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utt − ∆u+ αut + β|u|p−2u+ γ|ut|q−2ut = f(x, t),

��
	
 α � 0, γ � 0, β ∈ R ��� p, q �	
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�� ����
�����	 �� ��� �������� 3
� Ω ⊂ R
n �
 � �
���
� �
���� ���� ��


	
1���	 �� *���
	
�4� �
��
 �
����	� ∂Ω ��+!' Qτ = Ω × (0, τ)' τ ∈ (0, T ]' Qt1,t2 =
Ω × (t1, t2), 0 � t1 < t2 � T, ST = ∂Ω × (0, T )�

*
����
	 ��
 �
��
���1 �	
��
� �� ��
 �
���� QT 5

utt −
n∑

i,j=1

(aij(x)uxi)xj +
n∑

i=1

ai(x, t)uxi + a0(x, t)ut + c(x, t)u+

+b0(x, t)|ut|p0(x)−2ut + b1(x, t)|u|p1(x)−2u = f(x, t), (x, t) ∈ QT , 6�7

u|ST = 0, 6)7

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω. 6�7

8
 �
�
�
 �� Lp0(x)(Ω) ��
 ����� 
� ��� �
���	���
 ������
�� v, �
9�
� 
� Ω, �
	
�����

∫
Ω |v|p0(x) dx < +∞. &� �� �	
%
� �� ���! ���� Lp0(x)(Ω) �� � :����� ����
 ���� ��


�
	�

||v;Lp0(x)(Ω)|| = ���

{
λ > 0 :

∫
Ω

|v/λ|p0(x) dx � 1

}
.

3
�

V (Ω) = H1
0 (Ω) ∩ Lp0(x)(Ω) ∩ Lp1(x)(Ω), V (QT ) = H1

0 (QT ) ∩ Lp0(x)(QT ) ∩ Lp1(x)(QT ),

q(x) = min{2, p ′
0(x)}, b(x) = min{p ′

0(x), p
′
1(x)},

1
p i(x)

+
1

p ′
i(x)

= 1, i = 0, 1.

8
 �����
 ���� �
	 ��
 �

.��
��� 
� 
�����
� (1) ��
 �
��
���1 �
�����
�� �
��5
���5 aij ∈ L∞(Ω), aij(x) = aji(x), i, j = 1, ..., n �
	 �� 
� x ∈ Ω;

n∑
i,j=1

aij(x)ξiξj � θ0
n∑

i=1

|ξi|2' θ0 > 0 �
	 ��� ξ ∈ R
n ��� �
	 �� 
� x ∈ Ω;

ai, c ∈ L∞(QT ), i = 0, 1, ..., n;
���5 b0, b1, b1t ∈ L∞(QT )' b0(x, t) � β0 > 0' b1(x, t) � β1 > 0 �� 
� �� QT ;

���5 pi : Ω → (1,+∞), pi ∈ L∞(Ω), 1 < pi � p̂i < +∞, ��
	
 pi =

�� inf

Ω
pi(x), p̂i = 
�� sup

Ω
pi(x), i = 0, 1.

�� 	����	� :� � �
�< �
����
� 
� �	
��
� 6�7 = 6�7 �
 ���
	����� ��
 ������
�
u ∈ L∞(0, T ;H1

0(Ω)) ∩ Lp1(x)(QT ) ∩ C([0, T ];L2(Ω)), ut ∈ L2(QT ) ∩ Lp0(x)(QT ) ����
�����9
� ��
 
�������∫

ΩT

utv dx−
∫
Ω0

u1(x)v dx+
∫

QT

[
−utvt +

n∑
i,j=1

aij(x)uxivxj +

+
n∑

i=1

ai(x, t)uxiv + a0(x, t)utv + c(x, t)uv + b0(x, t)|ut|p0(x)−2utv +

+b1(x, t)|u|p1(x)−2uv − f(x, t)v

]
dx dt = 0, ∀ v ∈ V (QT ), vt ∈ L2(QT )
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��� ��
 ������� ���� u(x, 0) = u0(x).

!� "#����	$� �� � %��� ���
���	� 8
 �
9�
 � ������
��� ρp0(·,Ω) �� �
��
��5

ρp0(v,Ω) =
∫
Ω

|v(x)|p0(x) dx

�
	 ��� ������
�� v �
	 ����� ��
 	�1�� ���
 ��<
� �
��
� "
 �	
%
 ��
 ���� 	
���� 
� ����
���
	' �
 �

� ��
 ��#����	� �
����

������ -'# ./0&)�*0(+ ρp0(·,Ω) �1 +*2#$ 1#3�&*0)�0/*/1�
,$**.� 3
� �� �
����
	 �
�
 ����� �	
� ��
 ������
��� ��������� :� "�

	
� ��))

���' �� ���! �� �� <�
�� ���� �� M �� � ��
�
� ���
�	 ����
� 
� � :����� ����
 X ���
v0 ∈ X\M, ��
� ��
	
 
#���� h ∈ X∗ ���� ���� 〈h, v0〉X = 1, 〈h, v〉X = 0 �
	 ��� v ∈ M

���' �� ������
�' ||h||X∗ =
1

����(v0,M)
.

8
 ���� ���
 ��
 ��
 1
�
	���2
� >ö��
	4� ��
�������∫
Ω

|v(x)w(x)| dx � rp0 ||v; [Lp0(x)(Ω)]∗|| ||w;Lp0(x)(Ω)||,

����� �� �	�
 �
	 ��� w ∈ Lp0(x)(Ω), v ∈ [Lp0(x)(Ω)]∗ ��� ��
	
 rp0 �� � �
������ ����
�
�
��� 
��� 
� p0 ��� Ω ���!�

3
� v0 ∈ Lp0(x)(Ω). -�# �� �	���	�	� r > 0. &� �� ��
�	 ���� ��
	
 
#���� � ��
�
� ���
�	

����
 Mr 6�
	 �������
' � ���
	���
 �� Lp0(x)(Ω)7 ���� ���� ����(v0,Mr) =
1
r
. "�
	


���
 
#���� �� 
�
�
�� hr ∈ [Lp0(x)(Ω)]∗ ���� ����' �� ��	������	' 〈hr, v0〉Lp0(x)(Ω) = 1
��� ||hr||[Lp0(x)(Ω)]∗ = r. >
��
' ��
 �
��
���1 ����
�
�� �
���5 �
	 �	���	�	� v ∈
Lp0(x)(Ω), z̃ > 0, r > 0 6�
� v0 = v

z̃ 7 ��
	
 
#���� h ∈ [Lp0(x)(Ω)]∗ ���� ����
〈h, v〉Lp0(x)(Ω) = z̃ ��� ||h||[Lp0(x)(Ω)]∗ = r. &� �� 
�%�
�� ���� h �
�
��� 
� v, z̃, r.

?
� �	
%
 ��
 ����
�
�� 
� �
���� 3
� vm → v �
�<�� �� Lp0(x)(Ω) ��m→ ∞. "�
�
��
	
 
#��� ���� �
������� c1 > 0, c2 > 0 ���� ||v;Lp0(x)(Ω)|| � c1 ��� ρp0(vm,Ω) � c2
�
	 �	���	�	� m ∈ N. -�	�� 
� ��� �
� �� �����
 ���� lim

m→∞
||vm;Lp0(x)(Ω)|| 	= 0. "�
�

lim
m→∞

ρ(vm,Ω) 	= 0. >
��
' ��
	
 
#�������
	� m0 ∈ N, c̃1 > 0, c̃2 > 0 ���� ���� �
	 ���

m � m0 c̃1 � ρ(vm,Ω) � c̃2, c̃1 � ||vm;Lp0(x)(Ω)|| � c̃2. 3
� z̃ = ρ(v,Ω), r =
c̃1
rp0 c̃2

.

-
	 ��
�
 z̃, r, v ��

�
 � �
		
��
����1 h ∈ [Lp(x)(Ω)]∗. "�
�

ρ(v,Ω) = z̃ = 〈h, v〉Lp0(x)(Ω) = lim
m→∞

〈h, vm〉Lp0(x)(Ω) �

� lim
m→∞

rp0 ||h; [Lp0(x)(Ω)]∗|| ||vm;Lp0(x)(Ω)|| � lim
m→∞

rp0rc̃2 = c̃1 � lim
m→∞

ρ(vm,Ω).

?
� �
� �� ����
�
 ���� lim
m→∞

||vm;Lp0(x)(Ω)|| = 0. @
A
#�%��� 
� ��
 ����
 Lp0(x)(Ω)

1�%
� ||v;Lp0(x)(Ω)|| � lim
m→∞

||vm;Lp0(x)(Ω)|| = 0. "��� �����
� v = 0. >
��
' ρ(v,Ω) =

0 � lim
m→∞

ρ(vm,Ω). "��� �
���
�
� ��
 �	

� 
� ��
 �
����
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&������� 
/44*1# )'() &*05�)�*01 6789 6:89 6,8 ($# )$/# (05 ;#1�5#1 )'() f ∈
Lq(x)(QT ), u0 ∈ H1

0 (Ω) ∩ Lp1(x)(Ω), u1 ∈ L2(Ω). -'#0 )'#$# #<�1)1 ( 2#(= 1*+/)�*0 u *.
)'# 4$*;+#3 6>8 " 6!8 1/&' )'() utt ∈ L2((0, T );H−1(Ω)) + Lb(x)(QT )�

,$**.� 8
 ��
 -�
�
�B��
	<��4� �
��
�� C� V (Ω) �� � :����� �
��	���
 ����
' ��
	


#���� � ���
�	�� ���
�
��
�� �
��
 
%
	���
	
 �� V (Ω) �
� 
� ������
�� {ϕk}k∈N �����

�� 
	��
�
	��� �� L2(Ω). 3
� �� �
����
	 � �
��
��
 uN(x, t) =
N∑

k=1

CN
k (t)ϕk(x)' N ∈ N'

��
	
 (CN
1 , . . . C

N
k ) �� � �
����
� 
� ��
 *����� �	
��
�∫

Ω

[
uN

ttϕ
k +

n∑
i,j=1

aij(x)uN
xi
ϕk

xj
+

n∑
i=1

ai(x, t)uN
xi
ϕk + a0(x, t)uN

t ϕ
k + c(x, t)uNϕk +

+b0(x, t)|uN
t |p0(x)−2uN

t ϕ
k + b1(x, t)|uN |p1(x)−2uNϕk − f(x, t)ϕk

]
dx = 0, 6,7

CN
k (0) = uN

0,k, C
N
kt(0) = uN

1,k, 6�7

uN
0 (x) =

N∑
k=1

uN
0,kϕ

k(x), uN
1 (x) =

N∑
k=1

uN
1,kϕ

k(x),

‖uN
0 − u0‖H1

0 (Ω)∩Lp1(x)(Ω) → 0, ‖uN
1 − u1‖L2(Ω) → 0.

$��������
 CN
k (t) = yk(t)' CN

kt(t) = zk(t)� "�<��1 ���
 ���
��� ��
 
	��
�
	������ 
�
{ϕk}k∈N �� ��
 ����
 L2(Ω)' (4), (5), �
 
�����

y′k(t) = zk(t),

z′k(t) = −
∫
Ω

[ n∑
i,j=1

aij(x)
N∑

l=1

ylϕ
l
xi
ϕk

xj
+

n∑
i=1

ai(x, t)
N∑

l=1

ylϕ
l
xi
ϕk +

+a0(x, t)
N∑

l=1

zlϕ
lϕk + c(x, t)

N∑
l=1

ylϕ
lϕk + b0(x, t)

∣∣∣∣ N∑
l=1

zlϕ
l

∣∣∣∣p0(x)−2 N∑
l=1

zlϕ
l ϕk +

+b1(x, t)
∣∣∣∣ N∑
l=1

ylϕ
l

∣∣∣∣p1(x)−2 N∑
l=1

ylϕ
l ϕk − f(x, t)ϕk

]
dx, k = 1, . . . , N, 6 7

yk(0) = uN
0,k, zk(0) = uN

1,k. 6�7

@
�	��
 ����
� (6) �� ��
 �
��
���1 ���5{
y′k = zk,

z′k = fk(y1, . . . yN , z1, . . . zN).
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3
�
∏

a = {(y, x) ∈ R
2N : |yi| � a, |zi| � a, i = 1, . . .N}� "�
 >D
��
	 ��
������� 1�%
� ��



������
 ∣∣∣∣ N∑
l=1

zlϕ
l

∣∣∣∣p0(x)−1

�
N∑

l=1

|zl|p0(x)−1|ϕl|p0(x)−1N
p0(x)−1

(p0(x)−1)′ �

� N
p0(x)−1

(p0(x)−1)′ ap0(x)−1
N∑

l=1

|ϕl|p0(x)−1.

"���' ��
 ������
�� fk ������� ��
 �
�����
�� 
� *�	���

�
	� "�

	
� �,E' �� �,!� "�
�
��
	
 
#���� � �
�����
���� ��0
	
������
 �
����
� 
� �	
��
� 6 7' 6�7 ����� �� �
�
	���
�
�� �
�
 ���
	%�� (0, t0] ��� ��� ���
���
�� �
�����
�� �
	�%���%
� -	
� ��
 
������
�

�����
� �
�
� �� �
��
�� ���� t0 = T �

F���������1 
�����
� 6,7 �� ��
 ������
�� CN
kte

−ηt, η > 0 	
��
���%
��' ������1 �� k
�	
� 1 �
 N ��� ���
1	����1 ��
�1 ��
 ���
	%�� (0, τ ], τ ∈ (0, T ], �
 
�����∫

Qτ

[
uN

ttu
N
t +

n∑
i,j=1

aij(x)uN
xi
uN

xjt +
n∑

i=1

ai(x, t)uN
xi
uN

t + a0(x, t)|uN
t |2 + c(x, t)uNuN

t +

+b0(x, t)|uN
t |p0(x) + b1(x, t)|uN |p1(x)−2uNuN

t − f(x, t)uN
t

]
e−ηt dx dt = 0. 6+7

G������
 ��
 ���
��� �� 6+7' ��<��1 ���
 ���
��� ��
 �
�����
�� 
� ��
 ��

	
�5

I1 :=
∫

Qτ

uN
ttu

N
t e

−ηt dx dt =
1
2

∫
Ωτ

|uN
t |2e−ητ dx− 1

2

∫
Ω0

|uN
1 |2 dx+

η

2

∫
Qτ

|uN
t |2e−ηt dx dt;

I2 :=
∫

Qτ

n∑
i,j=1

aij(x)uN
xi
uN

xjte
−ηt dx dt =

1
2

∫
Ωτ

n∑
i,j=1

aij(x)uN
xi
uN

xj
e−ητ dx−

−1
2

∫
Ω0

n∑
i,j=1

aij(x)uN
0,xi

uN
0,xj

dx +
η

2

∫
Qτ

n∑
i,j=1

aij(x)uN
xi
uN

xj
e−ηt dx dt �

� θ0
2

∫
Ωτ

|∇uN |2e−ητ dx− A0

2

∫
Ω0

|∇uN
0 |2 dx+

ηθ0
2

∫
Qτ

|∇uN |2e−ηt dx dt,

A0 = nmax
i,j


�� sup
Ω

|aij(x)|;

I3 :=
∫

Qτ

n∑
i=1

ai(x, t)uN
xi
uN

t e
−ηt dx dt � 1

2

∫
Qτ

[
A1|∇uN |2 + |uN

t |2
]
e−ηt dx dt,

A1 = 
�� sup
QT

n∑
i=1

a2
i (x, t);

I4 :=
∫

Qτ

a0(x, t)|uN
t |2e−ηt dx dt � A2

2

∫
Qτ

|uN
t |2e−ηt dx dt, A2 = 2 
�� sup

QT

|a0(x, t)|;



��3 �����
 ������

��  ����� !����

I5 :=
∫

Qτ

c(x, t)uNuN
t e

−ηt dx dt � 1
2
C1

∫
Qτ

[
|uN |2 + |uN

t |2
]
e−ηt dx dt, C1 = 
�� sup

QT

|c(x, t)|;

I6 :=
∫

Qτ

b0(x, t)|uN
t |p0(x)e−ηt dx dt � β0

∫
Qτ

|uN
t |p0(x)e−ηt dx dt;

I7 :=
∫

Qτ

b1(x, t)|uN |p1(x)−2uNuN
t e

−ηt dx dt =
∫
Ωτ

b1(x, τ)
p1(x)

|uN |p1(x)e−ητ dx−

−
∫
Ω0

b1(x, 0)
p1(x)

|uN
0 |p1(x) dx+

∫
Qτ

1
p1(x)

(ηb1(x, t) − b1t(x, t))|uN |p1(x)e−ηt dx dt �

� β1

p̂1

∫
Ωτ

|uN |p1(x)e−ητ dx− β2

p1

∫
Ω0

|uN
0 |p1(x) dx+

(
ηβ1

p̂1
− β3

p1

) ∫
Qτ

|uN |p1(x)e−ηt dx dt,

β2 = 
�� sup
Ω

|b1(x, 0)|, β3 = 
�� sup
QT

|b1t(x, t)|;

I8 :=
∫

Qτ

f(x, t)uN
t e

−ηt dx dt �
∫

Qτ

[
δ0

q ′(x)
|uN

t |q ′(x) +
1

δ
q(x)

q ′(x)
0 q(x)

|f(x, t)|q(x)

]
e−ηt dx dt �

� δ0
q ′

∫
Qτ

|uN
t |q ′(x)e−ηt dx dt+

1
δγ0
0 q

∫
Qτ

|f(x, t)|q(x)e−ηt dx dt,
1

q(x)
+

1
q ′(x)

= 1,

q = 
�� inf
Ω
q(x), q ′ = 
�� inf

Ω
q ′(x), γ0 = 
�� sup

Ω

q(x)
q ′(x)

, δ0 ∈ (0, 1].

$���


uN (x, t) = uN (x, 0) +

t∫
0

uN
t (x, s) ds,

��
� ∫
Qτ

|uN |2e−ηt dx dt � 2T
(∫

Ω0

|uN
0 |2 dx+ T

∫
Qτ

|uN
t |2e−ηt dx dt

)
. 6�7

"���' ��<��1 ���
 ���
��� ��
 
������
� 
� ��
 ���
1	��� I1 − I8 ��� (9)' �	
� (8) �


����� ��
 ��
�������∫

Ωτ

[
|uN

t |2 + θ0|∇uN |2 +
2β1

p̂1
|uN |p1(x)

]
e−ητ dx+

∫
Qτ

[(
η − 1 −A2 − C1 −

−2T 2 − ν
)
|uN

t |2 +
(
θ0η −A1

)
|∇uN |2 +

(
2β0 − 2δ0

q ′ (1 − ν)
)
|uN

t |p0(x) +

+2
(ηβ1

p̂1
− β3

p1

)
|uN |p1(x)

]
e−ηt dx dt �

∫
Ω0

[
|uN

1 |2 +
2β2

p1

|uN
0 |p1(x) +A0|∇uN

0 |2+
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+2TC1|uN
0 |2
]
dx +

2
δγ0
0 q

∫
Qτ

|f(x, t)|q(x)e−ηt dx dt, 6�E7

��
	
 ν = 1 �� q(x) ≡ 2 ��� ν = 0 �� q(x) � 2, q(x) 	≡ 2.
*�

�
 η ��� δ0 ���� ���� ��
 �
��
���1 �
�����
�� �
��5

η − 2 −A2 − C1 − 2T 2 � 1, θ0η −A1 � 1,
ηβ1

p̂1
− β3

p1
� 1, δ0 = min{1;β0; q ′}.

"�
�' �
����
	��1 ��
 �
�%
	1
��
 
� uN
0 �
 u0 �� ��
 ����
 H1

0 (Ω) ∩ Lp1(x)(Ω) ��� ��

�
�%
	1
��
 
� uN

1 �
 u1 �� ��
 ����
 L2(Ω)' �	
� 6�E7 �
 ��%
 ��
 
������
�∫
Ωτ

[|uN
t |2 + |∇uN |2 + |uN |p1(x)] dx � M1, τ ∈ (0, T ], 6��7

∫
QT

[|uN
t |2 + |∇uN |2 + |uN

t |p0(x) + |uN |p1(x)] dx dt � M1, 6�)7

��
	
 M1 �

� �
� �
�
�� 
� N �
:
���
� ���� ∫

QT

||uN |p1(x)−2uN |p ′
1(x) dx dt �

∫
QT

|uN |p1(x) dx dt � M2, 6��7

∫
QT

||uN
t |p0(x)−2uN

t |p ′
0(x) dx dt �

∫
QT

|uN
t |p0(x) dx dt � M2. 6�,7

-	
� 
������
� 6��7 = 6�,7 �� �
��
�� ����

‖uN‖L∞((0,T );H1
0(Ω)∩Lp1(x)(Ω)) + ‖uN

t ‖L∞((0,T );L2(Ω)) � M3, 6��7

‖uN‖L2((0,T );H1
0 (Ω))∩Lp1(x)(QT ) � M3, ‖uN

t ‖Lp0(x)(QT ) � M3, 6� 7

‖|uN |p1(x)−2uN‖
Lp ′

1(x)(QT )
� M3, ‖|uN

t |p0(x)−2uN
t ‖

Lp ′
0(x)(QT )

� M3, 6��7

��
	
 ��
 �
������ M3 �

� �
� �
�
�� 
� N �
/� ��
 ����� 
� 6��7 = 6��7 ��
	
 
#���� � ����
��
��
 {uNk}Nk∈N ⊂ {uN}N∈N ���� ����

uNk → u ∗ − �
�<�� �� L∞((0, T );H1
0 (Ω) ∩ Lp1(x)(Ω)), uNk → u �
�<�� ��

L2((0, T );H1
0 (Ω)) ∩ Lp1(x)(QT ), uNk

t → ut ∗ − �
�<�� �� L∞((0, T );L2(Ω)),
uNk

t → ut �
�<�� �� Lp0(x)(QT ), uNk
t (·, T ) → w �
�<�� �� L2(Ω),

uNk → u ��	
�1�� �� L2(QT ) ��� �� 
� �� QT ,

|uNk |p1(x)−2uNk → χ �
�<�� �� Lp ′
1(x)(QT ), |uNk

t |p0(x)−2uNk
t → z �
�<�� ��



�05 �����
 ������

��  ����� !����

Lp ′
0(x)(QT ) �� Nk → ∞.

"�
� �	
� 3
��� )�) ��+' �� ��! �� �
��
�� ���� χ = |u|p1(x)−2u�
3
� �� �
����
	 ��
 �
� 
� ������
��

M =
∞⋃

N=1

MN , ��
	
 MN = {vN : vN (x, t) =
N∑

k=1

dN
k (t)ϕk(x), dN

k ∈ C1([0, T ])}.

-	
� 6,7 �
 1
�∫
QT

[
−uNk

t vN
t +

n∑
i,j=1

aij(x)uNk
xi
vN

xj
+

n∑
i=1

ai(x, t)uNk
xi
vN + a0(x, t)uNk

t vN + c(x, t)uNkvN +

+b0(x, t)|uNk
t |p0(x)−2uNk

t vN + b1(x, t)|uNk |p1(x)−2uNkvN − f(x, t)vN

]
dx dt =

= −
∫

ΩT

uNk
t vN dx+

∫
Ω0

uNk
1 vN dx, 6�+7

��
	
 N �� �� �	���	�	� 9#
� ����	�� ����
	 ��� Nk � N.
>
��
' ������1 �
 ��
 ����� �� Nk → ∞' 
�����∫

QT

[
−utv

N
t +

n∑
i,j=1

aij(x)uxiv
N
xj

+
n∑

i=1

ai(x, t)uxiv
N + a0(x, t)utv

N + c(x, t)uvN +

+b0(x, t)zvN + b1(x, t)|u|p1(x)−2uvN − f(x, t)vN

]
dx dt+

∫
ΩT

wvN dx =
∫
Ω0

u1v
N dx. 6��7

"�<��1 ���
 ���
��� ��
 �
����� 
� ��
 �
� M �� ��
 ����
 H1
0 (QT ) ��� �� ��
 ����


Lp0(x)(QT ) ∩ Lp1(x)(QT ) �� !' �	
� 6��7 �
 1
� ��
 
�������∫
QT

[
−utvt +

n∑
i,j=1

aij(x)uxivxj +
n∑

i=1

ai(x, t)uxiv + a0(x, t)utv + c(x, t)uv +

+b0(x, t)zv + b1(x, t)|u|p1(x)−2uv − f(x, t)v
]
dx dt+

∫
ΩT

wv dx =
∫
Ω0

u1v dx, 6)E7

����� �� �
		
�� �
	 ��� v ∈ V (QT ), vt ∈ L2(QT ).
&� ��	������	' 6)E7 �����
� ��
 
������� �� ��
 �
��
 
� ����	�����
��

utt = −
n∑

i,j=1

(aij(x)uxi)xj −
n∑

i=1

ai(x, t)uxi − a0(x, t)ut − c(x, t)u− b0(x, t)z −

−b1(x, t)|u|p1(x)−2u+ f(x, t). 6)�7

"�
� utt ∈ L2((0, T );H−1(Ω)) + Lp ′
0(x)(QT ) + Lp ′

1(x)(QT ) ⊂ L2((0, T );H−1(Ω)) +
Lb(x)(QT ).
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3
� b = 
�� inf
Ω
b(x) ��� ��� κ0 = min{2, b}' κ1 = min{2, p0}. "�
� utt ∈

Lκ0((0, T );H−1(Ω) + Lb(Ω))� -�	��
	�
	
' ut ∈ L2(QT ) ∩ Lp0(x)(QT ) ⊂ Lκ1(QT )'
u ∈ L2((0, T );H1

0 (Ω))� >
��
' u ∈ C([0, T ];L2(Ω)) �+' �� )E!�
H
�
�
 �� s ��
 �����
�� �
����%
 ����
	 �
	 ����� ��
 
��
����1� Lκ1(Ω) ⊂

H−s(Ω) ��� Lb0(Ω) ⊂ H−s(Ω) �
��� "�
� utt ∈ Lκ((0, T );H−s(Ω)) ��� ut ∈
Lκ((0, T );H−s(Ω))' ��
	
 κ = min{κ0,κ1}� "���' ut ∈ C([0, T ];H−s(Ω)) �+ ' ��
)E!�

3
� vN |t=T = 0� "�
�

T∫
0

∫
Ω

uNk
t vN dx dt = −

T∫
0

∫
Ω

uNkvN
t dx dt −

∫
Ω0

uNk
0 vN dx −→

Nk→∞

−→
Nk→∞

−
T∫

0

∫
Ω

uvN
t dx dt−

∫
Ω0

u0v
N dx −→

N→∞
−
∫

QT

uvt dx dt−
∫
Ω0

u0v dx.

/� ��
 
��
	 ����'∫
QT

uNk
t vN dx dt −→

Nk→∞

∫
QT

utv
N dx dt = −

∫
QT

uvN
t dx dt−

∫
Ω0

u(x, 0)vN dx −→
N→∞

−→
N→∞

−
∫

QT

uvt dx dt−
∫
Ω0

u(x, 0)v dx.

"�
� ∫
Ω0

u0v dx =
∫
Ω0

u(x, 0)v dx.

-	
� �
	


u(x, 0) = u0(x).

/� ��
 ����� 
� 6,7 �
 ��%


〈uNk
tt , w〉H1

0 (Ω) = −
∫
Ωt

[ n∑
i,j=1

aij(x)uNk
xi
wxj +

n∑
i=1

ai(x, t)uNk
xi
w + a0(x, t)uNk

t w + c(x, t)uNkw +

+b0(x, t)|uNk
t |p0(x)−2uNk

t w + b1(x, t)|uNk |p1(x)−2uNkw − f(x, t)w
]
dx,

��
	
 Nk � N ' w ∈ $���{ϕ1, . . . , ϕN}.
"�
�

〈uNk
tt , w〉H1

0 (Ω) −→
Nk→∞

−
∫
Ωt

[ n∑
i,j=1

aij(x)uxiwxj +
n∑

i=1

ai(x, t)uxiw + a0(x, t)utw + c(x, t)uw +



�0� �����
 ������

��  ����� !����

+b0(x, t)zw + b1(x, t)|u|p1(x)−2uw − f(x, t)w

]
dx �
�<�� �� Lκ0(0, T ).

/� ��
 
��
	 ����' �	
� 6)�7 �
 ��%


d

dt

∫
Ωt

utw dx = −
∫
Ωt

[ n∑
i,j=1

aij(x)uxiwxj +
n∑

i=1

ai(x, t)uxiw + a0(x, t)utw +

+c(x, t)uw + b0(x, t)zw + b1(x, t)|u|p1(x)−2uw − f(x, t)w
]
dx.

"���'
d

dt

∫
Ωt

uNk
t w dx −→

Nk→∞
d

dt

∫
Ωt

utw dx �
�<�� �� Lκ0(0, T ).

$���
 〈uNk
tt , w〉H1

0 (Ω) ∈ Lκ0(0, T )' �
 �

 ����
∫
Ωt

utw dx ∈ C([0, T ])� 3
� ϕ ∈ C([0, T ]) ���

ϕ(T ) = 0� "�
�

T∫
0

d

dt

( ∫
Ωt

utw dx

)
ϕdt = −

∫
QT

utwϕ
′ dx dt−

∫
Ω0

ut(x, 0)wϕ(0) dx.

/� ��
 
��
	 ����'

T∫
0

d

dt

( ∫
Ωt

uNk
t w dx

)
ϕdt = −

∫
QT

uNk
t wϕ ′ dx dt−

∫
Ω0

uNk
t wϕ(0) dx −→

Nk→∞

−→
Nk→∞

−
∫

QT

utwϕ
′ dx dt−

∫
Ω0

u1wϕ(0) dx.

"���' ∫
Ω0

u1wϕ(0) dx =
∫
Ω0

ut(x, 0)wϕ(0) dx �
	 ��� N ∈ N,

���� ��'
ut(x, 0) = u1(x).

*�

���1 ϕ(0) = 0' �
 ��� �	
%
 �� � ������	 ��� ���� ut(x, T ) = w(x)� "�
� ��
 
�������
6)E7 ��� �
 �	���
� �� ��
 �
	�∫

QT

[
−utvt +

n∑
i,j=1

aij(x)uxivxj +
n∑

i=1

ai(x, t)uxiv + a0(x, t)utv + c(x, t)uv + b0(x, t)zv +

+b1(x, t)|u|p1(x)−2uv − f(x, t)v

]
dx dt+

∫
ΩT

utv dx =
∫
Ω0

u1(x)v dx, 6))7
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����� �� �
		
�� �
	 ��� v ∈ V (QT ), vt ∈ L2(QT ).
?
� �	
%
 ���� z = |ut|p1(x)−2ut. 3
� τ0, τ ∈ (0, T )' τ0 < τ, m ∈ N, Θm �
 �

�
�����
�� ��
�
���
 ���
�	 ������
� 
� ��
 ���
	%�� [0, T ] ���� ���� Θm(t) = 1' τ0 + 2
m <

t < τ − 2
m ' Θm(t) = 0' t > τ − 1

m ' t < τ0 + 1
m . 3
� ρl �
 � 	
1���	�2��1 �
��
��
 �� D(R)'

ρl(t) = ρl(−t)'
+∞∫

−∞
ρl(t)dt = 1, ���� ρl ⊂

[
−1
l
,
1
l

]
.

��� �� 6))7 v = ((Θme
−ηtut) ∗ ρl ∗ ρl)Θme

−ηt, ��
	
 l > 2m ��� ∗ �
�
�
� ��

�
�%
����
� �� t� C�

vt = ((Θme
−ηtut) ∗ ρl ∗ ρl)tΘme

−ηt + ((Θme
ηtut) ∗ ρl ∗ ρl)Θ ′

me
−ηt −

−η((Θme
−ηtut) ∗ ρl ∗ ρl)Θme

−ηt,

��
� ��
 9	�� ���
�� 
� 
������� 6))7 ��� �
 �	
�
��
� �� ��
 �
��
���1 �
	�5

−
∫

QT

utvt dx dt =
∫

QT

((Θmute
−ηt)t ∗ ρl)((Θmute

−ηt) ∗ ρl) dx dt−

−
∫

QT

((Θ ′
mute

−ηt) ∗ ρl)((Θmute
−ηt) ∗ ρl) dx dt+ η

∫
QT

((Θmute
−ηt) ∗ ρl)2 dx dt −→

l→∞

−→
l→∞

η

∫
QT

|ut|2Θ2
me

−2ηt dx dt−
∫

QT

|ut|2ΘmΘ ′
me

−2ηt dx dt −→
m→∞

−→
m→∞ η

∫
Qτ0 ,τ

|ut|2e−2ηt dx dt+
1
2

∫
Ωτ

|ut|2e−2ητ dx− 1
2

∫
Ωτ0

|ut|2e−2ητ0 dx.

$�����	��' �
	 ��
 �
�
�� �
	� 
� 
������� 6))7 �
 ��%
∫
QT

n∑
i,j=1

aij(x)uxivxi dx dt =
∫

QT

n∑
i,j=1

aij(x)((uxiΘme
−ηt) ∗ ρl)((uxj Θme

−ηt)t ∗ ρl) dx dt+

+η
∫

QT

n∑
i,j=1

aij(x)((uxiΘme
−ηt) ∗ ρl)((uxj Θme

−ηt) ∗ ρl) dx dt−

−
∫

QT

n∑
i,j=1

aij(x)((uxiΘme
−ηt) ∗ ρl)((uxj Θ

′
me

−ηt) ∗ ρl) dx dt −→
l→∞

−→
l→∞

η

∫
QT

n∑
i,j=1

aij(x)uxiuxjΘ
2
me

−2ηt dx dt−
∫

QT

n∑
i,j=1

aij(x)uxiuxjΘmΘ ′
me

−2ηt dx dt −→
m→∞

−→
m→∞ η

∫
QT

n∑
i,j=1

aij(x)uxiuxje
−2ηt dx dt+

1
2

∫
Ωτ

n∑
i,j=1

aij(x)uxiuxje
−2ητ dx−



�0� �����
 ������

��  ����� !����

−1
2

∫
Ωτ0

n∑
i,j=1

aij(x)uxiuxje
−2ητ0 dx.

F
	

%
	'∫
QT

[
n∑

i=1

ai(x, t)uxi + a0(x, t)ut + c(x, t)u + b0(x, t)z + b1(x, t)|u|p1(x)−2u−

−f(x, t)

]
v dx dt −→

l,m→∞

∫
Qτ0,τ

[
n∑

i=1

ai(x, t)uxi + a0(x, t)ut + c(x, t)u +

+b0(x, t)z + b1(x, t)|u|p1(x)−2u− f(x, t)

]
ute

−2ηt dx dt.

"���' �
	 ��
� τ0, τ ∈ (0, T ) ��
 �
��
���1 
������� �
���

1
2

∫
Ωτ

[
u2

t +
n∑

i,j=1

aij(x)uxiuxj

]
e−2ητ dx− 1

2

∫
Ωτ0

[
u2

t +
n∑

i,j=1

aij(x)uxiuxj

]
e−2ητ0 dx+

+
∫

Qτ0,τ

[
(η + a0(x, t))u2

t + η

n∑
i,j=1

aij(x)uxiuxj +
n∑

i=1

ai(x, t)uxiut + c(x, t)uut +

+b0(x, t)zut + b1(x, t)|u|p1(x)−2uut − f(x, t)ut

]
e−2ηt dx dt = 0. 6)�7

$���
 u ∈ L∞((0, T );H1
0 (Ω)) ��� ut ∈ L∞((0, T );L2(Ω)), �
 �

 ���� ||ut(·, t)||L2(Ω) �

M4, ||u(·, t)||H1
0 (Ω) � M4 �
	 ��
� t ∈ (0, T ]. $���
�
 ���� τ �� � �
�
#�����%
 �
���


� ��
 ������
�� u(·, t), ut(·, t). "�
� �
	 ��
 �
��
��
� uNk(·, τ), uNk
t (·, τ) �
 
�����

uNk(·, τ) → ψ0 �
�<�� �� H1
0 (Ω), uNk(·, τ) → ψ0 ��	
�1�� �� L2(Ω),

uNk(·, τ) → ψ0 �� 
� �� Ω, uNk
t (·, τ) → ψ1 �
�<�� �� L2(Ω) �� NK → ∞. 6),7

"��� �����
�

|uNk(·, τ)|p1(x)−2uNk(·, τ) → |ψ0|p1(x)−2ψ0 �
�<�� �� Lp ′
1(x)(Ω).

3
� {τk}k∈N ⊂ (0, T ) �
 � �
��
��
 
� �
�
#�����%
 %���
� �
	 ||ut(·, t)||L2(Ω) ���
||u(·, t)||H1

0 (Ω) ���� ���� lim
k→∞

τk = τ, τ ∈ [0, T ]. "�
� �	
� ��
 
������
�

||u(·, τk)||H1
0 (Ω) � M4, ||ut(·, τk)||L2(Ω) � M4,

�
 
����� ��
 
#���
��
 
� � ����
��
��
 
� ��
 �
��
��
 {τk}k∈N 6�
� �� �1��� �
 {τk}k∈N7
���� ����

u(·, τk) → ψ0 �
�<�� �� H1
0 (Ω), ut(·, τk) → ψ1 �
�<�� �� L2(Ω) �� τk → τ.
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/� ��
 
��
	 ����' �
 ��%
 ��
 �
�%
	1
��


u(·, τk) → u(·, τ) �� L2(Ω), ut(·, τk) → ut(·, τ) �
�<�� �� H−s(Ω) �� τk → τ.

>
��
' ψ1(x) = ut(x, τ) ��� ψ0(x) = u(x, τ).
?
� ��

�
 {τk

0 }k∈N � �
��
��
 
� �
�
#�����%
 %���
� �
	 ||ut(·, t)||L2(Ω) ���

||u(·, t)||H1
0 (Ω) ���� ���� lim

k→∞
τk
0 = 0. *
����
	 6)�7 �� ����� τ0 �� ���������
� �� ��



�
�
��� 
� ��
 �
���	���
� �
��
��
 {τk
0 }k∈N. -�	��
	 �����1
 �
 ��
 ����� �� k → ∞

��� 3
��� ��� ��+' �� )E ! �	
%��
 ��
 ���9���
�� 
� ��
 ��
�������

1
2

∫
Ωτ

[
u2

t +
n∑

i,j=1

aij(x)uxiuxj

]
e−2ητ dx +

∫
Qτ

[
(η + a0(x, t))u2

t +

+η
n∑

i,j=1

aij(x)uxiuxj +
n∑

i=1

ai(x, t)uxiut + c(x, t)uut + b0(x, t)zut +

+
1

p1(x)
(2ηb1(x, t) − b1t(x, t))|u|p1(x) − f(x, t)ut

]
e−2ηt dx dt+

+
∫
Ωτ

1
p1(x)

|u|p1(x)e−2ητ dx � 1
2

∫
Ω0

[
u2

t +
n∑

i,j=1

aij(x)u0,xiu0,xj

]
dx +

+
∫
Ω0

1
p1(x)

|u|p1(x) dx. 6)�7

&� u0 = 0 ��� u1 = 0, ��
� 6)�7 �	����
	�� ���
 �� 
��������
3
� �� �
����
	 ��
 �
��
��


0 � yk =
∫

Qτ

b0(x, t)(|uNk
t |p0(x)−2uNk

t − |v|p0(x)−2v)(uNk
t − v)e−2ηt dx dt =

=
∫

Qτ

[
f(x, t)uNK

t − uNk
tt u

NK
t −

n∑
i,j=1

aij(x)uNk
xi
uNk

xjt −
n∑

i=1

ai(x, t)uNk
xi
uNk

t −

−a0(x, t)|uNk
t |2 − c(x, t)uNkuNk

t − b1(x, t)|uNk
t |p1(x)−2uNkuNk

t

]
e−2ηt dx dt−

−
∫

Qτ

b0(x, t)[|uNk
t |p0(x)−2uNk

t v + |v|p0(x)−2v(uNk
t − v)]e−2ηt dx dt =

=
∫

Qτ

[
f(x, t)uNK

t − (η + a0(x, t))|uNk
t |2 − 2η

n∑
i,j=1

aij(x)uNk
xi
uNk

xj
−

n∑
i=1

ai(x, t)uNk
xi
uNk

t −
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��  ����� !����

−c(x, t)uNkuNk
t − 1

p1(x)
(2ηb1(x, t) − b1t(x, t))|uNk |p1(x)

]
e−2ηt dx dt−

−
∫
Ωτ

[
1
2
|uNk

t |2 +
n∑

i,j=1

aij(x)uNk
xi
uNk

xj
+

1
p1(x)

b1(x, τ)|uNk |p1(x)

]
e−2ητ dx+

+
∫
Ω0

[
1
2
|uNk

1 |2 +
n∑

i,j=1

aij(x)uNk
0,xi

uNk
0,xj

+
1

p1(x)
b1(x, 0)|uNk |p1(x)

]
dx−

−
∫

Qτ

b0(x, t)[|uNk
t |p0(x)−2uNk

t v + |v|p0(x)−2v(uNk
t − v)]e−2ηt dx dt. 6) 7

&� �� 
��� �
 ��
� ���� �
	 ��.��
���� ��	1
 η ��
 ������
���

J1(uNk) =

( ∫
Qτ

[
(η + a0(x, t))|uNk

t |2 + 2η
n∑

i,j=1

aij(x)uNk
xi
uNk

xj
+

+
n∑

i=1

ai(x, t)uNk
xi
uNk

t + c(x, t)uNkuNk
t

]
e−2ηt dx dt

)1
2
, τ ∈ (0, T ]

�� 
���%��
�� �
 ��
 �
	� ||uNk ||H1
0 (Qτ ) ��� ��
 ������
���

J2(uNk) =
∫

Qτ

1
p1(x)

(2ηb1(x, t) − b1t(x, t))|uNk |p1(x)e−2ηt dx dt, τ ∈ (0, T ]

��
��9
� � �
	� �� ��
 ����
 Lp1(x)(Qτ ) ����� �� 
���%��
�� �
 ��
 �
	� ||uNk ||Lp1(x)(Qτ ).
"�<��1 ���
 ���
��� 6) 7' 6),7' 3
��� �� ��
 �
1�����1 
� ���� �
���
� ��� 3
��� ���
��+' �� )E!' �
 
�����

0 � yk =
∫

Qτ

[
f(x, t)ut − (η + a0(x, t))|ut|2 − 2η

n∑
i,j=1

aij(x)uxiuxj −

−
n∑

i=1

ai(x, t)uxiut − c(x, t)uut − 1
p1(x)

(2ηb1(x, t) − b1t(x, t))|u|p1(x)

]
e−2ηt dx dt−

−
∫
Ωτ

[
1
2
|ut|2 +

n∑
i,j=1

aij(x)uxiuxj +
1

p1(x)
b1(x, τ)|u|p1(x)

]
e−2ητ dx +

+
∫
Ω0

[
1
2
|u1|2 +

n∑
i,j=1

aij(x)u0,xiu0,xj +
1

p1(x)
b1(x, 0)|u|p1(x)

]
dx−
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−
∫

Qτ

b0(x, t)[zv + |v|p0(x)−2v(ut − v)]e−2ηt dx dt, ∀ v ∈ Lp0(x)(Qτ ). 6)�7

:� �����1 6)�7 ��� 6)�7' �
 1
�

0 � yk =
∫

Qτ

b0(x, t)(ut − v)(z − |v|p0(x)−2v)e−2ηt dx dt. 6)+7

$���
�
 ���� {τk}k∈N �� � �
��
��
 
� �
�
#�����%
 �
���� 
� ��
 ������
� ut(·, t) ����
���� lim

k→∞
τk = T. "�
� �	
� 6)+7 �
	 ��� v ∈ Lp0(x)(QT ) �
 
����� ��
 
������


0 � yk =
∫

QT

b0(x, t)(ut − v)(z − |v|p0(x)−2v)e−2ηt dx dt. 6)�7

3
� �� �
����
	 ��
 ������
���

J(v) =
∫

QT

1
p0(x)

|v|p0(x) dx dt, v ∈ Lp0(x)(QT ).

$���
 J(u) �� �
�%
# ��� ��� �
	�%���%
 �� B��
��#4� �
��
 
�����

J ′(v) =
∫

QT

|v|p0(x)−2v dx dt,

��
� ���
	���1 �
 �+' �� � �! ��
 
�
	��
	 A : Lp0(x)(QT ) → Lp′
0(x)(QT ) ����� �� �
9�
�

�� ��
 �
	����

〈Av, u〉1 =
∫

QT

|v|p0(x)−2vu dx dt,

��
	
 〈 , 〉1 �
�
�
� ��
 ���	��1 �
��

� ��
 ����
� Lp ′
0(x)(QT ), Lp 0(x)(QT ), �� �
���

�
�����
��� "�<��1 ���
 ���
��� 6)�7' �
 ��%
 ��
 ��
�������

〈z −Av, ut − v〉1 � 0, ∀ ut, v ∈ Lp0(x)(QT ). 6�E7

3
� �� ��<
 �� 6�E7 v = ut − λω, ��
	
 λ > 0, ω ∈ Lp0(x)(QT ) �	
 �	���	�	�� ������1 �

��
 ����� �� λ→ 0 �
 1
�

〈z −Aut, ω〉1 � 0 �
	 ��� ω ∈ Lp0(x)(QT ).

3
� h �
 �� �	���	�	� 
�
�
�� �	
� Lp0(x)(QT ). :� �
����1 �� ��
 ���� ��
������� 9	��
ω = h ��� ��
� ω = −h, �
 
����� z = |ut|p0(x)−2ut. "���' u �� � �
�< �
����
� 
�
6�7 = 6�7� "�
 �	

� 
� ��
 ��
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