve, + (xo+ ¢ — foo 0 dedt =0 (47)
Q @ =

holds.
From (44) and (47) we get

u(x,0) = up(x,0), wu(z,T)=uv.(x) forae x€q. (48)

Extend u by ug on Q x [—79,0). Let us show that this extended function belongs
to the space C([—79, T]; L2(2)). Indeed, in view of (46) we conclude that the restriction
u on Q x [0, T] belongs to C([0,T]; L2(2)). From the conditions of the theorem we have
ug € C([—70,0]; L2(Q)). Also, u(z,0) = ug(z,0) (see (48)). These two facts imply (7).
Hence, u € C([—70,T); L2(£2)).

According to (45) to prove (8) it is enough to show that the equality

/{ZH:XWM Xo +¢) } /{2:(1Z )V, + ( o(u) + /tc(u) ds)v}dm (49)
o = Tt

t—7(t)

is valid for every v € H*(Q) and for a.e. t € (0,T). For this we use the monotonicity
method (see [15]).

Take a function wy, € Lo(0,T; HY(Q)) N La(—70, T; L2(Q)) such that wy,(z,t) =
uo,m(x,t) for a.e. (z,t) € Q x (—79,0) and w(z,t) = w(z,t) for a.e. (z,t) € Q, where
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@ € Ly(0,T; H'(Q)) is arbitrary. Denote for every m € N,

Win = // { Zn:(ai(um) - ai(wm»(um,xi - U/m,mi) + (ao(um) — ao(wm)) (Um — wm)
o —

i=1

t
2t — i (t — 01) / (clu) — eluwy,)) ds pe™ dat
t—7(t)

where A > 0 such that the inequality /2 — Ko — Ly/7*A=1(1 — e=>™") > 0 holds.
Using condition (Aj3) for every m € N we have

W, > 4/ {(g — Ko)|tm — w2 + (tm — wn) /t(c(um) — c(w,) ds o dadt.

t—7(t)

Since the inequality

t

Y/ IR
Q

t—7(t)

< L\/TJF)\*l(l —e ) // Uy, — Wiy |2e" M dadt
Q

holds (see (16)), and because the choice of A we obtain W, > 0.
Hence, we have

t
. A 2 —Xt
W = // { Zai(um)um@i + aO(um)um + §|um| + U / C(um) d‘s}e dxdt
o) =

i=1 t—7(t)

- // { En: [ai(um)wm,mi + ai (W) (Um,z; — wmm)] + ag (U ) Way, + ag (W) (U, — Wap)
¢ i=1

t t
+)\umwm—%|wm|2+wm / () ds+ (U —wp,) / c(wp) ds}e_)‘t dxdt >0, m e N.
7(t) t—7(t)

t—
(50)
From (50), using (25) with o = T, we obtain

- 1 1
W, = . — At _ AT 2 - 2
m—//{ Elfzum,wi""foum}e dxdt 26 /‘um(va” dm+2/|u0,m($70)‘ dx
Q i= Q Q

n

_ // { Z [ai(um)wmw + ai(wm) (U 2, — wmw)] + AW — %|wm|2 + ag(Um )W,
Q

i=1
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t t
Fao(w) (Um — W) + Wi, / () ds 4 (Um — wp,) / c(wp,) ds} “Mdrdt >0 (51)
t—7(t) t—7(t)
for all m € N.
Taking into account (38) and the second equality of (48) we have

i inf [l (- | ac@) > 100, 7)o, (52)

Define w(x,t) := ug(x,t) for (z,t) € Q x (—79,0), and w(x,t) := w(x,t) for (z,t) €
Q x (0,7T). Then,

Wy, — w strongly in Lo (Q X (—70,T)). (53)
Now, let us show that
¢ ¢
‘ / c(wp)ds — / c(w)ds‘ =0 in Ly(Q). (54)

t—7(t) t—7(t)

Extend the functions w, wy,, by 0 on Q x {(—o0, —79) U (T, +00)}. Using condition (Cz),
Cauchy—-Schwarz inequality and changing order of integration, we obtain

//’ / c(wn)ds — j c(w)dsrd:rdt // /|Cwm )~ e(w )|2ds)dxdt

t—7(t)

< L7 +// / i (2, 5) — (m,s)|2ds)dxdt<

T s+T
<IL? /dm/ |wp (z,8) — w(z, s)|*ds / dt
Q —7t S

= L3(t // [uo,m (z,t) — ug(z,t)Pdxdt — 0.

m—o0

By (20), (40), (41), (42), (52), (53) from (51) we obtain

0< tim supWon < [[ {3 fos, + foufe ™ dade
m—00 —
Q =

2 [ e ] a0 = [[{3 v + ), — )]
Q Q Q =t

¢
+xow + ap(w)(u — w) + w¢ + Auw — %\w|2 + (u—w) / c(w) ds}e*)‘tdxdt. (55)

t—7(t)
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Using Lemma 1 with § = e=** and the first equality of (48), from (45) we get

// Zquxl (X0 +C)u+)\|u\ M dadt = // Zfluz +f0u} N godt

1
e_’\T/|u(x,T)|2 dw+§/|u0(x,0)|2 dx. (56)
Q
Thus, (55) and (56) 1mp1y that

/ J {30 st =)+ 0~ s = )
+g|u—w|2+(u7w)(gf / c(w) ds)}ef)‘t dxdt > 0. (57)
t—r(t)

Substituting w = w — pvy in the inequality above, where v € ﬁl(Q), w >0, ¢ €
C¢(—79,T), such that suppe C (0,7) and dividing the obtained inequality by u we
obtain

// — ai(u — pup))vg, @ + (xo — ao(u — pve))ve

t

+ vl + (C - / c(u — pop) ds)vgo}e*/\t dxdt > 0. (58)
t—7(t)
Letting 4 — 0+ in (58), using condition (A3) and the Dominated Convergence Theorem
(see [14, p. 648]), we have
t

// Zn: i~ ai(w)vz o+ (x 0*ﬂo<ﬂ))w+w(<f /C(u) ds)}e*M dzdt = 0,
Q =1

t—7(t)

where v € HY(Q), ¢ € C$(0,T) are arbitrary functions. Therefore we obtain (49). Thus,
u is a weak solution of problem (2)—(4).

Third step. According to Lemma 1, with w = u, t; =0, to = 0, 0 = e ™M, X = X,
where A¢ is a solution of inequality (32), we obtain

1 o
_,\o/|u(x,a)|2 dx—§/\u0(x,0)\2 dx+%//|u(x,t)|26_mdmdt
Q Q

0 Q
t

+/° / {ia“u)uzﬁ%(“)“ﬂ(m»ﬂ / c(u)(w,t, 5)ds be M dudt
0o =i

t—7(t)

= j/{if’u” +fou}ef/\td:17dt. (59)
0o =t
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It is easy to show that inequalities similar to (28) — (30), with u instead of w,y,, hold.

Hence, the inequality, analogous to (33), can be obtained:

2 2 2
t§3§]/|u(x7t)| dx + Cj //{Z;mmi(x,m + Ju(z, t)] }d:vdt
Q =

Q

[~7o0,

< C4// (io |fi(z, t)|* + g(x, t))dmdt + C5t€max0]/\u0(x, t)|?dz. (60)
Q ' Q

Therefore, inequality (9) holds.

10.
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