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1. Introduction

The boundary value problems for the nonlinear parabolic equations with a time
depended delay are considered. A typical example of the equations being studied here is

ut−
n∑

i,j=1

âij(x, t)uxixj
+â0(x, t)u+

t∫
t−τ(t)

c0(x, t, s)u(x, s)ds =f(x, t), (1)

(x, t) ∈ Q := Ω × (−∞, 0], where n ∈ N, Ω is a domain in Rn, âij = âji(i, j =
1, n), â0, c0 are measurable bounded functions, and there exists ν = const > 0 such
that

∑n
i,j=1 âij(x, t)ξiξj > ν

∑n
i=1 ξ

2
i for a.e. (x, t) ∈ Q and for all (ξ1, . . . , ξn) ∈ Rn,

ess inf
(x,t)∈Q

â0(x, t) > 0, τ is a nonnegative continuous function, f is an integrable function, u

is un unknown function.
Fourier problems for evolution equations arise in modeling di�erent nonstationary

processes in nature that started a long time ago and initial conditions do not a�ect on
them in the actual time moment, but boundary conditions do a�ect it. Thus, we can
assume that the initial time is −∞, while 0 is the �nal time, and initial conditions can be
replaced with the behaviour of the solution as time variable tends to −∞. The Fourier
problem for evolution equations has been widely studied. They appear in modeling in
many �elds of science such as economics, physics, ecology, cybernetics, etc. (see, e.g.,
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[3], [4], [5], [9], [10], [11], [18], [19], [20], [24], [22], [23]). A lot of information concerning
results on problems without initial conditions can be found in [9].

Equations with time delay arise in modelling population dynamics, in non-
Newtonian �ltration, heat �ux, etc. ([13]). The equations of type (1) on �nite time
interval with constant delay were investigated in [1], [2], [17], [14], [15], etc. Good
reference overview on such papers can be found in [17]. We remark that in these papers
the semigroup theory is used.

Partial di�erential equations with a variable delay are less studied, and we known
only publications of Rezounenko and Chueshov (in particular, [12], [21]), where equations
of type (1) on �nite time interval, with τ = τ(u), are considered. In [12], a certain abstract
parabolic problem with the state dependent delay term of a rather general structure is
considered. In [21], the nonlinear partial functional di�erential equations with main linear
elliptic operator and non-local nonlinear term are considered. For proving existence of
solutions of problems considered in [12], [21] the Galerkin approximations are used.

Fourier problems for parabolic equations with constant time delay were investigated
in [16], [7] (see also references therein).

To the best of our knowledge, the Fourier problems for parabolic equations with time
depended delay is an untreated topic in the literature. These problems are considered in
our paper. Existence and uniqueness of solution of the problem are proved. The methods
of investigation as in [6] are used.

The paper is organized in the following way. In Section 2, the main notations and
functional spaces are introduced. The statement of the problem and formulation of the
main result are given in Section 3. The main result is proved in Section 4.

2. Notation and auxiliary facts

Let n be a positive integer number, Rn be the standard linear space of ordered
collections x = (x1, ..., xn) of real numbers with the norm |x| := (|x1|2 + . . .+ |xn|2)1/2.
Suppose that Ω ⊂ Rn is a bounded domain with the piecewise smooth boundary ∂Ω.
Also, we denote S := (−∞, 0], Q := Ω× S, Q := Ω× S, Σ := ∂Ω× S.

Let us de�ne some functional spaces. Firstly, denote by C∞c (Ω) the space of in�-
nite di�erentiable functions on Ω with compact supports. Denote by H1(Ω) := {v ∈
L2(Ω) | vxi ∈ L2(Ω) (i = 1, n)} the Sobolev space, which is a Hilbert space with the
scalar product (v, w)H1(Ω) :=

∫
Ω

{
∇v∇w + vw

}
dx, where ∇v := (vx1

, . . . , vxn
) and the

corresponding norm ‖v‖H1(Ω) :=
( ∫

Ω

{
|∇v|2 + |v|2

}
dx
)1/2

. By H1
0 (Ω) we denote the

closure of C∞c (Ω) in H1(Ω).
Let us remind Friedrichs' inequality∫

Ω

|v|2 dx 6 K0

∫
Ω

|∇v|2 dx ∀ v ∈ H1
0 (Ω), (2)

where K0 is a positive constant independent of v. It is known that 1/K0 is the �rst
eigenvalue of the problem: −∆v = λv, v|∂Ω = 0.

From Friedrichs' inequality it follows that the norm in H1
0 (Ω) can also be written

as ||v||H1
0 (Ω) :=

∫
Ω

|∇v|2dx.
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For an arbitrary Banach space X by L2
loc

(S;X) we denote the linear space of (classes
of) measurable functions de�ned on S with values in X such that their restrictions on
any interval [a, b] ⊂ S belong to L2(a, b;X). Denote by Lp

loc
(Q) (1 6 p 6 ∞) the linear

space of (classes of) measurable functions de�ned on Q such that their restrictions on
any bounded measurable set Q′ ⊂ Q belongs to Lp(Q′).

Denote by C1
c (I), where I is an interval, the linear space continuously di�erentiable

�nite functions de�ned on I, moreover, if I = (t1, t2), then we will write C1
c (t1, t2) instead

of C1
c ((t1, t2)).
Denote by F (Q) the space of vector-functions (f0, f1, . . . , fn) such that fi ∈ L2

loc
(Q)

for each i ∈ {0, 1, ..., n}.
Let ω ∈ R,X be a Hilbert space with the scalar product (·, ·)X and the corresponding

norm ‖ · ‖X . Denote

L2
ω(S;X) :=

{
f ∈ L2

loc
(S;X)

∣∣∣ ∫
S

e2ωt‖f(t)‖2Xdt <∞
}
.

L2
ω(S;X) is a Hilbert space with the scalar product

(f, g)L2
ω(S;X) =

∫
S

e2ωt(f(t), g(t))X dt

and the norm

‖f‖L2
ω(S;X) :=

(∫
S

e2ωt‖f(t)‖2X dt
)1/2

. (3)

The following auxiliary result, which had been proved in [6], will be used in the sequel.

Lemma 1. Let w ∈ L2(t1, t2;H1
0 (Ω)), where t1, t2 ∈ R (t1 < t2), satis�ng the following

identity

t2∫
t1

∫
Ω

{
− wvϕ′ + (g0v +

n∑
i=1

givxi
)ϕ
}
dxdt = 0, v ∈ H1

0 (Ω), ϕ ∈ C1
c (t1, t2), (4)

for some gi ∈ L2(Ω× (t1, t2)) (i = 0, n). Then w ∈ C([t1, t2];L2(Ω)) and

1

2
θ(t)

∫
Ω

|w(x, t)|2 dx
∣∣∣t=σ2

t=σ1

− 1

2

σ2∫
σ1

∫
Ω

|w|2θ′ dxdt+

σ2∫
σ1

∫
Ω

{
g0w +

n∑
i=1

giwxi

}
θ dxdt = 0 (5)

for any σ1, σ2 ∈ [t1, t2] (σ1 < σ2), for every θ ∈ C1([t1, t2]).

3. Statement of the problem and main result

In this paper we consider weak solutions u : Q→ R of the problem

ut−
n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds =

= −
n∑
i=1

∂

∂xi
fi(x, t) + f0(x, t), (x, t) ∈ Q,

(6)

u
∣∣
Σ

= 0, (7)
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lim
t→−∞

e2ωt

∫
Ω

|u(x, t)|2 dx = 0, (8)

for some ω ∈ R. Here τ : S → R is a continuous bounded function such that τ(t) > 0 for
all t ∈ S, and ai : Q × R1+n → R, c : Q × S × R → R, fi : Q → R (i = 0, n) are given
real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.
De�ne A to be the set of the collections (a0, a1, . . . , an) of the functions ai : Q ×

R1+n → R (i ∈ {0, 1, . . . , n}) which satisfy the following conditions:

(A1) for every i ∈ {0, 1, . . . , n}, ai is a Caratheodory function (i.e., ai(x, t, ·, ·) :
R1+n → R is a continuous for a.e. (x, t) ∈ Q, and ai(·, ·, ρ, ξ) : Q → R is
measurable for every (ρ, ξ) ∈ R1+n), and ai(x, t, 0, 0) = 0 for a.e. (x, t) ∈ Q;

(A2) for every i ∈ {0, 1, . . . , n}, for a.e. (x, t) ∈ Q and for every (ρ, ξ) ∈ R1+n the
estimate

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj |
)

+ hi(x, t)

is valid, where C1 > 0 is constant and hi ∈ L2
loc

(Q);
(A3) for a.e. (x, t) ∈ Q and for every (ρ1, ξ

1), (ρ2, ξ
2) ∈ R1+n the inequality

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i ) +
(
a0(x, t, ρ1, ξ

1)−

− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ K1

n∑
i=1

|ξ1
i − ξ2

i |2 +K2|ρ1 − ρ2|2
(9)

holds, where K1 > 0,K2 ∈ R are constants.

De�ne C to be the set of the real-value functions c : Q × S × R → R which satisfy
the following conditions:

(C1) c is a Caratheodory function (i.e., c(x, t, s, ·) : R → R is a continuous function
for a.e. (x, t, s) ∈ Q× S, and c(·, ·, ·, ρ) : Q× S → R is a measurable function for
every ρ ∈ R), in addition, c(x, t, s, 0) = 0 for a.e. (x, t, s) ∈ Q× S;

(C2) there exists a constant L > 0 such that for a.e. (x, t, s) ∈ Q×S and for every ρ1,
ρ2 ∈ R the inequality∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)

∣∣ ≤ L|ρ1 − ρ2| (10)

holds.

Remark 1. The condition (C1) (more precisely, c(x, t, s, 0) = 0) and (C2) imply that for
a.e. (x, t, s) ∈ Q× S, and for every ρ ∈ R the following estimate is valid:

|c(x, t, s, ρ)| ≤ L|ρ|. (11)

Now we can give a de�nition of the weak solution of problem (6)�(8).

De�nition 1. Let (a0, a1, . . . , an) ∈ A, c ∈ C, (f0, f1, . . . , fn) ∈ F (Q). A function
u ∈ L2

loc(S;H1
0 (Ω)) ∩ C

(
S;L2(Ω)

)
is called a weak solution of problem (6)�(8) if it
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satis�es condition (8), and the integral equality∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxi
ϕ+ a0(x, t, u,∇u)vϕ+ vϕ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds

− uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxi
ϕ+ f0vϕ

}
dxdt

(12)

holds for every v ∈ H1
0 (Ω) and ϕ ∈ C1

c (−∞, 0).
Denote

τ+ := sup
t∈S

τ(t), χ(ω) :=

{
τ+, if ω = 0,
1

2ω (e2ωτ+ − 1), if ω 6= 0.
(13)

We consider the inequality

ω + 2L
√
τ+χ(ω) < K1/K0 +K2, (14)

where K2 is from (9).

It is obvious that ω+ 2L
√
τ+χ(ω)→ −∞ when ω → −∞, because χ(ω)→ 0 when

ω → −∞. Hence, inequality (14) has solutions.

Theorem 1. Let (a0, a1, . . . , an) ∈ A, c ∈ C, (f0, f1, . . . , fn) ∈ F (Q), and let ω
satis�es (14). If problem (6)�(8) has a solution, then it is unique.

Theorem 2. Let the assumptions of Theorem 1 be ful�lled, and fi ∈ L2
ω(S;L2(Ω))

(i = 0, n). Then there exists a unique solution of problem (6)�(8), and it satis�es the
following estimates:

e2ωσ

∫
Ω

|u(x, σ)|2 dx 6 C2

σ∫
−∞

e2ωt||f(·, t)||2L2(Ω) dt, σ ∈ S, (15)

||u||L2
ω(S;H1

0 (Ω)) 6 C3 ||f ||L2
ω(S;L2(Ω)), (16)

where C2, C3 are positive constants depending on τ+, ω, L,K0,K1,K2 only.

4. Proof of the main results

For a function w : Q→ R we denote

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× S. (17)

Proof of Theorem 1. Suppose the contrary. Let u1 and u2 be two distinct weak solutions
of the problem. Denote w := u1−u2. Considering the di�erence between (12) for u = u2
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and u = u1, we obtain

−
∫∫
Q

wvϕ′ dxdt+

∫∫
Q

[ n∑
i=1

(ai(u1)− ai(u2))vxi +
(
a0(u1)− a0(u2)

)
v

+ v

t∫
t−τ(t)

(
c(u1)− c(u2)

)
ds
]
ϕdxdt = 0 ∀v ∈ H1

0 (Ω), ∀ϕ ∈ C1
c (−∞, 0).

(18)

It is clear that from (8) for u = u2 and u = u1 we have

e2ωt

∫
Ω

|w(x, t)|2 dx −→
t→−∞

0. (19)

According to Lemma 1, setting θ(t) = e2ωt, t ∈ R, from equality (18) we get

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx− 1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx− ω

σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt+

+

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

(ai(u1)− ai(u2))(u1,xi
− u2,xi

) + (a0(u1)− a0(u2))(u1 − u2)+

+ w

t∫
t−τ(t)

(c(u1)− c(u2)
)
ds
]
dxdt = 0,

(20)

for arbitrary σ1, σ2 ∈ S (σ1 < σ2).
From condition (A3), for a.e. (x, t) ∈ Q we have

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

(ai(u1)− ai(u2))(u1,xi−u2,xi) + (a0(u1)− a0(u2))(u1 − u2)
]
dxdt >

>

σ2∫
σ1

∫
Ω

e2ωt
[
K1|∇w|2 +K2|w|2

]
dxdt.

(21)

Now, we consider the last term from equality (20). Using condition (C2), the Fubini
Theorem and the Cauchy�Schwarz inequality, for a.e. x ∈ Ω we obtain∣∣∣∣∣∣∣

σ2∫
σ1

e2ωtw(x, t)
( t∫
t−τ(t)

(
c(u1)(x, t, s)− c(u2)(x, t, s)

)
ds
)
dt

∣∣∣∣∣∣∣ 6
6 L

σ2∫
σ1

e2ωt|w(x, t)|

 t∫
t−τ+

|w(x, s)|ds

 dt 6
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6 L
√
τ+

 σ2∫
σ1

e2ωt|w(x, t)|2dt

1/2 σ2∫
σ1

e2ωt
( t∫
t−τ+

|w(x, s)|2ds
)
dt

1/2

. (22)

Changing order of integration and assuming w(x, t) = 0 for x ∈ Ω, t > 0, for a.e. x ∈ Ω
we have

σ2∫
σ1

e2ωt
( t∫
t−τ+

|w(x, s)|2ds
)
dt 6

σ2∫
σ1−τ+

|w(x, s)|2ds
s+τ+∫
s

e2ωtdt =

= χ(ω)
( σ2∫
σ1

e2ωs|w(x, s)|2ds+

σ1∫
σ1−τ+

e2ωs|w(x, s)|2ds
)
, (23)

where χ(ω) is de�ned in (13).
Substituting in (22) the last term from the obtained above chain of relations instead

of the �rst one, and using the inequalities:
√
ab 6 a+b,

√
a+ b 6

√
a+
√
b (a > 0, b > 0),

we obtain ∣∣∣ σ2∫
σ1

e2ωtw(x, t)

t∫
t−τ(t)

(
c(u1)(x, t, s)− c(u2)(x, t, s)

)
dsdt

∣∣∣
6 L

√
τ+χ(ω)

(
2

σ2∫
σ1

e2ωt|w(x, t)|2dt+

σ1∫
σ1−τ+

e2ωt|w(x, t)|2dt
)
. (24)

Using (21), (24), from (20) we obtain

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx − 1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx +K1

σ2∫
σ1

∫
Ω

e2ωt|∇w(x, t)|2 dxdt

+(K2 − 2L
√
τ+χ(ω)− ω)

σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt− L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt 6 0.

From this, using (2), we get

1

2
e2ωσ2

∫
Ω

|w(x, σ2)|2 dx − 1

2
e2ωσ1

∫
Ω

|w(x, σ1)|2 dx

+
(
K1/K0 +K2 − 2L

√
τ+χ(ω)− ω

) σ2∫
σ1

∫
Ω

e2ωt|w(x, t)|2 dxdt

−L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt 6 0.
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Since ω is a solution of inequality (14),

e2ωσ2

∫
Ω

|w(x, σ2)|2 dx 6 e2ωσ1

∫
Ω

|w(x, σ1)|2 dx+2L
√
τ+χ(ω)

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt.

(25)
Let as �x an arbitrary σ2 in (25), and let σ1 tends to −∞. According to condition (19),
the �rst term from the right side of inequality (25) tends to 0. Obviously, the second
term from the right side of inequality (25) also tends to 0. Indeed,

0 6

σ1∫
σ1−τ+

∫
Ω

e2ωt|w(x, t)|2 dxdt 6 τ+ max
t∈[σ1,σ1−τ+]

(
e2ωt

∫
Ω

|w(x, t)|2 dx
)
−→

σ1→−∞
0.

Thus, we get the equality e2ωσ2
∫
Ω

|w(x, σ2)|2 dx = 0. Since σ2 ∈ S is arbitrary, we obtain

w(x, t) = 0 for a.e. (x, t) ∈ Q, this contradicts our assumption. Therefore, the solution of
problem (6)�(8) is unique. �

Proof of Theorem 2. For eachm ∈ N denote Qm := Ω×(−m, 0], τm := min
−m6t60

(t−τ(t)).

Denote fi,m(·, t) := fi(·, t) if −m < t 6 0, and fi,m(·, t) := 0 if t 6 −m. We consider the
problem: to �nd a function um ∈ L2(−m, 0;H1

0 (Ω)) ∩ C([−τm, 0];L2(Ω)) which satis�es
the initial condition

um(x, t) = 0, (x, t) ∈ Ω× [−τm,−m], (26)

and equation (6) in Qm in the sense of integral equality, i.e.,∫∫
Qm

{ n∑
i=1

ai(x, t, um,∇um)vxi
ϕ+a0(x, t, um,∇um)vϕ+vϕ

t∫
t−τ(t)

c(um)(x, t, s) ds−umvϕ′
}
dxdt

=

∫∫
Qm

{ n∑
i=1

fi,mvxi
ϕ+ f0,mvϕ

}
dxdt, v ∈ H1

0 (Ω), ϕ ∈ C1
c (−m, 0). (27)

Existence and uniqueness of a solution of this problem follows from the paper [8].
For each m ∈ N we extend um by 0 onto Q and denote this extension by um again.

Now, we shall get estimates of um for each m ∈ N. First, remark that for each
m ∈ N the function um belongs to L2(S;H1

0 (Ω)) ∩ C(S;L2(Ω)) and satis�es integral
equality (12) with fi,m instead of fi (i = 1, n), i.e., the following equality holds:∫∫

Q

{ n∑
i=1

ai(x, t, um,∇um)vxiϕ+ a0(x, t, um,∇um)vϕ+

+vϕ

t∫
t−τ(t)

c(um)(x, t, s)ds− umvϕ′
}
dxdt

=

∫∫
Q

{ n∑
i=1

fi,mvxiϕ+ f0,mvϕ
}
dxdt, v ∈ H1

0 (Ω), ϕ ∈ C1
c (−∞, 0). (28)
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Applying Lemma 1 with θ(t) = 2e2ωt, t ∈ S, and [σ1, σ2] ⊂ S, σ1 < −m, to equality (28),
we obtain

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx− e2ωσ1

∫
Ω

|um(x, σ1)|2 dx−

−2ω

σ2∫
σ1

∫
Ω

e2ωt|um(x, t)|2 dxdt+ 2

σ2∫
σ1

∫
Ω

e2ωt
[ n∑
i=1

ai(um)um,xi + a0(um)um+

+um

t∫
t−τ(t)

c(um)(x, t, s)ds
]
dxdt = 2

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

fi,mum,xi + f0,mum

}
dxdt. (29)

According to the Cauchy inequality for a.e. t ∈ S we have

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

fi,mum,xi
+ f0,mum

}
dxdt

6
ε

2

σ2∫
σ1

∫
Ω

e2ωt
{
|∇um|2 + |um|2

}
dxdt+

1

2ε

σ2∫
σ1

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt, (30)

for arbitrary ε > 0.
Similar to (24), from (11) for a.e. x ∈ Ω we can get

∣∣∣ σ2∫
σ1

e2ωtum(x, t)

t∫
t−τ(t)

c(um)(x, t, s)dsdt
∣∣∣ 6

6 L
√
τ+χ(ω)

(
2

σ2∫
σ1

e2ωt|um(x, t)|2dt+

σ1∫
σ1−τ+

e2ωt|um(x, t)|2dt
)
. (31)

By (A1), (A3) and (2) we obtain that

σ2∫
σ1

∫
Ω

e2ωt
{ n∑
i=1

ai(um)um,xi + a0(um)um

}
dxdt ≥

σ2∫
σ1

∫
Ω

e2ωt
{
K1|∇um|2 +K2|um|2

}
dxdt

=

σ2∫
σ1

∫
Ω

e2ωt
{

(δ + 1− δ)K1|∇um|2 +K2|um|2
}
dxdt

>

σ2∫
σ1

∫
Ω

e2ωt
{

(1− δ)K1|∇um|2 + (δK1/K0 +K2) |um|2
}
dxdt, (32)

where δ > 0 is a constant close to 1.
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By (29) using estimates (30), (31) and (4), and condition (26), and taking σ1 < −m
we obtain

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx+ (2(1− δ)K1 − ε)
σ2∫
−m

∫
Ω

e2ωt|∇um(x, t)|2dxdt

+

(
2
(
δK1/K0 +K2 − ω − 2L

√
τ+χ(ω)

)
− ε
) σ2∫
−m

∫
Ω

e2ωt|um(x, t)|2dxdt

6 ε−1

σ2∫
−m

∫
Ω

e2ωt
n∑
i=0

|fi,m(x, t)|2dxdt. (33)

If we take ε = min{δK1/K0 +K2 − ω − 2L
√
τ+χ(ω), (1− δ)K1}, then

e2ωσ2

∫
Ω

|um(x, σ2)|2 dx+ C4

σ2∫
−m

∫
Ω

e2ωt|∇um|2 dxdt 6 C5

σ2∫
−m

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt,

(34)

where C4 and C5 are positive constants depending on K0,K1,K2, L, τ
+ and ω only.

It is clear that um belongs to L2
ω(S;H1

0 (Ω)). Therefore, from (34) we obtain

e2ωσ

∫
Ω

|um(x, σ)|2 dx+ C4

σ∫
−∞

∫
Ω

e2ωt|∇um|2 dxdt 6 C5

σ∫
−∞

∫
Ω

e2ωt
n∑
i=0

|fi,m|2dxdt, σ ∈ S.

(35)

By the de�nition of fi,m, from (35) we have

e2ωσ||um(·, σ)||2L2(Ω) 6 C5

σ∫
−∞

e2ωt
n∑
i=0

||fi(·, t)||2L2(Ω) dt, σ ∈ S, (36)

‖um‖L2
ω(S;H1

0 (Ω)) 6 C6

n∑
i=0

‖fi‖L2
ω(S;L2(Ω)), (37)

where C5 > 0, C6 > 0 are positive constants depending on ω, τ+,K0,K1,K2 and L only.
Let us show that {um} is a Cauchy sequence. Taking arbitrary k, l ∈ N such that

k < l and considering di�erence between uk and ul, similarly as estimate (35), for any
σ ∈ S such that −k 6 σ 6 0 one can obtain

e2ωσ

∫
Ω

|uk(x, σ)− ul(x, σ)|2 dx+ C7

σ∫
−l

∫
Ω

e2ωt|∇(uk − ul)|2 dxdt

6 C8

σ∫
−l

∫
Ω

e2ωt
n∑
i=0

|fi,k − fi,l|2dxdt, (38)
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where C7 and C8 are positive constants independent of k, l. Thus

e2ωσ‖uk(·, σ)− ul(·, σ)‖2L2(Ω) 6 C8

−k∫
−l

e2ωt
n∑
i=0

‖fi(·, t)‖2L2(Ω) dt, −k 6 σ 6 0, (39)

‖uk − ul‖L2
ω(S;H1

0 (Ω)) 6 C9

−k∫
−l

e2ωt
n∑
i=0

‖fi(·, t)‖2L2(Ω) dt. (40)

The condition fi ∈ L2
ω(S;L2(Ω)) implies that the right-hand sides of inequalities

(39) and (40) tend to zero when k and l tend to +∞. This means that the sequence
{um}∞m=1 is a Cauchy sequence in the space L2

ω(S;H1
0 (Ω))∩C(S;L2(Ω)). Consequently,

we obtain the existence of the function u ∈ L2
ω(S;H1

0 (Ω)) ∩ C(S;L2(Ω)) such that

um −→
m→∞

u strongly in L2
ω(S;H1

0 (Ω)) ∩ C(S;L2(Ω)). (41)

Using condition (C2), the Cauchy-Schwarz inequality and (41) we get

σ2∫
σ1

∫
Ω

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s)ds−
t∫

t−τ(t)

c(u)(x, t, s)ds
∣∣∣2dxdt 6

6 τ+

σ2∫
σ1

∫
Ω

( t∫
t−τ+

|c(um)(x, t, s)− c(u)(x, t, s)|2ds
)
dxdt 6

6 L2τ+

∫
Ω

σ2∫
σ1

t∫
t−τ+

|um(x, s)− u(x, s)|2ds dtdx 6

6 L2τ+

∫
Ω

σ2∫
σ1−τ+

s+τ+∫
s

|um(x, s)− u(x, s)|2dt dsdx =

= L2τ+2

σ2∫
σ1−τ+

∫
Ω

|um(x, t)− u(x, t)|2dtdx −→
m→∞

0.

Thus, we obtain

t∫
t−τ(t)

c(um)ds −→
m→∞

t∫
t−τ(t)

c(u)ds strongly in L2
loc

(Q). (42)

By (A2) and estimate (37) we have that for each σ1, σ2 ∈ S(σ1 < σ2) the estimate

σ2∫
σ1

∫
Ω

|ai(um)|2 dxdt 6 C10

σ2∫
σ1

∫
Ω

(
|um|2 + |∇um|2 + |hi|2

)
dxdt 6 C11 (43)

is correct, where C10 and C11 are positive constants independent of m.
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Hence, from (43) we obtain that the function ai(um) is bounded in L2
loc

(Q). This
and (41) yield that there exists a subsequence of {um}∞m=1 (denoted also by {um}∞m=1)
and functions χi ∈ L2

loc
(Q) (i = 0, n) such that

um −→
m→∞

u, um,xi −→
m→∞

uxi a.e. on Q, i = 0, n, (44)

ai(um) −→
m→∞

χi weakly in L2
loc

(Q), i = 0, n, (45)

Condition (A1) and (44) yield

ai(um) −→
m→∞

ai(u) a.e. on Q, i = 0, n. (46)

By Lemma 1.3 from [18], (45) and (46) we obtain

ai(um) −→
m→∞

ai(u) weakly in L2
loc

(Q), i = 0, n. (47)

Let us show that the function u is a weak solution of problem (6), (7), (8). For
this purpose, we tend m → ∞ in identity (27), taking into account (41), (42), (47)
and the de�nition of the function fi,m. As a result we obtain identity (12). Now, taking
into account (41), we let m→ +∞ in (36). From the resulting inequality and condition
f ∈ L2

ω(S;L2(Ω)), we obtain condition (8). Hence, we have proven that u is a weak
solution of problem (6), (7), (8).

It is easy to show that inequalities similar to (36), (37), with u instead of um hold.
Thus, estimates (15), (16) hold. �
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