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The main result of this note is to demonstrate that the construction of
the space of pairs of compact convex subsets in normed spaces determines a
monad in the category of normed spaces and bounded linear operators.
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1. Introduction

The pairs of convex subsets in linear spaces �nd numerous applications in di�erent
areas of mathematics. In particular, they are used in the quasidi�erential calculus [4],
mathematical economics (in investigations of the Aumann integral [2]).

Di�erent authors (see, e.g., [5, 6, 7]) considered the linear space of the (equivalence
classes of) pairs of convex sets. This construction was considered from the categorical
point of view in the realm of fuzzy metric spaces by the second named author [10]. In
[10], a fuzzy norm on the mentioned linear space was de�ned and it was proved that
the functor of the pairs of polyhedral convex sets (i.e., the convex hulls of �nite subsets)
determines a monad in a suitable category.

The aim of the present paper is to demonstrate that the construction of the (normed)
linear space of the (equivalence classes of) pairs of compact convex sets generates a
monad in the category of normed linear spaces. We also discuss the category of algebras
determined by this monad.

c⃝ Bazylevych L., Savchenko O., Zarichnyi M., 2014
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2. Preliminaries

2.1. Pairs of compact convex sets. For every linear topological space X, let cc(X)
denote the set of nonempty compact convex subsets in X. As usual, + stands also for
the Minkowski addition: A+B = {a+ b | a ∈ A, b ∈ B}, for every A,B ∈ cc(X).

Consider the following equivalence relation ∼ on the set L(X) = cc(X)× cc(X):

(A,B) ∼ (C,D), if A+D = B + C.

The equivalence class containing (A,B) is denoted by [A,B]. The quotient set K(X) =
L(X)/ ∼ is a linear space with respect to the addition

[A,B] + [C,D] = [A+ C,B +D]

and multiplication by scalar de�ned by the formula

λ[A,B] =

{
[λA, λB], if λ > 0,

[−λB,−λA], if λ < 0

(see [7]).
Suppose now that (X, ∥ · ∥) is a normed space. Denote by dH the Hausdor� metric

on cc(X) with respect to the metric d induced by the norm ∥ · ∥. It is known (see, e.g.,
[7]) that the following function ∥ · ∥′ is a norm on K(X): ∥[A,B]∥′ = dH(A,B).

Let K̃(X) denote the completion of K(X) with respect to the norm ∥ · ∥′. Given a

bounded linear operator f : X → Y , let a map f̃ : K(X) → K(Y ) be de�ned as follows:

f̃([A,B]) = [f(A), f(B)]. It is easy to check that f̃ is a well-de�ned linear operator.
For the seek of notational simplicity, in the sequel we will denote all the norms

simply by ∥ · ∥.

Ëåìà 1. f̃ is bounded and ∥f̃∥ = ∥f∥.

Äîâåäåííÿ. Let ∥[A,B]∥ ≤ 1. Then dH(A,B) ≤ 1 and therefore dH(f(A), f(B)) ≤ ∥f∥,
which is equivalent to ∥[f(A), f(B)]∥ ≤ ∥f∥. Thus ∥f̃∥ ≤ ∥f∥. The reverse inequality is
obvious. �

This allows us to extend f̃ and to obtain a bounded linear operator K̃(X) → K̃(Y ).

We denote it by K̃(f).
Denote by Ban the category of Banach spaces and bounded linear operators. We

therefore obtain a functor K̃ : Ban → Ban.

2.2. Monads and algebras. Recall some necessary de�nitions concerning the monads;
see, e.g., [1] for details.

Îçíà÷åííÿ 1. A monad T = (T, η, µ) in a category C consists of an endofunctor T : C →
C and natural transformations η : 1C → T (unit), µ : T 2 = T ◦ T → T (multiplication)
that satisfy the following relations: µ ◦ Tη = µ ◦ ηT =1T and µ ◦ µT = µ ◦ Tµ. In other
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words, the following two diagrams are commutative:

T 3(X)
T (µX) //

µT (X)

��

T 2(X)

µX

��
T 2(X)

µX

// T (X)

, T (X)
T (ηX) //

1
((PP

PPP
PPP

PPP
PP

T 2(X)

µX

��

T (X)
ηT (X)oo

1
vvnnn

nnn
nnn

nnn
n

T (X)

The left side diagram is referred to as the associativity and the second one as the
two-side unit.

Îçíà÷åííÿ 2. Let T = (T, η, µ) be a monad on a category C. A pair (X, ξ), where X
is an object of C and ξ : T (X) → X a morphism of is called a T-algebra if the diagrams

X
ηX //

1

''OO
OOO

OOO
OOO

OO TX

ξ

��
X

, T 2X
µX //

Tξ

��

TX

ξ

��
TX

ξ
// X

are commutative.

Îçíà÷åííÿ 3. A morphism φ : X → Y is said to be a morphism of T-algebras (X, f) →
(Y, g), if the diagram

TX
Tφ //

f

� �

TY

g

��
X

φ
// Y

(1)

commutes.
T-algebras and their morphisms form a category which we denote by CT.

3. Result

Given a Banach space X, denote by ηX : X → K(X) the map acting by the formula:
ηX(x) = [{x}, {0}].

Òâåðäæåííÿ 1. η = (ηX) is a natural transformation

Äîâåäåííÿ. We �rst note that, for any x, y ∈ X, we have

d(ηX(x), ηX(y)) = ∥[{x}, {0}]− [{y}, {0}]∥ = ∥[{x}, {y}]∥ = dH({x}, {y}) = d(x, y).

Clearly, ηX is a linear map. Given a bounded linear operator f : X → Y , we obtain,
for any x ∈ X,

K(f)ηX(x) = K(f)([{x}, {0}]) = [{f(x)}, {0}] = ηY f(x),

i.e., η is a natural transformation. �
By completing, one also obtains a natural transformation from the identity functor

to the functor K̃. We keep the notation η for this transformation.
By conv(A) we denote the convex hull of a set A in a linear space. If A =

{x1, . . . , xn}, then we denote it convex hull by ⟨x1, . . . , xn⟩. For any linear space X,
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let Kp(X) denote the set of equivalence classes of pairs of convex polyhedra in X, i.e.,
convex hulls of nonempty �nite sets in X.

Ëåìà 2. Let Y be a dense set in cc(X), where X is a Banach space. Then the set
{[A,B] ∈ K(X) | A,B ∈ Y } is dense in K(X). In particular, if Z is a dense subset in
X, then the set

{[A,B] ∈ K(X) | A,B are convex polyhedra with vertices in Z}

is dense in K(X).

Äîâåäåííÿ. The proof follows that of the corresponding result from from [9]. �

For any subsets A,B ⊂ X, let A ∨B = conv(A ∪B).
For any [A,B], [C,D] ∈ K(X) let

[A,B]⊕ [C,D] = [(A+D) ∨ (B + C), B +D].

The space K(X) forms a vector lattice with respect to the operation ⊕.
Recall the construction from [10]. Suppose that [A,B] ∈ K2

p(X), then there exist

[Ai, Ci], [Bj , Dj ] ∈ Kp(X), i = 1, . . . , k, j = 1, . . . , l,

such that

A = ⟨[A1, C1], . . . , [Ak, Ck]⟩, B = ⟨[B1, D1, ], . . . , [Bl, Dl]⟩.
Then we let

µX([A,B]) = ([A1, C1]⊕ · · · ⊕ [Ak, Ck]) + ([D1, B1, ]⊕ · · · ⊕ [Dl, Bl]).

The following lemma is proved in [10].

Ëåìà 3. Let

M = ⟨[A1, B1], . . . , [Ak, Bk]⟩ ⊂ Lp(X).

Then

supM =[(A1 +B2 + · · ·+Bk) ∨ (B1 +A2 +B3 · · ·+Bk)

∨ (B1 +B2 + · · ·+Ak), B1 + · · ·+Bk].

This lemma implies the following formula (see [10]):

µX([A,B]) = max(A)−max(B).

Ëåìà 4. The map µX is a linear operator of norm 1.

Äîâåäåííÿ. This is proved in [10]. �

Now note thatKp(X) is a dense subset of the spaceK(X) and therefore in K̃(X). Usi-

ng Lemma 2 we conclude that the set K2
p(X) = Kp(Kp(X)) is dense in K̃2(X). Therefore

one can extend the natural transformation µ to a unique natural transformation from
K̃2(X) to K̃(X). We keep the same notation µ also for this extended transformation.

Òåîðåìà 1. The triple K = (K̃, η, µ) is a monad on the category Ban.
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Äîâåäåííÿ. The commutativity of the diagrams from the de�nition of monads is proved
in [10] for the case of the classes of equivalence of pairs of polyhedral compact convex

sets. Since these classes form, by Lemma 2, a dense subset in the spaces K̃3(X), one can
conclude that the diagram representing the associativity property of the multiplication
is also commutative.

�

Let X be a Banach lattice. We refer to [8] for the basic facts concerning Banach
lattices. We denote the supremum of x, y ∈ X by x⊕ y. Recall that X is an AM-space if
∥x⊕ y∥ = max{∥x∥, ∥y∥} for all x, y ≥ 0.

Òåîðåìà 2. The category of K-algebras is isomorphic to the category of Banach lattices
and linear lattice homomorphisms.

Äîâåäåííÿ. Let (X, ξ) be a K-algebra. De�ne an operation ⊕ : X × X → X by the
formula

x⊕ y = ξ(ηX(x)⊕ ηX(y)) = ξ([⟨x, y⟩, {0}]).
Note that

∥x⊕ y∥ ≤dH(⟨x, y⟩, {0}) ≤ max{d(tx+ (1− t)y, 0) | t ∈ [0, 1]}
≤max{t∥x∥+ (1− t)∥y∥ | t ∈ [0, 1]} ≤ max{∥x∥, ∥y∥}.

Clearly, x⊕ x = x, for any x ∈ X.
Let x, y, z ∈ X. We are going to prove that (x⊕ y)⊕ z = x⊕ (y ⊕ z). Consider the

element
α = [⟨[⟨x, y⟩, {0}], [{z}, {0}]⟩,K(ηX)(ηX(0))] ∈ K2(X).

Then

µX(α) =max{[⟨x, y⟩, {0}], [{z}, {0}]} −maxK(ηX)(ηX(0))] = [⟨x, y, z⟩, {0}]− [{0}, {0}]
=[⟨x, y, z⟩, {0}].

On the other hand,

K(ξ)(α) =[⟨ξ([⟨x, y⟩, {0}]), ξ([{z}, {0}])⟩, ηX(0))] = [⟨x⊕ y, z⟩, {0}].
Therefore, from the de�nition of algebra it follows that

(x⊕ y)⊕ z = ξ([⟨x⊕ y, z⟩, {0}]) = ξ([⟨x, y, z⟩, {0}]).
One can similarly prove that

x⊕ (y ⊕ z) = ξ([⟨x, y, z⟩, {0}]).
One can easily prove that (X,⊕) is a Banach lattice.
Now let (X,⊕) be a Banach lattice. De�ne ξ : K(X) → X by the formula: ξ([A,B]) =

maxA−maxB. First note that ξ is well-de�ned. Indeed, if [A,B] = [C,D], then A+D =
B + C and therefore

maxA+maxD = max(A+D) = max(B + C) = maxB +maxC.

We have ξηX(x) = ξ([{x}, {0}]) = x− 0 = x, for every x ∈ X.
Now let α = [A,B] ∈ K2

p(X),

A = ⟨[A1, B1], . . . , [Am, Bm]⟩, B = ⟨[C1, D1], . . . , [Cn, Dn]⟩.
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Then

µX(α) = maxA−maxB = [A1, B1]⊕ · · · ⊕ [Am, Bm]− [C1, D1]⊕ · · · ⊕ [Cn, Dn]

and, since ξ is a lattice homomorphism,

ξµX(α) = max
i

(maxAi −maxBi)−max
j

(maxCj −maxDj).

On the other hand,

K(ξ)(α) = [⟨maxA1 −maxB1, . . . ,maxAm −maxBm⟩,
⟨maxC1 −maxD1, . . . ,maxCn −maxDn⟩]

and therefore

ξK(ξ)(α) = max
i

(maxAi −maxBi)−max
j

(maxCj −maxDj) = ξµX(α).

Note that any nonexpanding lattice preserving linear operator generates a morphism
of the corresponding K-algebras.

We are going to show that the described correspondences between the Banach latti-
ces and K-algebras are inverse to each other. We temporarily denote by ⊕ξ the lattice
operation on X that corresponds to the K-algebra (X, ξ) and by ξ⊕ the structure map
of the K-algebra that corresponds to the lattice operation ⊕.

Given (X,⊕), for any x, y ∈ X we obtain

x⊕ξ y = ξ([⟨x, y⟩], {0}]) = max⟨x, y⟩ −max{0} = x⊕ y.

On the other hand, given (X, ξ), for any A = ⟨a1, . . . , am⟩ ⊂ X, A = ⟨b1, . . . , bn⟩ ⊂
X we obtain

ξ⊕([A,B]) =max⟨a1, . . . , am⟩ −max⟨b1, . . . , bn⟩ = a1 ⊕ · · · ⊕ am − b1 ⊕ · · · ⊕ bn

=ξ([⟨a1, . . . , am⟩, {0}])− ξ([⟨b1, . . . , bb⟩, {0}]) = ξ([A,B]).

This �nishes the proof of the theorem. �

4. Pairs of compact convex subsets of constant width

A compact convex subset A in the Euclidean space Rn is said to be a set of constant
width d > 0 if A−A = Bd(0) (the closed ball of radius d centered at the origin). Topology
of the hyperspace of compact convex sets of constant width in Rn, n ≥ 2, was studied in
[3].

Let Sn−1 denote the unit sphere in Rn. Given a compact convex body A ⊂ Rn,
de�ne the support function hA : Sn−1 → R by the formula: hA(v) = max{⟨x, v⟩ | x ∈ A},
for v ∈ Sn−1 (here ⟨·, ·⟩ stands for the inner product in Rn). Then one can reformulate
the de�nition of the bodies of constant width, namely, A is of constant width λ > 0 if
|hA(v)− hA(−v)| = λ, for every v ∈ Sn−1.

Denote by Kcw(Rn) the family

{[A,B] ∈ K(Rn) | [A,B] = [C,D], where C,D are of constant width}.

Òâåðäæåííÿ 2. The set Kcw(Rn) is a closed linear subspace in K(Rn).
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Äîâåäåííÿ. Suppose that [Ai, Bi] ∈ Kcw(Rn), i = 1, 2. Then there exist compact convex
sets Ci, Bi of constant width in Rn such that [Ai, Bi] = [Ci, Di], i = 1, 2. We obtain

[A1, B1] + [A2, B2] = [C1, D1] + [C2, D2] = [C1 + C2, D1 +D2] ∈ Kcw(Rn),

because the Minkowski sum of bodies of constant width is again of constant width. It is
also easy to demonstrate that α[A,B] ∈ Kcw(Rn), for any [A,B] ∈ Kcw(Rn) and α ∈ R.

Closedness of Kcw(Rn) in K(Rn) easily follows from the fact that the set cw(Rn) of
compact convex bodies of constant width is closed in the hyperspace cc(Rn).

�

Let K̃cw(Rn) denote the completion of the space Kcw(Rn). We obtain a functor

K̃cw from the category of �nite-dimensional Euclidean spaces and orthoprojectors to the
category Ban. This follows from the fact that the orthogonal projection of any body of
constant width is also a body of constant width.

5. Remarks and open questions

It looks plausible that the results of this note can be generalized, on one hand, to
the case of locally convex spaces and, on the other hand, to the case of convex bounded
subsets in normed (locally convex) spaces.
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