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The initial boundary value problem for a semilinear hyperbolic equation in a
bounded cylindrical domain is considered. Existence conditions for this problem are
obtained in generalized Lebesgue spaces.
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1. Problems for nonlinear hyperbolic equations were considered by many authors
[1-36]. The mixed problem for such equations are well studied in Sobolev spaces specially
in case of bounded domains with respect to spacial variables. In particular, semilinear
hyperbolic equation of the form

g — Au+ aug + BlulP"%u 4+ y|u |9 uy = f(x,t),

where @ > 0, 7 > 0, 8 € R and p, ¢ are constants, is the subject of research in [1-22].
Cauchy problems for the previous equation are examined in [1-7] and mixed problems in
[8-14] respectively. For these problems the conditions on the coefficients of the equati-
on and nonlinearity exponents are stated which provides the existence, uniqueness or
nonexistence of the problems solutions.

Over the last years problems for nonlinear partial differential equations have being
actively studied in some special classes of functions namely in generalized Lebesgue and
Sobolev spaces. The main properties of these spaces are given in [37]. In this article we
consider a mixed problem for certain generalization of the mentioned above equation with
B >0, v >0, in which nonlinearity exponents depend on spacial variables. Conditions
are obtained providing the existence of the solution in generalized Lebesgue spaces.
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2. Formulation of the problem. Let 2 C R" be a bounded domain with the
regular in Calderon’s sense boundary 9 [38], Q; = Q x (0,7), 7 € (0,T], Q¢ 4, =
Q x (tl,tg), 0<t1 <ty T, St = 00 x (O,T)

Consider the following problem in the domain Qr:

n

Ut — Z (aij(2)uz,)e; + Z ai(x, t)uy, + ao(z, t)ur + c(x, t)u +

i,j=1 =1
+bo (2, ) |ue [P @ 20y 4 by (2, ) |u|P @20 = fa,t), (x,t) € Qr, (1)
u|ST =0, (2)
w(z,0) = uo(x), u(z,0)=ui(z), =€l (3)

We denote by LP(*)(Q) the class of all measurable functions v, defined on €, for
which [ [v|Po(®) dx < +o0. Tt is proved in [37] that LP°(*)(Q) is a Banach space with the
norm

||v; LP@ ()| = inf{)\ >0 /|v/A|P0<ff> da < 1}.
Q

Let

V(Q) = Hy(Q) N LP(Q) 0 LM E(Q), V(Qr) = Hy(Qr) N LPW(Qr) N LM (Qr),
1 1
q(z) = min{2,p, ()}, b(z) = min{pyH(z),p|(x)}, —— + ——=1,i=0,1.
(z) {2,p0(2)}, b(x) {po(@),p1(x)} i@ P
We assume that for the coefficients of equation (1) the following conditions hold:
(A): ai; € L™(Q), aij(z) = aji(x), 1,7 =1,...,n for a. e. z € Q;
S ai(@)&& =00 > &%, 60 > 0 for all £ € R™ and for a. e. z €
ij=1 i=1
a;,c € L>®(Qr), i=0,1,...,n;
(B): bo,bl,blt S LOO(QT), bo(ﬂl‘,t) = ﬁo >0, bl(l‘,t) = ﬁl >0 a.e. in QT;
P):pi : Q — (1,400), p; € L™®(Q), 1 < p; < p; < +oo, where p, =
essigfpi(x), Di = esssupp;(x), i =0, 1.
Q

Definition. By a weak solution of problem (1) — (3) we understand the function
u € L>(0,T; Hy () N LP*@)(Qr) N C([0,T]; L2(Q)), ue € L*(Qr) N L™ (Qr) that
satisfies the equality

/utvdx—/ul(x)vdx—i-/

Qr Qo QT

n
—uvy + E i (T) Uz, Vg +
3,j=1

+ Z ai (2, )z, v + ao(z, t)uw + c(z, tyuv + bo(z, )| PO 2w +
i=1

+b1 (z, ) |[u[Pr @200 — f(z, o] dedt =0, Y veV(Qr), v € L*(Qr)
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and the initial data u(z,0) = ug(z).
3. Existence of a weak solution. We define a functional pp, (-, §2) as follows:

%JMQ%=/W@N”@dx
Q

for any functions v for which the right side makes sense. To prove the main result of this
paper, we need the auxiliary lemma.

Lemma. The functional py, (-, Q) is lower semicontinuous.

Proof. Let us consider some facts from the functional analysis. By Theorem 1.22
[39, p. 173] it is known that if M is a closed linear subset of a Banach space X and
vo € X\ M, then there exists h € X* such that (h,v9)x =1, (h,v)x =0 forall v e M

1
dist (v, M)
We will also use the generalized Holder’s inequality

and, in addition, ||h]|x+ =

/Iv(x)w(x)l da < g |03 [LP Q)| [ L ()],
Q

which is true for all w € LP®)(Q), v € [LPo(*)(Q)]* and where 7, is a constant that
depends only on py and Q [37].

Let vy € LPo(®)(Q). Fix an arbitrary r > 0. It is clear that there exists a closed linear
space M, (for instance, a hyperline in LPo(®)(Q)) such that dist(vo, M,) = % There
also exists an element h, € [LP(®)(Q)]* such that, in particular, (hryv0) Lo () = 1
and |[hr|[jzroe) ()« = 1. Hence, the following statement holds: for arbitrary v €
Lre@(Q), 2 > 0, r > 0 (let vo = %) there exists h € [LP*(®(Q)]* such that
(hv) Lroe) (@) = Z and [[h|[(pro@ ()« = 7 It is obvious that i depends on v, Z, r.

Now prove the statement of lemma. Let v,,, — v weakly in LP°(®)(Q) as m — co. Then
there exist such constants ¢; > 0, ¢z > 0 that ||v; LP°®)(Q)|| < ¢1 and py, (Vm, Q) < co
for arbitrary m € N. First of all let us assume that lim |[v,; LP°(®)(Q)|| # 0. Then

lim p(vm, Q) # 0. Hence, there existnumbers mg € N, é& > 0, é& > 0 such that for all

m = mo & < p(vm, Q) < &, & < [|vm; L@ (Q)]] < &. Let 2 = p(v,Q), r = a

Tpo 52 '
For these Z, r, v choose a corresponding h € [LP(®)(Q)]*. Then

p(v, Q) =z= <haU>Lm(m)(Q) = w}i_{noo<havm>Lpo(1)(Q) <
< i, || L Q)] [Joms O] < _Lim_rpyrée = &1 < _lim_p(v, Q).
Now let us suppose that lim ||v,,; LP*®)(Q)|| = 0. Reflexivity of the space LP°(®)(Q)

gives ||v; LPo®)(Q)|| < lim_|[vy,; LP0(®)()|| = 0. This implies v = 0. Hence, p(v, ) =
0< lim p(vp, ). This completes the proof of the lemma.
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Theorem. Suppose that conditions (A), (B), (P) are true and besides that f €
LY)(Qr), ug € H(Q) N L) (Q), uy € L*(Q). Then there exists a weak solution u of
the problem (1) — (3) such that uy € L?((0,T); H=1(Q)) + L*@(Qr).

Proof. We use Faedo-Galerkin’s method. As V() is a Banach separable space, there
exists a linearly independent dense everywhere in V() set of functions {¢*}ren which

N
is orthonormal in L2(Q). Let us consider a sequence u™ (z,t) = Y CN(t)p*(z), N € N,
k=1

where (CV,...CJY) is a solution of the Cauchy problem

/[uttgok—i— Z a;j(z ughgo% —|—Za1 x, t)uly R P ao(x, yuN oF + ez, t)u™N o +

i,j=1 i=1
+bo (2, t)[ulY [P 24N P 4 by (2, 1) [uN PO 72N oF — f(a, t)so’“] dx =0, (4)
CH(0) = ufly, CY(0) =uly, (5)
N

:Zué\{kcpk(x), “1 ) Z% k‘P
k=1

||uév - u0||Hg(Q)mLm<m>(Q) — 0, ||u1 - U1||L2(Q) — 0.

Substitute C¥ (t) = yr(t), CN(t) = zx(t). Taking into account the orthonormality of
{¢*}ken in the space L2(12), (4), (5), we obtain

Z;@(t)=—/{z a;(x Zyz%%, +Za1 (@,t) Zyz% o* +
Q
N

4,j=1
N N po(x)—2 N
+ao(z, t) Z 20" + c(z,1) Zylgolgok +bo(z,1) Z 21" Z 2t oF +
1=1 1=1 =1 I=1
p1(z)—2 N
tbi(a.t) we' ¢ = fe.0g* | dn, k=1, Q
=1
ye(0) = uévkv 25(0) = u{\fk' (7)

Rewrite system (6) in the following way:

yk = Zk,
2y = fre(yi, - YN, 215 2N).
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Let [T, = {(y,z) € R* : |y;| < a, |2 < a,i=1,... N}. The Holder inequality gives the
estimate

po(z)—1 N B
po(@)—1 I {po(e)—1 N ey
< Jal " [P TN Go@ =107
=1

Z 26

} N
=1

N
< N%amm—lzwmz)—y

1=1
Thus, the functions fi satisfy the conditions of Caratheodory Theorem [40, p. 54]. Then
there exists a continuously differentiable solution of problem (6), (7) which is determined
in some interval (0,t9] and has absolutely continuous derivative. From the estimates
obtained below it follows that tqg = T'.

Multiplying equation (4) by the functions Cﬁe*”t, n > 0 respectively, summing by k

from 1 to N and integrating along the interval (0, 7], 7 € (0,7, we obtain

/{uttut + Za” )y uwt—l—Zalxtu ul +ao(z, t)ul | + c(z, )uNul +
,j=1 i=1

.

+bo(a, ) [ul¥ PO by (2, ) [u™ [P 20Nl — fa, tu } e " dxdt = 0. (8)
Estimate the addends in (8), taking into account the conditions of the theorem:

I = /uguiv M dy dt = /|ut |2 dx — —/|u1 |2de+ 2 /|uN |2e™" dx dt;

I —/Za” u u € "M dx dt = /Za” u e T dy —

i,j=1 i,j=1
——/ E a;;(z uowiuogﬂ dr + - / E a;j(z uNuNe " dx dt >
,5=1 1,5=1

> 50/|VUN|267"de—70/|Vuév|2dx+%/|VUN|267ntdxdt’
Q Qo Q-

Ag=n max ess sup lai;(z)|;

1
I3 := /Zai x, t)uly Ut e Mdxdt < 3 /[A1|VuN|2+|u£v|2]e_7ltdxdt,

r

Ay = esssup Z a?(x,t);

T 4=1

I, = /ao(x t)|ulN P do dt < —/| NiZemmt dx dt, Ay = 2esssup |ag(x,t)[;
T

r
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1
Is = [ c(z,)uNulNe ™ dadt < = Cy uN 2+ |uN|? e " da dt, C1 = esssup |e(z, t)];
t 5 t p
T

T T

Is = /bo(x,t)|uiv|p°(r)e_"t dz dt > By / [ulY |Po@) e~ g dt;

Qr Qr
L= / by (, £) [N [P 2uN N e dp dt = / D7) N ps(a) g gy
pi(z)
bl(x O) N p1(z) / 1 N _
— | 2P @ de 4+ | —— (b (z, ) — bry(z, ) [N PP S e dr dt >
ekl 5 0 .1) = b )"

Qo r
> @ / |uN|p1(z)e—nT dr — @ / |ué\7|p1(z) dx + <77761 _ %) / |uN|p1(r)e—nt dz dt,
P P P1 P
Qr Qo Qr

o = esssup by (@.0)], s = esssup (. 1)

Qr
0 / 1
Ii= [ fa e dvdt < [ [ 20| <$>+W|f<x,t>|q<ﬂe’”dwdts
. Qr 0 q()
< 5—0/|uN|q/(I)e*”tdxdt+ : /|f(x H)|1® e~ dg dt L—i— ! =1
7 ) 5°g ’ Tgx)  q'(x)
Q- Q-
G = essinf ¢(z), g’ =essinfq’(z), o = esssup a(w) 5o € (0,1].
Q ’ Q ’ o q'(z) 7
Since
t
u (2, 1) = u (x,0) + /uiv(x, s)ds,
0
then
[rperavar <or( [luparer [uperasa). o)
- Qo Qr

Thus, taking into account the estimates of the integrals I; — Is and (9), from (8) we
obtain the inequality

2
uNQ—l—t%VuNQ—i—ﬁuNM(z) e " dr + n—1—A;—Cy —
¢ P1

T T

26

=272 = )l 2+ (Bon — A1 ) [Vu® 2 + (280 — Z2(1 = ) ) [u 2 +

2

+2(”7ﬁ1 - @)Mlp“”]e‘"t dz dt < /[W{VI2 N
p1 P 51

Qo
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2
+27Cy [ud |2} do + == / |f(,8)|9®) e da dt, (10)
o 4
Q-

where v =11if g(z) =2 and v =0 if ¢(x) < 2, q(z) £ 2.
Choose n and 6§y such that the following conditions hold:

nb s

T]—2—A2—Cl—2T2>1, 907]—14121, —
4! P

> 1, 6o =min{1;5;7'}.

Then, considering the convergence of u{’ to ug in the space Hg(Q) N LP1®)(Q) and the
convergence of ul to u in the space L?(f), from (10) we have the estimates

/[|uf§\7|2 + |VuN|2 + |uN|p1($)] dr < My, 7€ (0,71, (11)
Q.
/[luivl2 + [VaV |2+ Y [Pl 4 [N P )] do dt < My, (12)
Qr

where M; does not depend on V.
Besides that

/IIuNlpl(””)’QuNl”'l(””) dxdt</|uN|”1($> dz dt < Mo, (13)
Qr Qr
/ [l [P @) =2,N Po(®) g it < / N 7o) da di < M. (14)
Qr QT

From estimates (11) — (14) it follows that

||UN||Loo((o,T);Hg(Q)mme(Q)) + 1w | Lo 0,7y L2(02)) < M, (15)

||UN||L2((0,T);Hg(Q))mLm(m>(QT) < Ms, ||uiv||LP0(m>(QT) < Ms, (16)

N|p1(f£)—2uN||

|||U' M3a |||uiv|p0(z)_2uzltv||LP6($)(QT) < M37 (17)

L5 (Qr) S

where the constant M3 does not depend on N.
On the basis of (15) — (17) there exists a subsequence {u™V*} n, eny C {uN'} yen such that

u™Ne — u % — weakly in L®((0,T); HE (Q) N LP*@)(Q)), u™N* — u weakly in
L*((0,7); Hy () N L7 (Qr), up™ — uy * — weakly in L((0,T)); L*(2)),
uNk — wy weakly in LP°®) (Qr), ul¥*(-,T) — w weakly in L2(£2),

u™N* — u strongly in L?(Qr) and a. e. in Qr,

|uNk|p1(z)—2uNk — x weakly in L:DQ(”:)(QT)7 |uiv’“|p0(z)_2uiv’“ — 2z weakly in
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LPo@)(Qr) as Ny — oo.

Then from Lemma 2.2 [38, p. 57] it follows that y = |u|P*(®) =24,
Let us consider the set of functions

N=1

From (4) we get

n n
/[—uiv’“va + Z aij(x)ui\zkvivj +Zai(x,t)ui\z’“vN + ao(z, tyup o + e(z, tyuVeolN 4
Or ij=1 i=1

+bo(, t)|up [P @ =20 Mo N by (a, )| uNe P12y NegN (2 )N | dodt =

= —/uiv’“vN dm—l—/u{V’CUN dz,

(18)
QT Q0

where N is an arbitrary fixed natural number and N, > N.
Hence, passing to the limit as Ny — oo, obtain

n

n
/{—utvi\f + Z aij(x)uwivm]\; —I—Zai(x,t)uwiv]v + ao(x, ugwN + ez, t)uv™ +
Or ij=1 i=1

+bo(x, t) 20N + by (@, ) [ulPr 2N — f(x,t)vN] dx dt + /va dx = /ulvN dz. (19)
Qr Q0

Taking into account the density of the set 9 in the space H}(Qr) and in the space
LPo@)(Qr) N LPr®)(Q7) [36], from (19) we get the equality

/ [—utvt + Z i (T)Ug, Vg, + Z a; (T, t)ug, v + ao(z, t)uv + c(x, t)uv +

O i,j=1 i=1

+bo(, )20 + by (x, )| u|P* @ 20w — f(x,t)v} dx dt + /wv dx = /ulv dz, (20)
Qr Qo

which is correct for all v € V(Qr), v: € L*(Qr).
In particular, (20) implies the equality in the sense of distributions

Ut = — Z (aij (x)um)r7 - Z ai(xv t)u'fﬂi - CLQ(Z‘, t)ut - C(QL‘, t)u - bo(l‘, t)Z -

ij=1 i=1

—by (2, t)]u[Pr "2 + f(z,1). (21)
Then uy € L2((0,T); H-H(Q)) + LPo@)(Qr) + LPi@)(Qr) < L2((0,T); H 1)) +
LY®(Qr).
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Let b = essigfb(x) and put sy = min{2,b}, 5 = min{2,p,}. Then wu; €

L*((0,T); HY(Q) + L*()). Furthermore, u; € L*(Qr) N LP@)(Qr) C L*(Qr),
u € L2((0,T); H}(Q)). Hence, u € C([0,T]; L*(2)) [8, p- 20].

Denote by s the smallest positive number for which the embeddings L*(Q) C
H=%() and L(Q) < H~*(Q) hold. Then w; € L*((0,T); H*(Q)) and u, €
L*((0,T); H=5(2)), where s = min{sq,s1}. Thus, u, € C([0,T]; H*(Q)) [8 , p.
20).

Let v"V|;—7 = 0. Then

T T
//uiv’“dexdt:—//uN’“vadxdt—/uéV’“dex —

Ny —o0
0 Q 0 Q

Qo
T

— —//uv,fvdxdt—/uodex — — uvtdxdt—/uovdx.
Ny —o0 N—o0
0 Q Qo Qr Qo

On the other hand,

/uiv’“dexdt — ™ de dt = — /uvadxdt—/u(x,O)dex —

Ny —o00 N—oco
Qr Qr Qr Qo
el I dx dt — /u(x, 0)vdx.
Qr Qo
Then
/uov dx = /u(x,O)v dx.
Qo Qo
From here

On the basis of (4) we have

n

n
<ui\t/’“,w>Hé(Q) =— /{ Z aij(x)uivi’“w% + Zai(x,t)ufc\zkw + ao(x,t)uiv’“w + c(x, t)uNrw +
G, “id=1 i=1

+bo(a, 8)ug* [P0 2u w4 by (, )| P12 New — f (x, t)w} dz,

where Ny > N, w € Span{¢?,... oV}
Then

n n
<Ui¥’“,w>Hg,(Q) N T /{ Z A (T)Ug, W, + Z a;(z, t)uz, w + ap(z, ) upw + c(x, t)uw +
G, tig=1 i=1
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+bo(, t)zw + by (2, ) ulP* @ 20w — f(x, t)w] dx weakly in L*(0,T).

On the other hand, from (21) we have

n

d n
E wwdr = — /|: Z Qi (Z‘)’U,m’wz] + Z ai(xa t)ulli,w + aO(xvt)utw +

o, O, Fii=1 i=1

+e(z, tyuw + bo(z, t) 2w + by (z, t)|u|P* @ 20w — f(z, t)w] dx.

Thus,
d d
— [ WNrwde — —t/utwdx weakly in  L*(0,T).

Since <ui\tf"‘,w>Hé(Q) € L*(0,T), we see that [ wawdz € C([0,T7]). Let ¢ € C([0,T]) and
Q
©(T) = 0. Then

T
/%(/mwdm)pdt: —/utww/dxdt—/ut(l‘,O)wgo(O) dzx.

0 Q4 Qr Qo

On the other hand,

T
d
/—</uiv’“wdx>g0dt:—/uiv’“wgo’dxdt—/uiv’“wcp(O)dx —

0 Q Qr Qo
N / wwy’ dx dt — /ulwgo(O) dx.
Qr Qo
Thus,
/u1w<p(0) dx = /ut(x, 0)we(0) dx for all N € N,
Qo Qo

that is,
ug(z,0) = uq(z).

Choosing ¢(0) = 0, we can prove in a similar way that u;(x,T) = w(z). Then the equality
(20) can be written in the form

n n
/ [—utvt + Z @i (T) Uz, Vg; + Z ai(z, )uz,v + ag(z, t)uw + c(x, t)yuv + bo(z, t)zv +
Or ij=1 i=1

+by (2, )| uPr @200 — f(z, t)

dxdt—i—/utvdx: /ul(x)v dx, (22)

Qr Qo
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which is correct for all v € V(Qr), vi € L?(Q7).

Now prove that z = |ut|p1(I)*2ut. Let 70, 7 € (0,T), 710 < 7, m € N, O, be a
continuous piecewise linear function on the interval [0, T] such that ©,,(t) =1, 7o+ 2 <
t<7—2,0n1)=0,t>7—1 t<7+ L. Let p be aregularizing sequence in D(]R)

pi(t) = pi(=1),
+oo

11
/m(ﬂdt:l, supp o1 C [—7,7}

—00

Put in (22) v = ((©me ™uy) * p; * p)Ome™ ", where | > 2m and * denotes the
convolution by ¢. As

v = ((Ome ™ Muy) % pr % p1)tOme ™™ + ((Ome™uy) * pr * p)O) e —
—0((Ome™"ur) * pr * pr)Ome™ ",

then the first addend of equality (22) can be presented in the following form:

— / uvy do dt = /((@mute*”t)t * p)((Omuse™) % pp) da dt —

Qr Qr

- /((@T’nute_”t) % p1) (O mue™™) % py) dxdt +n /((@mute_”t) * p)? dx dt e
Qr Qr

— / lug| 202,621 da dt — / [ut|?©,,0, e dx dt =

/|ut|2 20 dg dt + — /|ut|2 AT g — /|ut|2672"70dx.
m—00
QT

TO,T

Similarly, for the second term of equality (22) we have

n n

Z a5 (2) Uy, Vs, d dt = / Z aij () (g, Ome™ ™) * p1) (g, Ome ™) % py) da dt +
Qr =1 Gr bI=1
1 [ 32 a5 ) (1, @) ) (s, O ) 5 ) vt
Qp BI=1
—/ Z aij () ((tg; Ome™ )  p1)((ug, 0, € MY % py) da dt P
Op BI=1 I=o0
P / Z a;j(z ughuw]@2 —20t do dt — / Z @i (T) Uz, Uz ; Om 0/ e Mt de dt —
o Qp W=t Qp W=t

/g A (T) Uz, Uz € 2t dy dt + = /E i (T) Uy, Uz € =27 g —
m—0o0

Qlel 1,7=1
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1 n
—5/ Z aij(x)ug;iuzje”m0 dx.
Q!

ij=1

Moreover,

/ [Z ai (2, g, + ao(z, t)uy + c(z, t)u + bo(x, t)z + by (z, t)|ulP* @2y —

Qr L=t

l,m—o0 .
i=1

—flz, t)} vdexdt — [Z ai(z, t)ug, + ao(z, t)us + c(x, t)u +
Qro,r

+bo(,t)z + by (¢, t) |uPr 24 — f(z, t)] uge” 2™ dx dt.

Thus, for a.e. 79, 7 € (0,7T) the following equality holds

1 - s 1
5/ ui + Z aij(x)uriu%]e 2n dx—i/

Q- h,j=1 Oy

n

2 —2

uy + E @i () U Uy, | €170 da +
ig=1

n n
+ / [(77 +ap(x, t))u? +n Z @i () Uz Ug; + Z a;(z, t)uz, up + c(x, t)uuy +
Qo ij=1 i=1

+bo(, t)zus 4 by (, t) [uP @~ 2uu, — f(z, t)uy | e 2" do dt = 0. (23)

Since u € L>=((0,T); Hg(2)) and u; € L>((0,T); L*(2)), we see that ||ug (-, t)||r2() <
My, JuCt)l|gr) < My forae. t € (0,7]. Suppose that 7 is a nonexclusive point

of the functions u(-,t), us(-, ). Then for the sequences u™(-,7), ul*(-,7) we obtain

uMNe(7) — thy  weakly in  HE(Q), u™N*(-,7) — 1y strongly in  L?*(Q),
uNE(T) — by a.e.in Q, ul*(-,7) — ¢ weaklyin L%*(Q) as Nxg — oco. (24)

This implies
[uNe (-, 1) [PrE =20 Nk (1) s o PPy weakly in LP1®)(Q).

Let {7x}ren C (0,T) be a sequence of nonexclusive values for [[u;(-,?)||z2(q) and
|[w(- )] 2 () such that klim T, =7, T € [0,T]. Then from the estimates

(s Tl mp ) < Ma, (e, )2 () < Ma,

we obtain the existence of a subsequence of the sequence {7 }ren (let it again be {73 }ren)
such that

u(-, k) — o weakly in H3(Q), us(-,7%) — ¢y weakly in L*(Q) as 7y — 7.
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On the other hand, we have the convergence
(k) — u(-,7) in L2(Q), w(-, ) — ue(-,7) weaklyin H°(Q) as 7, — T.

Hence, 91 (x) = w(x, 7) and ¢o(x) = u(z, 7).
Now choose {7§}ren a sequence of nonexclusive values for |lu¢(-,t)||r2() and
|[w(- )]l 2 () such that klim & = 0. Consider (23) in which 7y is substituted by the

elements of the constructed sequence {75 }.en. Further passage to the limit as k — oo
and Lemma 5.3 [38, p. 20 | provide the fulfillment of the inequality

up+ ) ai (if)umuwjl e 1 d + /

ni=t Q-

(n+ ao(, t))ui +

+n Z @i () Uy + Z a;(, t)ug, up + c(x, t)uuy + bo(x, t)zuy +

ij=1 i=1
1
—l—p @ (2nb1 (z,t) — blt(x,t))|u|p1(””) - f(x,t)ut] e 2 dx dt +
1
1
+/p1( )|u|P1(z) e dy > = / u? + Z @ (20,2, uo 2, | da +
Q. Qo i,j=1
1
+/ u[Pr®) dg, (25)
p pi(z)
0

If up = 0 and uy = 0, then (25) transforms into an equality.
Let us consider the sequence

0< = [ bola )l P22 — o2 e — o) dodt =
Qr

n n
= / lf(x,t)uiv —ui\t/"uivK — Z aij(x)ui\zkuffj’; — Zai(x,t)ugku,{v’“ —
i,j=1 i=1

Q-

—ag(z, )| uNF|? — ez, uNrul® — by (2, t)|ulNeE [P @) =2 Ney Ne | =20 g qt —

B / bo (e, ) [P0~ 2u ey 4 0[P~ 2 (e — p)]e=2" d dt =
Qr

:/[f(x,t)uiv — (9 + ao(z, ) [ul*|> — 21 Z ai;(x —zn:al(x )l s —
i=1

Q- nI=t
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—c(z, yuNruNE —

AE

.

1
p1(x) (2nb1 (2, t) — bue(z, t))|UNk |p1(z)] e M da dt —
1

N |2 E Nk
| =+ al] a:, a:j +

3,j=1

1
by (z, 7)|uN* Pi() | =207 o 4
@) (z, 7)[u™*]

ik

Qo

- / bo (2, ) [|ulNe [P @) =24 Neyy 4 |p|Po @) =24y (N — )27 dz dt. (26)
o,

1
ulVr |2 + a; u + —
| 1 | 1]2:1 1] 0, rl 0 r7 p1($)

bi(x,0)|ulN* |p1(z)] dx —

It is easy to show that for sufficiently large n the functional
Qr

+Zai(x,t)ui\i’“uiv’“ + c(x,t)uN’“uiv’“l e 2 dx dt) , 7€ (0,7

(1 + ao(w, £))|uy " [* + 21 Z ai (w)ug upt +
1,7=1

N =

is equivalent to the norm [|u®* |lm1(q,) and the functional

1
Jo(uVr) = / @ (2nby (z,t) — byy(z, ) [uVE PP @21 qrdt, 7 e (0,T]
1

-

specifies a norm in the space LP*(*)(Q,) which is equivalent to the norm ||uN* lLr1e)(Q,)-
Taking into account (26), (24), Lemma at the beginning of this section and Lemma 5.3
[38, p. 20], we obtain

0<yr= / [f(x,t)ut — (+ ao(z, ) Juel® — 20 Y aij(2)ue,ua, —

Qr i,j=1
- 1
= ai(w, thug,up — c(, tuw, — m(%bl(x’t) _ blt(x’t))|u|p1(r)‘| e
=1 1
1
/l el + Z @ij (), Ua; + ———<b1(2, T)|U|p1(‘”)1 e dx +
i,j=1 pl(x)

it

Qo

2 §
|U1| + azg UO ,x; U0, T +
1,j=1

1
p1(x)

bl(x,0)|u|p1($)1 dx—
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- / bo (@, )20 + [P @ 2p(uy — )]e M dzdt, ¥ ve LPE(Q,).  (27)
Q-
By adding (25) and (27), we get

0<yp = / bo (@, £) (s — 0)( — [0 20)e =27 dg dt. (28)
Q-
Suppose that {74 }ren is a sequence of nonexclusive points of the function u(-,t) such

that lim 7, = 7. Then from (28) for all v € LP°(*)(Qr) we obtain the estimate

k—o0

0< yp = / bo(z, 1) (ur — v)(z — |v|Pe @ ~20)e =2 dz: dt. (29)
Qr

Let us consider the functional

1

_ Po(®) Jp dt po(@) )

J(v) /po(x)|v| rdt, ve (Qr)
QT

Since J(u) is convex and its derivative in Gateaux’s sense equals

J'(v) = / [o|Po®) =2y dz dt,
Qr

then according to [8, p. 169] the operator A : LPo®)(Qr) — Lpf)(‘"”)(QT) which is defined
by the formula

(Av,u), = / [o|Po @) =2py, dz dt,
Qr

where ( , ); denotes the pairing between the spaces Lpé(ﬁ)(QT), LPo®@)(Qr), is semi-
continuous. Taking into account (29), we have the inequality

(z— Av,uy —v)1 20, Yuy, ve LP®(Qr). (30)

Let us take in (30) v = u; — \w, where A > 0, w € LP(®)(Q7) are arbitrary. Passing to
the limit as A — 0 we get

(z — Aup,w); =20 forall we LPo(w)(QT),

Let h be an arbitrary element from LP°(*)(Qr). By setting in the last inequality first
w = h and then w = —h, we obtain z = |us|[P?(®)=24,. Thus, u is a weak solution of
(1) = (3). The proof of the theorem is completed.
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